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MANIN’S CONJECTURE FOR A SINGULAR QUARTIC DEL PEZZO
SURFACE

DANIEL LOUGHRAN

ABSTRACT. We prove Manin’s conjecture for a split singular quartic del Pezzo surface
with singularity type 2A1 and eight lines. This is achieved by equipping the surface with
a conic bundle structure. To handle the sum over the family of conics, we prove a result of
independent interest on a certain restricted divisor problem for four binary linear forms.

1. INTRODUCTION

For any projective variety X C P" over Q, we may define the height of a rational
point z € X(Q) to be H(x) = max{|zg|,...,|zn|}. Here we have choosen a representative
x = (zy:---:xy,) such that (zg,...,x,) is a primitive integer vector. A natural object of
study in diophantine geometry is the following counting function

Ny(B) = #{r € U(Q) : H(z) < B},

defined for any U C X and B > 0. Manin and his collaborators (see [FMT89] and [BM90])
have formulated a series of conjectures on the asymptotic behaviour of these counting
functions as B — co. When X is a Fano variety given by its anticanonical embedding, they
have conjectured that there exists some U C X open and a constant cx # 0 such that

Ny(B) ~ ex B(log B)P~!

where p = rank Pic(X), at least if the set of rational points on X is Zariski dense. The
constant cx has also received a conjectural adelic interpretation due to Peyre [Pey95].

There is a programme to try to prove Manin’s conjecture for smooth and singular del
Pezzo surfaces, the Fano varieties of dimension two. See [Bro07] or [DL10, Table 1.] for a
reasonably up to date account of the progress so far. In this paper we study the number
of rational points of bounded height on a certain singular del Pezzo surface of degree four,
given by the equations

. — 2 —
S:xory =75, X374 = T2(T1 — T0),

in P*. This surface has been chosen since it is a quartic del Pezzo surfaces with singularity
type 2A; and eight lines. Such surfaces are at the forefront of current methods, as a general
philosophy in the programme is that the milder the singularities, the more difficult Manin’s
conjecture is to prove. It is easy to check the singularity type of S — the only singularities
of Sare (0:0:0:1:0)and (0:0:0:0:1), and these are both locally quadratic cones of
the form zox; = z3. It contains the following eight lines

T2 :xi:xj :0,
o = T1,%0 = £x9,x; = 0,

for any ¢ € {0,1} and j € {3,4}. To see that there are no other lines, we appeal to the
classification of singular del Pezzo surfaces of degree four [CT88, Prop. 5.6]. A surface of
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singularity type 2A1 may contain either eight or nine lines. In the case where it contains
nine lines, one of these lines joins the two singularities, and it is easy to check that this is
not the case here. Since each line is defined over QQ, we see that .S is a split singular quartic
del Pezzo surface with singularity type 2A; and eight lines. Note that a point x € S lies
on a line if and only if zgz1xox3x4 = 0. Our result is as follows.

Theorem 1.1. Let U C S be the open subset of S formed by removing all the lines. Then
we have

Nu(B) = csB(log B)*(1 + o(1))
as B — 0o, where cg is the leading constant as predicted by Peyre.

Note that we remove the lines since each line contributes roughly B? points to the
counting problem, obscuring the finer arithmetic of the surface. An explicit expression for
the leading constant can be found in Section [Tl The proof of the theorem is achieved by
utilising a conic bundle structure on S. This method was also used in [BB0S], however it is
in contrast to many of the proofs of Manin’s conjecture for other quartic del Pezzo surfaces,
which have used the associated universal torsor, see e.g. [BB07]. When the singularity type
of the surface in question is not so mild, the universal torsor is often an open subset of a
hypersurface in affine space. However the universal torsor for S has many more equations,
so the previous methods used for dealing with such surfaces would be harder to implement
here. The conic bundle structure on S allows us to transform the problem of counting
rational points on S to one of counting rational points on a family of conics, essentially
given by

zy = ab(b? — a?)2?, (1.1)
for varying parameters a and b. Counting the rational points of bounded height on any one
individual conic is relatively simple, the difficultly arises when we sum over all the conics
in the family. To handle this sum we prove an auxiliary result of independent interest in
analytic number theory. It concerns the asymptotic behaviour of a certain restricted divisor
problem for four binary linear forms. We postpone a precise statement of our result since
it is of a technical nature, however a simple corollary is that

Y (L)) T(La(x))T(La(x))7(La(x)) ~ X7 (log X)*,
x€Z2NXR

as X — co. Here R C R? is some suitable region, Ly, Lo, L3, L4 are certain non-proportional
binary linear forms and ¢ = ¢(L1, Lo, L3, L3, ) is a constant. In our application to counting
points on conics, our binary linear forms are essentially z1,z2, 22 — 1 and xo + x1, which
geometrically correspond to the discriminant of the family in question (II). Sums of the

shape
n
> Ir ),

x€Z2NXRi=1
for binary linear forms L1, ..., L, and certain arithmetic functions f have been considered
before. The case where n = 3 and f = 7 has been handled in [Broll], and Heath-Brown
considered the case where n = 4 and f = r, the sum of squares function. Our methods
are similar to these and are based on the work of Daniel [Dan99], and the case n = 4
seems to be the limit of what these methods can achieve. There is however recent work of
Matthiesen [Matll] in which she proves an asymptotic formula for arbitrary n and f = 7,
using techniques from additive combinatorics. However, this result is not sufficient for our
purposes as the fact that we consider a restricted divisor function is essential to our proof
of Manin’s conjecture.
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We note that Theorem [[1]is related to, but does not follow from, the work of [BBP10],
where they prove Manin’s conjecture for a family of Chatelet surfaces, using the universal
torsor approach. The surfaces they consider are the minimal desingularisations of a family
of Iskovskikh surfaces [BBP10, Rem.2.3], which are also del Pezzo surfaces of degree four
with singularity type 2A and eight lines. However, for such surfaces the two singularities
are conjugate, and thus these surfaces are not split. We also note that the case of singularity
type 2A1 and nine lines can be handled using similar methods to what we use here, and
it actually seems to be easier than the eight lines case due to a simpler divisor problem
arising.

The layout of this paper is as follows. Section two is dedicated to the above mentioned
restricted divisor problem. In the third section we gather numerous preliminary results on
lattice point counting and divisors problems, before using these results to prove Theorem
[LT in Section four.

Notation: We use v,(z) to denote the p-adic valuation of a rational number z.

1.1. The leading constant. We now give a description of the leading constant cg appear-
ing in Theorem [Tl It agrees with the constant as predicted by Peyre [Pey95|, and writing

it down explicitly amounts to a now standard calculation, see e.g. [BB0O7]. If S denotes the
minimal desingularisation of S, then since S is split we have

cs = a(S)Ta H’Tp,
P

where «(S) is the “nef cone volume” and 7, denotes the density of S at the place v, with
the necessary convergence factor included. By [LoulQ, Lem. 2.3] we have

(1-3) (1+5+3)
Ty — - — - NG )
b p p  p?

for all primes p. Also [Der(7, Table 5] tells us that
1 1
720 213%5°
To calculate the density at the real place we use the Leray form of S (see [Pey95], Sec. 5.2]),
which is given by

a(S) =

dxodxldxg

wr(8) = 22—

L( ) 2(.%'0.%’1)1/21'3

since
Q1 0Q2
8332 8:)32
det = —2x9x3,

Q1 9Q2
8334 8:)34

where Q1(x) = zor1 — 23 and Q2(x) = 2374 — x2(21 — 20). Note that 22 = zox; > 0, so
the Leray form is well-defined. The density at the real place is then given by

