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THE KATO SQUARE ROOT PROBLEM ON SUBMANIFOLDS
ANDREW J. MORRIS

ABSTRACT. We solve the Kato square root problem for divergence form operators
on complete Riemannian manifolds that are embedded in Euclidean space with
a bounded second fundamental form. We do this by proving local quadratic es-
timates for perturbations of certain first-order differential operators that act on
the trivial bundle over a complete Riemannian manifold with at most exponential
volume growth and on which a local Poincaré inequality holds. This is based on
the framework for Dirac type operators that was introduced by Axelsson, Keith
and Mclntosh.
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1. INTRODUCTION AND MAIN RESULTS

Let us briefly recall the Kato square root problem on R™. Given a strictly accretive
matrix-valued function A on R™ with bounded measurable coefficients, the Kato
square root problem is to determine the domain of the square root /div(AV) of
the divergence form operator div(AV). The original questions posed by Kato can
be found in [23], 24] and are discussed further in [27]. The problem was solved
completely in the case n = 1 by Coifman, McIntosh and Meyer in [16], in the case
n = 2 by Hofmann and McIntosh in [22] and finally for all n € N by Auscher,
Hofmann, Lacey, McIntosh and Tchamitchian in [3]. The reader is referred to the
references within those works for the full list of attributes that led to those results,
since it is not possible to include them all here.

Prior to the solution of the Kato problem in all dimensions, Auscher, McIntosh and
Nahmod [4] reduced the one dimensional problem to proving quadratic estimates for
a related first-order elliptic system. Subsequently, Axelsson, Keith and McIntosh [6]
developed a general framework for proving quadratic estimates for perturbations of
Dirac type operators on R™. In this unifying approach, the solution of the Kato
problem in all dimensions as well as many results in the Calderén program, such
as the boundedness of the Cauchy singular integral operator on Lipschitz curves,
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follow as immediate corollaries. Their results also have applications to compact
Riemannian manifolds (see Section 7 in [6]) and it is these applications that we
extend to certain noncompact manifolds in this paper.

To state our results, let us fix the following notation. Let M denote a complete
Riemannian manifold with geodesic distance p and Riemannian measure p. We
adopt the convention that such a manifold is smooth and connected. The manifold
is not required to be compact. For any smooth real vector bundle E over M, let
C>°(E) denote the space of smooth sections of F, and let C2°(E) denote the subspace
of sections in C*°(E) that are compactly supported. Given a smooth bundle metric
on E, where (-,-)g : E, x E, — R denotes the metric on the fibre E, of FE at
each z in M, let L>°(F) denote the Banach space of all measurable sections u of E
that satisfy ||u|pe(g) := ess sup ,epr [u(x)|p, < oo, where | - |g, denotes the norm
induced by the bundle metric on E,. Let L?*(F) denote the Hilbert space of all
measurable sections u of E that satlsfy ||u||L2(E = [y, |lu(@)|E, du(z) < oo with the

inner inner-product (u,v) 2y = [, (u( ) e, du(z) for all u,v € L*(E).

We assume that any real Vector bundle has been complexified. For instance, when
E' is the trivial bundle M x R, its complexification is M x C, so the spaces above
consist of C-valued measurable functions on M. In fact, set C*°(M) := C*°(M x C),
Cx®(M) :=C>®*(M x C), L*(M) := L*(M x C) and L*(M) := L*(M x C).

We consider the following vector bundles over M. The tangent bundle T'M,
the cotangent bundle 7*M, the endomorphism bundle End(7'M) and the tensor
bundle T*!M for each k, | € Ny. For each z in M, the fibres of these bundles are,
respectively, the tangent space T, M, the cotangent space T M, the space End (7T, M)
of endomorphisms on 7T, M, and the space TH'M = Q" T,M @ ®' T*M of tensors.
The smooth bundle metrics on 7*M, End(TM) and T*'M are defined to be those
induced by the Riemannian metric on 7'M.

The Sobolev space W2(M) of functions is defined in Section 2l The gradient and
divergence on M are defined in Section [3] as closed operators

grad : D(grad) C L*(M) — L*(TM),
div : D(div) € L*(TM) — L*(M)

with domain D(grad) = W1?(M) and — div being the formal adjoint of grad.

Given a function Agy in L>®°(M), a vector field Ay in L®(TM), a differential
form Ay in L®(T*M), and Ay in L°(End(T'M)), define A : L*(M) & L*(TM) —
L*(M) @ L*(TM) by

= =[G4 (o] [l

for all u = (ug,u1) € L*(M) @& L*(T M), where (-), denotes the value of a function
or section at x in M. The components Agy and Ay act by multiplication, as in
(Alo)x((UO)x> = (A10)s X up(z). The notation for the components of A is chosen
to reflect that T%°M := C, T"'M =TM, T™'M = T*M and T"'M = End(T'M).
The bilinear form J4 : W 2(M) x Wh2(M) — C is then defined by

Ja(u,v) = (Api(grad u) + Ajou, grad v) r2ran + (Aor(grad u) + Agow, v) L2(ar)
for all u, v € WH2(M).
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Given A as above and a in L*°(M), suppose that there exist constants £y, kg > 0
such that the following accretivity conditions are satisfied:

Re (au,u) 20y > /11||u||%2(M) for all u € L*(M);

Re J4(u,u) > /12||u||%,V1,2(M) for all u € W2(M).
The divergence form operator La, : D(La,) C L*(M) — L?*(M) is then defined by
(1.3) Lyqu = a{—div[A;; (gradu) + Ajou| + An (grad u) + Agou}

for all u € D(La,) := {u € W'*(M) : Ayi(gradu) + Ajou € D(div)}. We solve the
Kato square root problem for the operator L4, as in the following theorem.

(1.2)

Theorem 1.1. Let n € N and suppose that M is a complete Riemannian manifold
that is embedded in R™ with a bounded second fundamental form. If a and A satisfy
the accretivity conditions in (L2)), then the divergence form operator L, defined by

([@3) has a square root \/La, with domain D(\/La,) = W'(M) and

IV Laaullzzan = llullwrz
for all w € W12(M).

To prove Theorem [Tl we develop a general framework for a class of first-order
differential operators that act on the trivial bundle over a complete Riemannian
manifold. This is the content of Section 2l The main result, Theorem 241 is a local
quadratic estimate for certain L> perturbations of these operators on manifolds
with at most exponential volume growth and on which a local Poincaré inequality
holds. This framework is based on that introduced in [6], although it resembles more
closely the subsequent development by the same authors in [5]. The statement of
Theorem 2.4 requires some technical preliminaries so we omit it here.

The structure of the remainder of the paper is as follows. We obtain the solution of
the Kato square root problem stated in Theorem [T as a corollary of Theorem 2.4]in
Section Bl The technical tools required to prove Theorem 2.4]include a local version
of the dyadic cube structure developed by Christ in [I5] and the local properties of
Carleson measures. The relevant details are contained in Section [ and Theorem [2.4]
is proved in Section[fl The material in SectionsPland [l follows closely the treatments
in [6L 5] and the reader is advised to have a copy of those papers at hand.

The following notation is used throughout the paper. For all z,y € R, we write
r < y to mean that there exists a constant ¢ > 1, which may only depend on
constants specified in the relevant preceding hypotheses, such that = < cy. We also
write r < y to mean that x <y < x.

2. DIRAC TYPE OPERATORS

We begin by fixing some notation from operator theory. An operator 7" on a
Hilbert space H is a linear mapping 7" : D(T) C ‘H — #H, where the domain D(7)
is a subspace of H. The range R(T) := {Tu : uw € D(T)} and the null-space
N(T) := {u € D(T) : Tu = 0}. Let R(T") denote the closure of the range in H.
An operator is defined to be closed if the graph G(T) := {(u,Tu) : w € D(T)} is a
closed subspace of H x H, densely defined if D(T') is dense in H, and nilpotent if
R(I') € N(I"). The adjoint of a closed, densely defined operator 7" is denoted by T*.

The unital algebra of bounded operators on H is denoted by L£(#), where the unit
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is the identity operator I on H. Given another Hilbert space K, let £L(H, K) denote
the space of bounded operators from H into /C.

We now recall the operator-theoretic results obtained by Axelsson, Keith and
MeclIntosh in [6]. Consider three operators {I', By, Bo} acting in a Hilbert space H,
with norm || - || and inner-product (-,-), that satisfy the following properties:

(H1) The operator I' : D(I') € H — H is densely defined, closed and nilpotent. The
condition that I" is nilpotent implies that I'? = 0 on D(T);

(H2) The operators By and B, are bounded and there exist r1, ko > 0 such that the
following accretivity conditions are satisfied:

Re(Byu, u) > kyllul|* for all u e R(I™);
Re(Bou,u) > kgllul[* for all u € R(I).

The angles of accretivity are then defined as follows:

wy = sup |arg(Biu,u)| <3
ueR(T*)\{0}

wy = sup |arg(Bou,u)| < 7.
ueR(T)\{0}

Also, set w := 3 (w1 + wa).
(H3) The operators satisfy I'*ByB1I™* = 0 on D(I'*) and I' By BoI' = 0 on D(I"). This
implies that ['Bf B3T' = 0 on D(I') and I'*B; B{I™* = 0 on D(I'*).
Now introduce the following operators.
Definition 2.1. Let I :=1'+ I, I'g := B5I'Bf and Il :=1"+I'}.

