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LIFTS OF PROJECTIVE CONGRUENCE GROUPS

IAN KIMING, MATTHIAS SCHUTT, HELENA A. VERRILL

ABSTRACT. We show that noncongruence subgroups of SLo(Z) projectively
equivalent to congruence subgroups are ubiquitous. More precisely, they al-
ways exist if the congruence subgroup in question is a principal congruence
subgroup I'(N) of level N > 2, and they exist in many cases also for I'o ().

The motivation for asking this question is related to modular forms: pro-
jectively equivalent groups have the same spaces of cusp forms for all even
weights whereas the spaces of cusp forms of odd weights are distinct in gen-
eral. We make some initial observations on this phenomenon for weight 3 via
geometric considerations of the attached elliptic modular surfaces.

We also develop algorithms that construct all subgroups projectively equiv-
alent to a given congruence subgroup and decide which of them are congruence.
A crucial tool in this is the generalized level concept of Wohlfahrt.

1. INTRODUCTION

Suppose that 'y and I'y are subgroups of finite index of SLy(Z) that are projec-
tively equivalent, i.e., have the same image in PSLy(Z). Thus (I'y, —1) = (T'g, —1),
and so the space of modular forms of given even weight is the same for the two
groups I';. But the spaces of forms of odd weights will in general be different for
the two groups (see Section 5 and 8 for concrete examples and results).

The motivations behind the present paper are twofold: first the question whether
such a situation can occur with I'; a congruence subgroup but I's a noncongruence
subgroup; and secondly, in such cases to study the attached spaces of cusp forms
of odd weights further.

In the present paper we focus primarily on the first question and find that the
answer is a resounding ‘yes’. More precisely, we give a complete answer to the
question in case one of the groups is a principal congruence subgroup I'(N), as well
as a partial answer for I'o(V).

We employ the following terminology: For a subgroup I' of SLa(Z) denote by
T the image of I' in PSLy(Z). By a lift of T we mean a subgroup of SLy(Z) that
projects to I in PSLo(Z). A lift is called a congruence lift if it is a congruence
subgroup.

As usual, if T' is a congruence subgroup then by the level of I" we understand the
least M such that T'(M) C T.

Our main results are as follows.

Theorem 1. Let N € N and T'(N) the principal congruence subgroup of SLa(Z)
with projective image T'(N) < PSLy(Z).
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(1) The number n(N) of congruence lifts of T(N) is exactly

1 if N=1,
if N > 1 is odd
n(N) = 3 zf i is odd,
5 if N =2,
9 if N > 2 is even.

(2) If N > 2, then I'(N) has noncongruence lifts.

Theorem 2. Let p be a prime number and let N € N.

(i) If 44 N and all odd prime divisors of N are congruent to 1 modulo 4, then all
lifts of To(N) are congruence.

(i) Ifp=3 (4) and N = p" forr € N, then there are precisely 3 congruence lifts of
To(N), namely To(N), the subgroup of To(N) consisting of those elements whose
diagonal entries are squares modulo p and one further subgroup (see Section 7).
(ii) If N is divisible by 6,9,16,20 or by a prime p > 3 congruent to 3 modulo 4,
then the groups T'o(N) and T'y(N) have noncongruence lifts.

We will give a detailed discussion of the group I'o(N) for N = 4,6,8,16,20 in

section 5. It is shown that all lifts of T'g(N) are congruence if N = 4,8, but that
there are noncongruence lifts when N = 6, 16, 20.

Thus, as far as the question of existence of noncongruence lifts of the group

To(N) is concerned, Theorem 2 leaves undecided only the cases where N is 3,4 or
8 times an odd number whose prime divisors are all =1 (4).

A crucial tool is a variant of a result of Wohlfahrt [25]. The difference between
[25, Theorem 2] and the following proposition is that Wohlfahrt deals with sub-
groups of PSLy(Z) rather than SLo(Z). It was a minor surprise to us that his result
did not just carry over literally, but that the level IV in the conclusion had to be
replaced by 2N. The notion of ‘general level’ of a subgroup of finite index in SLy(Z)
(or PSLy(Z)) will be recalled in section 3.

Proposition 3. Let T be a subgroup of finite index in SLa(Z) of general level N.
If T is congruence, then T'(2N) < T, and so T' has level N or 2N.

The paper is organized as follows: in the first four sections, we establish the
techniques that we will use to prove our main results. First we elaborate in gen-
erality on lifts of subgroups from PSLs(Z) to SLy(Z). Then we recall Wohlfahrt’s
generalized level concept and adjust it to our situation (Proposition 6). In section 4,
we derive an algorithm that determines all lifts of a given subgroup of PSLa(Z) and
decides which of the lifts are congruence (Proposition 10). This algorithm enables
us to investigate some examples in detail in section 5.

Sections 6 and 7 continue to give the proofs of Theorems 1 and 2. Next to the
level concept and the examples, there is a crucial contribution by information on
possible representations of the groups I'(N) and T'o(p) (p prime), due to Frasch [6]
and Rademacher [19].

The paper concludes with additional observations: first, in section 8, we notice
that projective equivalence of subgroups of finite index in SLy(Z) not containing
—1 is in fact equivalent to the condition that for infinitely many %k the groups have
the same modular forms of weight k.
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Secondly, in section 9 we draw some consequences of our main results for the
groups generated by squares of elements in congruence subgroups. We establish
results when these groups are again congruence subgroups.

Finally, in section 10 we note some observations on spaces of cusp forms of weight
3 for different lifts. Our arguments are geometric in nature, based on the elliptic
modular surfaces attached to the lifts.

2. PRELIMINARIES ON LIFTS
We shall first prove a simple but basic lifting lemma.

Lemma 4. Consider a subgroup T' of PSLa(Z) of finite index. Suppose that we
are given a presentation of I' in terms of generators gi,...gs and relations Ry =
1,..., Ry = 1. The relations R; have form:

m;
Ry =[] hyn
k=1
with each }_Lj7k €{q,..-gs}-

Fori=1,...,s and j = 1,...,t define the non-negative integer o; ; to be the
number of occurrences of g; in the relation R, i.e., the number of k € {1,...,m;}
such that hj = gi.

(i). The group T has a lift T in SLo(Z) such that —1 € T if and only if the g; have
lifts g; € SLa(Z) such that:
R;=1
where for each j =1,...,t the element R; is defined as the product HZZI hj i where
hj_’k =g if hjyk = gi-
(ii). Suppose that T has a lift T in SLa(Z) such that —1 ¢ T, given by generators
g1,---gs asin (i).
Then the lifts of I' not containing —1 are parametrized by solutions
(Ila"'axs) EF;
to the linear system of equations
(.Il, . ,CCS)((O'LJ‘ mod 2))i,j = (O, ey O)

over Fy. Here, a given solution X = (x1,...,x5) corresponds to the subgroup T x
of SLa(Z) generated by:

{9i] 2i=0}U{-gi| @ =1}.

Proof. Let « be the canonical homomorphism from SLa(Z) onto PSLa(Z).

We start by proving (7). The necessity of the condition is clear: Suppose that
T has a lift T not containing —1. Let g; € T be lifts of the g;. The products R,
defined in the proposition then all map to 1 in T under «, and hence R; = £1 for
all 7. However, the R; are also elements of I', so we must have R; =1 for all j.

Conversely, suppose that there are lifts g; such that R; = 1 for j = 1,...,¢.
Then let T’ be the subgroup of SLy(Z) generated by the g;.

Since we have the relations R; = 1 among these generators, I' must be — as an

abstract group — a quotient of I'. Let 3: T — I be the corresponding homomor-
phism. It is given by 8(g;) = ¢;.
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On the other hand, I' also surjects to I' via . We have a(g;) = .

Now, (o 8)(gi) = g for each ¢ and this shows that oo 8 = id. Since § is a
surjection onto I', we conclude that « is injective on I'. Thus, —1 ¢ T'.

