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Abstract

We present a geometry processing framework that allows direct manipulation or preservation of positional, metric,
and curvature constraints anywhere on the surface of a geometric model. Target values for these properties can
be specified point-wise or as integrated quantities over curves and surface patches embedded in the shape. For
example, the user can draw several curves on the surface and specify desired target lengths, manipulate the normal
curvature along these curves, or modify the area or principal curvature distribution of arbitrary surface patches.
This user input is converted into a set of non-linear constraints. A global optimization finds the new deformed
surface that best satisfies the constraints, while minimizing adaptable measures for metric and curvature distortion
that provide explicit control of the deformation semantics. We illustrate how this approach enables flexible surface
processing and shape editing operations not available in current systems.

Categories and Subject Descriptors (according to ACM CCS): Computer Graphics [1.3.5]: Computational Geometry

and Object Modeling—

1. Introduction

Effective algorithms for surface deformation are of central
importance in digital geometry processing. One of the most
popular interaction metaphors allows the user to select sub-
sets of the model as a control handle and specify an affine
transformation for each handle region. The deformed sur-
face is then computed such that the resulting positional con-
straints are satisfied, while preserving important properties
of the original shape.

While intuitive and easy-to-learn, certain tasks remain dif-
ficult to achieve with handle-based interaction. For exam-
ple, preserving or explicitly modifying first or second or-
der properties of the surface, such as lengths, areas, or cur-
vature, is cumbersome when deforming a shape by spec-
ifying positional constraints only. To address this prob-
lem, we introduce a new framework for surface process-
ing that combines ideas from non-linear positional defor-
mation [GHDS03,BPGKO06] with recent work on curvature-
domain shape processing [ESPO8]. Our method provides ad-
vanced control of the surface metric and allows the user to
directly constrain positions, lengths, areas, and curvatures.
Target values for these quantities can be specified anywhere
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on the model, both point-wise or integrated over embedded
curves and surface patches. Our system solves for a defor-
mation of the surface that best satisfies the user constraints,
while preserving the original shape of the model as well as
possible. We argue that the concept of shape preservation
comes in different flavors that strongly depend on the user’s
editing intent. To provide the necessary design flexibility, we
enable explicit control over the shearing (conformal distor-
tion), stretching (area distortion) and bending (curvature dis-
tortion) induced by the deformation mapping. We define the
corresponding non-linear energies for each of these proper-
ties and show how a consistent discretization can be obtained
for surfaces represented by triangle meshes. In addition, we
show how significant improvements in performance can be
achieved using a novel formulation of the conformal energy.

Related work. There exists a vast amount of literature on
techniques to edit and manipulate geometry and we refer
to recent surveys such as [AS06], [BPK*07], or [BS08] for
an overview. Positional constraints are used successfully for
shape manipulation with curves [WW92,SF98], multiresolu-
tion editing [ZSS97, KCVS98,BK04], and surface deforma-
tion based on differential coordinates [SCOL*04,LSCO*04,
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YZX*04,LSLCOO05]. The latter achieve intuitive shape de-
formations by manipulating derived properties such as mesh
gradients or Laplacian coordinates and reconstructing the
deformed surface by solving a linear system. Sketch-based
tools have become popular due to an intuitive shape design
process centered around a sketching metaphor [IMT99]. The
work by Nealen et al. [NISAQ7] allows the user to freely
draw and modify control curves on the model and recon-
structs the surface defined by these curve constraints using
an optimization approach.

Various papers extended the idea of positional constraints
to also support a more direct specification of derived prop-
erties. For example, constraint based design tools (e.g.
[MS92]) have successfully used differential normal or cur-
vature constraints at fixed points in space to create a set
of interpolating parameterized surface patches from scratch.
Miura and colleagues [MCWO1] allow the user to scale
derivatives (i.e. local lengths) of analytic curves and sur-
faces. Tosun and co-workers propose a system for shape
optimization using reflection lines that allows modifying
surfaces by specifying a target reflection function gradi-
ent [TGRZO07]. This approach has recently been extended
in [GZ08] to support stroke-based editing of the shaded im-
age to drive the deformation of the surface.