Lemma 4.1 and Corollary 4.3 in [6] show that I';; = BiI'* By and (Ilg)* = '™ +1'p,
that each of these operators is closed and densely defined, and that I'p and I'}; are
nilpotent. The following results are from Lemma 4.2 in [6]:

ITu|| + ||Thull = [|[Hpu|| for all u e D(Ilp);
IT*ul|| + [|Tpul| = |[ITzu|| for all w e D(IIy).
Proposition 2.2 in [6] establishes the following Hodge decompositions of H:

(2.1)

H = N(Ilp) & R(I'y) & R(T) = N(II;) & R(C) & R(I™),

where there is no orthogonality implied by the direct sums (except in the case
By = By = I) and the decompositions are topological. It is also shown there that
N(IIp) = N(I';) "N(I") and R(Ilz) = R(I';;) ®R(I"). Furthermore, Proposition 2.5 in
[6] establishes that 115 is type S, which we make precise at the end of this section.

We work within this general framework and consider a complete Riemannian
manifold M with geodesic distance p and Riemannian measure p. The covariant
derivative V : C°(T* M) — C°(T*+1 M) is defined for each k, | € Ny by extending
the Levi-Civita connection on M to smooth tensor fields. For functions u € C*(M),
the smooth covector field Vu is defined by Vu(X) := X (u) for all X € C>*(T'M)
(see (B for further details). The space W2?(M) consists of all u in C*°(M) with

HuHiz/Vl»Q(M) = ||u||2L2(M) + ||VUH%Q(T*M) < 0.

The Sobolev space W12(M) is then defined to be the completion of W'2(M) under
the norm | - |lwr2(a). This completion is identified with the subspace of L*(M)
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consisting of all u in L?(M) for which there exists a Cauchy sequence (u,), in
WH2(M) that converges to w in L*(M), in which case Vu is defined to be the limit
of (Vuy,), in L*(T*M) and

||u||%/V1v2(M) = ||U||%2(M) + ||VUH%2(T*M)-
Further details on this identification are contained in Section 2.2 of [20].

For each N € N, define the spaces of C"-valued functions
LX(M;CV) =@ L* (M)  and  WH(M;CV) = Q" WL (M).

Let (eq,...,en) denote the standard basis of CV so that for each CV-valued function
u there exists N unique C-valued functions u, such that u = Zivzl Uq€q. For each
measurable subset S C M satisfying 0 < u(S) < oo, and each CN-valued function
u = Zgzl Uq€q for which each u, is locally integrable, define

N
1
udy = (/uad,u)ea and us::][ud,u::—/ud,u.
/s az:; s s 1(S) Js
Finally, for each z = 32| z,e, in CN, let 2] := | 2,70

Now consider the following additional hypotheses for the operators {I", By, By}
and the Hilbert space H, which are analogous to those used by Axelsson, Keith and
MeclIntosh in [5]:

(H4) The Hilbert space H = L*(M;C") for some N € N;

(H5) The operators By and B, are matrix-valued pointwise multiplication operators
in the sense that the functions defined for all x in M by = — Bj(x) and
x + Bo() belong to L®(M; L(CV)).

(H6) The operator I'is a first-order differential operator in the following sense. There
exists a constant Cr > 0 such that for all n € C2°(M) we have D(I") C D(I'onl),
where 1/ is the operator of pointwise multiplication by 7, and the commutator
[[',n1] is a pointwise multiplication operator satisfying

[T, nlju(z)| < Cr [Vn(2)|rearlu(z)]
for all w € D(I') and almost all x € M. This implies that the same hypotheses
hold with I' replaced by I'* and II.

(H7) There exists a constant ¢ > 0 such that the following hold for all open geodesic
balls B contained in M of radius r < 1:

'/Fud,u

B

/F*ud,u
B

(H8) There exists a constant ¢ > 0 such that

< c,u(B)% ||| 2(ar,cvy for all u € D(I') compactly supported in B;

< c,u(B)% ||| 2(ar,cvy for all u € D(I'™) compactly supported in B.

lullwrzareyy < cllul| 2 ey
for all w € R(T") UR(T™) N D(II).
We consider manifolds that have at most exponential volume growth and on which

a local Poincaré inequality holds. This is made precise below using the following
notation. A ball in M will always refer to an open geodesic ball. Given x € M and
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r >0, let B(z,r) denote the ball in M with centre x and radius r, and let V(x,r)
denote the Riemannian measure p(B(z,r)). Given a7 > 0 and a ball B of radius r,
let B denote the ball with the same centre as B and radius ar. For all measurable
subsets E, F' C M, let 15 denote the characteristic function of £ on M, and define
p(E,F) =inf,cp yer p(z,y) provided the infimum exists.

Definition 2.2. A complete Riemannian manifold M has exponential volume growth
if there exist constants ¢ > 1 and x, A\ > 0 such that

(Bloc) 0 < V(z,ar) < cae ™ V(r,r) < oo
foralla>1,r>0and z € M.

Definition 2.3. A complete Riemannian manifold M satisfies a local Poincaré in-
equality if there exists a constant ¢ > 1 such that

(P1oc) 115(w = up)Zen < cr®(1pullen + [116Vullizman)
for all u € WH2(M) and balls B in M of radius r < 1.

In Section B we obtain the solution of the Kato square root problem stated in
Theorem [Tl as a corollary of the following general result.

Theorem 2.4. Let M be a complete Riemannian manifold satisfying (Ewnd) and
[Pwd). Given operators {T', By, Bo} on L*(M; CN) satisfying hypotheses (H1)— (HS),
the perturbed operator llg := 1"+ B11™ By satisfies the quadratic estimate

> _ dt
(22 |t eyt

for all u in R(T1p).

~ Jul;

Theorem 2.41is proved in Section Bl We conclude this section by explaining how it
implies a Kato square root estimate for IIz. To do this, recall that Proposition 2.5
of [6] shows that Il is an operator of type S,, where w € [0,7/2) is from (H2).
This is defined to mean that the spectrum of IIz is contained in the closed bisector

So:={2€C:|argz| <wor |r —argz| <w}
and that for each 6 € (w,7/2) there exists a constant Cy > 0 such that
(2.3) SUP,ec\s, 1211 (21 — Ip) ' < Cy

The theory of type S, operators is well-understood and can be found in, for in-
stance, [24],26],19]. Let us briefly mention the McIntosh functional calculus from [26].
For all § € (0,7/2), let H>(S§) denote the algebra of bounded holomorphic func-
tions on the open bisector Sj := {z € C\ {0} : |argz| < 0 or |7 — argz| < 6}.
Also, let W(S§) denote the subspace of functions ¢ in H*(Sg) for which there exists
a, 8> 0 such that |¢(2)] < min{|z|?, || 7?} for all z € S3. The resolvent bounds in
[23) and the decay properties of ¢» € WU(Sg) allow one to use the Cauchy integral
formula to define the bounded operator 1(Ilg)u 1= 5= fy ¥(2) (2] —Tg) " u dz for all

27
u € L*(M;C"), where v is the positively oriented boundary of S for any 1 € (w, ).
The operator 15 is said to have a bounded H*(.S7) functional calculus in the space
L*(M;CV) if for each § € (w,7/2), there exists ¢ > 0 such that [[¢(Ig)]| < c[[?]
forall ¢ € W(Sg). Given f € H*(Sg), this property allows one to define the bounded
operator f(IIg) on L?*(M;CN) by f(Ilg)u = f(0)Pnei)u + limy, e ¥, (I15)u for all
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u € L*(M;C"), where Py, is the projection from L?*(M;CY) onto N(IIp) and
(1n)n is any sequence in V() converging to f uniformly on compact subsets of Sg.

An essential feature of the McIntosh functional calculus is that quadratic estimates
such as those in (2.2)) are equivalent to the property that Iz has a bounded H>(Sg)
functional calculus. The following Kato square root estimate is then obtained as a
corollary of Theorem 4 by defining f in H>(S3) as f(z) = sgn(Re(z)) = z/v/22
and considering the bounded operator f(I1z) = Il1p/+/I%. The arguments can be
found in more detail above Corollary 2.11 in [6].

Corollary 2.5. Assume the hypotheses stated in Theorem [Z4. We then have
D(y/I13) = D(Ilg) = D(I") N D(I'};) with
[vIgullz = [Mpull = [Tullz + [[Tpull2

for all u € D(\/I1%).

3. THE SOLUTION OF THE KATO SQUARE ROOT PROBLEM ON SUBMANIFOLDS

We now prove Theorem [[.T] as a corollary of Theorem 2.4l Let us first fix notation
and dispense with some technicalities of submanifold geometry.

Fix positive integers n > m and suppose that M is an m-dimensional complete
Riemannian submanifold of R™. This is defined to mean that M is an m-dimensional
complete Riemannian manifold and that there is a smooth embedding ¢ : M — R™.
An embedding here refers to an injective immersion that induces the Riemannian
metric on M from the ambient Euclidean metric.

A local coordinate chart at @ € M refers to an open set U C M containing x
and a diffeomorphism ¢ : U — R™. The tangent space T, M is defined to be the
space of derivations on the algebra of germs of smooth functions on M at x. The
derivations (0, ...,0y) defined by 0;f = E’(J;)in(go(x)) for all f € C(V), where
V' C M is any open set containing z, form a basis of the tangent space T, M. The
global coordinate chart for R™ provides an isomorphism between T,R"™ and R" for
all z € R". The standard basis of R" is denoted by (ey,...,e,). When working in
either of these bases, we adopt the convention whereby repeated indices are summed
over the dimension of the space.