1

5 / wr(9).
{x€R%:Q1(x)=Q2(x)=0,|zo|,|z1],|z2],|x3],|z4| <1}

Too =
We can turn this integral into a slightly more amenable form by taking advantage of certain
automorphisms of the surface S. We already know that xgx; > 0, however we may also
assume that xg,xz1 > 0. Indeed the above integral is invariant under the automorphism
which negates xg, 21 and x4. Similarly we may assume that x1 > zg, since we may swap
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them and again negate x4. Finally, we may negate x3 and x4 to assume x3 is positive, and
negate xo and x4 to assume that xo is positive. Hence

dxodxldxg

Too = 4/ i
{x€R3:0<xzo/x1,%1,%3,x071 (z1—w0)? /23<1} (560561) T3

2. A RESTRICTED DIVISOR PROBLEM

We now describe in detail the restricted divisor problem which we handle in this paper.
As mentioned in the introduction, this result will be used to handle the sum over the family
of conics on S. Fix a lattice A C Z2, equipped with the usual Euclidean inner product.
Let R C R? be region, that is, a compact set with a continuous piecewise differentiable
boundary OR, whose length we denote by |OR|. Also let L1(x),..., Li(x) € Q[x] be linear
forms, no two of which are proportional and which satisfy L;(x) € Z for all x € A and
Li(x)>0forallx e R (i =1,2,3,4). We then define

r= )S(lelg{Ll(X%M(X)aLB(X)aL4(X)a |z1], [22]}

Next let X > 1 and for simplicity we assume that our region satisfies satisfies [0 XR| < rX,
where we write XR = {x € R? : x/X € R}. Such a condition is automatically satisfied if
R is convex, for example. Finally let V = V(X) C [0,1]* be a non-empty compact set that
is cut out by a bounded number of hyperplanes each with bounded coefficients. Then, we
are interested in getting an asymptotic formula for the following sum

S(X;V) = > 7(Ia(x), La(x), La(x), La(x); V),
xEANXR
as X — oo. Here

1 .
7(Ly(x), La(x), La(x), La(x); V) = # {d € N* : di| Li(x),6 € V}, &= < 08 di > .
logrX ) 1234

Note that our choice of 7 ensures that 7(Li(x), L2(x), L3(x), L4(x); [0, 1]*) is simply a four-
fold product of the usual divisor function. In fact we shall soon see that by consider-
ing V' C [0,1]*, only the leading constant changes in the asymptotic formula, namely

S(X;V) = S(X;[0,1]*)(vol V + o(1)) as X — oco. To state the result that we prove, let
det A(d)

d) = ——~/
pd) = — i

where we define the determinant of a lattice to be the measure of any fundamental domain.
Next choose the minimum ¢; € N such that L;(x) = ¢;(x)/c;, where ¢;(x) € Z[x], and let

A € Z be the product of the resultants of the pairs of linear forms ¢; and ¢; for i # j. Note
that p|A if and only if the form ¢1¢2¢3¢4 has singular reduction modulo p.

Ad) = {x € A: di| Li(x), (i = 1,2,3,4)}, (2.1)

Theorem 2.1. Let X > 1. Then we have

S(X;V) = %ﬂmg X)* + 0L, L, Ly, L4 (X (log X )? log log X)
as X — oo, where
1\* 1
Coo =vol ROV, C, = <1 — 5) > SR
keZi,

Moreover [],|Cp| < (Adet A)® for any e > 0.
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Note that the error term here is independent of V', which is essentially because we may use
the upper bound 7(Ly (x), L(x), La(x), L1(x); V) < 7(L1(x))7(L2(x))7(Ls(x))7(La(x)) to
handle each error term. For the application we have in mind, we need a related result.
Namely, let V' = V/(X) C [0, 1]® be a non-empty compact set that is cut out by a bounded
number of hyperplanes each with bounded coefficients. Then we define

, , 7'(L1(x), Lo(x), L3(x), L4(x); V'
x-S
xEANXR ’

)

where now

7(L1(x), La(x), L3(x), La(x); V') = # {d e N*: d;|Li(x), (5, logmﬁé'g{" |””2|}> € v’} .

Note that the important difference here is that we are allowing the restriction placed on
the divisors to depend on the varying parameter x. It is then relatively simple to get an
asymptotic formula for S'(X; V') using Theorem 211

Corollary 2.2. Let X > 1 and let xy+ denote the characteristic function of the set V'.
Then we have

2C I1, Cy

S(X: V) =
(X V) det A

(log X)® 4 Op, .1y.1s.Ls.rA((log X)* loglog X),

as X — oo, where

C</>o = VOIR/ue[OJ} Xv' (777 u)dnd%
nelLy]*

and the C, are as given in Theorem [21l

2.1. Some multiplicative functions. Before we begin the proof of Theorem 21|, we
briefly collect some facts about the function p(d) = det A(d)/ det A, as defined in (2]), and
some related functions. First note that p is a multiplicative function. Indeed, we have the
obvious equality p(d) = #(A/A(d)), and the Chinese remainder theorem gives an isomor-
phism A/A(de) = A/A(d) x A/A(e) for any d,e € N* such that (didadsdy, eresezes) = 1.

Lemma 2.3. For any ey, ez,e3,e4 > 0, let o be the permutation such that e, (1) > €2y =
€5(3) = €o(4)- Then for any prime p we have

= pfoe)Teo(2) p1AdetA,
€1 €2 €3 €4
P(p yP DD ) { > pmax{ea(l)Jreo(g)7)\,772517,0}’ p]A det A,

where A\, = vp(det A) and §, = p(A).

Proof. We begin the proof with a preliminary result. To simplify notation, let p® =
(p°t,...,p%) and consider the lattice T'q = {x € Z? : d;|¢;(x)}, where as before we have

)

chosen the minimum ¢; € N such that L;(x) = ¢;(x)/¢; and ¢;(x) € Z[x]. Then I claim that

= plo)teo(2) PtA,

det Fpe { > pmax{ea(l)Jrea(Q)fQép,O}’ p]A (22)

Indeed for pt A, as in [HB03| p.13] we find that p®|¢;(x) for ¢ = 1,2,3,4 is equivalent to

p@Ix, Ol (x).
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Thus I'pe has determinant p®® ¢ @ . For all other primes p, note that z € T'ye implies
p®]Ax and p“®|lyy(x). Now, {1y is not necessarily primitive, however any fixed
divisor of /(1) must divide A, so we deduce that

peo'(Q) ‘p(SPX’ peo'(l) ‘p(spgj;(l) (X), (23)

where 62(1) is a primitive linear form. If e,;) < dp, the lattice given by ([2.3)) clearly has

determinant 1. Similarly if e,y > dp, then the lattice has determinant pCo)teo@ =20,
Finally, if e,q) > d, and ey < Jp, then the lattice given by (2.3) has determinant
peem ™% > peemFeo =20 thus proving (2.2).

We now use (22 to prove the lemma. Note that ¢;|det A for ¢ = 1,2,3,4, since each
L; takes only integral values on A. Hence for any p { Adet A, we have A(p®) = A N Tpe.
The Chinese remainder theorem implies that det A(p®) = det A det I'je, so the result follows
from ([2Z2)). For all other primes p, it is clear that A(p®) is still a sublattice of A and TI'pe, so
det A(p®) > [det A, det I'pe]. Note however that (det A,detI'ye) < A, as p is the only prime
dividing det I'pe. Thus, by (2.2)) we have

det I'pe
ey > TPt s ee()Tee(2)—Ap—20p
PP) 2 (et A, det ) =P
]
For any k € N* let
dydadsdy [ kikoksky

k) = . 2.4
i = 3 P (s (2.0

di|k;

We have defined v via a higher dimensional analogue of the usual Dirichlet convolution, in
such a way that it is small in general. The next lemma makes this more precise.