For the proof of part (i) we first note that it is clear from the above that any
lift of T has shape I'x for some solution X to the stated system of equations over
F,, and that the group 'y is in fact a lift of T' for any such solution X. To finish
the proof, note that any such I'x does not contain —1; this follows because —1 ¢ T".
For the same reason, we also see that the subgroups corresponding to two distinct
solutions X are in fact distinct subgroups. O

We will also need the following observation concerning subgroups of projective
groups with noncongruence lifts.

Lemma 5. Let T be a subgroup of PSLa(Z) with a noncongruence lift to SLa(Z).
Then any subgroup G < T' has a noncongruence lift.

Proof. Let I' denote a noncongruence lift of T. Define G as the pre-image of G
under the projection I' — T'. By construction, G is a lift of G to SLa(Z). As a
subgroup of the noncongruence subgroup I', G cannot be congruence. O

3. LEVEL CONCEPT

In this section, we will derive the following restrictions on the level of congruence
lifts:

Proposition 6. Let N € N and let T be a subgroup of PSLa(Z) with

I'(N)<T <Ty(N).
Then any congruence lift of T has level N or 2N.

In section 5, we will show by means of an example that the proposition cannot
be improved: both possibilities N and 2N for the level do in fact occur.

To prepare the proof of Proposition 6 we will first recall the generalized notion of
level for arbitrary subgroups of finite index in SLy(Z), as introduced by Wohlfahrt,
cf. [25].

Let T be a subgroup of finite index in SLa(Z). The general level N of T" is defined
as the least common multiple of the cusp widths. Recall the width of a cusp ¢ of
I is the least possible n € N such that +¢g7"g~! € T' where g € SLy(Z) is such
that goo = ¢, and where T here as well as throughout the paper denotes the usual

translation matrix
1 1
re ()

Notice that the general level of I only depends on I'. Thus, the general level
of any lift of T(N) is N. It is easy to see that if I'; and I'y are two subgroups of
finite index in SLy(Z), and if Ty < 'y, then the general level of T'; is a divisor of
the general level of T's.

Lemma 7. Let T be a subgroup of finite index in SLy(Z). Let N denote the general
level of T'.

(a). If v € N is such that T'(v) <T, then N | v.
(b). Let N | v. Then for any g € SLa(Z), we have gT?"g~* € T.
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Proof. (a) By the inclusion I'(v) < T, the width with respect to I' of any cusp
divides the width with respect to I'(v) — which is v. The claim follows.

(b) Suppose that N | v and consider any g € SLa(Z). The stabilizer in T of the
cusp g too is {A™ | m € Z} for a certain matrix A € T

Then g~ 'Ag stabilizes 0o, and by definition of the width b of the cusp g~ 'oo,
we have g~'Ag = £T°. By definition of the general level N we have b | N, hence
b|v,and so gT"g ' = Av/ € T. Thus ¢gT? ¢! €T as desired. (]

Let us recall the statement of Proposition 3. The proposition is a slight variant
of a result of Wohlfahrt, cf. Theorem 2 of [25] and the succeeding remark.

Proposition. Let T' be a subgroup of finite index in SLa(Z) of general level N.
If T is congruence, then T'(2N) < T, and so T has level N or 2N.

“ Z € T(2N)
be arbitrary. We must show that A € I'. Note that it will be enough to show
BAC € T with matrices B,C' € I' NT'(2N), so we can modify A in this way
whenever convenient.

We now mimic some computations by Wohlfahrt, cf. [25], proof of Theorem 2
(and in the process also correct a small typo in his argument).

Proof. Suppose that v € N is such that I'(v) < T' and let A =

First we claim that we can modify A in the above manner so as to obtain (d,v) =
1. If d = +1 this is already the case, so assume d # +1. Then ¢ # 0, but (¢,d) = 1.
Since A € I'(2N) we have (d,2N) = 1 so that (d,2N¢) = 1. As now 2Nc¢ # 0,
we deduce by Dirichlet’s theorem on primes in arithmetic progressions that there
is m € N such that d+m-2Nc¢ is a prime larger than v. In particular, this implies
(d+2Nme,v) = 1. By Lemma 7 (b) we have T?Y € T NT(2N), and so we may
replace A by AT?N™ and thus assume that (d,v) = 1 (and still A € T'(2N)).

Since now (d,v) = 1 and N | v by Lemma 7 (a), we have (Nd,v) = N. Conse-
quently, (2Nd,v) is a divisor of 2N which in turn divides b as A € T'(2N). Hence
the congruence b +n-2Nd = 0 (v) is solvable for n. Replacing A by T?Y" A does
not change d, but changes b to b + 2Nnd. So we may additionally assume b = 0
(v).

Now, again by Lemma 7 (b) the matrix

( 1 O> - (0 —1) T-2Nm < 0 1)
2Nm 1 1 0 -1 0
isin T NT(2N) for any m € Z. With an argument similar to the above we see
that if we multiply A on the left by this matrix for a suitable m, we may assume
¢ =0 (v). This multiplication leaves b unchanged, and the condition (d,v) =1 is
preserved since b =0 (v).

We now have b=c=0 (v) and (d,v) = 1. Then necessarily ad =1 (v).

Now consider the matrix:

ml—dy/ a a—1\ a1 a ad —1
(1) M= (T )(1—(1 2—a)T _<1—ad d(2—ad))
—_——
L
where we have denoted by D’ the transpose of D for any matrix D.
We find A =M mod v, so that M—1A € T'(v) <T. To deduce the claim A € T,
it thus suffices to show that M € T'. By Lemma 7 (b), (T*~9)" and T?~! are both
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in I, since d = 1 mod 2N and (T1~9) is a conjugate of T¢~1. Thus it suffices to
verify that L € I'. Here we factor

L — T/Ta—lT/—l .

Since a =1 (2N), Lemma 7 (b) shows that L € I'. Hence we deduce that M € T
and therefore A € I' as claimed.

Finally note that the level of T' is now seen to be N or 2N by Lemma 7 (a). O

Remark 8. In [25] Wohlfahrt defines a congruence subgroup of SLo(Z) as a sub-
group containing (+1,T'(m)) for some m € N. His Theorem 2 states that if T
is a congruence subgroup, then I' > (£1,T'(N)) with N the general level of T'.
Wohlfahrt’s proof essentially coincides with the above proof of Proposition 8 with
2N replaced by N’. The difference between these cases lies in the fact that if
—1 €T, then the conclusion of part (b) of Lemma 7 can be improved to gTVg~! € T
as an inspection of the proof immediately reveals. There was a typo in Wohlfahrt’s

proof that we alluded to above: the matrix (1—aad déd:ald)) does not equal

d—1y (@  a—=T1\ 41
(r )<1—a 2—a>T ’

but factors correctly as in (1).

Remark 9. The results in this section are also related to results of Larcher, cf.
[10]. However, he works with a different notion of ‘congruence subgroup’, namely
—1 15 always assumed to be in the group in contrast to our situation.

Proof of Proposition 6. Since all lifts of I have the same general level it will suffice
by Proposition 3 to display a lift of general level V.

But I has a lift T' that sits between I'(N) and 'g(NNV). Thus the general level of
I is a divisor of the general level of I'(/V) and is a multiple of the general level of
To(N). The claim now follows since I'(N) and T'g(N) both have general level N:
all cusps of T'(N) have width N, and the cusp widths of T'o(N) are all divisors of
N, but the cusp 0 has in fact width N. 1

4. ALGORITHM

In the next section, we will investigate two examples that will be used in the
proof of Theorem 2. The basis for those examples are the following proposition and
its corollary which we believe to be of independent interest.

Proposition 10. Suppose that a subgroup T < PSLq(Z) of finite index is given
by a Farey symbol, or that there is a method of determining whether an element of
PSLy(Z) is in T.

Then there is an algorithm that determines all lifts of T to SLa(Z) and decides
which of the lifts are congruence.