For each x € M, the differential of the embedding ¢, : T, M — T,,)R" is defined
for all v € T, M by the requirement that

(3.1) (La0)(f) = v(f o)

for all f in the algebra of germs o smooth functions on R™ at «(x). The isomorphism
T, R™ = R™ allows us to regard this as the mapping ¢, : T, M — R" defined by

(3.2) L0 = v(1Y)e,
for all v € T, M, where (x) = 1*(z)e,.

The Euclidean metric (z,y)gn = (%4, yPes)rn 1= 2%y for all x, y € R™. To say
that ¢ is an embedding then means that ¢ is injective and that for each x € M, the
differential ¢, is injective with the property that
(3.3) (U, V)1 = (Ll L4V RR
for all u,v € T, M. In particular, given a local coordinate chart at z € M, we have

(34) gZ](JI) = <8Z, aj>TzM == 6¢Laajba.
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The basis (dz',...,dz™) of the cotangent space T M is defined by requiring that
dx*(0;) = 0%, where 6} is the Kronecker delta, and then ¢"(x) := (da’, da?)pe .

For each © € M, the properties of the embedding guarantee that ¢.(7,M) is
an m-dimensional subspace of R". Let N, )M denote the orthogonal complement
of t,(T,M) in R™ so that ¢,(T,M) ® N,;)M = R". The normal bundle NM is
the bundle over M whose fiber at each x in M is the space N, M. For each
x € M, let m, (ray denote the orthogonal projection from R™ onto ¢, (7, M) and
define 7 := L*_lm*(TM). The operator 7 : R™ — T, M is the adjoint of ¢, since

(3.5) (L, V)re = (L, T (A V)R = (L, LTV Re = (U, TU) T, 01

for all w € T, M and v € R".

The Euclidean connection on R™ is the directional derivative V&Y := X (Y %)e,
for all X € C*(TR") and Y = Y%, € C*(TR™). The Levi-Civita connection
VM C°(TM) x C*(TM) — C=(TM) is denoted by VY := VM (X |Y) for all
X,Y € C™(TM). It is completely determined by the Christoffel symbols T'};, which
are the smooth functions satisfying V}'9; = I'}j;0, in a local coordinate chart.

The properties of the embedding guarantee that for each X € C*°(T'M) there
exists X € C*(TR"), which is not necessarily unique, that is an extension of X in

the sense that the restriction of X to ¢(M) is t,X. The second fundamental form
h:C®(TM)x C®(TM) — C>®°(NM) is then defined by

h(X, Y) = TNM (VIE%H?)
forall X, Y € C>*(T'M), where X,Ye C>*(TR™) denote extensions of X, Y. It is a
standard fact (see, for instance, Lemma 8.1 and Theorem 8.2 in [25]) that this defi-
nition is independent of the extensions X, Y, and that ¢, (VYY) = 7, ) (VAH)%"Y).
This shows that

WX, Y)=VEY — 1, (VEY) = VEY — o (VYY).

In a local coordinate chart, we then have
hij .= h(@l, 0])
= V20— 1.(V59))
= (1.0)(9; " Jea — (V5! 0)
(3.6) = 0,(8;" o 1)eq — (VA ,)(1%)eq
= 0;((1205))eq — T 0t eq
= (&@La - Ffj@kﬂ)ea

N
—. hijea,

where the third equality is obtained by writing 5] = @aea, applying the ambient
connection and the fact that 0; is an extension of 0;, the fourth uses (B and

B2), the fifth equality is obtained by using the fact that 5; is an extension of
0; and applying the submanifold connection, and the sixth uses (32)). In a local
coordinate chart at « € M, we have |h|r: yer: Mon,m = g7 gklh?khjo-‘l, and the second
fundamental form is said to be bounded when

|h| := sup |h|rsper: MeaN M < 00.
zeM
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The covariant derivative V : C®(T* M) — C(T* M) is defined for each
k, 1 € Ny by extending the Levi-Civita connection on M to smooth tensor fields.
For functions u € C*°(M), the smooth covector field Vu is defined by

(3.7) Vu(dx') := Osu.
The Hessian is the smooth (2,0)-tensor field V2u := V(Vu) defined by
(3.8) V2u(dx', da’) = 0;,0;u — Ffjaku.

The gradient operator grad : W43(M) C L*(M) — L*(T'M) is defined for each
u € WH2(M) by the requirement that

(3.9) (grad u, X)ry = Vu(X)

for all X € TM, where Vu is defined by the construction of W12(M) in Section
The Riesz representation theorem guarantees that the gradient operator is well-
defined. If u € C°°(M), then Vu is defined by ([B7) and in a local coordinate
chart we have gradu = ¢“9;ud;. The Riemannian measure is a Radon measure,
so Urysohn’s Lemma implies that C°(M) is dense in L*(M) (see, for instance,
Proposition 7.9 in [I8]). Therefore, the gradient operator is densely defined and its
adjoint grad™ is defined. The divergence operator div : D(div) C L*(TM) — L*(M)
is defined by div := — grad”, so we have

D(le) = {X c L2(TM> . supuewl,z(M);”u”Q:ﬂ(gradu,X)LQ(TM)| < OO}
and
(310) <grad u, X)LQ(TM) = <u, —div X)LQ(M)

for all u € WH2(M) and X € D(div).
The minus sign is inserted in the definition of div to relate it to the Riemannian
divergence Div : C*°(T M) — C*(M), which is defined by

(3.11) Div X := trace(VX) := VX(9;, dz")

for all X € C*(TM). The Riemannian divergence theorem (see, for instance,
equation (IIL.7.5) in [I2]) guarantees that [, DivX du = 0 for all X € C*(T'M).
Then, since Div(uX) = (grad u, X )7y + w Div X, the integration by parts formula

(312) (gradu,X>L2(TM) = <u, —DlVX>L2(M)

is valid for all w € C*°(M) and X € C*°(T'M) provided that at least one of X or u
is compactly supported.

To prove that div and Div coincide on C°(T'M), we use the density of C>°(M)
in Wh2(M), which was proved on a complete Riemannian manifold by Aubin in [2]
(see also Theorem 3.1 in [20]). Given X € CX®(T'M) and u € WH2(M), let (up)n
denote a sequence in C>°(M) that converges to v in WH2(M). Using ([B.12), we have

|(grad u, X) r2(ran)| = [(grad(u — u,), X) r2crany + (Un, — Div X) 20|
< IV (u = un)|| 2o an) | X N L2(oary + [|nllL2any || Div X || 20an
< ex (|[u = unllwrzon + lull 2n)),

where cx = || X||2¢ran) + || Div X || 120y < 00 because X € C2°(T'M). This shows
that C2°(TM) C D(div) and a similar argument shows that Div X = div X.
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The Laplacian A : C*°(M) — C*(M) is defined by Au := — Divgradu for all
u € C®(M), with gradu € C*(TM) defined by ([B3), so we have Av = —divgrad v
for all v € C°(M). This completes the setup required to prove Theorem [L1]

Proof of Theorem[I1. Suppose that a € L>®(M), Agy € L®(M), Ay € L=(TM),
Ay € L®(T*M) and Ay; € L®(End(TM)) satisfy the accretivity conditions in (T.2)).
We now define operators {I', By, By} acting in a Hilbert space H such that the
divergence form operator L, in (L3) is a component of the first-order system
0% :=T + B[ B,.

The operator A from (L)) is used to define the pointwise multiplication operator

A e L®(M; £L(C"™)) by
iy |10 (Aoo)z  (Ao1)e 0
Alz) = [0 (L*)J {(Alo)m (A11)z } {0 7Tw:|
for almost all z € M. The components Ay € L=(M; L(C)), Ag; € L>(M; L(C™;C)),
Ayg € L°(M; L(C;C™)) and Ay; € L®(M; L(C")) satisfy
1 Aoo( ) 12101@) o (Aoo)m (A01>m7rw
Ale) = [Alo( ) An@)} a [(L*)w(Alo)x (L*)z(An)ﬂJ '

The following diagram now commutes, where I denotes the identity on L?(M):

|58 2]

L*(M) L*(M) & L*(TM) —= L*(M;C'™)

T

O 0 @ 2 22 2 e
Following [5], define the operator

o [é LO] {grid} - L g]rad] PO = LEET

with D(S) = W2(M) and adjoint
éﬂzp-ﬁmymmgﬁwﬁmpwwﬂ

These are closed and densely defined. The operators {I', By, Bo} acting in the Hilbert
space H = L*(M) & L*(M;C'™) are now defined below:

0 0 . o s o 0] oo
B U R 1 P o P

In that case, the operators from Definition 1] are as follows:

0 aS*A| B . [0 as*A]

2 — {aS*AS 0 ~} _ {LA 0 ~}
Bl 0 SaS*A| |0 SaS*A|
The assumption that M has a bounded second fundamental form implies a lower
bound on its Ricci curvature. This is proved in Lemma [3.1] below. The lower bound
on Ricci curvature implies that both (Ey) and (P are satisfied on M. The volume
growth condition (El) is a consequence of the Bishop-Gromov volume comparison

5 = [I —div] {

rngmﬁg:{
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theorem (see, for instance, [12]). The local Poincaré inequality is a result of Buser
in [I0]. A concise summary of these and other properties of manifolds with Ricci
curvature bounded below can be found in Section 5.6.3 of [30].

The assumption that M has a bounded second fundamental form also implies
that the operators {I', By, By} on H from (B13]) satisfy hypotheses (H1)-(HS8) from
Section [2l This is proved in Proposition below.