Our work is also related to optimization methods in
surface parameterization [HLSO7]. Ben-Chen and col-
leagues [BCGBOS] and Springborn et al. [SSP0S] have pro-
posed algorithms for computing a conformal mapping based
on metric scaling and curvature prescription. While concep-
tually similar in the sense that these methods *deform’ the
surface into a plane while preserving conformality, the spe-
cific context of surface parameterization warrants a funda-
mentally different approach than our more general shape de-
formation setting.

Our implementation is based on the curvature-
domain shape processing framework of Eigensatz and
co-workers [ESP08] that showed how a variety of geometry
processing operations can be performed by direct prescrip-
tion of principal curvatures. We extend this method and
provide new tools for direct control of local and global
metric properties of the surface including a more flexible
formulation to manage the trade-off between areal and
angular metric distortion. Additional directional control on
surface bending is obtained by prescribing the normal cur-
vature of the surface along embedded curves. We illustrate
with a number of examples how this approach enables novel
editing functionality that complements and extends existing
surface deformation tools. Furthermore, we show how a
different conformal energy avoids the mesh-dependency
of the formulation of [ESPO8] and present a discretization
method for this energy that significantly improves the
convergence of the optimization.

Figure 1: Vertex and face areas, inner triangle angle (left).
Length and center point of a discrete path segment (right).

2. Problem Formulation

We formulate surface deformation as a nonlinear optimiza-
tion problem, where the optimization constraints are derived
from the user’s input. The algorithm solves for the vertex po-
sitions of the deformed mesh such that the user constraints
are satisfied and the shape of the original is preserved as well
as possible. Shape preservation is encoded in metric and cur-
vature energies that can be weighted to control the relative
importance of area, angle, and curvature distortion. Besides
shape preservation, these energies also provide direct control
for shape deformation. For example, we can locally scale the
metric to grow or shrink the shape, or control surface bend-
ing by prescribing principal curvatures.

Similar to existing handle-based deformation tools, our
system offers position constraints that are computed from
the displacement of a control handle. In addition, the user
can draw curves and surface patches onto the surface and
modify their global length and area, respectively, or change
the normal curvature of the surface along the selected curves.

2.1. Surface Energies

We derive the discrete energies from their continuous coun-
terparts. The surface S is discretized with a triangle mesh
M= (V,E,F), where V = {v;} denotes the set of vertices,
& = {e;j} the edge set, and F = {f;jc} the face set with
1 <i, j,k <|V|. The position of vertex v; is given by v; € R3.
A prime denotes quantities of the deformed mesh, all other
values are computed on the input surface.

Metric energies. Let Jp be the Jacobian of the deformation
function restricted to the tangent space at a point p on the
surface S. The metric distortion can be measured through
the local anisotropic scaling that is encoded in the singular
values 61,0, of Jp [dC76]. The product 616, quantifies the
change in area and the ratio 6| /6, measures the angular dis-
tortion. We use the symmetric energies

1
Earealp = 0102+ 6,0, (N
o1 , 02
Econf, = 072+671 @

to measure the areal and conformal distortion, respectively.
As we will illustrate below, a weighted sum of these two en-
ergies provides more flexibility to control the deformation

(© 2008 The Author(s)
Journal compilation (©) 2008 The Eurographics Association and Blackwell Publishing Ltd.



M. Eigensatz, M. Pauly / Positional, Metric, and Curvature Control for Constraint-Based Surface Deformation

semantics compared to the method of [ESP08], where the
use of either a conformal or an isometric distortion measure
was proposed. If both E.; and E,, f are weighted equally,
their sum corresponds to an isometric distortion measure. In
the discrete setting both energies are constant for each trian-
gle f and can be written as [Hor01]

Earealf = Ifif + if 3

I !

cot(ot) e[| + cot(cLy) e | + cot(oy) [ ef;>
2Af/ ’
“
where A ¢ denotes the area of triangle f = f; ., 04, 0. j, and oy,
are the inner angles of f at the corresponding vertices, and
e;j = vj —v; is the edge vector between the corresponding
vertices (Figure 1). Summing the per-triangle energies over
the entire mesh M with surface area A o leads to the total
areal energy

Econ fr =

1

EarealM = 5 Z AfEareal 5 )

A : 7
fer

and, analogously, the total conformal energy Ecopf,,- En-
ergies similar to E,., have been used for surface pa-
rameterization and physically based shell models [DMKO3,
GHDSO03]. The conformal energy E,, s corresponds to the
MIPS energy introduced by Hormann in the context of mesh
parameterization [HorO1, HG0O]. To the best of our knowl-
edge, this energy has never been used for surface deforma-
tion, partly because the corresponding optimization is rather
involved. We resolve this issue by introducing a novel for-
mulation of the energy in Section 3.