Corollary 11. There is an algorithm that determines all congruence and noncon-
gruence subgroups of SLo(Z) that are projectively equivalent to a given congruence
subgroup.
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4.1. Farey symbols. Our algorithm is based on the use of Farey symbols, de-
scribed in [8]. We recall the definition, with a slight modification, which is neces-
sary because we work with subgroups of SLa(Z), whereas Farey symbols as defined
in [8] are associated with subgroups of PSLy(Z).

Recall Kulkarni’s definition [8] of a Farey symbol:

Definition 12. A Farey symbol consists of a sequence of cusps (elements of Q U
{o0}), of length n + 1 for some positive integer n > 1, starting and ending with

infinity, (the starting term can be considered as —oo = _Tl and the last term as
400 = %) together with a sequence of labels l1,1ls, ... 1, of length n. The sequence
of cusps, {—o0, Z—j, Z—:, cee Z":ll ,00} satisfies a;41b;—abiy1 =1 fori=1,...,n—2,

and by = b,_1 = 1. Note that we take ay = —1,by =0 and ap11 = 1,b,41 =0. A
label is either a positive integer, or a symbol o or e. For any integer occurring as a
label, there are exactly two labels having this value. Such a symbol is written thus:

l1 lg l3 ln—2 ln—l ln
/\a2/\a3/\.n/—an71——\an/\
{—00 5 5 by bh o 0)
4.2. Signed Farey symbols. Farey symbols correspond to subgroups of PSLy(Z).
Since we are working with subgroups of SLo(Z) not containing —1, we need a minor

modification to Farey symbols.

Definition 13. A signed Farey symbol is defined exactly as a Farey symbol in
Definition 12 above, except that the labels can be any monzero integers, in pairs, or
the symbol o. The symbol o is not used.

Following Kulkarni, with a minor modification, the subgroup of SLy(Z) corre-
sponding to a signed Farey symbol has generators described as follows:

e For any integer pair of integer labels [; = [;, with ¢ < j, we have a generator

s ajbl- + a;jJrlbrL'Jrl —(ai+1aj+1 + aiaj)
@ 9ij = sign(l) (bibj +bit1bjrr —(aibj + ai+1bj+1)) '
Note that it is important to fix the order ¢ < j, since changing the order
changes the result from a matrix m to —m 1.
e For any label [; = e we have an order 3 generator

3 - <ajbj Fasbien +ajbi —(aj,1 + ajaj41 + af) >
b5 + bjbjt1 + b5 —(ajbj + aj11b; + a;j1bjt1)
where €; is chosen so that the matrix has order 3 in SLy(Z) (rather than
6). The only relations are those stating that generators corresponding to e
have order 3.

Note that for the original Farey symbols, there are additional generators corre-
sponding to labels [; = o, namely
aibi + ait1bip1 —(a +ai,,)
(4) 9i = 2 2 :
by +bi4a —(aib; + ait1bit1)
and additional relations, saying that this generator has order 4. However, such
groups necessarily contain —1, and so there is no need to consider signs.

Proposition 14. Any subgroup of finite index in SLa(Z) not containing —1 can be
defined by a signed Farey symbol, i.e., can be generated by the matrices determined
by such a symbol.



8 TAN KIMING, MATTHIAS SCHUTT, HELENA A. VERRILL

Proof. This follows immediately from [8, (5.4)], Lemma 4, and the fact that edges
of Farey symbols labeled o correspond to matrices in SLy(Z) with square —1, and
so do not need to be included in this case. (]

If a subgroup T of finite index in SLo(Z) is given by specifying some rule for
determining whether or not an element of SLy(Z) is in the group, then the Farey
Symbol for T is determind as described by [2], and then signs are determined by
checking whether or not each of the above matrices are in I'. If for any %, j both g;;
and —g;; are in I', then also —1 is in I', and so we do not specify any signs for the
group. (Similarly for g; or g;.)

4.3. Proof of Proposition 10. Suppose I is a subgroup of finite index in PSLy(Z).
We want to determine all congruence lifts of T'.

Lemma 4 gives an algorithm to determine all lifts of T'.

Suppose I can be given by a Farey symbol, as described in the previous section,
using the method of Kulkarni [8]. For example, this holds true if we can determine
whether an element of PSLy(Z) is in T.

In [9], Lang, Lim and Tan give an algorithm for determining whether T is a
projective congruence subgroup. In the case that I' is not a congruence subgroup,
then all lifts of I' are also noncongruence, and no more remains to be done.

Suppose that T' is determined to be a congruence subgroup of level N by the
algorithm in [9]. The algorithm uses a Farey symbol for ', and associated generators
J1,---,3s, and a set of generators hy, ..., hy for (M), where M is the general level
N of T', and if possible, determines a word for each h; in terms of the g;. The same
algorithm can also be used when M = 2N.

Note that generators and relations of any principal congruence subgroup I'(M)
can be obtained algorithmically by using the method of either [3] or [2] applied to
the projective image I'(M), followed by a simple check to determine sign choices of
lifts of generators, and application of Lemma 4 to determine relations.

Suppose that using this method, and once we have determined that h; = [] Bw-
for some h; ; € {g1,...,ds}, then by checking signs, we have

hi = (=1 [ his,
for i =1,...,k for some ¢; € {0,1}, where each h; ; € {g1,...,9s}. Let g; ; be the
number of times g; occurs in this product, modulo 2, i.e.,

(5) oij =#{i|hi; =g;} mod 2.

Then a lift of T' having generators (—1)%g; for i = 1,...s contains I'(M) if and
only if the vector (d;) is a solution to the mod 2 linear system of equations

(6) (03,3) (01, -+, 05) = (€)-

By Proposition 6, we need to test whether this is the case for M = N and M = 2N.
If T(N) is contained in T', it is congruence of level N. If T'(IV) is not contained in
T, but I'(2N) is, then T is congruence of level 2N. Otherwise I" is not a congruence
subgroup. 0

Remark 15. In practice, there will be many generators of T(M). Let Vr ar be
the space corresponding to writing generators for T'(M) as words in terms of the
generators for I'. So Vr a is spanned by the vectors in 3,

(7) Uy = (Ui,la---;o'i,s)
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fori=1,...,k, where o;; are as in (5). We only need take a set of v; spanning
this space in the system (6).

The signs simplify when we have a known congruence lift of level M not con-
taining —1, for example, if T is already such a group. Notably this happens for
I'1(N), or if we are considering lifts of T = T'g(p) for p prime, we can take the lift
T consisting of matrices in To(p) with diagonal entries squares modulo p. In this
situation, we can take all €¢; = 0.

Remark 16. Suppose that T has index p in PSLa(Z), has vy elliptic points of order
2, and has vs elliptic points of order 3.

By Euler’s formula applied to the tiling of the fundamental domain for T by
images of the fundamental domain for PSLao(Z) corresponding to a Farey symbol
for T, the minimal number of generators of T is

Si== 414 =42

It follows that if v = 0 then there are 2°~73 lifts of T not containing —1.

5. EXAMPLES

The examples in this section were computed using Pari [18], Magma [1] and GAP
[7]. The Magma program has built in functions for determining Farey symbols of
congruence subgroups, as described in [8]. A GAP package [5] was also used for
computing Farey symbols, and working with subgroups of PSLy(Z) given only by
their Farey symbol. The algorithm of [9] for determining whether some element of
PSLy(Z) is in some group given by a Farey symbol was also implemented in GAP.

In some of these examples, we also compute the dimensions of some spaces of
cusp forms. The dimensions follow from Shimura’s formula which we recall in
Section 8. They are given in terms of the number of regular and irregular cusps,
vt and v since the subgroups in consideration have no torsion.

Example 17. Let I' = T'1(4). A signed Farey symbol with corresponding funda-
mental domain F and generators T, A is given in the following diagram:

/_\ Groups with the same domain F

Go = <T7A= _I> = PO(4)

A= (31 G1=§T,A>>=F1(4)
Gy = (T, A
> Gy = (-T. 4)
m o <_T, _A>
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We now apply the algorithm described in Proposition 10. The generators for
T'(4) in terms of A and T are as follows:

1 4 o 504\ .,
(O 1) -7 (_4 _3) — T2AT

10 o 5 -4\ ..,
() e () -m

=7 12 _ 2 11
(7 2) —raer

see the proof of Lemma 32 for more details on the generators of T'(4).