Therefore, the requirements of Theorem 2.4] are satisfied and Corollary 2.5l implies
that D(/T1%) = D(I1z) = D(I") N D(I";) with

[vIGullz = [Hpull = [[Tullz + [[Tpull2
for all v € D(y/I1%). When we restrict this result to uw € L*(M), we obtain
D(y/Laa) =D(S) = WhH(M) with
IV Laaullz = [[Sulla = [lullwr2
for all u € WH2(M), as required. O

It remains to prove the two claims about a submanifold with bounded second fun-
damental form that were made in the proof above. This is the content of Lemma [3.1]
which records some of the geometric properties implied by a bounded second fun-
damental form, and Proposition B.2

Lemma 3.1. Let M be a complete Riemannian submanifold of R™. If the second
fundamental form h satisfies |h| := sup,cp |P|7s Mo Mon, < 00, then the Ricci
curvature of M is bounded below and the injectivity radius of M is positive.

Proof. The Gauss equation (see, for instance, Theorem 8.4 in [25]) shows that a
bound on the second fundamental form implies a bound on the magnitude of any
sectional curvature, and hence a lower bound on the Ricci curvature of M.

The refined version of Klingenberg’s formula presented by Abresch and Meyer
in Lemma 1.8 of [I] (see also Lemma 5.6 in [13]) shows that the injectivity radius
of M is equal to min{conj M, 3 inf,cns £ ()}, where conj M is the conjugate radius
of M and ¢y(x) is the length of the shortest nontrivial geodesic loop 7 : [0,1] — M
starting and ending at x € M. The sectional curvature bounds mentioned previously
guarantee that conj M is positive (see, for instance, Corollary B.21 in [I4]). Now
suppose that « is a geodesic loop as above. The curvature of v is equal to h(v', ")
(see, for instance, Lemma 8.5 in [25]). Fenchel [I7] and Buser [9] proved that the
total curvature of a closed curve in R" is greater than or equal to 27, hence we have
2 < [ |h(v/,7")] ds < |h|ly(z) for all z € M, and the proof is complete. O

The proof of the following proposition completes the proof of Thereom LTI

Proposition 3.2. Let M be a complete Riemannian submanifold of R”. If the
second fundamental form h satisfies |h| := sup,¢,s |h| 7 mor: Man, v < 00, then the
operators {T', By, B} on the Hilbert space H = L*(M;C*™) from (BI3) satisfy
hypotheses (H1)—(H8) from Section 2

Proof. Let ||-|| and (-, -) denote the norm and inner-product on the space L*(M; C*™).
Hypotheses (H1) and (H3)-(H6) are immediate and do not require the geometric
assumptions in the proposition.

(H2). There are two estimates to prove:
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(i) If u € R(T™*), then u = (S*@,0) for some @ € D(S*) such that S*a € L*(M). The
accretivity assumption on a in (L2) then implies that
Re(Bju, u) = Re(aS*i, S*i) > k|| S*u||* = iy ||ul|’.

(i) If u € R(T), then u = (0, Sug) for some ug € D(S) = WH?(M). The duality in
(B3) and the accretivity assumption on A in (L2) then imply that

Re(Bau, u) = Re([é LO] A {é 72] Sug, Sug)

I I
= Re(A [grad] Uo, |:gl"ad:| u0>L2(M)@L2(TM)
> fol|uollFyeany
= fiaul|*.
(H7). There are two estimates to prove:
(i) To prove the first estimate in (H7), it suffices to show that there exists ¢ > 0

such that for all balls B in M, the following hold for all u € W12(M) with compact
support in B:

[wan] < ailupon | [ e
B B

The first of these is given by the Cauchy—Schwartz inequality. To prove the second,
we start by showing that

(314) <gradv, X>L2(TM) = <’U, — Div X>L2(M)

1
< cu(B)? lull 2any

for all v € WH2(M) that are compactly supported and all X € C*(M). Suppose
that v € W12(M) is supported in a compact set K C M and choose a sequence
(vn)n of functions in WY2(M) supported in K that converge to v in WH2(M). For
cach n € N, the integration by parts formula ([B.12) shows that

[(grad v, X) r2(rary — (v, — Div X) 2 |
- |<grad(v - Uﬂ)? X>L2(TM) - <(U - Un), - DiVX>L2(M)‘
S H grad(v — Un)HLQ(TM)H]-KXHLQ(TM) —+ HU — UnHLQ(M)H]-K DIVXHLQ(M)

The smoothness of X guarantees that both || 15X || 2(rar) and ||1x Div X || z2(ar) are
finite, so the bound above can be made arbitrarily small to prove (B14).
We now obtain

/ L, grad u d,u' = /gradu (1Y) dp eq
B

= /(grad v, grad u)par dp eq

/uALO‘ du e,

IN

sup [ 8 )| [ Jul dp
xeM B

< [Alu(B)"|ull 2an),

N
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where the first equality is given by the definition of ¢, in ([B2]), the second is given
by the definition of the gradient in (8] for the smooth function ¢, and the third
is given by (BI4) because u has compact support. The final inequality is given
by the bound on the second fundamental form h and the Cauchy—Schwartz in-
equality. This estimate actually only requires a bound on the mean curvature
H := trace, h := ¢g“h;; = Ai®e,, where the last equality can be seen by consid-
ering the local coordinate expression (B.6) for h in geodesic normal coordinates.

(ii) To prove the second estimate in (HT7), we start by showing that

(3.15) /divX du=0

for all X € D(div) that are compactly supported. To this end, let us verify that div
preserves support. Suppose that X € D(div) is supported in a compact set K and
choose an open set U C M that contains K. Also, choose n € C*°(M) such that
n=1on K and n=0on M\ U. For all v € C*(M), we have

|(div X — ndiv X, v) 2| = [([div, 0] X, v) 2001
= [(X, [grad, nI]U>L2(TM)|

< Xz ( / \gradn(x)\%m(x)ﬁdu<x>)

since 7 is constant on K. This shows that || div X — ndiv X|[;2(n) = 0, and hence
div X is supported in U. The above construction applies to an arbitrary open set U
that contains K, so we conclude that div X is supported in K. Now fix n € C*°(M)
as above and choose a sequence (X,,), of vector fields in C*°(T'M) supported in K
that converge to X in L*(T'M). For each n € N, the vector field X,, € C*(TM),
hence div X,, = Div X,, and by the Riemannian divergence theorem we have

'/divX du' _ '/div(X _X,) du'

- '/ndiv(X - X,) du'

- }(gmd??aX - Xn)LQ(TM)‘
< |1x grad n|| 2cran | X — Xl 2(ran.-

The smoothness of 7 guarantees that ||1x grad n||2(ras) is finite, so the bound above
can be made arbitrarily small to prove (BI5]).

Now suppose that u = (ug, uy, @) € L*(M; CT1") has compact support in a ball
B in M and that (u;,a) € D(S*). This implies that 7o € D(div), and since 7 is
defined pointwise on M, the vector field 7 is compactly supported in B. Therefore,
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using the Cauchy—Schwartz inequality and ([B1%]), we obtain

/F*u du /ul—diVWﬂ d,u'
B B

< u(B)ullon +| [ diviei) au

= pu(B)2||utl[z2ar)
< u(B)z|ul].

This completes the proof of the second estimate in (H7). Note that we did not
require the condition that the radius r(B) < 1 to verify (H7).

(H8). Consider two cases:
(i) Let w € R(T™*) N D(IT). This implies that u = (ug, 0) for some ug € L?*(M) and
Mufl = [[Pull = [[Suoll2arcreny = llullwr2ariczeny,

as required.

(ii) Let u € R(T')ND(IT). This implies that u = (0, Sug) for some uy € W2?(M) and
[TTu|| = [|T*u|| = [|S*Suol|L2(ar) = ||uo — div grad uo || 2(an)-

It remains to prove that ||u|lwi2arcniey S [luo — divgrad ug|| 2(ar. Assuming that
1, grad ug is in WhH2(M; C"), we have

Il 2arczeny = IS0l 2arcien)

= llwollfyr2(ar) + llex grad wollfy1.2(ar.cny

= HUOHIQ/VL?(M) + Z (||(L* grad UO)aH%?(M) + ||V (¢4 grad UO)QH%Q(T*M))

a=1

= JJuollfyreqary + lle- grad uol|Zaarcry + Y IV (grad uo(ta)) 72

a=1
= ol + 2IVlBagreany + [ 3 1V (eracduo(sa)) far o).
a=1

where the final inequality follows from the fact that the Riemannian metric on M
is the metric induced by the embedding ¢. In particular, using (33]) we obtain

|4 graduo\%n = \graduo|?pmM = [Vug ?FJM'

To estimate >_"_; [V(grad ug(ta))|7:pr, first consider v € C*(M). In geodesic

normal coordinates at a point x € M, we obtain

Z IV (grad v(ea))|Funs = 05 (g™ 0 vO™) 0i (g™ 010yt ™)

= g"g""0; (OO L™) 0; (0O 1”)

= 0;(Okv0t™) 05 (000 1Y)

= (0;0,v0" + 000kt ) (03O VO L™ + Oy 003 O L)

= (0;0,v0,t*) (030 v0mt™) + (O, v0;0kL™ ) (O v0; Oy t™ ) + 2(0pyt 03 Ot ™ ) (O 0030 v).
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The decomposition C* = T, M & N, M is orthogonal, so by (8:2) and (3.4]), we have
Ot 03011 = {(Ont™)ea, (0:0kt” )es)en = (1:0m, hir)en = 0.
This shows that the last term in the previous estimate vanishes, so we have