Lemma 2.4. Let
v(k)
Y(s)= Y Z e
e (k1koksky)
be the Dirichlet series corresponding to v, as defined by (24). Then Y(s) is absolutely
convergent on the half-plane Re(s) > 5/6. Moreover for any € > 0 we have

T(1) =[] Cp < (Adet A)F,
p

where the C), are as given in Theorem [21l

Proof. Let € > 0 and let s > 5/6 4+ ¢. Then by multiplicativity we have

G [v(P®, ™2, P, p™)|
Z (k1k2k3k4)s N H Z p(61+62+63+e4)s

4
k p eGZZO

However, when p t+ AdetA and 0 < e; + ez + e3 + ¢4 < 2, Lemma [23] implies that
p(pet,p2, p, p) = pertetestes and hence v(p®,p®?,p®,p®) = 0. It follows that the
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contribution from p { A det A is bounded above by

(X5 >

€1 ) e3 eq
PtA det A e>3 e1+e2+e3+e4:e’0(p P%2, D%, p)

<<H 1+Z e(s 1/2)

e>3 p

1
< H <1 + F) < L.

p

Similarly, those primes p|Adet A contribute <. A dgeta 1. Next by the definition of v, for
Re(s) > 5/6 we have

T(s):l;[<1—1%>4 3 Pl

o p(pkr, pkz, pks, pka)
>0

k1+ko+ks+ks)(1—s)

Thus the equality Y(1) = Hp C) is clear. To show the upper bound, by Lemma 23] we have

< 1 (5) | & s

k1 ko ks pka
p(pFr, ph2, phs, pkt)
p|Adet A keZ‘éO

< JI (p+20,)* +01))
p|lAdet A

<. (Adet A)°.
O
2.2. Proof of Theorem 2.7l In what follows all errors terms are implicitly allowed to

depend on the linear forms L1, Lo, L3, L4, the number r and the lattice A. We begin by
showing that we need only sum over the smaller divisors of the linear forms.

Lemma 2.5. For any € > 0 we have
S(X;V)= > SM(X;V) 4 0 (X3,
me{+1}4
as X — oo, where

SX V)= Y #{d€N4 d!L(Xé) ?/\/ ()}

(9,
xeANXR

and

M0,6) =md+ (1 —m)&/2, £€= (%)A 1934
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Proof. To get the main term we use a variant of the classical Dirichlet hyperbola method,
namely if d; > \/L;(x), we replace d; by L;(x)/d;. The error term is then made up of
those terms where d; = /L;(x) for some i = 1,2, 3,4, each of which is handled in a similar
manner. For example the contribution from where Ly(x) is a square is

> T(La())7(L2(x))7(Ls (x))
x€EANXR
L4(x)=0

<. X° Z #lx € 72 : ||x|| < X, La(x) = n?} <. X3/2+,
n<vX

For now we consider fixed m. After changing the order of summation, we have
S V)= 3 #(x e Ad) N R7(d; X)),
di<rvX
where
R™(d; X) ={x€ XR:d; <+/Li(x),D™(5,&) € V},

and A(d) is given by (2Z1)). Large divisors will become problematic for us, so we sum over
these separately. Write

SR V)= Y #(xeA)NR™(d; X)), SPX;V) =SM(X;V) - SP(XG V),

d;i<rvX
ds>Y

where Y < rv/X is some parameter to be chosen later. We may handle S™(X; V) with the
following “level of distribution” result.

Lemma 2.6. Let X > 1 and Q1,Q2,Q3,Q4 > 2. Write
Q= max Qi and P = Q1Q2Q30Q4.
Then there is an absolute constant A > 0 such that

vol R™(d; X
3 (d; X)

XPY2 L X0+ P)(1 A
P den | < +XQ+ P)(log Q)

#(A(d) NR™(d; X)) —

Proof. This follows from [HB03, Lem. 2.1], whose proof is a minor modification of the
argument of Daniel [Dan99l Lem. 3.2]. Note that we work in slightly more generality than
Heath-Brown, as our region R™(d; X) is not neccessarily convex. However, the important
point is that we still have the neccessary upper bound |OR™ (d; X)| < rX, uniformly with
respect to V. Indeed, this follows from our simplifying assumption on our region that
|OXR| < rX, and also the fact that V is cut out by a bounded number of hyperplanes
each with bounded coefficients. O

Hence if we take Y = 7v/X /(log X)?4, we deduce that

SHXV) = Y VOI(%W +0(X?).

d;i<rvX
dy<Y

We get an upper bound for S§*(X; V) with the next lemma.
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Lemma 2.7. Let X > 1. Then we have
SI(X;V) < X%(log X)3(loglog X),
as X — oo.

Proof. We begin by defining a kind of generalised divisor function, defined multiplicatively
for any prime p by

ay _ 2, a=1,
53(]9)_{ (a+1)3, a# 1.

We will meet this function later on in a more general context in Section [3l Notice that

PGV < Y > (L) (L (x))m(Ls(x))
Y<d4<r\ﬁx§‘ALq€;7)€

Y <d< m<<X
d r\ﬁ <X/d

where £} is the linear form obtained from ¢; by the change of variables xg — (4(x), for
i =1,2,3. We now appeal to [BB06, Thm. 1], which is a general result on upper bounds
for sums of arithmetic functions taking values in binary forms. Let A’(d) denote the dis-
criminant of the form F'(z,y) = £} (z, dy)ty(z, dy)l5(z, dy), and let 1(d) = [[,14(1 + 1/p).
Then [BB06, Thm. 1] allows us to deduce that

SV < Y Y(A(d)X2(log X )3

d
Y<d<rvX
d)X?(log X)3
< > v(d) (gog ) < X?(log X)3(loglog X),
Y <d<rv'X
as required. O
Hence we have
1( X
S(X;V) ~ > > VO—))) +O(X2(log X (loglog X)), (2.5)
me{i1}4d <rvX
da<Y

where p is given by (2.1). Note that

3 vol(R™(d; X)) 3 >k ja; (k) vol(R™(d; X))
d N dyd
di<rvX p( ) di<rvX 1dzd3ds
dy<Y dy <Y
v(k
z 7'\/7

Here v is given by (2.4]) and

ER(X,V) = Z vol(R™ (ek; X))’

€1€2€3€4
ei<rvX/k;
ea<Y/ka

where we write ek = (e1ky, eako, esks, e4ky). We handle this inner sum with the following
lemma.
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Lemma 2.8. Let k € N* be such that 1 < k; < rv/X fori=1,2,3,4. Then for any e > 0
we have

Cw k|| (loglog X
B (X: V) =55 X*(log X)* <1+05<” ! iogng )>>

where Cs 15 as in Theorem 211

Proof. In what follows let

( log ¢; > ( log k; )
e=|—=—- , K= | —— )
logrX i=1,2,3,4 logrX i=1,2,3,4

dx
EM(X; = E -
k ( ’V) /xeXR €1€2€3€4
ei<y/Li(x)/ki

es<Y/ky
D™ (e+K,£)eV

Then we have

However, this simplifies to

m dx
o) - [ S Ok X2 (08 X)* l0g log X)).
x€EXR < €1€2€3€4

D™(€+K,§)eV

Indeed, we may assume that |z1],|x2] > rX/log X with a satisfactory error. Then the
contribution from /L;(x)/k; < e; < VrX for i = 1,2,3 is bounded above by the given
error term. We may also handle e4 in a similar manner. Performing Euler-Maclaurin
summation, we find that