By the algorithm of Proposition 10, we see that level 4 congruence lifts of r(él)
correspond to solutions of (1 1) <§;) = (0 0), so (T,A) and (-T,—A) are
congruence subgroups of level 4.

Using Magma [1] we compute that T'(8) can be generated by 33 matrices. Writing
these in terms of A and T, we find that each generator is given as a product of an
even number of A’s and T's, i.e., the matriz in (6) is the zero matriz, and so the
remaining lifts (=T, A) and (T, —A) must be congruence subgroups of level 8.

Thus all four groups (+A,+T) are congruence subgroups. Being congruence
subgroups, they can also be described by congruence conditions by considering the
quotients by T'(4) or T'(8).

The table below shows the reqularity of the cusps of each lift of To(4), which
allows us to compute the dimension of of S3(I') and S5(T') for each of these groups.
In this table S = ( % §) and B=(39).

cusp  stabilizer width reqular in...?

Gy Gy Gz Gy

00 T 1 Y Y n n
0 AT = ST-45-1 4 Y n n Y
% A=-BT B! 1 n Y n Y

dimS3(I') 0 0 1 0

dim S5(T") 1 1 2 1

level as congruence subgroup 4 8 8 4

Example 18. The group I'1(6) has generators
T:((l)%)v A= (:2%)7 B = (172::;)7

corresponding to a Farey symbol

There are no relations between these matrices, so there are 8 possible subgroups
which are lifts of T'1(6) not containing —I. By Proposition 6 if these are congruence,
they have level 6 or 12.

Using Magma [1], we find that T'(6) can be generated by the following 13 matrices.
The algorithm of [9] expresses these generators in terms of g1 = A,go = B, g3 =
T. In the table we also write the corresponding vectors v;, as described in (7) of
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Proposition 10.

(Z2113) =B (0,0,0) | (9) = A7'T (1,0,1)
(Z5i1s) =(A7'B) (1,1,0) | (ifs262) =(ATA)™ (0,1,1)
(Z2%88) =A7'BAB™' (0,0,0) | (2582) =A"'T2B  (1,1,0)
( Z 712) = (BA_lBA)_l (0,0,0) ( 727518 13009) = A"'BTB (1,0,1)
(Zrss3) =A7°BA™ (1,0,0) | (&, =39) =(ATB'A)"' (0,1,1)
(Sos39) =B 'ABA™" (0,0,0) | (§25) =TA™! (1,0,1)
(ZFe1) =A47'BA?  (1,0,0)

To see if a lift T has level 6, we need to check whether all the above matrices are
in I'. We use the algorithm described in Proposition 10. The space Vr, (6),6 spanned
by the v; given in (7) is spanned by (1,1,0) and (1,0,1). The matrices A, B,C
generate T'1(6) which is a lift of T'1(6) not containing —1, so the €; in (6) are all 0
(as discussed in Remark 15). Thus level 6 congruence lifts of I'g(6) not containing
—1 correspond to solutions of

o1
110
8) &) =0 0 0.
(1 0 1) y

The only possible solutions in F3 are (0,0,0) and (1,1,1), and so we find that the
only possible congruence level 6 lifts of T'1(6) not containing —1 are (A, B,T) and
(—A,—B,-T).

Using Magma [1], we find that m can be generated by 97 matrices. How-
ever, up to parity and rearranging of the letters A, B, T as above, we find that the
space Vr, (6),12 spanned by the v; in (7) is one dimensional, spanned by (0,1,1),
corresponding for example to

TBA* = (5 75).
In consequence, the groups (A, B,C),{A,—B,C),(—A,B,—C),(—A,—B,—C), all
contain T'(12). The remaining lifts are noncongruence subgroups.
The following table shows the data used to compute the dimension of the spaces
of weight 3 cusp forms. The last line displays whether the group is a congruence
subgroup or not, and if so, its level.

cusp stabilizer width regular in ...?
(TA,By (T,—A,B) (-T,A,B) (-T,—A,B)
00 T 1Y Y n n
0 AT = (T~ 9% 6 Y n n Y
1 B 3 Y Y Y Y
i A7'B 2 Y n Y n
3
dim S5(T") 0 1 1 1
level if congruence 6 12 — —
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cusp regular in ...?7
T,A,—-B) (T,—-A,-B) (-T,A,—B) (-T,—A,—B)

00 Y Y n n
0 Y n n Y
1 n n n n
; n Y n Y

dim S3(T") 1 1 2 1
level if congruence — 12 6

Example 19. ['y(8) can be generated by the following matrices:

g1 = ((1)%)7 g2 = (156 :§)7 g3 = (g:g)
Let Vg = Vpy(s),s be the vector space spanned by the v; of (7), for T'(8), and let
Vie = Vry(s),16 be the space spanned by the v; for ['(16). Then Vg is spanned by

(1,1,1) and Vig = {0}. So 4 of the eight lifts not containing —1 are congruence
subgroups of level 8, and the rest are congruence subgroups of level 16.

Example 20. T'o(16) is generated by the following matrices:

g1=(51), 92 = (156 :é)v 93 = (gi :293)= 94 = (196 j)v 9s = (}g :191)'

Let V3o = Vi, (16),32 be the vector space spanned by the v; of (7), for I'(32), and let
Vie = Voo (16,16 be the space spanned by the v; for T'(16). Then
V16 = ((0,0,0,1,0),(0,1,0,0,1),(1,0,1,1,0))
and
V32 =((0,1,0,0,1),(1,0,1,0,0))
So 4 of the 32 lifts not containing —1 are congruence subgroups of level 16, and

4 are congruence subgroups of level 32. The remaining 24 lifts are noncongruence
subgroups.

Example 21. I'g(20) can be generated by the following matrices:

11 /31 -9
= \o 1) 95 = \100 —29>
(13 =2 (17 -6
92 = \20 —3) 9 = \20 —7
(31 -7 (11 -5
93 = \40 —9) 97 = \20 —9
(29 -8
9= 40 —11)

Let Vio = Vp,(20),40 be the vector space spanned by the v; of (7), for I'(40), and let
Vao = Vo (20),20 be the space spanned by the v; for I'(20). Since Vio C Voo, we can
define a space Wog with Vog = Vyo & Wag. The following table displays some of the
data computed in order to determine the number of congruence lifts of I'o(20).

bc(zsis of Vao ) basis of Waq basis of V5 basis of V5
1,0,1,0,0,0,0

(0,1,0,0,0,1,0)  (1,1,0,1,1,1,0)  (1,0,1,0,1,0,1) %858?8?3
(0,0,0,1,0,0,0)  (1,0,0,0,0,0,1)  (0,1,0,0,0,1,0) RRRNT
(0707070717071) 3y My My My
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For example, the vector (0,0,0,0,1,0,1) in Vi corresponds to

—9679 2800\ __ 34
( —280 81 ) =91 9795-

From the above data, we see that there are 22 = 4 congruence lifts of level 20 not
containing —1, and a further 4 of level 40. The remaining 27 — 8 = 120 lifts not
containing —1 are moncongruence.

6. PROOF OF THEOREM 1

In this section, we study the principal congruence groups I'(N) in PSLy(Z) and
their lifts to SLa(Z). Note that for N = 1, i.e. PSLo(Z) there is only one lift, the

full group SL2(Z), since + <(1) _O > has square —1.

We refer to I'(N) as the canonical lift. For an element A € T'(N) we have a
unique canonical lift A9 € I'(N) if N > 2. With respect to the canonical lift Ao,
we define the sign o(A) of any lift A of A as

o(A) = 1, %fA:Ao,
-1, it A=—A,.