Z |V (grad v(ty)) %;M = (Ot%O0pt™*)(0;0kv0;0pv) + (0;0L" O0) (03Ot O v0)

= Jem0;iOkv0;0mv + Z Z(@ﬁma@kvf

S &akvalakv + (8i61L°‘0i8lL0‘)(0kvﬁkv)
= &akvaﬁkv + hloé f;@kvakv
= |V

2 2 2
Temer:m T 1 arers e, | VO T

where we used ([B4) in the second line, the Cauchy—Schwartz inequality in the third,
the local coordinate expression (3.0]) in the case of geodesic normal coordinates in the
fourth, followed by (B7) and (B.8) in the fifth. Lemma B shows that the Ricci cur-
vature of M is bounded below. Integrating the Bochner—Lichnerowicz—Weitzenbock

formula and applying the Riemannian divergence theorem, as in Proposition 3.3 of
[20], then shows that

HV2UH%2(T*M®T*M) S HV“H%%T*M) + ||AU||%2(M)7

where the constant in the estimate depends only on the lower bound for the Ricci
curvature. Altogether, the bound on the second fundamental form implies that

Z Hv(gradv(ba))"%Q(T*M) < ||V2U||2L2(T*M®T*M) + |h|2||vv||2L2(T*M)

a=1

(3.16)
S ||VU||2L2(T*M) + HAUH%Q(TM)

for all v € C°(M).
We now use a density argument to show that the estimate above holds with v in
place of v. To do this, let K??(M) denote the space of all v in C*(M) with

HUH?@»?(M) = ||u||2L2(M) + ||VUH%Q(T*M) + ||AUH%Q(M) < 00

and define the Sobolev space K**(M) to be the completion of K*?(M) under the
norm || - | cz2(ar). This completion is identified with a subspace of L?(M) with norm
| - [[x22 in the same way that W?(M) was identified in Section Given that
ug € WH2(M) and divgradug € L*(M), we can use Friedrichs” mollifiers to show
that uy € K*%(M) (see, for instance, Lemma 10.2.5 in [21I] or Appendix A in []]).
It is shown in Propositions 3.2 and 3.3 of [20] that the space of smooth compactly
supported functions is dense in K?? on any complete Riemannian manifold with
Ricci curvature bounded below and positive injectivity radius. Lemma [B.1] shows
that this is indeed the case on M. Therefore, since ug is in K*2(M), choose a
sequence (uy), in C(M) that converges to ug in K*?(M). Now introduce the
notation v§ = gradug(t,) and v = gradu,(i,). Using (B2) and (B.3]), for all
n € N we have

Z |lve — v@‘H%g(M) = / |t, grad u, — 1. grad ug|2. dp = || Vu, — VUH%Q(T*M),
a=1
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and from (BI0), for all m > n we have

ZHV ||L2 (T*M) S ||un_um||§{2v2(M)'

This shows that v§e, is in WH2(M;C") and from (BI6), for all n € N we have

Z |V (grad uo(ta) ||L2 oMy S Z Vg — VUf:||%2(T*M) + vagH%Q(T*M))
a=1

n
S Z [Vvg — VUSH%Q(T*M) + flun — uOH%{Qv?(M) + HUOH%QQ(M)‘

This proves that ¢, grad ug is in W?(M;C") and we conclude that
||u||%/V1»2(M;(C2+n) S HU0||2L2(M) + ||VU0||2L2(T*M) + HAUOH%%M

where the constant in the estimate depends only on |h|.
Finally, we use the definition of div, the Cauchy—Schwartz inequality and the
functional calculus for the self-adjoint operator — div grad to obtain

lullfvraquczin S luollZan + 1 AuolZan S 10+ A)uollfzqn,

which proves that ||u|wi2arceny S |luo — div grad wol| 2an = |[Tul]. O

4. CHRIST’S DyapIiCc CUBES AND CARLESON MEASURES

The results in this section do not require a differentiable structure. To distinguish
these results, it is convenient to let 2~ denote a metric measure space with metric p
and Radon measure p. A ball in 2" then refers to an open metric ball and the
notation introduced above Definition 2.2 extends to this setting. The metric measure
spaces we consider must at least satisfy the following local doubling condition.

Definition 4.1. A metric measure space 2 is locally doubling if for each b > 0,
there exists a constant A, > 1 such that

(Dioe) 0<Vix,2r) <AV(r,r) < oo
for all z € 2" and r € (0,0].

The proof of Theorem [Z4] in the case M = R" in [6] relies on the dyadic cube
structure of R™. In [I5], Christ constructs a dyadic cube structure on a space of
homogeneous type. This construction can be applied on a locally doubling metric
measure space to provide a truncated dyadic cube structure. This is the content of
the following proposition. The proof follows as in [I5]. In particular, the assumption
that the measure p is Radon instead of Borel is deliberate. This is because the
proof of the thin boundary property (item (6) below) uses Lebesgue’s differentiation
theorem, which itself requires the density of continuous functions in L'. This did not
seem obvious for a Borel measure. In any case, the assumption serves our purposes
because the Riemannian measure is Radon (see, for instance, Chapter 115 in [29]).

Proposition 4.2. Let 2" be a locally doubling metric measure space. There exists
a countable collection A ) = (QF) e I,.keN, of open subsets of 2", indexed by some
set I, for each integer k > 0, and a sequence (2% )aer, ken, of points in 27, together
with constants §,n € (0,1) and ag, ay, ¢ > 0, such that the following hold:
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(1)1 (2 \ Uiy, O5) =0

(2) QLN QL =0 for all o, § € I;
(3) For each | > k, a € Iy and § € I, either Q) C Q% or QF N Q% =
(4) For each [ € [0, k) and « € I there is a unique § € [; such that Qk C Q%
(5) B(z*,apd*) C QF C B(aF,a,6%) for all a € I;
(6

) ({x €QF :plax, 7\ QF) < s6F}) < es"u(QF) for all a € I, and s > 0.

Any collection of sets A 1) = (Qg)aelk,keNO with the properties in Proposition [.2]
is called a truncated dyadic cube structure on 2Z"; the sets in Ay ) are called dyadic
cubes. Given ¢ € (0,1], define the collection of dyadic cubes A; := (QF)aer, by
requiring that k € Ny satisfy 67! < ¢ < 6*. For all Q € A,, define the side length of
Q by 1(Q) := §* and the Carleson box over Q by C(Q) := Q x (0,1(Q)]. Note that
t <1(Q) <t/§ and so [(Q) ~ t. The dyadic averaging operator A; is then defined
for all u e Ll (Z) by

1
Apu(w) = ]{2 uly) dpy) = —os /Q u(y) duly)

for all t € (0,1] and almost all x € 27, where @ is the unique dyadic cube in A,
containing z. Standard arguments, such as those in Section 2 of [I1], show that local
doubling is enough to guarantee that the following dyadic maximal operator

Magyu(z) == sup Au(z) forall ze X

te(0,1]

is bounded on LP(2") for all all p € (1, oc].

Given a truncated dyadic cube structure on 2 with the constants specified in
Proposition 4.2] the constant a := max{1,a;/d}. It is useful to record the following
inequalities, which will be used frequently. Given t € (0, 1], dyadic cubes Q, R € A,
and points xg, g € 2 such that

B(zg,a0l(Q)) C Q C B(zg,a1l(Q)) and B(xg,apl(R)) C R C B(zg,ml(R)),
the following are easily verified:
p(Q, R) < p(zq,zr) < a(2t+p(Q, R));
(4.1) p(Q,R) < p(Q,z) <a(2t+p(Q,R)) forall x€ R;
p(Q,x) < plzg,z) < a(t+p(Q,x)) forall ze 2.

In the next section, we reduce the proof of Theorem 24 to verifying a local
analogue of Carleson’s condition. This relies on the following result. The approach
taken in the proof was suggested by an examiner of the author’s thesis.

Theorem 4.3. Let 2" be a locally doubling metric measure space and suppose that
to € (0,1]. If v is a (positive) measure on X x (0,to] satisfying the following local
analogue of Carleson’s condition

1
[V]le := sup sup —// dv(z,t) < oo,
te(0,t0] Qe Q) J S

/ / (@) dv(z,1) < [v]lelull?
2% (0,t0]

then

for allu € L*(X).
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Proof. Fix K so that 65! < t; < §%. Using the notation for dyadic cubes from
above, we have
| Agu(z)|? dv(z,t) < / / ][ ) du(y)
//}”x (0,t0] ' ZZ (k+1) Qk |JQk
Introducing the notation
U = ][k u(y) du(y) and  vey, = v (QF X (§¢+D), ),
Q35

2

dv(z,t).

k=K a€cly,

Fubini’s Theorem shows that the preceding expression on the right is equal to

[ta, k|
ZZ\uak|yak—ZZVak/ k2rd7’

k=K acl), k=K acl),

= / 2r Z Z ]-{|uak|>r}yo¢k dT’

k=K aclj,

where dr denotes Lebesgue measure on (0, 00).
For each r > 0, let (R;(7)),en denote an enumeration of the collection of maximal
dyadic cubes QF in A(o,1 such that |u, ;| > 7. This collection has the property that

U Ri(r)={z € 2 | Ma,,u(z) >r}

and so

S5 yak</ 23" S (R < GUR)IR)) dr

k=K a€l} J=1 REA (g 1);
RCR;(r)

_ /Ooo 23 v(CUR, () dr

<l | 2ralla € 2 | Magua) > rhds
0
= el Mg ul?
S Wl
U

We conclude this section by recording two technical results for use later on. For
all > 0, we use the notation (x) := min{1, z}.