(log rX)4

BR(X;V) = =20

/ee[o j Xv (D™ (e + k. &))dedx + O (I]1° X (log X)*(log log X)) ,
xEXR

where xy is the characteristic function of V. On making the change of variables x — x/X
and 7 =D™(e + k,§) =m(e+ k) + (1 — m)€/2, we see that

(D™ (e + k,&))dedx = X vol Rvol V + O LS
= v ’ "\ logX )
XE

However, by definition we have Cy, = vol R vol V, thus proving the lemma. (]

We are now in a position to finish the proof of Theorem 2.1l First we sum over m in
(23)), then use Lemma 24 and Lemma 2.8 to deduce that

Coo v(k) 2 4 ||| log log X
X;V) = U x2(0g x)* (1 1Tl 08 208 &
S(XGV) detAk;Xklekm (log X)™{ 1+ O« log X

B Cs Hp &
— detA

X?(log X)* + O (X?(log X)*loglog X ) ,

on choosing ¢ = 1/12, say.
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2.3. Proof of Corollary In what follows all error terms are implicitly allowed to
depend on the linear forms, the number r and the lattice A. We first note that we have the
identity

S Y AT
max{xl, 562} B max{z1,z2} t3 X%
Applying this we find
X S//(t; V/)

S’(X;v’):/1 TdHO((logX)“)

where S”(t; V') = 3" caqur T (L1(x), La(x), L3(x), L4(x); V'). In order to handle this sum
using Theorem [Z.1] we need to remove the dependence on x. Our aim therefore is to replace
the condition (6, (log max{x1,z2})/(logrX)) € V' by (8, (logt)/(logrX)) € V'. To do this,
for any C' € R let

C'loglogt

log X
Vel(t) = {n e 0,14 <n, 1+ W) €0,1°n Og—rv’} .

log rt

Then on noticing that we may assume that |z1|,|x2| > rt/logt with a suitable error, we
have the bounds

St V_c()) + O(2(log t*) < §"(1: V') < S(t: Vo(t)) + O(E(log)?),

for some constant C' > 0. However we clearly have vol Vo (t) = vol Vj(t)+O((loglogt)/(logt))
for ¢ > 1, hence applying Theorem 2.1l we deduce that

vol RT[, Cp /X vol Vo (t)(log rt)*
det A 1 t

The proof of the corollary is then complete on noticing that

/X vol Vj(t)(log rt)
1

S'(X;V') = dt 4+ O((log X)*log log X).

4 X
1
dt = (log rX)4/ —/ xv/(m,logrt/logrX)dndt
t 1t mMe€(l,logrt/logrX]4

= (05 X)° [,y v w)dndu + O((log X)),
nefL,ul?

3. USEFUL RESULTS

Before we begin the proof of Theorem [[LT] we gather some technical results on lattice
point counting and upper bounds for certain divisor problems.

3.1. Lattice point counting. The emphasis on the results in this section is their unifor-
mity with respect to the chosen lattices and regions. Our first result concerns counting
non-zero lattice points in planar domains. Before we state it, recall that the first successive
minima A; of a lattice A is defined to be the length of the shortest non-zero vector in A.

Lemma 3.1. Let X > 0. Let A C R? be a lattice with first successive minima \; and
suppose that R C R? is a region such that (0,0) € R. Then

#{xeAﬂXR:x;é(O,O)}:VOlXR+O<

|OXR|
det A '

A
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Proof. The well-known method of counting lattice points in planar domains yields the
estimate

#{x e ANXR} =

vlXR o ('aXm + 1) . (3.1)

det A )\1
If 1 < |0XR|/A1, then the proof of the lemma follows immediately from (3.1]). Otherwise,
suppose that [0XR| < A; and let 7(X) = supye yx ||x||- Then since the geodesics in R? are
exactly the lines, we see that 7(X) < [0XR| < A1, and hence there are no non-zero lattice
points in XR. So in order for the statement of the lemma to be true in this case, it suffices
to show that the error term dominates the main term. However we have

1XR X))2 OXRI\?
VO < (r(X)) <<<\ !) <l

det A det A A
Hence
vol XR < /VOIXR<< r(X) < |OXR|
det A det A A1 A1 ’
as required. O

For the next result we assume that R is a “box”. Namely, there are some 71,72 > 0 such
that
R={xecR*:0<2;<r,(i=1,2)}
Lemma 3.2. Let X > 0 and let R be a box. Then for any lattice A C Z? we have
vol XR
det A
Next assume that A = {x € 72 : qi|r1, q2|z2} for some q1,q2 € N. Then
vol X'R
det A
Proof. The first part of the lemma follows from [HB84, Lem. 2], after bounding R by a

suitable ellipse. The second part is simple as the number of lattice points in question is
clearly bounded above by X?ri73/q1qs. O

#{X cEANXR: (.%'1,.%'2) = 1} <

#{XEANXR 120 #0} K

We finish with a result of Browning and Heath-Brown [BHB07, Cor. 2] on uniform upper
bounds for the number of points on conics.

Lemma 3.3. Let C' be a non-singular ternary quadratic form. Let A denote the deter-
minant of the associated matriz, and let Ay be the greatest common divisor of the 2 x 2
manors. Then we have

C(x)=0,(xy,x9,23) =1 BlBng,A3
3. ) ) ) 0
#{XEZ ol < B (i = 1.2,3) < 7(A)) 1+—|:|

3.2. Divisor problems. In this section we gather numerous results on upper bounds for
certain divisor sums in two variables. For any k£ € N, we shall be interested in the following
generalised divisor function, defined multiplicatively for any prime p by
2 a=1
a _ ) )
R (32)
We list the following simple properties of J to clarify the relationship between it and the
usual divisor function 7.
(a) 7 =0;.
(b) 7(n) < 0k(n) for any n, k € N.
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(¢) 7(a)T(b) < 02(ab) for any a,b € N.
(d) 7 and 0y have the same average order for any k € N.

Our first result will be the basis of all following upper bounds on divisor sums. It follows
from the general work [BB0G6], where they consider sums of suitable arithmetic functions
over binary forms.

Lemma 3.4. Let 0 < X1, X9 < X and let F € Z[x1, 23] be a non-singular quartic binary
form that is completely reducible over Z. Then for any n,k € N and ¢ > 0 we have

Y OR(F (@ b)) e [|1FII° (X1 X2(log X)) 4 max{ X7, X2 }'79),

a<X;
b<Xo

where ||F|| denotes the mazimum absolute value of the coefficients of F'.

Proof. Let F(x1,x2) = fﬂ:l :U22G(3:1,3:2) where f € Z and G(x1,x2) is a primitive binary
form with G(1,0)G(0,1) # 0. Then, [BB06, Cor. 1] implies that

Z O (IF(a,b)|) ey |IF|IF (X1 X2E 4+ max{ Xy, X5} "),

a<Xy
b<Xs
where
or(p -1
B 11 <1+Q()( >HH<1+ 0y (p) )>7
p<min{X7,X2} i=1,2 p<X; p
and

y 1 9 (a,b,m) =1
oG (m) = W#{ (a,0) € (0,m]": G(a,b) =0 (mod m) }
However, for any prime p we have
#{0<a,b<p: G(ab)_O (modp)}<(4—d1—d2)p
-1 - p—1 ’

oG (p) <

which implies that

EFx H < 1)> < (logX)4(2n*1),

p<X

as required. O
The next lemma handles the case of summing over more general regions than boxes.