Let I' denote any lift of I'(N). If " is congruence, then I'(2N) C T' by Proposition
3. As a consequence, for all A € I' with A € ['(2N), we obtain o(A) = 1, i.e. the
lift in T is fixed as A = Ay. Equivalently, for A, B € T’

A=B mod2N = o(A)=0o(B).
(We employ the convention that A = B mod 2N if and only if AB~' € T(2N).)
We now specialize to the situation where N is odd. Hence for A, B € T’
A=B mod2N <= A=DB mod?2.

Thus we consider the projection from I" to SLa(F2) (which is a group homomorphism
factoring through the quotient I'):

I' — SLy(Fy)
A — A
The congruence property of I' gives the implication
9) A=B = o(A) =0(B).

There is one prominent matrix in I': the lift of 7%, which we shall denote by
Tn. Apparently its sign can be chosen freely.

Lemma 22. Let N be odd. If T is congruence and —1 & T", then the sign of Tn
fizes the signs of all other elements by (9).

P?"oof.~ Let A € I'. We shall use the fact that SLo(Fy) 22 S5. If A has odd order,
then A% = 1. Hence o(A) = 0(A3) = 1. If A has order two, then either A = Ty or
ATy has order three. In each case 0(A) = o(Tn). O

Corollary 23. If N > 1 is odd, then T'(N) has exactly three congruence lifts.

Namely the congruence lifts are T'(IV), {£1} - T'(V) and the subgroup generated
by —T% and the appropriate lifts of the other generators of I'(\V) as determined
by Lemma 22. By construction, each of these lifts contains T'(2N).
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Corollary 24. If N > 1 is odd, then I'(N) has noncongruence lifts.

Since I'(N) cannot be generated by a single element, the corollary follows readily.
For N = p, we obtain explicit numbers from Frasch’s work [6]: T'(p) is freely
generated by 7 = 1+ p (p? — 1)/12 elements, so we have three congruence lifts and
2" — 2 noncongruence lifts.

We now turn to even level N. Here I'(N)/T'(2N) = (Z/2)? by virtue of the
following construction: Let A € T'(N). Write A uniquely as
A:1+NB+2NC, BEMQ(FQ),CGMQ(Z).
Here 1 = det(A) =1+ N tr(B)+ 2N (...). In consequence, B has even trace. This
defines a group homomorphism
A — A=B
with kernel I'(2N) and image the matrices in Ma(F2) with zero trace. Hence it

identifies the quotient I'(N)/T'(2N) with the image, i.e. abstractly with (Z/2)3.
First we consider the case N > 2. Since —1 ¢ I'(N), there are canonical lifts.

Hence for any lift T’ of T'(N), we obtain a group homomorphism
I'>A— A Ag— A= A,.

As before, if T' is congruence, then it contains I'(2N) by Proposition 3. Hence
we have
A=B = A=B mod2N = o(A) =a(B).
It follows that the signs of three elements with independent image in My (F3) deter-
mine the congruence lift I'. Here two signs are given by the elements T, Th € I
The third sign is fixed by the lift of

14N =N
N 1-N)°
As in the case of odd N, the sign restrictions determine all congruence lifts of
T(N):

Lemma 25. Let N > 2 be even. Then T'(N) has exactly 9 congruence lifts.

Corollary 26. If N > 2, then I'(N) has noncongruence lifts.

Proof. For odd N > 1, this result is Corollary 24. For even N > 2, it will follow
from Lemma 5, once we verify the claim for N = 4. To this end, it suffices to check

that T'(4) has at least four free generators. In fact, we have seen in Example 17

that T'(4) has five free generators. O

To complete the proof of Theorem 1, we are concerned with the remaining case
N = 2. Here the situation differs since —1 € I'(2). Nonetheless we can define a
non-trivial canonical lift I'y € I'(2) by requiring

a=d=1 mod4
for the diagonal entries of any matrix in I'g. Then we proceed as before with the
only difference that the image of Ty in M3(F2) consists of all matrices with zero

diagonal elements. Abstractly, the image is isomorphic to (Z/2Z)%. This agrees
with the generators of T'(2) being —1,T2, (T?)" by [6]. Hence any non-trivial lift
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T of ﬁ is generated by the lifts T, T5. By the above consideration, for T' to be
congruence we can choose the signs of both generators freely. Hence all five lifts
are congruence.
Alternatively, one could deduce this claim from the fact that I'(2)? = I'(4) as we
will show in section 9.

7. PROOF OF THEOREM 2

Let us first recall some well-known facts about elements of finite order of SLy(Z),
cf. [21], Propositions 1.12 and 1.18: an element (¢Y) € SLy(Z) different from +1
has finite order if and only if |a 4+ d| < 2. An easy computation then shows that
—1 is the only element of order 2, whereas the elements of order 4 are precisely the

elements of form
a b
c —a

where a, b, c € Z with a® + bc = —1.

Proof of (i). Write N = 2° - pi* ---p;* where s < 1 and the p; are distinct primes
each congruent to 1 modulo 4.

Thus for each i, the number —1 is a square in Z,,, i.e. the congruence z? = —1
(p?) is solvable in Z for every r € N. Since s < 1 the same holds trivially true for
the congruence 22> = —1 (2%). By the Chinese Remainder Theorem we conclude
that there is a € Z such that a®> = —1 (N).

Consequently there exists an element v = ( N _ba) of order 4 in Tg(N). If now '

is a lift of Tg(IN) we must have v € I or —y € I". Since the square of both v and
—~ is —1, we conclude that I" contains —1 and hence equals T'o(NV). (]

Proof of (ii). Let p be an odd prime, p =3 (4) and N = p” for some r € N. Denote
by (-/p) the Legendre symbol modulo p. We define the sign homomorphism

o: To(N) — {1}

a b a
c9) - G)
Then G; = ker(o) is a congruence subgroup of T'g(N), since I'1(N) C Gy. The
subgroup G consists exactly of those matrices in T'o(IN) whose diagonal entries are
squares modulo p (or equivalently modulo N).
Let T be a congruence lift of T'g(N). By Proposition 3 we have then T'(2N) <T.
Note that o is trivial on T'(2N). Hence o factors through the quotient T'/T'(2N).

In order to study this quotient, consider the homomorphism
¢: SLo(Z)/T(2N) — SLa(Z/2) x SLo(Z/N)

given by A — (A mod 2, A mod N); ¢ is an isomorphism: it is clearly injective, and
hence surjective by comparison of orders (cf. for instance [14], Theorem 4.2.5, for
formulas for indices of the various subgroups in SLg(Z)). Under this isomorphism,
T'o(N) is mapped to
where H 2 T'g(N)/T(N): clearly the image is contained in SLo(Z/2) x H and hence
equals this group, again by order considerations:

[Co(N) : T(2N)] = 6p* ' (p—1) = 6:[To(N) : T(N)] = #(SL2(Z/2))-[Lo(N) : T(N)].
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For A € T4(N), o(A) is determined by the image of A in H. Hence we shall study
the structure of H to some extent. In the present situation, H is not cyclic, but
close enough to it in the following sense:

Lemma 27. For any A € H, we have A* = +1 for u =p* ~1(p —1)/2.

Proof. We will use the immediate fact for A € T'o(NN) with diagonal entries a, d that
A? has diagonal entries a, d* modulo N. Here N = p” so that (Z/NZ)* is cyclic of
order p"~(p — 1). Thus for any A € Ty(N), AP »=1/2 has diagonal entries +1.
But then for any B € T'g(N) with diagonal entries +1, we have BP" = +1. O

Corollary 28. For any A € To(N), we have

(4) 1 if A has odd order in H;
g =
—1 if A has even order in H.

Proof. Since u = p*"~1(p — 1)/2 is odd, we have o(A) = o(A%) where A* = +1 in
H depending on the parity of the order. The distinction of the two cases follows
directly. O

We return to the congruence lift T of T'o(N). Suppose that —1 ¢ T'. Then, since
—1 is not in the kernel of ¢, we have that ¢(T") is a subgroup of index 2 of G, and
G is generated by ¢(G) and ¢(—1). In particular ¢(—1) = (1, —1) € ¢(G).