Lemma 4.4. Let 2" be a metric measure space satisfying (Ed). Let A1) denote
a truncated unit cube structure on 2" with the constant a := max{1,a;/é}. Then

< t >H6—a>\p(Q,R) < Q) < < t >_H eP(QR)
p(Q, R) n(R) ~ \p(Q, R)
for all Q, R € A, and ¢ € (0, 1].
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Proof. 1t suffices to show the second inequality, since the estimate is symmetric in
R and Q. Tt follows from (E) that

Vie,r) < A (1 + M) ATFPEIY (1),

for all 2,y € 2 and r > 0, since B(z,r) C B(y, (1 + £%9)p). Given ¢ € (0, 1]

T

and Q,R € A, it then follows from Proposition and (EJ that there exists
rq,rr € 2 such that

w(Q)
1(R)

V(zg, ail(Q))
V(zg,aol(R))

a1k prarl( )M
< A(@)rerntt@ lon ad(B)

<A (1 i M) AMaol(@Q)+p(zq.wr))
aol(Q)

,S (1+ p(le; ‘TR)) eAp(xQ,zR)'

IN

For all x > 0, we have 1 + 2 < 2max{1,z} = 2(1/z)~!. Using this and the above
estimate with (ZI]), we conclude that

“(Q><< t >_H6Ap<xg,m><< t >_Heaxp(Q,R>
n(R) ~ \plzg,zr) ~A\p(@Q, R)

for all @, R € A,. O

Lemma 4.5. Let 2" be a metric measure space satisfying (E). Let A1) denote
a truncated unit cube structure on 2. If t € (0,1], M > k and m > At, then

u(Q)< t >M @R
m2oum\mem) St

Proof. Suppose that t € (0,1], M > x and m > At. Let 0 = m/At > 1 and for each
R S At, let

Qe p(@R)t<1} it j =0

Al(R) = {{Q €A 1ol <p(Q,R)/t <o’} if jeN

For each R € A;, Proposition implies that there exists xp € 2 such that
B(zg,al(R)) € R C B(zg,a1l(R)).
A simple calculation then shows that
UA{(R) C B(zg, 3a1l(R) + o’t)
for all j € Ny, and it follows from (Ed) that

n(JAlR)) < o7 e u(R)
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for all j € Ny. Therefore, we have

u<@>< t >M @)
ngthtu(R) pQ.R)/

u t\Y L uen
BT

ReA:

3=0 QGA](R
—(j— —moJ 1 j
< sup —— { UAO +ZU U=)M g=ma? M(UA{(R))]
reA, (R =
< ZO_—](M k)  —(m—oXt)29 1
S 1,
as required. O

5. THE MAIN LOCAL QUADRATIC ESTIMATE

This section contains the proof of Theorem 2.4 We consider a complete Riemann-
ian manifold M satisfying (EJ) and (PyJ) with constants x, A > 0, and suppose that
{T", By, By} are operators on L*(M;C") satisfying the hypotheses (H1)-(H8) from
Section 2l Let || - || and (-, -) denote the norm and inner-product on L?(M;CN). Let
|-] and (-, -) denote the norm and inner-product on CV. Fix a truncated dyadic cube
structure A with constants 6,1 € (0,1) and a; > ag > 0 as in Proposition
and set a := max{1,a,/0}. For all x > 0, there is the notation (z) := min{1,xz}.
We follow [6l 5] and introduce the following operators.

Definition 5.1. Given ¢t € R\ {0}, define the following bounded operators:
RE = (I +itllg) ™
PP = (I+£1%) " = 3(RP + RP);
QF = tlp(l +1I1%) ' = L(—RP + RP));
OF \=1T5(1 +°11%) !
The operators R;, P, and @); are defined as above by replacing Iz with II.

The uniform estimate

(5.1) sup ||Uy]| S1
teR\{0}

holds when U; = RP, PP, QF and ©F. This follows immediately from (2] and the
resolvent bounds in (Z3), since RZ = (i/t)[(i/t)] — 1]~ for all t € R\ {0}.

The operator II is self-adjoint, so by the functional calculus for self-adjoint oper-
ators, we have the quadratic estimate

o dt
(5.2 | i@al § = e

for all u € R(II).
The following result, which is an immediate consequence of Proposition 4.8 in [6]
and the inhomogeneity assumed in hypothesis (H8), shows that Theorem 4] can be
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reduced to finding ¢y > 0 small enough such that a certain local quadratic estimate
holds. The theory of local quadratic estimates was developed by the author in [28§].

Proposition 5.2. If there exists ¢y € (0, 1] such that

to
(5.3) / 67 Paull* & < ful?
0

for all w € R(T"), as well as the three similar estimates obtained upon replacing
{I', By, Bo} by {I'*, By, B1 }, {I'*, B, B} and {I', B}, B;}, then (2.2) holds for all u
in R(HB)

Proof. Suppose that there exists ¢y € (0,1] such that (53) holds for all u € R(I'),
as well as the three similar estimates mentioned in the proposition. If u € R(I") and
t > 0, then Pu = u — tIlIQ;u € R(II), since the Hodge decomposition guarantees
that R(I") € R(II). Therefore, hypothesis (H8) implies that || Pul| < [[IIPul| for all
u € R(I") and ¢ > 0. The uniform bound in (I5:|:I) then implies that

> dt dt
/ ler Pl & < / 1Quull? L < fu? / < )2
to t to t to t
for all v € R(I"), which shows that

/ 67 Paull* T < ful?
0

for all w € R(T"), as well as the three similar estimates obtained upon replacing
{T', By, By} by {I'*, By, B1}, {I'*, B;, Bf} and {I', By, B5}. It then follows from
Proposition 4.8 in [6] that (2:2)) holds for all u in R(Ilp). O

The above result allows us to work locally, in the sense that we only need to
consider t € (0,1], which means that we are not restricted to considering mani-
folds that are doubling. The metric-measure interaction is instead restricted by the
exponential nature of the following off-diagonal estimates. We follow the proof of
Proposition 5.2 in [6] by Axelsson, Keith and McIntosh, and apply the exponential
off-diagonal estimates from [I1] by Carbonaro, McIntosh and the author.

Proposition 5.3. Let U; denote either RZ, PP, QF or ©F for all t € R\ {0}. There
exists a constant C'g > 0, which depends only on the constants in (H1)—(HS8), such
that the following holds: For each M > 0, there exists ¢ > 0 such that

natitsl <o (peflyy) o (- G0)

for all closed subsets £ and F' of M.

Proof. In the case U, = RP = (i/t)[(i/t)] — TIp]~!, the result follows exactly as in
the proof of Lemma 5.3 in [I1], since IIp is of type S, and (H5)—(H6) imply that
Mg, nlu(x)| = [T nl]u(z) + B[l nl] Byu(z)]
< Cr(1 + [ Blloo | Balloo IV () 2 a1 [u ()|
for all n € C>°(M), u € D(Ilg) and almost all z € M. The results for P? and QP

then follow by linearity. In the case U; = QF, the result is also given by the proof
of Lemma 5.4 in [I1].
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Now consider U; = ©F = tI'y PP, Let E and F be closed subsets of M with
p(E,F)>0. Let E={x € M: p(x,E) < p(E, F)/2} and choose 1 : M — [0,1] in
C>(M) supported on E, equal to 1 on E and satisfying ||V7||ls < 3/p(E, F). The
function 7 can be constructed from smooth approximations of the Lipschitz function
77 that is supported on F and defined by 7(z) = 1 — 2p(z, E)/p(E, F) for all z € E
this is Lipschitz because the geodesic distance is Lipschitz on a Riemannian manifold.
For further details see, for instance, [7]. Using both (ZI]) and (H5)-(H6), we obtain

1EO71r| < (TP 15|
< [t[I, TP 1p || + [T (n 1) PP 1p|
S IVl 1 5P Lr|l + 501 PP 1E |
< |tIVllocl 1P 1e | + [t T, (D] P Le | + | (0 1) Q7 1r |
< IVl 1P Lel + [Vl 1 PP Lr] + [115Q7 15|l

for all # € R\ {0}. The result then follows from the corresponding estimates for P
and QF, since p(E, F) = 2p(E, F). O
The off-diagonal estimates imply the following result.

Lemma 5.4. The operator ©F on L?(M;CY) has a bounded extension
©7 : L>*(M;C") — L} (M;CN)

for all ¢t € (0, (Co/2a))]. Moreover, there exists ¢ > 0 such that

107 ul 72y < enl(@)lull3

for all w € L=(M;CN), Q € Ay and ¢ € (0, (Ce/2aN)].

Proof. Let t € (0, (Co/2a))] and @ € A;. There exists zg € M such that
B(zg,apt) C Q C B(zg, (a1/0)t).