Lemma 3.5. Let 21,292, X > 0 and let F' € Z[x1,x2] be a non-singular quartic binary form
that is completely reducible over Z. Then for any n,k € N and € > 0 we have

FlIEX2(1oe X)4(2"-1)
S ) e BT
a,b>0 (Z1Z2) :
max{azi,(b—a)z2 }<b<X

Next suppose that 1 < yy1,yo <log X. Then for any p,q,r > 0 such that p+q+1 =2 and
q > 1 we have

3 0k (|F(a,b)]) [1F]|° (log X )*" D+

ab<X arbi(b—a) (y1y2)7!

max{ay1,(b—a)y2}<b
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Proof. Throughout the proof, we suppress the dependence of the implied constant on ,n
and k. In order to prove the first part of the lemma, we may assume that z; < X and
zo < X, since otherwise the sum vanishes and the upper bound is clearly sufficient. We also
emphasise that a may be larger than X in the case where z; < 1. We split the summation
up into two cases, beginning with the case where 2a < b. Here we may assume that zo < 2
and hence 1 <« zgfl, since again otherwise the sum will vanish. Summing over dyadic
intervals and using Lemma [3.4] gives

3 OY(|F(a,b)|) < Zli_ > > OR(|F(a,b)))

max{az1,2a}<b<X 2 max{Az,A}<B<X axA
A,Be2N b=B
[LE1° a@2r-1) | plte
< > AB(log X) +B

21—5
2 max{Az1,A}<B<X
A,Be2N

FllE(1 X4(2"—1) X2
< Lo )0 )

— + X1+€
29 21

|| F||° X2 (log X)*"~1)
(2122)1—5 ’

since z; < X. For the case b < 2a, we again note that the sum vanishes unless z; < 2.
Hence we have

Y. Gi(IF(a0)]) < > 0r (IF(b = ¢, b)])
b<X max{cz2,2¢}<b<X
b<2a
(b—a)z2<b
[1F]]°X?(log X)**" 1)

(2122)1—5 ’

as above. The proof of the second part of the lemma is very similar. When 2a < b we have

0% (|F'(a,b)]) 1 1 n
Z apbq(b _ a)r < yq—l Z Ap+7 Ba Z 8k(’F(aa b)‘)
a,b<X 2 Ay1<B<X ax<A
max{ay1,2a}<b<X A,Be2N b=B

< ||1:1__||18 Z (Aqlelfq(logX)4(2"71) n Bl+€fQ>
Y2 Ay<B<x
A,Be2N
||F[|F (log X)*" =D+
(y192)771

since y?fl < y; <log X. For the case b < 2a we have

s AF@O) s SF0-cb)

)

b<X arbi(b—a)r  yit b<X berer
a7 — c7 —
(ba<b)g2ib max{cy2,2¢}<b<X

—a)y2s

|| F]|° (log X)*"~ D+t
(y1y2)a~1
from above. This proves the lemma. O

<

)
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The next result, while of a technical nature, will be used later on in our work.

Lemma 3.6. Let X > 1 and let F € Z[xy1, 2] be a non-singular quartic binary form that
is completely reducible over Z. Then for any z1,z2 > 1 and e € N* we have

|| F]|°X?(log X)*
Z Or(|F(a, b)) < max{eq, ez, €3, €4 }175(2129)1 7’
ab<X 1,€2,€63,C4 1<2
max{z1a,z2(b—a)}<b
eila,ez|b
e3|b+a,eslb—a

for any € > 0.

Proof. In what follows all implied constants are allowed to depend on ¢ and k. As in the
proof of Lemma Bl we split the summation up into the cases 2a < b and b < 2a, and
moreover we consider the cases where max{ey,eq,e3,e4} = e; for some i. This leads to
eight separate cases, which notate as follows.

E: eqla, 2a < b, Eq2: eqla, b < 2a,
E21: eg‘b, 2a < b, EQQ: ezlb, b < 2a,
FEsq: eg\b—i—a, 2a < b, FEss: 63’b+a, b < 2a,
E41: 64‘[)—@, 2a§b, E42: e4]b—a, bS 2a.

In the case E11 we may assume that z9 < 2, since otherwise the sum vanishes as in the
proof of Lemma Here we have

Y. 0(F(ab)) < I|F|| X2 (log X)*

LS ou(IF(ene b)) < L

1 1—¢
2a<b< X 2 p<x er " (2122)
z1a<b z1e1¢c<b
eila

by Lemma The case Fy9 can also be handled in a similar manner. For the case E39 we
have

e Y2 o 4
Y a(F@h) < = 3 Su(F(d - e d+ o)) < L8 X)

l—e
ab<X 1 g<x ez “(2122)
z2(b—a)<b<2a zoc<d
es|b+a e3|d

again by Lemma This method also handles the cases Fo1, F31, E12 and Eyo, the key
fact here being that the linear form which e; divides is bounded below by b. This leaves
the last case F41, where we have

> Ok(F(a,0)]) < IF|[*X?(log X)*

S Ou(F(a.d +a)l) < 155

l1—¢ 1—
2a<b< X 2 a<d<X ey (2122)'7°
z1a<b z1a<d+a
e4|b—a eql|d
Collecting these eight cases together completes the proof of the lemma. O

4. PROOF OF THEOREM [L.1]

4.1. The conic bundle structure. As mentioned in the introduction, we begin the proof
of Theorem [LT] by utilising the fact that S has the structure of a conic bundle, at least
away from the lines of S. We have the following rational map

S - P!

x = (xg 1 x2).
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The closure of the fibre over a point (a : b) with ab # 0 is the rational curve
axs = brg, bro=axi, abrszy= avg(b2 — az),

on S. To proceed we choose a representative (a,b) € Z2 of (a : b) € P?(Q) with (a,b) = 1
and a > 0. Then we may pull back these rational curves to plane conics via the morphisms

Vap PP =Py (viy:2) = (aP2: %2 abz i xy), (4.1)
to get
Ny(B)= ) Nc,,(B),
(a,b)eZ?
ab#0,a>0
(a,b)=1
where
Cup : vy = ab(b* — a*)2?, (4.2)

N(;a’b(B) =#{(r:y:2) € Cop(Q): HWpgp(x 1y : 2)) < B,zyz # 0}.

Note that here we are still using the height function H given by the embedding of S into
P

4.2. Reducing the range of summation. The next simplification is to reduce the range
of summation of a and b, so that we may assume that they have roughly the same size.

Lemma 4.1. We have

Ny(B)=4 ) Nca’b(B)—i—O((B(bﬂ),

1/3
(ab)eAr log log B)
where we define

0<a<b<+B,
A=< (a,b) €R?: b—a>b/loglogB, p, A*={(a,b)cZ?*NA: (a,b)=1}.
a > b/loglog B.

Proof. We begin by noting that

1 (xayaz):nyZ?éO,
(B) = s#1 (x,y,2) € Z°: xy = 22ab(t? — a?),

N¢ ==
2
max{|zl, |y, |a’z], |2} < B.

a,b

We now show that we may assume that a < b by introducing a factor of 4 into the counting
problem. On noticing that the counting problem is invariant under the automorphism
which negates b and x, we see that we may assume that b > 0. Similarly we may assume
that b > a, since the counting problem is again invariant under the automorphism which
swaps a and b and negates x. Next, by Lemma B3] the number of points on each conic is

B
2 2
Ne, ,(B) < 7(ab(b” — a%)) <1 + A2 a2)1/3> :

However Lemma implies that

> 7(ab(b” - a*)) < B(log B)*.
a<b<vB
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The contribution from aloglog B < b is

7(ab(b? — a?)) B(log B)®

B E K
1/3p(b2 — 42)1/3 1/3°
s @ b(b? — a?) (loglog B)
aloglog B<b

by Lemma 3.5 Similarly, the contribution from (b — a)loglog B < b is

B Z 7(ab(b? — a?)) B(log B)®
B al/3b(b? — a2)1/3 " (loglog B)Y/3"
(b—a) loglog B<b

O
It is worth pointing out now that minor changes to the proof of Lemma M1 will yield

the upper bound Ny (B) < B(log B)® for the counting problem. We will have to work
significantly harder to get an asymptotic formula.