Proposition 29. Let T # G1,T0(N) be a congruence lift. Then o is determined
on I' by the relation

0(A) = =1 <= A has order two in SLy(Z/2).

Proof. Since I' # G4, there is B € I' such that o(B) = —1. Let C' := B*. Then
o(C) = —1, so that C = —1 in H by Lemma 27 and Corollary 28. But then since
(1,-1) € ¢(G), we deduce that C has order two in SLy(Z/2).

First we let A € T have odd order in SLy(Z/2). Then ¢(A3*) = (1,1) since
A3 =+1in H, but (1,—1) € ¢(I'). Hence o(A) = o(A3*) = 1.

Now let A € T have order two in SL3(Z/2). In consequence A - C' has odd order
in SLy(Z/2). By the first alternative, we obtain 1 = o(A - C) = —o(A). O

We are now ready to prove the second statement from Theorem 2. Namely the
order in SLy(Z/2) does not depend on the lift from PSLy(Z) to SLa(Z). Hence the
sign condition in Proposition 29 determines the lift T' # G, To(N) uniquely. This
lift T is in fact congruence as it contains I'(2/N) by definition. O

Proof of (iii). We start by utilizing results of Rademacher to treat the prime case
N =np:

Lemma 30. If p = 3(4) with p > 3, then there are noncongruence lifts of T'o(p).
More precisely, putting

p
=2 [—} 3
° 12) "
the number of noncongruence lifts of To(p) is:
0 ifp=3

27292 ifp=7 (12)
262  ifp=11 (12).
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Proof. By [19, pp. 146-147], we know that if p > 3 then the group I'y(p) is generated
by
3]
—|+3
12 +
elements and relations as follows. If p = 11 (12) there are no relations, whereas if
p =7 (12) there are 2 relations involving two of the generators, call them V; and
V5, namely

s:ﬂ

VEP=Vy=1.

By Lemma 4 we can determine the number of lifts when p > 3: in the cases
p = 11 (12) and p = 7 (12), there are precisely 2% resp. 2572 lifts of I'g(p) not
containing —1. By Theorem 2 (%) there are precisely two congruence lifts not
containing —1. Thus the formulas for the number of noncongruence lifts follow
when p > 3. One checks immediately that this number is positive in all cases.

As for the group I'g(3), by [19] it is generated by two elements S and V' with
the single relation V? = 1. Hence Lemma 4 implies that the group admits precisely
two lifts not containing —1. Both lifts are congruence by Theorem 2 (ii). 0

Let N be as in Theorem 2 (7). We have seen in the section 5, that there are
noncongruence lifts of the groups I'g(6),(16) and I'¢(16). Using Theorem 2 (ii)
one can prove the same for T(S)), since this group has more than one free generator.
Thus, by the hypothesis and by Lemma 30, there is a divisor M of N such that
I'o(M) has a noncongruence lift. Let now G be any of the groups I'o(IN) and I'; (V).

Then G < T'g(M), and the claim follows from Lemma 5. O

Theorem 2 leaves essentially three cases unanswered: 3,4 or 8 times a product
of primes congruent to 1 modulo 4. An analysis of this case requires different
techniques that we hope to address elsewhere.

8. SUBGROUPS WITH THE SAME CUSP FORMS

Suppose that I’y and I's are subgroups of finite index in SLo(Z). Let Si(T;)
denote the space of cusp forms of weight k with respect to I';. If the groups contain
—1, then Si(T';1) = 0 = Si(I'3) for all odd k. In particular this holds for infinitely
many k.

Now consider the case where the groups do not contain —1. We will show that
Sk(T1) = Sk(T2) holds for infinitely many k only if the groups are projectively
equivalent. More precisely:

Proposition 31. (i). Suppose that G and T are subgroups of SLo(Z) of finite index
and that T is a subgroup of G.

Suppose that we have dim Sk (G) = dim Sk (T) for infinitely many positive integers
k, and that either infinitely many of these k are even, or that —1 ¢ T".

Then G =T.
(7). Let Ty and T'a be subgroups of SLa(Z) of finite indices and suppose that —1 is
not in I'y N T'y.

Then Si(T1) = Sk(T'2) for infinitely many k € N if and only if Ty = Ts.
Proof of (i). Let v denote the genus of the modular curve I'\H*. Here as usual, H*

denotes the upper halfplane with the cusps QU{oo} added. Let p := [PSL2(Z) : T7,
let v5 and v3 denote the number of inequivalent elliptic points of I' of orders 2 and
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3, respectively, let Vo be the number of inequivalent cusps of I', and let v and v
denote the number of inequivalent regular and irregular cusps of I'; respectively.
Thus, veo = VL + 1.

If k is even and > 2 we have by the dimension formula, cf. [14], Theorem 2.5.2,
that

dim Sy (T) = (k_1)(7—1)+¥-y00+ H y [g] vy

and also

12 Vo V3 Voo
= 1 —————— —_
eIt T T3 T

by the genus formula, cf. [21], Proposition 1.40. Thus,

k—1 o k k—1 k k—1

for k even and > 2.
Similarly, if —1 ¢ T' and & > 3 is odd we have the dimension formula [14],
Theorem 2.5.3:

k—2 k—1 3 k
dim (1) = (k= 1)y = 1)+~ vd + = v+ |5 +[§]

which combines with the genus formula to:

. k—1 v k k—1 (k] k-1
) =S5t n= S ([5] -5 ) e+ ([5] - 55)

where we used voo = VI + 1.

w7

Now note that we have similar formulas for dim Sy (G), that for any a € N the
number [g} — % stays bounded for & — oo, and that if we have —1 ¢ I" and
dim Sy (G) = dim Si(T") for infinitely many odd k, then necessarily Si(G) # 0 for
some odd k and thus —1 ¢ G. Combining our hypothesis with an asymptotic
consideration then shows that we necessarily have

[PSLy(Z) : T) = p = [PSLa(Z) : G

and hence G =T since G <T.
Proof of (ii). If Ty = Ty, then Si(I'y) = Si(T'3) for all even k € N.

Conversely, suppose that Sk(I'1) = Si(I'2) for infinitely many & € N. Consider
the group G generated by 'y and T's. If k is such that Si(T'1) = Si(T'2), then
Sk(G) = Sk(l“z-) for i = 1, 2.

By hypothesis, —1 € T'; or —1 € Ty, say —1 & I';. Then we obtain I'; = G by

If =1 ¢ Ty, then Ty = G by (i) as claimed. If —1 € I'y, then Si(T'2) = 0 for odd
k. On the other hand, as —1 ¢ T';y we have Si(T'1) # 0 for all sufficiently large odd
k. Thus, our hypothesis would imply Si(G) = Si(T'1) = Si(I'2) for infinitely many
even k. Hence 'y = G by (i).

Thus, in any case, I'1 = G = I'y, as desired. ]
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9. SQUARES OF CONGRUENCE SUBGROUPS

We note a consequence for the subgroup I'? generated by squares in a given
subgroup I'. From Theorem 1, we can deduce immediately that I'(N)? is not con-
gruence when N > 2: this follows from Lemma 5 since any lift of I'(/V) necessarily
contains I'(N)? (if T is a lift and if g € I'(V) then I' contains either g or —g, and
hence in any case ¢g?). Thus, if ['(IV)? is congruence, then all lifts of ['(V) are
congruence.

On the other hand, it is known that I'(1)? is congruence: in fact, I'(2) C I'(1)?
by [15]. (The inclusion T'(6) C I'(1)? was previously proven by J. R. Smith in his
1961 thesis at Michigan State, cf. [16].)

This leaves open the case of I'(2)? which we can solve with the techniques from
section 4.

Lemma 32. T'(2)? =T'(4).
Proof. Consider the following Farey symbol for T'(4).