Let A""(Q) = {R € Ay : m < p(Q,R) < n} for all integers n > m > 0. Let
u € L>®°(M;C") and define u,, = 1p0mgyu for all n € N. If n > m, then

B
168 (tn — um) 122 ()

<[mwn (Cme)um@lmeﬂ
(k) B 1(Q) B 2
1007 14] M) 0Ll L]
<%MWM@‘9 )%ggww ¢
< wR) g om Q)1 O 2R
“<IEA¢n A e Rn)fmgg;@) D 0P 1allulfnt
<( > @ W) (X A 10081l )@l

(@) REAT"™(Q)
Now choose M > 2k. The off-diagonal estimates from Proposition then show

that u ( )
B t P Q> R
1160711 £ (s ) o (~CoP %)
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for all Q, R € A; and ¢ € (0, 1]. Moreover, Lemma 4] shows that

1(Q) < < ¢ >_K (@, R)
p(R) ~ \p(Q, R)

for @, R € A; and t € (0, 1]. Then, since M —k > k and Cg — aAt > A, Lemma [1.9]
guarantees that both of the partial sums in the estimate above converge. Therefore,
the sequence (©Fu,),, is Cauchy in L?(Q) and

Sup 16F unllZ2(g) S 1(@)llull%
for all @ € A, and t € (0, (Co/2aN)], which implies the result. O

As in [6, B], we now introduce the following operator to prove (B.3)).

Definition 5.5. For each w € CV, let w € L>(M;C") denote the constant function
that is equal to w on M. For each x € M and t € (0,(Ce/\)], the multiplication
operator v,(z) € L(CV) is defined by

[e(@)w = (©7w)(x)
for all w € CV, where ©F is defined on L>°(M;C") by Lemma 5.4l

Corollary 5.6. The functions v, := (v +— v(z) V € M) are in L2 _(M; L(CY))

loc
and there exists ¢ > 0 such that
(5.4) F @) duta) <
Q

for all Q@ € A; and t € (0, (Co/2a\)]. Moreover, sup;e (o, (cq /200 1764 S 1.

Proof. The first property follows from Proposition [5.4] and the definition of 7. It
then follows that

Al = 3 /Q () Aru()|? dp(y)

Qe

QGAt/Q

= 3 | o) dute)
QeA: Q

N Z HUH%Q(Q)
QeA,

= [Jull?

for all t € (0, (Co/2aN)] and u € L*(M;CY), which completes the proof. O

du(y)

vt<y>]{2 u(z) du(z)

/ () duly)
Q

To prove (B5.3)), we follow [0, 5] and estimate each of the following terms separately:
fo dt fo dt

| 1errar § s [ 10FPu bl G+ [

0 0 0

tO 2 o dp(z)dt
=[] e L

to dt
e As(P = Dull® =
(5.5)
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The following weighted Poincaré inequality is used to estimate the first term
above. The proof is based on techniques contained in Lemma 5.4 of [6] that have
been adapted to suit off-diagonal estimates of exponential type.

Lemma 5.7. Given M > k + 3 and m > a)\, we have

) el (o @>> O duta)

t M—(x+3) N
StQ/A4(‘U(x)|2+‘VU(fE)‘§“;M)<m> =20 QI gy,

for all w € WH3(M), Q € A, and t € (0,1].

Proof. Let t € (0,1] and @ € A;. There exists xg € M such that
B(zg,apt) C Q C B(zg, (a1/0)t).
Let r > a and u € W2(M). We have
115 (4 = w13 < [11Baqrt (4 = Unem)I3 + 115we.m (Unwq.rn — ua)ll3.
The Cauchy-Schwartz inequality and (EygJ) imply that

H]-B(wQ,Tt)(uB(xQ,rt) - UQ)H% = V(,IQ, Tt)‘UQ — uB(rQ,rt)P

][ ( uB(xQ rt))
xQ, rt)
/ |U IEQ rt ‘

< P

2
- V(an ’l“t)

where 7 > a1 /0 ensured that @ C B(xg,rt). It then follows from ([P ) that
1L qrm(u—u@)ll3 S L+ 7)) ([ 1pwqrmulls + [1pwa.rn Vil Zagan)-
Now let v(r) := —r=Me=(m/a" for all r > a, in which case
dv(r) = (Mr~—™=Y ¢ (m/a)r—)e~(m/orqy

is a positive measure on (a,00). Integrating the above estimate with respect to v,
we obtain

/a ) /M 15g.rn|u(z) — ugl® du(z)dy(r)

S [ [ g (@) + V(o)) du(a)v(v).
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It then follows from (AJ]) and Fubini’s theorem that

t
u(z) —u 2< > emP@Q)/t gy
R
t Y sy
< u(x) —u 2<7> e o P@T/t qu(x
S [ 1ute) = vl tmax{pte, rq)fap) e kMO )
~ [ 1uta) gl [ Av(r)dp(e)
max{p(z,2q)/ta}
[ [ tstarlute) - vl dua)av(s
§t2/ 2 Art/ 1B(wq.rt) (Ju( W+ | Vu(z) 2T$M
a M

— t2/ (Ju(z)]* + |Vu(z) 2TIM)</ r”+26)‘”du(7’)) du(z).
M max{p(z,rqQ)/t,a}
2T;M)</ PPN (MM g e My e dr) du(z).

max{p(z.zq)/t.a}

) dp()dw(r)

—¢ [ (u@)f +[Vu()
M
The term in brackets is bounded by

i o + M—(k+3)
6_(E_At)p(z,Q)/t/ - (M=(s+2)) g, <e (= A)p(z,Q)/t < > ,
p(z,Q)/t

which completes the proof. OJ

The first term in ([B.5]) is now estimated in a manner similar to that of Proposi-
tion 5.5 in [6]. The idea to replace the cube counting techniques used in [6] with the
measure based approach below was suggested by Pascal Auscher.

Proposition 5.8. Let Cg > 0 be the constant from Proposition We have
(Co/4a®X) 5 , dt )
[ erru—Aral § S
0

for all w € R(II).

Proof. Choose M > 4k + 3 and let tq = (Co/4a®N). Let t € (0,t], v € R(IT) and
set v = Pyu. The Cauchy-Schwartz inequality shows that

107 P — 3 A P> = 107 > 1a(v = vo)l132(0)
QEA: ReA:
1 2
R 2
> (Z (Laum) HlQeflRw—vQ)H)
QeA; \ReA

< sup (Z ) ||1Q@BlR||> > #Q) r|1Q@BlR||||1R<v—vQ>H2

QEA: ReA QEA: RGAt
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Then, since Cg > At, Lemma L5 and the off-diagonal estimates from Proposition 5.3
show that the supremum term is uniformly bounded. Lemma [4] and ([&I]) show
that the remaining term is bounded by

S 5 (o) e (Y e g g

QEA: REA, p(Q, R

M—k
Z Z / < > o~ (Co—arto) 29
QeA; ReAy Q R
M=r _(C_(—)_)\to)P(sz) 2
</ (20 o 0) g ).

Qe

 Jo(z) — vol* du(x)

Using the notation from Section 2 for functions in L2(M; CV), write v = Zgzl VaCa-
The weighted Poincaré inequality from Lemma .7 Lemma [ and (H8) then show

that the above estimate is bounded by

M—(2k+3) Co . o)
2 Z/ < > 6_(a2 —(5+Nto) = (|v(x)|2+Zana(x) 2T;M) d,u(x)
QeEA:
M—(2K+3)
¢ _(%e _9yt,)LQ:R)
<2 Y (a0l + Sl 1aVoalagon) 3 <W> (o
ReA: Qe P )
1(Q) " M—(3nt3) o o
S vl sup Z (55 LC)
(M;CN)
Re thA :u( ) P(Q,R)
< LIl aremy
< #?||v||?,

where the penultimate inequality is implied by Lemma L5 because M — (3k+3) > K
and (j—g — 3aMtg > At. Therefore, we have

187 Pru — e AcPeu]|* < (| Quu|?

for all w € R(IT) and ¢ € (0,%o]. The result then follows from the quadratic estimate
for the unperturbed operator in (5.2)). O

The following interpolation inequality is used to estimate the remaining terms
in (5.H). It is an extension of Lemma 6 in [5]. The result relies on having a certain
control of the volume of dyadic cubes near their boundary. This control is given by
property (6) in Proposition

Lemma 5.9. Let T denote either II,I" or I'*, then

']{2 n < uclm (]é ‘“‘2)g (]{2 \Tu\?)l_g 4 ]{2 ?

for all w € D(T), @ € A; and t € (0, 1], where n > 0 is from Proposition 1.2
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Proof. Let s = ||[1qul||/|[1oYu|. If s > agl(Q)/2, then the Cauchy-Schwartz in-
equality implies that

o

§ \TUP

:i<2> () (froe)
< (o) (fmor)

Now suppose that 0 < s < agl(Q)/2. Let Qs = {x € Q : p(z, M\ Q) > s} C Q.
It follows from Proposition that there exists ¢ > 0 such that

n(M\ Qs) < c(s/1(Q))"1(Q)
Choose n: M — [0, 1] in C°(M) satisfying spptn C @ as well as

wls

)L i ey
U P e M\Q

and ||Vn|lec < 1/s. The existence of such functions follows as in the proof of
Proposition Using (H6)—(HT7), we then obtain

‘/Qru :'/Q[n,r]u+/Q(1_n)ru+/QT(nu)

< u(M N\ Q)% ([1qull/s + 1o Yul)) + 1(Q)2 | 1qull
< (s/UQ))* Q)21 T ul| + p(Q)? || Loul.