4.3. Parameterising the conics. In this section we count the number of points on each
of the conics Cpy, as given by ([£2). In what follows, we make frequent use of the fact that
the coprimality of @ and b implies that (ab,b?> — a?) = 1. We may parameterise each of the
conics via the morphisms

Cap PP = Cap TP, @ap: (Y1 o) > (abyi = (b* — a®)y3 < y1y2).
Passing to the affine cone yields
NCa,b(B) = 2# {y € N2 : (ylayQ) = 17H(¢a,b(¢a,b(y») <B } )
where 1, is given by (4.1]). To simplify notation we define

M, 5 (y) = max{b?y1ys, aby?, (b* — a?)y3}, (4.3)
to get
_ _B(logB)*
Ny(B) =8N(B) 4+ O <(1Og logB)1/3> ,
where
_ () =1,
NB)= Y # {y e N2 Mlb(?y) < (B — ) (. ab) B } (4.4)

(a,b)eA*
Applying Mobius inversion, we find that

e
NB)= > > #{veN: (z;/)\;ab/)\g):l,l o

* 2_ 2
(a.b)eA Ml Mg p(y) < MA2B.

> (y1,y2) = 1, kiNilyi,
= 2 (k1) {y e N?: .
M, < B.
(a’7b)€vA* k1>\1|(b27a2) avb(y) — A1A2
k2Xa|ab

Our next step is to restrict the range of summation of the A; and k;, to make explicit the
size constraints implied by the expression M, ;(y) < AiA2B.
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Lemma 4.2. For any € > 0 we have

2 (y,12) = L EiNilys dte
S ik # {yeN ) KRN 40, (Blog 2)1).

(a,b)eA* Ak |(b27a2)
A2kalab
k1,ke<K

where K = (log B)!%% and the summation is subject to the condition

VK% ki\ B
< <

. 4.
B T ko) T b2 K2 ( 5)

Proof. We first consider the contribution from max{k;, k2} > K. In this case we may use
Lemma B2 to count the number of y;’s, to get an upper bound

B B(loglog B)? 2(ab(b? — a?
> Y ey Tty
(a,b)€A* Aiky|(b2—a?) a ( _a) 12 a<b<vB
Aokolab
k1ko> K

by Lemma [3.5] We now show that we may restrict the range of summation to k1 A;/ka Ay <
B/b?K?, the lower bound being achieved in an analogous manner. Note that since M, (y) <
Ao B and k;\;|y; for i = 1,2, we deduce that we need only consider the contribution from

B < k11 < k2 )\1 B

B2K2 = koda — g S (4.6)

Using Lemma again and summing over dyadic intervals we see that the contribution

from (4.0) is
< B(loglog B)? Z Z /<:1/<:262 < B(loglog B)* Z Z Z 1,
(a,b)EA* Ak1|(b2—a?) A<B (a byeA*  NixL;
Aok |ab L1,L2<<A2 b=A  A\|(b2—a?)
k1,ko<K A,Ly, Lo A2 |ab
EG) holds @) holds

where the sum is subject to the condition

L _ BK?
o <L, <

(4.7)

As in the Dirichlet hyperbola method, if Ay > A, say, then we may write pugs = ab/A9 and
choose to sum over pg instead. Since Ay < Lo and a < b, we see that ps < AZ/LQ < A
and g > A?/(Lyloglog B). Using a similar trick with A; gives

1
< B(loglogB)* > - > >, (4.8)
L1,L2<<A2 Ai> f1(L;,A) (a:b)EA*
A,Li,Loe2V A1|(b?—a?)

m holds A2|ab

where
A2 A2
L;yA) =min L;, —————— L;;A) =min< L;, — 7.
fl( [2) ) mln{ Z’Li(lOgIOgB)}7 f2( P2 ) mln{ P2 LZ}
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However we have

Yoois > > 1< > >

b=<A Ai=c’ejea (a,b)€Tl’e Ai=€e’eres (a,b)€le
(a,b)eA* A2=ezeq a,bk A Ao=e3zes a,bKA
M| (02—a?) (a,b)=1 (eiej)=1 (a,b)=1
Aa|ab e'=(A1,b+a,b—a) €'|2,i#£j

where we write T'e = {x € Z% : e1](b + a), ea|(b — a), e3|a, e4|b}. The coprimality of e; with
ej for i # j ensures that the lattice I'e can be written as the intersection of four lattices
with coprime determinants eq, es, e3 and ey respectively. Thus Lemma implies that

A2 7—()\1)7—()\2)14.2
Z L< Z (61626364 * 1) < A1 A2 ’

b=<A )\126,6162
(a,b)eA* Ao=e3zeq
A1|(b%—a?) e'|2
A2|ab
since \; < A. Hence we find that (4.8]) is bounded above by
A A
B(loglog B)* Z Z T)7(A2) < B(log B)*(loglog B)* Z 1.
A1 \2
ALB A< f2(Li,A) A,L1,L2<B
L1, Lo A% \p>71(Li, A) A,L1,Loe2N

ALy, Loe2" A7) holds
LT holds

The sum over those L; satisfying ([A.T) contributes O(loglog B), and the sum over A and
Ly gives O((log B)?), which is satisfactory for the lemma. O

We emphasise now that the condition ([4.5]) is very important to our work. It is crucial
for the handling of the error term in Lemma [£3] and it is this condition which forced us to
consider a restricted divisor function in our work in Section 2 rather than the usual divisor
function. Intriguingly, there is a purely geometrical interpretation for its appearance. We
shall see in the proof of Lemma that it contributes towards the constant oz(g ) appearing
in the leading constant in Section [[1]

We are now ready to handle the summation over y; and ys.

Lemma 4.3. For any € > 0 we have

N(B) — B Z f(zga) Z ,Ua(klkZ)M(g)(g, klkz)\l)\g)

+ O, (B(log B)**¢),

k1 k
(a,b)eA* >\1k‘1|(b2—a2) 12
{<B Aoka|ab
@38 holds

where for 8 > 1 we let

<1
0) = vol cRZ, . Yiy2 = 4 }
J0) =vo {y 20 2 <0,y3 <6%/(67 - 1)

Proof. Removing the coprimality conditions by Mobius inversion, the main term given by
Lemma has the form

2, [Ea kz)\Z”yz,Z = 1’ 2’
>3 ko {yer RIS T
(a,b)eA* \1k1|(b%—a?) 7

{<B Aoka|ab
k1,ko<K

@L5) holds
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Letting Y = M A2 B/b?, q; = [, k;\;],0 = b/a and recalling the definition of M,(y) given
in (43), we see that the number of (y1,y2) is

QZ|yZ,Z = 1,25
#ly eN?: i <YO,pya <Y o (4.9)
Y2 < Y02/(62 — 1)

The first successive minimum of the lattice in (4.9)) is clearly min{q, g2}, and one can check

that the boundary of the region in question has length < VY 6+./Y (02/(0? — 1). It follows
from Lemma [B.1] that (4.9) equals

Yf(b/a) Lo <loglogB\/)\1)\2B> .