A distinct advantage of Ec., is illustrated in the figure
below. Compared to the conformal energy of [ESPOS8],
which measures the squared difference of inner triangle
angles, our formulation is not sensitive to the specific
discretization of the mesh. When stretching the non-
uniformly tessellated patch along the horizontal axis, the
local distortion is independent of the triangulation, which
makes the method robust under re-sampling of the surface.

==

Original Conformal energy of [ESP08]  Conformal energy of Eq. 4

Curvature energy. In addition to the surface metric, we ex-
plicitly control curvature using the discrete curvature energy
of [ESPO0S]:

2 2
Eperg = Y, Ay, [(Kll,i*Kl,i) + (K3 — %2, } , (6
Vi€V
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Conformal (100, 0%, 0%)

Original

Equiareal (1, 100, .001)

Curvature preserving (1, 0%, 100)

Figure 2: Effect of different weights for the local surface en-
ergies. As a modeling constraint, the target length of the red
curve is set to one third of its original value. The numbers
in brackets denote the weighting terms (kconf,kareat,kpc)s
where 0% denotes a very small contribution (we use 0* =
1073 ) of the corresponding energy added for regularization.

where K ; and k3 ; denote the signed maximal and minimal
principal curvatures at vertex v;, estimated using the method
of Cohen-Steiner and Morvan [CSMO03].

Combined surface energy. The total surface energy on a
mesh is computed as a weighted combination of the metric
and curvature energies

Empa = kareatEareal jg + keonfEconfrq +kpeEpea @)

with scalar weights kureqi> kconf, and kpe. The effect of dif-
ferent choices for these weights is illustrated in Figure 2. A
dominant conformal weight leads to a uniform scaling of the
sphere. A dominant areal term yields a constricting defor-
mation with fairly strong distortion of angles and curvature,
while a dominant curvature term leads to the curve ’slid-
ing’ along the sphere. This simple example illustrates how
our approach supports different notions of shape preserva-
tion. The user can adapt the behavior of the optimization to
preserve properties of the original shape that are important
in the specific application context, enabling flexible surface
processing and shape design.

2.2. Modeling Constraints

The surface energies defined above aim at preserving im-
portant properties of the input surface, i.e., control how the
shape resists to change dictated by the user’s modeling con-
straints. However, the energies can also be used to drive the
deformation by replacing the values of the original shape
by arbitrary target values. One of the unique features of our
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Original Local area constraint  Global area constraint

Figure 3: Comparison of local vs. global area constraints.
The area of the blue patch is scaled by a factor of 2.5 while
constraining the length of the red curve to remain constant.
Specifying the area change locally for each triangle does not
offer enough degrees of freedom to satisfy both constraints.
The global area constraint for the entire patch offers more
Sfexibility to satisfy the constraints.

method is the ability to explicitly control the surface met-
ric, i.e., set constraints for lengths and areas on the surface.
This can be done locally by specifying target values for each
triangle in Equations 3 and 4, or as global least-squares con-
straints over curves and surface patches, as described below.
In the following, user-specified target values are indicated by
a hat symbol.

Area constraints. A global area constraint for a patch P C
S, represented by a set of faces Fp C F, is defined as

1 A \2
Eareap = Aiz (A'p/ —A'p) s ®)
P

i.e., the total area Ap/ of the patch P on the deformed sur-
face should be equal to the specified target value Ap pro-
vided by the user. In contrast to local area constraints, scal-
ing the global area offers more degrees of freedom to satisfy
conflicting user constraints, as illustrated in Figure 3.