+1 -2 +3 +3 44 44 45 45 -2 41

(-0 =2 =2 =L 1 o1

That this is a Farey symbol for I'(4) follows from the fact that all the corresponding

generating matrices are in I'(4), and this Farey symbol corresponds to a group with

index 24 in PSLy(Z), which is equal to [PSLg(Z) : T'(4)] using the well known
formula.

We can write the generating matrices in terms of squares of elements of T'(2)

thus:

GH = Gy

(712) = ()G’
(L) = (332

(39 = (3’

(578 = (33

This demonstrates that I'(4) C I'(2)2. On the other hand, we can easily check that
the square of any element of I'(2) must be in I'(4) (since if A — I = 2B for some
matrices A, B with integer entries, then A> — I = (2B + I1)? — I = 4B(B + 1)), so
I'(2)?2 CT'(4). Hence the two groups are equal. O

In consequence, we can identify the principal congruence subgroups whose squa-
res are congruence again:

Proposition 33. T'(N)? is congruence if and only if N < 2.
Along the same lines, we obtain from Theorem 2 (%ii) with Lemma 5:

Corollary 34. If N is divisible by 6,9,16,20 or by a prime p > 3 congruent to 3
modulo 4, then To(N)? and T'1(N)? are not congruence.

For future use in the general case, we also note the following lemma which slightly
simplifies the congruence question for squares:

Lemma 35. IfT has general level N and T'2 is congruence, then T'? has level 2N .
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Proof. Arguing with the cusps as before, we see that I'? has general level 2N. Hence
if I'? is congruence, then the level divides 4N by Proposition 3.

Looking at the proof of Proposition 3, the main difference when working with
I'? is that 7%V € I'? due to the assumption that I' has general level N. Hence
Wohlfahrt’s original argument goes through without doubling the level twice, since
this was only necessary to ensure that 72V is contained in the group. Thus I'?, if
it is congruence, has level 2N. O

Remark 36. With the generators in the proof of Lemma 32, we can also give a
more precise description of the lifts of T'(4): Any congruence lift of T'(4) must have
level either 4 or 8 by Proposition 6. With Vy = Vp4y 4 and Vg = V) s, as described
in Remark 15, in terms of the above set of generators, we have

Vit =0, and Vs = ((0,0,1,0,1),(1,1,0,1,0))

So there is a unique level 4 congruence lift of T'(4) not containing —1, namely T'(4),
and a further 7 level 8 lifts, in accordance with Lemma 25; the remaining 24 lifts
are noncongruence.

10. ELLIPTIC MODULAR SURFACES

We conclude this paper with some geometric considerations. Our motivation
stems from modular forms. We have seen in section 8 that lifts can only be dis-
tinguished on modular forms of odd weight. For weight 3, there is an instructive
relation to holomorphic 2-forms on certain complex algebraic surfaces that we shall
briefly recall.

Let T" denote a finite index subgroup I' of SLy(Z) not containing —1. A construc-
tion by Shioda associates I with an elliptic modular surface S(T") over the modular
curve X (I') (uniquely up to C-isomorphism) [22]. For congruence subgroups, this
construction simply exhibits the universal modular curve.

Throughout this paper, we have been considering different lifts. In particular,
the modular curve X (T) is the same for all lifts, as it only depends on the image T’
of T in PSLy(Z). For shortness, we write X = X(T"), S = S(T).

Of course, the j-map

j: X P!
is also independent of the lift. On the other hand, S is determined by j only up
to quadratic twisting. This notion refers to non-isomorphic elliptic curves which
become isomorphic over a quadratic extension of the ground field. In terms of an
extended Weierstrass form

y? =234+ A2+ Bx+C, A B,C €k,

quadratic twists are in correspondence with squarefree elements d € k. The twist
by d is exhibited by the Weierstrass form

y? = 2® + dA%x + d*Bx + d*C
or equivalently
(10) dy? = 2* + A2z® + Bx + C.
The impact of a quadratic twist on the singular fibers is well understood thanks to
Tate’s algorithm [24]. The fiber type stays the same if d vanishes to even order at

the corresponding cusp on X. In case of odd vanishing order, the fiber types change
in a canonical way unless the characteristic is three and there is wild ramification
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(see e.g. [13]). For instance, fibers of type I, are always interchanged with I} in
Kodaira’s notation.

In the case of elliptic modular surfaces, we can use some crucial extra informa-
tion. Namely, any (complex) elliptic modular surface is extremal: it has maximal
Picard number p(S) = h:1(S), but finite group of sections. By a theorem of Nori
[17], these conditions (with j non-constant) imply the absence of singular fibers of
type I1,IT1, 1V, I;.

In consequence, on elliptic modular surfaces of different lifts of ', the quadratic
twisting can only occur at two kinds of points on X (T'):

e cusps underneath singular fibers of type I,,, I(n > 0). Note that the local
monodromy at these fibers is

T" resp. —T".
e points such that d vanishes to even order.

Conversely, any such twist is again modular by [17]. Since it has the same modular
curve X by construction, the projective images of the associated subgroups have to
coincide. Since at twisting points of the second kind the fiber type does not change,
the problem of detecting isomorphic elliptic surfaces is non-trivial; Stiller gave an
example of this phenomenon in [23] related to the commutator subgroup of SLy(Z).
There are no points of the second kind if the modular curve X (T') is rational. The
following two examples go back to section 5. Equations can be found in [13] for
instance, but the cusps are normalised in a different manner than in section 5.

10.1. Example: T';(4). The elliptic modular surface for I';(4) is rational over
Q with singular fibers of types Iy, 14, 1. Two of the twists are rational as well,
while the twist with three non-reduced fibers is K3. In terms of Example 17, this
modular surface corresponds to the congruence lift G5. Recall that S3(G3) has
dimension one. To find the normalised cusp form, we use that its square is in
Se(G3) = S(T'1(4)). The latter space is also one-dimensional and generated by
n(27)12. Hence S3(G3) is generated by n(27)°.

This K3 surface is also modular in another sense: its zeta function contains a
factor corresponding to (a twist of) 7(47)¢, the unique weight 3 newform of level 16.
We emphasise that the two cusp forms 1(27)¢ and n(47)% have Fourier expansions
in terms of different uniformisers, but with the same Fourier coefficients.

The modularity of the zeta function follows from a more general result by Livné
[11]. In particular, this result applies to all singular K3 surfaces over Q, i.e. with
maximal Picard number p = 20. We will see more instances of this modularity in
the next example, but first we shall point out a general fact in this context.

The above arithmetic relations with modular forms should not be seen as a
surprise. In fact, Shioda showed in [22] that there is an analytic isomorphism

(11) S3(I) = H**(S(T))

between cusp forms of weight 3 with respect to I' and holomorphic 2-forms on
S(T'). In the congruence case, this isomorphism admits an arithmetic interpretation.
Namely, S(T') has a model over Q. By Deligne [4], the Galois representation on
the cohomology of S(T") splits off two-dimensional subrepresentations. Here the
traces of Frobenius correspond to eigenvalues of the Hecke operators on Ss(T")
as we have seen in the example above. In the noncongruence case, there is a
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conjectural congruence relation due to Atkin-Swinnerton-Dyer (cf. [12] and the
references therein).

10.2. Example: I'1(6). We conclude this paper with a detailed analysis of the
elliptic modular surface S for T';(6). We study the lifts of T';1(6) and compute the
corresponding cusp forms of weight 3. Then we compare with the zeta function of
the corresponding twists of S.