7192 bmin{q1, q2}

In order to handle the error term, we only consider the case [¢, k1 A1] < [¢, ko A2], the other
case being dealt with in almost exactly the same manner. The error term here contributes

VR
v/ Bloglog B Z Z L
(a,b)EA* Arky|(b2—a bek1v/Ar

t<B Aoko |ab
k1,ka<K
holds

dv/ koo
<VBlogB > > > ==
(@B)EA" Ak |62 —a?) dl (ki ) bEVEIA

A2ka|ab
holds

lOgB Z Z ’7'(1212)\1) ’

(a,b)eA* Alkl\(beaQ)
Aoka|ab

by ([@35l). Moreover, it is clear on applying Lemma [3:5] that this is bounded above by O(B),
since we chose K in Lemma[£2]to be a very large power of a logarithm. We finish the proof
by showing that we may extend the sum over the k; to infinity. We note that by Lemma
[4.1] we have the upper bound

Vb
fb/a) < Ja \/—

Hence by Lemma [3.5] the contribution to the main term from max{k,ko} > K is

< loglog B. (4.10)

Bloglog B 1 £, k1ka A1 A
< og log Z S Z (4, k1kaA12)

b2 2
(a,b)eA* Ark1](b®—a?)
{<B Aoka|ab
B(log B)? 72(ab(b? — a?))
e D D
a<b<+v/B

which is satisfactory. O
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4.4. The restricted divisor problem. It now remains to deal with the main term of
Ny (B), which by Lemma (3] has the form

f b/a 1% /{?1]{2 12 !/ 6, klkz)\l)\g
8B E (bg ) E ( ) (Ez)k(k: ), (4.11)
* 2_ 2 152
(a,b)E.A )\1k1|(b —a )
{<B Aoka|ab
holds

where f is as given in Lemma [4.3] and A* is as in Lemma [AJl Our aim is to get this into
the form of a restricted divisor sum, so that we may use the work in Section 2l Before we
do this however, we need to introduce some notation. Define a multiplicative function h by

h(p*) = 2:f1), (4.12)
for any prime p and a € N. We then define linear forms
l1(a,b) =a, ¥la(a,b) =0b, [l3(a,b)=b+a, L4(a,b)="0>—a. (4.13)
As in Secion [ we shall also be interested in the lattice I'q, defined for any d € N* by
Tq={x€Z:dl;(x),(i=1,234)}. (4.14)
Lemma 4.4. We have
5
Nu(B) = 25 3 ) 3o WM ) O (o)
veN (er,s)=eq

where we write € = (eq, €1, €2, €3,e4) and e = eperezesey. Here

F(e,r,s,v,B) = Z f(zz/a) Z Z 1,

(a,b)€ETmNA ie{1,2} je{3,4}
eid;|;(a,b) rsejd;|l;(a,b)
holds

where we let
m = ([e1,v], [e2, V], rses, rsey),
and the sum is subject to the condition
b2K2 < €1€2d1d2 B
B 7“28€3€4d3d4 - B2K?
Proof. We first simplify (4.11]) by performing the summation over ¢. This is achieved by
noting that

(4.15)

> ,u(ﬁ)(ﬁ, /{?1/{?2)\1)\2) . ( _ (p, /{?1]{2)\1)\2)> . 1
ezl e N 1;[ ! p? — C(2)pt (kikaAiAg)
where )
@T(n) = H <1 + 5)
pln

By (4I0) the contribution from ¢ > B is

1 (0, k1kadi Xo) 1

Blte — A — <. B°(log B

- ( b)ZeA* Y ok % 2) Bhaky < a<;B p e Bl ),
t>B " Nakalab B
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for any € > 0. So on referring to (A.I1]), we see that we may write

8B b/a)©(a,b B(log B)?
LSS MJFO(&)

Nu(B) = b2 (log log B)1/3

C(Q) (a,b)eA*

where

p(kika)
O(a,b) = .
mﬂ%;a?) ol (kikaAira bk

Xoka|ab

@.D) holds
If I(d; X) denotes the characteristic function of the set {d € Ry :1/X <d < X}, then we
have

I<d2’b2K2) ,u /{?1]{2
(—‘)(CL, b) = C%b (PT d1d2 ZZ kle

da|(b*>—a?)
d B
= Z I(@’W) Z h(e),
di|ab e|d1d2
da|(b*—a?)

where h is given by ([AI2]). Also note that for any arithmetic function g we have

doogd)= > k) > glkdidy). (4.16)

dlnina k|ni,mo kd;i|n;

Using this we find that

dids B
B DITCID SERICH - = B
di‘zi(a,b) sdg}b#»a 6|sd1d2d3d4
sda|b—a

where the ¢; are given by (AI3]). Using (4.10]) again we have

did B
> X e X oner (S

eeN  sds|b+a e=epeyege’
d;|¢;(a,b) sdy|b—a e1|di,e2|d2
e'|dsda
(675):50
dids B
s Z hier)u(r)l | ———; — | .
> OY k) (e (S s
ecN  sds|b+a e=epe1e2e3eq
dilli(a;b) sdy|b—a e1|di,ez|d2
res|ds,rea|ds
(er,)=o

We now make the change of variables
d1 — eldl, d2 — ezdz, d3 — 7“€3d3, d4 — 7’64d4,

which allows us to move the summation over e, r,s to the outside, as in the statement of
the lemma. Note that r, s|2 since (a,b) = 1 implies that (b + a,b — a)|2. The proof of the
lemma is then complete on removing the coprimality condition on a and b. O

The main term of Ny (B) is now written so that it visibly involves a restricted divisor
sum, which we may handle using Corollary
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Lemma 4.5. We have
_ 5
Nu(B) = a(8)m Bllog B [| (1 _ %) (1 + %) o, (1+0(1))

where for every prime p we let

)V+g+0h( e+g)

Z Z Z pO max{l/Nl} pmax{uNg} Ng,pN4)’

€c{0,1}° 0<po0<ra2(p) keZi,
0<v<1 0<e—ep+o0+0<1
0<ep<o

where we write € = (eg, €1, €2, €3,€4) and € = Z?:o ¢;. Here vy denotes the 2-adic valuation,

h is given by [{.13) and po(d) = detT'q, where I'q is given by ({.17)). Also

Ni:6i+ki7 16{172}7
Nj=Q+U+€j+kj, jE {3,4},

and oz(g ) and Too are the factors appearing in the leading constant of Manin’s conjecture as

described in Section [
Proof. We begin by letting

A(Y)Z{(a b) € A: yl <1, <1 Zj)y%gl}

Then, recalling the definition of f given in Lemma 3] and using the same notation as
Lemma [£.4] we see that we have

1
Fersom=[ . Y 5 ¥ X
0<yi<loglog B (a,b)€l'mNA(y) i€{1,2}  je{34}
e;d;|¢;(a,b) rsejd;|€;(a,b)
holds

We can now apply Corollary where we take X = vVB,R = A(y)/X,A = I', and
V' =V'(e,r,s) to be the set corresponding to ([£I5]). This gives

[1, Cp(m)(log B)°

F(e,r,s,u,B) = ST detT
m

/ Yy1ya<1 CLody + Oep,s((log B)*),
0<y;<log log B

where

4
Cl. = vol R dndu. Com) = (11 det I'm
= VO 1 XV/ ’rl’ ) ’rl u? p(m) - Z detr

We begin by simplifying the non-archimedean factor. Here, unraveling definitions we find
that
o i dl|€l(x)/el, 1= 1,2,
Im(d) = {X €T dj|l;(x)/rsej, j=3,4. [~

Recalling the definition of m in Lemma 4] and noticing that [[e,v],ed] = [v,ed] for any
e,v,d € N, we see that

_ o [wed]|li(x), i=1,2,
I (d) = {X €Z”: rsejdi|l;(x), j=3,4. [~
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Thus we deduce that C,(m)(1 — 1/p?) = 0,, on taking the Euler product of the sum over
e,r,s,v in Lemma [£4]l For the archimedean factor we have