Length constraints. Another integrated measure is the
length of a curve, discretized as a piecewise linear path
D C M (Figure 1). The corresponding energy is defined as

1 A\2
Ejengthp = o (Ipr —ip)”, ©
D
where /p denotes the total length of the polyline.

Normal curvature constraints. Using the curvature energy
of Equation 6, the user can directly modify principal curva-
tures as proposed in [ESPO8]. However, access to principal
curvatures does not provide directional control of surface
bending. We enable more flexible editing by directly pre-
scribing the normal curvature of the surface along arbitrary
tangent directions. In order to do so, the user can freely draw
curves on the surface and specity the desired target values for
normal curvature (Figure 4).

We measure signed normal curvature as the change of sur-
face normal along the curve. Continuous surface normal vec-

SRR
SIS

e
2505858t
esskesss;

Set to zero Inverted

Figure 4: Deformation of a sphere by prescribing normal
curvature of the surface along the marked curve.

tors are defined using barycentric interpolation of vertex nor-
mals. At a given point q; on the curve we compute the os-
culating plane spanned by the surface normal vector n; at q;
and the curve’s tangent vector. For a discrete approximation
of normal curvature Kp we consider a small curve segment
i of length I, around q; (Figure 1) and project the interpo-
lated normal vectors at the ends of the curve segment onto
the osculating plane (Figure 5), leading to

= 251nl(Bl/2) , (10)
qi
where B; is the angle between the projected surface normals
n; |, n;,. The normal curvature energy is then defined as

Encp =AM Ylg (kpri—kpy)>, (1)
i

Position constraints. Our system also offers position con-
straints based on the standard handle paradigm. Since the
vertex positions are the unknowns of the optimization, fix-
ing vertices to a specified position in space is trivial. The

Figure 5: Left: Discrete path segment with center point q;,
interpolated mesh normals n and projections n* onto the os-
culating plane. Grey elements do not lie in the plane. Right:
Approximation of the normal curvature.

(© 2008 The Author(s)
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Figure 6: Our system incorporates the handle-based de-
formation metaphor using position constraints (marked in
blue). Local detail is accurately preserved due to the non-
linear surface energies.

affected vertices are displaced to the target location and the
corresponding variables are removed from the optimization.
To provide more flexibility when accommodating conflict-
ing constraints we also include soft constraints, formulated
using the least squares energy

Epos :A% Z Av,-HVz/'—‘A’iH27 (12)
M vieV

where Ay, is the barycentric area around vertex v; (Figure 1).
Since all of the above energies except Epos are invariant to
rigid transformations, for all the examples in the paper we
either fixed a number of vertices to their original position or
added soft position constraints to all vertices using a small
weight kpos = 0.001. Figure 6 shows a test case for posi-
tion constraints that illustrates how our non-linear surface
energies lead to intuitive detail preservation, i.e., accurate
rotation of surface detail even for purely translation-based
handle displacements (cf. Figure 2 of [BPGKO06]).

3. Optimization

Editing constraints and shape preservation control are en-
coded in the energies introduced in the previous section. We
find the corresponding deformed surface by solving for the
vertex positions vj ... v, such that

V] ...V, = argmin Z’k,-E,-7 (13)

— n
Vl...V,x 1

where E; and k; is short-hand notation for the different
energies and weighting constants defined above. We solve
this nonlinear least squares problem using a Gauss-Newton
solver [MNTO04] which enables superlinear convergence
without the need for second derivatives. The initial values of
the variables are the vertex positions of the input surface. In
all our experiments the results converge within about fifteen
iteration steps. The derivation of analytic expressions for the
gradients of the energies is discussed in the appendix. If cur-
vatures are manipulated, the optimization falls into the cat-
egory of composite non-smooth optimization as described
in [ESPOS8]. We use the techniques proposed there to approx-
imate the gradients. For further details on the implementa-
tion of a nonlinear least squares solver, we direct the inter-

(© 2008 The Author(s)
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Figure 7: Virtual subdivision of a triangle f avoids negative
cotangent weights, since all angles are < 1/2.

ested reader to the comprehensive literature on this topic,
e.g. [GMW89, Bjo96, MNTO04].