This shows that
][ uf?
(@

ALl 3
( |u|2) (]2 ) Ty £ 1o

as required. O

~

The second term in (5.5) is now estimated by following the proof of Proposition 5
in [5].
Proposition 5.10. We have
1
dt
| 1= Dl 5 al?
0

for all uw € L*(M;CN).
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Proof. Lemma and Holder’s inequality imply that

2

J4Qul? = 3 u(@) ']{2 1P

QeA:

2 @( )( ) 22
SQ;J(W ]é\Psu\ ]é\HPsm + 2| Py

(%)n% (/Q‘PS“P)g (/Q|qu|2)1_ + §%|| Poul?
(

AN

S

for all u € L?>(M;CV) and 0 < s < t < 1. The result then follows by the arguments
in the proof of Proposition 5 in [5]. O

To estimate the third and final term in (5.0]), it follows from Theorem 3] that it
suffices to show that there exists ¢y € (0, 1] such that

L
(5. JL., o a5 )

for all dyadic cubes Q € Ute(om JAVE

Following [6], we let o > 0 to be fixed later. Given v € L(CY) with |v| = 1, define
the cone of aperture o by

,U/
I

K,,:={v € £L(C)\ {0} :

<o}

Let V, be a finite set of v € L(C") with [v] = 1 such that |J,¢,, Kuo = L(CV)\{0}.
To prove (.0]), it suffices to prove that there exists ¢y > 0 and o > 0 such that

dt
2 <
(5.7 ooy P @ < @
"/t(w)eKv,o'

for each v € V, and for all Q) € Ute(o,to} A;. This in turn reduces to proving the
following proposition.

Proposition 5.11. Let t5 = (Co/4a®\) , where Co > 0 is the constant from
Proposition 5.3l There exist o,7,¢ > 0 such that for all Q) € Ute(()’to} A; and v €
L(CN) with |v| = 1, there exists a collection {Qy}r C Ay of disjoint subsets
of @ such that the set Eg = Q \ U, Qi satisfies u(Eg) > 7u(Q) and the set
Ef = C(Q) \ U, C(Qx) satisfies

//(an,t)eEg2 () dlu(ﬂf)g < cu(Q).

t
'Yt(CC)EKv,a
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To see that Proposition B0 implies (B.7)), write

{(z,t) € C(Q) : (x) € Ky} = E5 U (U{(%t) € C(Qr) : m(z) € Ku,a}>
= EjUE, U (U{(x,t) € C(Qry) : 1(x) € Kv,0}>

o0 o0
- U U Ez?kj‘
§=0k;=0

Monotone convergence then implies that

ﬁ%cm dtﬂzzm@wmn<ﬁ

2)EK v 0 j=0 k;=0

:i§ﬁ|% ()

The proof of Proposition [5.11] is a matter of constructing suitable test functions
and applying a stopping-time argument. The test functions are constructed as in [0],
with some minor modifications. Fix v € £(CY) with |v| = 1 and choose w,w € CV
such that |0 = [w[ =1 and v*(@) = w. For each @ € ;¢ A, let Bg denote a
ball of radius a;1(Q)) such that (ag/a1)Bg C QQ C Bg. Then let ng : M — [0,1] be a
smooth function supported on 38 and equal to 1 on 2Bg. Define wq := 7w, and
for each € > 0, define the test function

These functions have the following propertles. The proof is almost identical to that
of Lemma 7 in [5] but we include it for completeness.

Lemma 5.12. There exists ¢ > 0 such that the following hold for all () € A 1) and
e>0:

(1) £85Il < cn(@)7; .
mﬂﬁmeHT

0 [ -] <ot

< ce?p(Q);
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where 7 > 0 is the constant Proposition
Proof. 1. Let @ € ¢ (o) A Using (ZI)), Proposition B3] and (Ewd), we obtain
1751 S el + lliel@Ts REgmell S llnell < #(2Bo)'? < n(@)'?,

where the constant in the last inequality is uniform for all @ € |J te(0.1] JAVE
2. Next, by the nilpotency of I and [y, PP] = 0 on D(I'), we have

07 4. = tPPTH(I +ie(Q)T) Riyygywa = tP TR g wo-
Therefore, using (Z1), Proposition 5.3 and (EJ) again, we obtain
dt

B rw |2 dt Z(Q) B B 2
10, 15| dli(x)7 < [tP T RiGowell "
c(Q) 0
< QMR ool dt
~ Ao 1€ 1€
0 (@) Qe

< Lu0)

2
€
3. Finally, since g = 1 on @, by Lemma B9 with T =T and u = Rg(Q)wQ, and
using (Z1)), Proposition B3 and (EyJ) again, we obtain

]{2 78— | = d@ ]{2 rRiQ)wQ'

) 7 3
Sel(Q)' 2 <]é\35(cz>w@\2) (]élng(Q>wQ\2) + €l(Q) <]£\R§(Q)w¢;\2)

1 n ) 1
< Q)72 [|RE g wall? </Q\ZEZ(Q)H335(Q)U’Q\2) +en(Q) 2| REgywoll

_n
4

(NI

[N
S

n _1 n _n _1
< e2u(@Q) 72| Rigwall2 (I = Reg))woll 2 + en(Q) 72 e
n _1
S e (@) 72 gl
< e,
as required. O

We now fix € = (i)w 7 and the test functions fg := f;’°, where ¢ is the constant
from Lemma 5. 121 The preceding result then implies that

Re (w,]éfé”) > %

The stopping-time argument from Lemma 5.11 in [6] can then be applied to obtain
the following result. The properties of the dyadic cube structure in Proposition
suffice for this purpose.

Lemma 5.13. Let {y = (Co/4a®)\). There exist a, 3 > 0 such that for all dyadic
cubes () € Ute(()’to} A, there exists a collection {Qr}r € A of disjoint subsets

of @ such that the set Eg = Q \ U, Qr satisfies p(Eg) > Su(Q) and the set
B = C(Q) \ U, C(Qx) has the following property:

Re(w,][ féu)ZOé and ][|fé"\§l
Q Q' (6%



THE KATO SQUARE ROOT PROBLEM ON SUBMANIFOLDS 31

for all Q" € A, that are contained in @ and satisfy C(Q') N E¢, # (.

We can now prove Proposition [B.11] by following closely the ideas at the end of
Section 5 in [6].

Proof of Proposition[5.11. Choose o € (0,a?) and let 7 = 3, where a, 8 > 0 are the
constants from Lemma [5.13]

Let @ € Ue(o) At and v € L(CY) with |v| = 1. Let {Qx}r C Ao,y denote the
collection of disjoint subsets of () given by Lemma[.I3land suppose that (z,t) € E.
This implies that (z,t) € C(Q) and that t <I(Q) < ty/d. Now let ' be the unique
dyadic cube in A, that contains z. Then, since [(Q)") > t, we must have (z,t) € C(Q’)
and so C(Q")NEy, # 0. LemmalE.T3 and the Cauchy-Schwartz inequality then imply
that

o(Aef3 ()] > Re(@,v(A,f5(2))) = Re (w, £ s5) =

and that
1
A = < =
| th ‘ '][ fQ = o
The choice of o then implies that
( ) ‘ %(1’ ‘
—=A > (A fS(x A > o — — > 1.

Therefore, we have

//(xt B, |7e() du(x)% S //C(Q) (@) ALfg ()P du(x)%

()GKM
dt
5//( )|@thQ ’YtAth‘2 dp— +// ‘@BfQ‘z dp—
(@)

Lemma [5.12 shows that the last term above is bounded by ¢(2¢)*"u(Q). It remains
to show that

dt
J[1errs - sk an s w@.
c@Q)
Now let v = iel(Q)T Rl 5)wq and write
(5.8) O & — A fG = —(0F = A + (07 — 1 A)wg.

Then, since v € R(T"), by (i) in Proposition 4.8 of [6], Proposition and Proposi-
tion B.10, we have

dt to dt
// (08 — Aol du < / 105 (1 — Pyl Yt
Q) t 0 t

to B L dt
+/ (07 P, — v A Py)v|| 7
0

to dt
T / IeAu( P — Dol
0

S (@)
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To handle the remaining term in (5.8)), recall that (ap/a1)Bg € Q C Bg and that
ng = 1 on 2Bg. This implies that if x € Q and ¢ € (0,1(Q)], t hen

(07 = nA)wo(r) = ©F ((ng — Lw)().
Now choose M > k/2 and consider the characteristic functions 1;(Bg) defined by
12p if j=0;
1i(Bo)=+<,"° .
123+1BQ\2]BQ lf ] = 1, 2, e
Then, since g —1 = 0 on 2B, the off-diagonal estimates from Proposition and

(Ed imply that

187 (ng — Dwlli2(q) <

NE

115,071;(Bo)lI*11;(Bo) (ng — DII”
1

<.
I

o) 2M
t ; .
5 6—20@(2J—l)all(Q)/tM(zj—HB )
Z ((m —1)a 1z<@>) ¢
t = "
< B 9—i(2M=r) ,—(Co—At0)2' a1 l(Q)/t
< Q)
Nl
for all ¢ € (0,1(Q)]. This shows that
dt
// - %At)wQ\2 d#j S (@),
(@)
so the proof is complete. O

As shown previously, Proposition B0 implies (B.7), which in turn implies (B5.0])
and allows us to estimate the final term in (5.5). In summary, as a consequence of
Propositions (.8, (.10l and B.11], we have proved the local quadratic estimate

(Co /4a®\) 5
2 2
/0 102 Pl & < ju]

for all w € R(I"). The hypothesis (H1)—(H8) are invariant upon replacing {I", By, Bs}
with {I'*, By, By}, {I'*, B5, By} and {I', Bf, B5}. This completes the proof of the
main result, since Proposition then allows us to conclude that the quadratic
estimate in Theorem 2.4 holds.
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