A model of S over Q can be given as follows:

S y?*=az(2® + (t* — 6t — 3)z + 16t).
Either six-torsion section (4¢, +4t(t — 1)) generates the Mordell-Weil group of S:
MW (S) = {(4¢t, £4t(t — 1)), (4, £4(t — 1)), (0,0)}.
The j-invariant of S is

(=33 -9t + 3t —3)3
I (t—9)(t — 1)3¢2

One can describe the elliptic parameter ¢ by

t = 9n(27)*n(37)%n(T) " *n(67) ",

The connection with the set-up in Example 18 is summarised in the following table:

cuspe |oco  1/3  1/2 0
width 1 2 3 6
t(c) 9 0 1 o
stabilizer | T AB~Y B AT

Thus S is a rational elliptic surface with singular fibers of types Iy, Is, I3, 5. As
explained, the different lifts of T';(6) from PSLy(Z) to SL2(Z) correspond to twists
of S by certain d € Q(¢) as in (10). We collect this information in the next table.
Six of the twists are K3 surfaces as indicated. The zeta function of each of them
again contains a factor corresponding to some newform of weight three by [11].
The precise newform depends on the model of the K3 surface. By the classification
in [20], very few Fourier coefficients suffice to determine the newform (see [20,
Rem. 2.]). In the present situation, we achieved this by point counting at the first
few good primes through Lefschetz’ fixed point formula.

We express the resulting newforms in terms of some particular newforms (which
are minimal in the sense of [20]) involving twists by the Legendre symbols y, =
(u/p). Let

fs = n(r)*n(2m)n(47)n(87)%, fi2 = (n(27)n(67))>

and let fa4 denote the newform of level 24 from [20, Table 1] (given by a Hecke
character for Q(v/—6) of co-type 2 and conductor (21/—6)).

The full quadratic twist of S is not K3, but has h?° = 2 and Euler number
e = 36. In terms of the Enriques-Kodaira classification of algebraic surfaces, it is
honestly elliptic (Kodaira dimension one). We compute the decomposition of its
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zeta function in terms of cusp forms g1, g2 below (see (12)).

fibres lift of T'1(6) level dimS3 zeta surface

1,2,3,6 (T, A, B) 6 0 - rational
t—9 1*,2 ,3 ,6* <—T, A, B> - 1 foa®xs K3
t(t — 9) 1%,2,3.6 (-T,—A, B) — 1 fs®ys K3
t—1)(t—9) 1%2.,36 (-T,—-A,—B) 6 1 fio K3
Ht—1)(t—9) 1*2%3*6* (-T, A,—B) 12 2 91,92 e=36

1,29,3.6* (T,—A, B) 12 1 1o K3
(t—1) 1,2.,3%,6* (T,-A,-B) — 1 fs@y1 K3
tt—1) 1,2% 3% 6 (T, A,—-B) - 1 foa®x2 K3

In order to compute the cusp forms in S3(T") for the lifts ', we shall again argue
with extracting square roots, this time from Sg(I") = Se(T'1(6)). In contrast to the
case in 10.1 where the dimensions matched exactly, we have to take into account the
following subtlety for square roots of f € Sg(I'1(6)): For v/f to define a holomorphic
function with respect to the lift ', we require f to vanish quadratically at all regular
cusps of I and at all zeroes in the upper half plane. In the present situation, this
criterion suffices to find all cusp forms.

We shall use the following modular forms of weight one for I'y (6):

cusps (and widths) | oo(1) | £(2) | 2(3) | 0(6)

3 2
weight one forms for I'; (6) order of vanishing
o= MO PPt 1 o] oo
b:%:1+2q+4q2+2q3+m 0 11 0] 0
c:%:1+3q+3q2+3q3+~- 0 0 110
d= O =1 6q+12¢° — 6g° - 0o | o] 0|1

Note that there are relations ¢ = a + b,d = b — 8a. It follows that any product of
six of them defines a weight 6 form for I'1 (6) — and cusp forms include the product
g = abed = (n(7)n(27)n(37)n(67))? which in fact generates S;(T'1(6)). Looking at
dimensions, it follows that these cusp forms generate Sg(I'1(6)). A basis could be
chosen as ga?, gab, gb*.

Consider the six lifts that geometrically correspond to K3 surfaces. For each
lift T, we will exhibit a cusp form of weight 6 for T'1(6) whose square root gives
a cusp form of weight 3 for I'. As we have seen in Example 18, each lift has two
regular cusps where extracting a square root requires quadratic vanishing of the
weight 6 cusp form f. At the two irregular cusps, simple vanishing of f suffices.
By inspection, these conditions determine the following normalised cusp forms of
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weight 6 for I'1(6) whose square roots yield cusp forms of weight 3 for the six lifts:

cusps (and widths) | co(1) | $(2) | 5(3) | 0(6)
weight six forms for 'y (6) order of vanishing lift
abc?d? = n(2)°n(22)°n(32)n(62) 1 L2 2 | (-T,-4,B)
a?b?cd = n(2)n(22)n(32)°n(62)° 2 2 1 1 | (T,—A,-B)
a?bc?d = n(22)%n(62)° 2 1 2 1 | (T,—A,B)
ab?cd?® = n(2)n(32)8 1 2 1 2 | (-T,-A,—-B)
a®bed? = n(2)"n(22) 3n(32) 3n(62)° 2 1 1 2 | (T,A, —B)
ab*c?d = n(z)3n(22)'n(32)n(62) 3 1 2 2 1 | (-T,A,B)

In the congruence cases, the zeta function of the elliptic modular surface thus
indeed agrees with that of the corresponding generator of S3(I'). In the non-
congruence cases, one easily checks the Atkin-Swinnerton-Dyer relations for the
square root of the corresponding weight six form generating S5(T") (which does not
have integral Fourier coefficients) and the cusp form associated to S (which is the
indicated twist of fs or fa4).

Finally we come to the lift T' = (=T, A, —B) where all cusps are irregular.
Here S5(T") is two-dimensional, and any product of two cusp forms gives a form in

S6(I'1(6))-
Lemma 37. Forthe liftT' = (=T, A,—B), we have with \/g = n(7)n(27)n(37)n(67)

S3(I") = (\/ga,/gb).

Proof. Fix a basis hi, hy of S3(I'). A priori, we only have hi,hy € C[[¢"/?]], but
since their product is in Sg(I'1 (6)) and thus in C[[¢]], we actually deduce that either
hi,ha € ¢*/2CJ[q]] or h1,ha € qC[[g]]. Under the latter alternative we would have
a cusp form h € ¢°C[[¢]] N S3(T"). Then h?, which is in Sg(I'1(6)), would vanish to
order 4 at oo. In comparison, the cusp form in Sg(I"1(6)) with the highest vanishing
order at oo is ga?, but the vanishing order is only three, contradiction.

Under the first alternative, there is a cusp form h € ¢*/2C[[g]] N S3(T). Along
the same lines as above, one deduces that h? = Aga? for some A € C. This shows
that \/ga € S3(I"). We proceed by considering the product \/gah; € S(I'1(6)). In
terms of our basis, we write this product as g+ for some quadratic form v(a,b). By
assumption, we can also write by = /g for some quadratic form 6(a,b). This gives
an equality of modular forms av/§ = v € My(T'1(6)). Upon squaring, we obtain
the relation a?d = 2 in My(T'1(6)). Since My(T1(6)) has basis a*, ab, a®b?, ab?, b*,
spelling out the last relation shows that the quadratic form § is in fact the square
of a linear form in a, b. As the same argument applies to ho, the lemma follows. [

Lemma 37 exhibits a basis of the vector space S3(I'). Recall that the lift "
is congruence. Hence the zeta function of the elliptic modular surface S = S(I)
encodes the Fourier coefficients of another basis g1, g2 of S3(I') which consists of
Hecke eigenforms. We compute the relevant degree 4 factors L,(T') of the zeta
function of S at the first few good primes with Lefschetz’ fixed point formula (over
[, and F,2). We then read off the resulting Fourier coefficients a, of g1, g2 (up to
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conjugacy) from the real quadratic factors of L,(T):

p Lp(T) ap
5  TY418T?+5* 442
7 (T? 46T +49)? —6

11 T* 421072 +11* 442
13 (T?—-20T +13%% 20
17 T*+66T2+17*  +16V2

With some linear algebra on the vector space S3(I"), one then verifies that (for the
right sign choices between the Fourier coefficients of g; and g¢2)

(12) (91+92)/2=/gb. (91— 92)/(2V2) = /ga.
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