Conformal energy. In our experiments we found that the
convergence of the optimization is largely dominated by
the conformal energy Eco,r. In fact, a direct implementa-
tion of Equation 4 leads to prohibitively slow convergence.
Since the rather involved formulas for the curvature ener-
gies make the use of an advanced solver that requires second
derivatives undesirable, we make use of the following ob-
servation to obtain a practical implementation: As written
in Equation 4, E,s is the sum of three rational quadratic
terms. Since the Gauss-Newton solver locally approximates
the objective function with a quadratic, splitting the energy
into three separate terms significantly improves the conver-
gence [MNTO04]. However, this separation is only admissi-
ble, if the single terms (i.e. the cotangent weights) are all
positive as required by the Gauss-Newton Solver. To address
this issue, we propose a re-formulation for the conformal en-
ergy based on a virtual subdivision of a triangle using its in-
circle center to generate six smaller triangles as depicted in
Figure 7. By construction, negative cotangent weights can-
not occur, hence we can perform the above split into separate
terms. By exploiting symmetry, right angles, and invariance
of the conformal energy under triangle subdivision, the re-
sulting formula simplifies to a sum of six positive rational

quadratics for each triangle:
2 /12
h
0 Iyl ) "

2
E :i Ar el N
confs 3lerul? Ap 124, Agp

u=1

where ¢ denotes the circumference of the triangle, hy , are
the vectors connecting points on the edges and the center of
the incircle on the triangle of the original mesh (Figure 7).
On the deformed mesh, these points are expressed with the
barycentric coordinates of the points on the original mesh.
The barycentric coordinates are computed as a preprocess-
ing step at the beginning of the optimization. This refor-
mulation is essential to achieve a practical speed of conver-
gence with a Gauss-Newton type solver, as we demonstrate
with a simple example: Scaling the normal curvature of the
sphere along the curve depicted in Figure 4 takes 9 itera-
tion steps using the virtual subdivision compared to 108 it-
erations without it. Since the terms of the conformal energy
are better approximated by quadratic functions when using
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Figure 8: The vase has been edited by reducing the length
of the marked curve by a factor of two while keeping the
bottom fixed. Different notions of shape preservation lead to
different editing semantics.

the subdivision, the stepsize has only to be scaled by an av-
erage factor of 0.43 compared to 0.00027 in the unsubdi-
vided formulation. This reduces the cost of stepsize control
in our implementation. For this simple test case, the over-
all speedup factor achieved by virtual subdivision was 47.
For more complex operations, these performance differences
become even more extreme which renders the unsubdivided
energy impractical for use with a Gauss-Newton type opti-
mization. Note that the straightforward way of subdivision
by dividing the obtuse angle with a line orthogonal to the
opposite edge is not suitable since the virtual triangles can
become arbitrarily thin leading to numerical instabilities.

4. Results

Figures 2 to 6 illustrate specific properties of our framework
for simple geometric shapes. In the following we show var-
ious constrained deformations performed on more complex
models focusing on editing operations that are difficult to
achieve with traditional, purely position-based approaches.

Figure 8 shows an editing operation using length con-
straints. The user draws a curve along the rim of the vase
and interactively modifies the desired target length while the
bottom of the vase is kept fixed. Two settings for the surface
energies, one aiming at isometric, the other at conformal de-
formation, illustrate how different notions of shape preser-
vation lead to different editing semantics. A benefit of our
approach is that the user has explicit control of the shape-
preserving energies and can thus easily adapt the deforma-
tion to a specific application context.

Figure 9 shows the creation of a cartoon horse. The belly
and flanks have been enhanced by scaling the area of the blue
patches. Length constraints are used to constrict the waist
and enlarge the head. The normal curvature for each point
of the curve along the spine has been set to the curve aver-
age, leading to a deformation that pushes the spine towards
a circular arc.

Original Edited

Original

R

Normal Curvature
Prescription

Al (R

Edited

Area Prescription Length Prescription

r1

Figure 9: The shape of the horse model has been edited by
direct manipulation of length, normal curvature, and area of
different curves and surface patches.

Figure 10 shows various editing operations on the fan-
disk model. Direct control of metric and curvature is partic-
ularly useful in a CAD context, where the semantics of the
model are often directly linked to lengths, areas, and curva-
ture. In the special case of fixing the curvature along a curve
to zero, it might be more desirable to constrain the curva-
ture of the curve itself instead of the normal curvature of
the surface, which significantly simplifies computation. This
technique was used to generate the bottom left result of Fig-
ure 10. Figure 11 illustrates a potential application that we
intend to explore in future work. We can evolve the fandisk
towards a sphere by setting all principal curvatures to a con-
stant. With a high conformal energy term, this yields a quasi-
conformal spherical parameterization of the model that can
be customized with the use of additional metric constraints.
Conceptually, this approach is similar to recent methods for
planar conformal mappings [BCGBO08, SSPO0S].