<] vol Rdy = A1y2<1 / o<a<b<1l  dadbdy. (4.17)
0<y1,y2<log log B y1,y2>0 Y W <b<a loglogB
1 a2/b2

b< (b—a) log log B

Performing the integration over y, we see that the contribution from b > aloglog B is
bounded above by

p3/2
————————dadb € —————.
a?o<gcf§gb§1§b (a(b? — a?))!/? (loglog B)1/2

While the contribution from b > (b — a)loglog B is handled in a similar manner. Hence
making the change variables yo = a/b and evaluating the integral over b, we see that (£17])
is equal to

2 Jyiy2<1 Oyjé?;l Y (loglog B)/2 )

y1,y2>0
(1-93)y3<1

We now use the change of variables

Lo = y(Q)yly% T1 =Y1Yy2, 3= yoy%,
to see that (4I7) equals
1 / dzodridxs Too
{

x€R3:0<z0/71,21,23,2071 (x1—20)2 /3 <1} 4($0$1)1/2$3 32

For the alpha constant, note that we have

1
/';’1’66[[10’5]]4 XV’(777 u)dndu = /7};'66[[10’5]]4 XV"(W U)dndu + Oe,r,s <m> ;

where now
"={(mu) € 0,1 :2u—2<n +n2—n3—ny <2 - 2u}.

We are thus lead to calculate the volume of some rational polytope. One can use [Fra09],
for example, to find that

4 ~
/ue[o,l} xvr(n,u)dndu = YT 64a(S).
ne(lu)*
It thus remains to show that we may control our non-uniform error when we sum over

e,r,s and v. To do this, we use an argument based on the dominated convergence theorem,
reminiscent of Heath-Brown [HB03, Lem. 6.1]. Let

F(e,r, s,v,B) B Oé(g)Too Hp Cp(m)
(log B)> 8det '

E(e,r,s,v;B) =
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For fixed e,r,s and v we have shown that £(e,r, s,v; B) — 0 as B — oco. So in order to
finish the proof the lemma, we need to show the dominated convergence of the sum

Y Y enuru( e, s, v B, (118)
ecN®  r;s|2
vEN (er,s)=eq

where as before we write e = egejeseses. I claim that it is sufficient to give the upper bound
E(e,r,s,v;B) < ceplte’
for any e > 0. Indeed, in this case ([@I8]) is bounded above by
|h(e)p(v)] 1
Z ecplte <e Z elteylte <1,

ecNd ecNd
veEN vEN

since we have h(e) < 1/e by definition. We note that we have

1 3 f(b/a)m(ag(b? —a?)) N I1, |Cp(m)]

;B
E(e,r,s,v;B) < (log B)? b detTo

(avb)erm

a<b<y/B

where 94 is given by ([B.2). The upper bound [], |C)(m)| < (ev)® follows from Theorem
21 By Lemma 23] we know that det Ty > [e,v?], since (e;,e;) = 1 for all i # j as e is
square-free. On the other hand, we have

a ab(b? — a2 VB
s L )54(bg(b ) <</ >0/1 tl?’ 3 3y (ab(b? — a?)) dtdy.

(a,b)€T’'m (a,b)€lm

a<b<vB 2a<b§t ,
max{yja,(b—a)ys }<b

Thus the result follows after making the change of variables a = a’v,b = b'v, and applying
Lemma [3.6] to deduce that for any ¢ > 1 we have

3y t2(log t)*
A4 (ab(b® — a?)) <« ‘
= ( ( )) Emax{l’y%}max{l’y%}HeHlf&U?*s
a<b<t

max{y?a,(b—a)y3 }<b
U

4.5. The local densities. To complete the proof of Theorem [[.1] it remains to show that

for any prime p we have
(1 1>5<1+1> (4.19)
—_ = — g = T. 5 .
D p) PP

where 7, is given in Section [[LJ] and o, in Lemma In order to do this, we need to have
an explicit expression for the function pg defined in Lemma

Lemma 4.6. Let p be a prime and let e € Z,. If p =2 and min{es,es} > max{e, ez}
then B
p0(261 , 262’ 263, 264) — 263+€4—1.
Otherwise
po(pt, p®2, p, pt) = e,
where we have chosen a permutation o such that e5(1) > €5(2) 2 €5(3) = €g(4)-
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Proof. By Lemma 2.3l we see that we need only consider the case p = 2. Moreover the
same method given there works if min{es,es} < max{ep, ez}, thus we may assume that
min{es,eq} > max{e;,ea}. When e3 > ey, it is sufficient to show that 2°|(b + a) and
2¢4|(b—a) if and only if 23 |(b+a), 247 |b and 2%~ !|a. Indeed, this lattice has determinant
gestes—1

For the first implication, we have 2°3|(b + a) and 2%|(b — a) clearly implies that 2°4|2b
and 2°4|2a, as required. For the other implication, assume that 2°3|(b + a), 2471 |b,2¢4 " 1|a
and write @ = 2%~ 1a/ and b = 2%~ Then 2°3~F1|(¥ + @'), and hence o’ and b’ share
the same parity so 2|(b' — a’). Hence 2°4|(b — a) as required. The proof in the case e4 > e3
works in a similar manner. U

Now let p be any prime. In order to show (£I9]), we split the summation over the N; (in
the notation of Lemma [.5]) into various cases. First, the contribution from the case where
N;=0foralli=1,2,3,41is

Z izl_%_

0<v<1 pO(pVapya 1’ 1) p

Next, we handle the case where NV; > 1 for some ¢ and N; = 0 for all ¢ # j. Note that since
N3 =0 or Ny =0 we must have p = 0 = ¢y = 0. So we get

e+k+v etk
Siké% p p e+k>1 p

1\ | hp) h(p)
:<1—;,> T > pras
k>1
0<e<1

— 1_1 hip) | 1 1 h(p)
A

p p)p+1’

since we have h(p) = —2/(p + 1) by definition (£I12]). Hence, the total contribution from
these cases is

(_%) <1+1+ 4 ) (1—1/p)(1+6/p+1/p?)

p p+1 - 1+1/p

Recalling the definition of 7, in Section [T} in order to prove (4I9) it suffices to show that
if N; > 1 and N; > 1 for some ¢ # j, then the sum given in Lemma [£.5] vanishes.

If p # 2, then in this case Lemma [Z.6]l implies that the function pg is independent of v, and
changing the order of summation we have ), .,(—1)” = 0. This is simply a reflection
of the fact that in the original counting problem, we were only counting those a and b
which were coprime. For the case p = 2, a similar argument shows that the sum vanishes if
N, Nj > 1 for some (i,7) # (3,4),(4,3), or N3, Ny > 2. Therefore we need to consider the
extra cases given by Ny = No =0,N3 =1,Ng4 > 1 and Ny = Ny =0,N, =1, N3 > 1. For
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any N € N we have

2. 2

0<v<1 0<esfestoto<l
k3ka>0  0<eg<o

(_1)u+g+oh(260+63+64+g)
po(2v,2v,2,2N4)

N3=1,Na=N
1 1
= (1=-= Z Z (—1)top(e0testeate)
2N 2 ’
k4>00<e3+es+0+0<1
0<e0<0,k3>0
Na=1,Ns=N

However, this inner sum vanishes. Indeed, the condition N3 = 1 implies that only one of
0,0, €3 and ks may be non-zero. The contribution from each case is —h(2),—1 — h(2), h(2)
and 1 + h(2), respectively. The obvious symmetry means we that the sum also vanishes
for N3 = N and Ny = 1. Thus we have shown (£I9]), and combining this with Lemma
completes the proof of Theorem [ 11
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