Discussion. An important feature of our approach is the sys-
tematic definition of all shape preservation and constraint
energies based on the following three requirements: (i) Con-
vergence: the discrete energies should converge to the con-
tinuous ones for a suitable refinement of the mesh, (ii) Local
symmetry: energies should be locally invariant when inter-
changing deformed and original surface, (iii) Scale invari-

(© 2008 The Author(s)
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Figure 10: Processing the fandisk model. Length, normal
curvature, and area of the marked curves and patch have
been scaled by a factor of two in the corresponding images.
For the bottom left image, the curvature of the curves has
additionally been constrained to remain zero for each of the
marked segments.

ance: energies should be invariant under global re-scaling.
The last property is achieved using global normalization
terms, while local symmetry follows immediately from the
definition of the energy terms. Cohen-Steiner and Morvan
have proved convergence for their estimation of principal
curvatures [CSMO3] that we apply to evaluate Equation 6.
The area of a set of triangles naturally converges to the area
of the corresponding patch if a smooth parameterized sur-
face is sampled regularly with increasing density to generate
a mesh. The same argument holds for the derived metric en-
ergies since they are constant for a triangle face and converge
to the functions evaluated at a point of the smooth surface,
if the three vertices converge to that point. Similarly, con-
vergence for the measures of normal curvature and length
of a curve is assured if the sampling density of the curve
increases.

Currently the major limitation of our method is speed. Ide-
ally, the system should provide immediate feedback when
the user modifies a constraint. Our current prototype imple-
mentation can only achieve interactive response for such ed-
its on relatively small meshes. The curve bending on the fan-
disk with 6477 vertices takes less than 10 seconds on a 2.4

(© 2008 The Author(s)
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Figure 11: Spherical conformal parameterization computed
by prescribing constant curvature. On the right the marked
curves are constrained to keep their original length.

GHz Intel Core 2 Duo with 2GB of memory (currently, only
the sparse linear system solver for the Gauss-Newton op-
timization exploits two-core parallelism). The edits on the
horse and the vase (both around 8000 vertices) take 8 to 150
seconds each. We see two main approaches that can poten-
tially lead to substantial performance improvements. A hi-
erarchical representation of the constraints and the surface
can be used to implement multi-level solvers in the spirit of
multi-grid methods. In addition, we can exploit multi-core
or GPU parallelism to speed up the computation. With these
types of optimizations in place, we believe that realtime per-
formance is within reach.

5. Conclusion

We have introduced an optimization framework that allows
direct manipulation of derived surface properties. The user
can modify lengths, areas and bending of the surface by
drawing curves and patches on the surface and manipulat-
ing their metric or curvature properties. Local surface mea-
sures provide additional control on the deformation seman-
tics. Our approach complements existing methods for shape
manipulation and leads to versatile surface deformations for
shape design.
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Appendix

Derivatives. We derive analytic expressions for the deriva-
tives of different energies with respect to the vertex posi-
tions. For the principal curvature energy, we follow the de-
scriptions given in [ESP0OS]. By applying the extended chain
rule, the derivatives of all energies introduced in this pa-
per can be broken down to weighted sums of derivatives of
triangle areas, lengths of path/mesh edges, and angles be-
tween two incident edges (or vectors in general). Since the
extended chain rule is a standard operator we concentrate on
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providing expressions for these three basic components us-
ing the notation shown of the figure above: The gradient of
the face area can be computed as
2] 1
—Ar= (DX 15
v A 2(ll e3), (15)

where n is the normalized face normal. The gradients of the
edge lengths are

J J
2 — & o —G 16
v ller2]| = —&12 o llerz|| = @12 (16)

where €|, is the normalized edge. For an angle between two
edges, the derivatives can be computed as
0 _epXxn d

e3; X1
oy = 9 _
oV, ller2]? ov3
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