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BOUNDARY CLUSTERED LAYERS NEAR THE HIGHER
CRITICAL EXPONENTS

NILS ACKERMANN, MONICA CLAPP, AND ANGELA PISTOIA

ABSTRACT. We consider the supercritical problem
—Au=uP2u inQ, u=0 ondQ,

where Q is a bounded smooth domain in RY and p smaller than the crit-
ical exponent 27\7,1@ = %Jj;f% for the Sobolev embedding of H!(RN—F) in
LI(RN=F), 1 <k < N — 3. We show that in some suitable domains Q there
are positive and sign changing solutions with positive and negative layers which
concentrate along one or several k-dimensional submanifolds of 92 as p ap-
proaches 2%, , from below.

KEY wORrDS: Nonlinear elliptic boundary value problem; critical and su-
percritical exponents; existence of positive and sign changing solutions.
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1. INTRODUCTION

Consider the classical Lane-Emden-Fowler problem
(1) Av+ [vP"2v =0 in D, v=0 on 9D,

where D is a bounded smooth domain in R and p > 2.

It is well known that when p is smaller than the critical Sobolev exponent 2* :=
1\%—]_\’2, compactness of the Sobolev embedding ensures the existence of at least one
positive solution and infinitely many sign changing solutions. In contrast, existence
of solutions to problem () when p > 2* is a delicate issue. Pohozhaev’s identity [22]
implies that problem (I) does not have a nontrivial solution if the domain D is
strictly starshaped. On the other hand, Kazdan and Warner showed in [I3] that if
the domain D is an annulus, problem () has infinitely many radial solutions.

For the critical case p = 2* Bahri and Coron [I] proved that a positive solution
of () exists if the domain D has nontrivial reduced homology with Z/2-coefficients.
Moreover, it was proved by Ge, Musso and Pistoia [I1] and Musso and Pistoia [16]
that, if D has a small hole, problem () has many sign changing solutions, whose
number increases as the diameter of the hole decreases. Multiplicity results are
also available for domains which are not small perturbations of a given domain, but
have enough, possibly finite, symmetries, as proved by Clapp and Pacella [8] and
Clapp and Faya [0].

The almost critical case p = 2* 4+ ¢, with € positive and small enough, has
been widely studied. The slightly subcritical case p = 2* — ¢ was considered by
Bahri, Li and Rey [2] and Rey [23], who showed the existence of positive solutions
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which blow-up at one or more points of D as ¢ — 0. A large number of sign
changing solutions with simple or multiple positive and negative blow-up points
were constructed by Bartsch, Micheletti and Pistoia [3], Musso and Pistoia [I17],
and Pistoia and Weth [21]. For the slightly supercritical case p = 2* + € existence
and nonexistence of positive solutions with one or more blow-up points has been
established by Ben Ayed, El Mehdi, Grossi and Rey [9], Pistoia and Rey [20], and
del Pino, Felmer and Musso [5].

Unlike the critical case, in the supercritical case p > 2* the existence of a non-
trivial homology class in D does not guarantee the existence of a nontrivial solution
to (). In fact, for each integer k such that 1 < k < N — 3, Passaseo [I18[19]
exhibited a bounded smooth domain in RY, homotopically equivalent to the k-
dimensional sphere, in which problem () does not have a nontrivial solution for
p=2yy = %Nk k% Note that 2% , is the critical Sobolev exponent in dimension
N — k. Examples of domains with richer homology were recently given by Clapp,
Faya and Pistoia [7], where it was shown that for p > 23, there are bounded

smooth domains in RY whose cup-length is k + 1, in which problem () does not
have a nontrivial solution. On the other hand, for p = 2%, existence of infinitely
many solutions in some domains has been recently established by Wei and Yan [25].
Further multiplicity results may be found in [7].

In [10] del Pino, Musso and Pacard considered the case p = 2}, | — € and proved
that for some suitable domains D, if € is positive, small enough and different from
an explicit set of values, problem (d]) has a positive solution which concentrates
along a 1-dimensional submanifold of the boundary dD. In the same paper, the
authors ask the question whether one can find solutions which concentrate at a
k-dimensional submanifold for p slightly below 2% ,. More precisely, they ask the
following;:

Problem 1.1. Given 1 < k < N — 3, are there domains D in which problem (1)
has a positive solution v, for each p < 2%, with the property that these solutlons
concentrate along a k-dimensional submanifold of the boundary 9D as p — 23% NEL

Having in mind that when p approaches the first critical exponent 2* from below
a large number of sign changing solutions exist, another question arises naturally:

Problem 1.2. Given 1 < k < N —3, are there domains D in which problem (1) has
a sign changing solution v, for each p < 2%, N,k With the property that these solutlons
concentrate along a k-dimensional submanifold of the boundary 9D as p — 23% NEL

In this paper, we give a positive answer to both questions. In particular, for
each set of positive integers k1, ..., k,, with k := k1 +--- + k,, < N — 3 we exhibit
domains D in which problem (III) has a positive solut1on for each p < 2}, and,
as p — 2}, these solutions concentrate along a k-dimensional submanifold M of
the boundary 0D which is diffeomorphic to the product of spheres S¥t x - . x Skm.
Moreover, problem (I) has also a sign changing solution with a positive and a
negative layer, both of which concentrate along M as p — 27 ;.. This follows from
our main results, which we next state.

Fix k1,...,kyn € Nwith &k := k1 + -+ k,, < N — 3 and a bounded smooth
domain Q in RNY~* such that

(2) QC{(x1, .., Tm, ) ER™ xRNF"m 0,50, i =1,...,m}.
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Set

(3)

D:={(y',...,y™, 2) € RFHL x ... x RkmF1 y RN —h=m . (|y'] -5 ly™ . 2) € Q).
D is a bounded smooth domain in RY which is invariant under the action of the
group I' := O(ky + 1) x -+ x O(ky, + 1) on RY given by

(g1, 9m) Wy 2) = (1" gmy™ 2).

for every g; € O(k; +1), y* € RFitl 2 € RN=k=m Here, as usual, O(d) denotes the
group of all linear isometries of R%. For p = 2% — € we shall look for I'-invariant
solutions to problem (), i.e. solutions v of the form

(4) v(yl,...,ym,z):u(‘y1|,...,|ym|,z).
A simple calculation shows that v solves problem () if and only if u solves
—Au — — Ou = [ulP™?u in Q, u=0 on 0.
im1 €T; 6:51-

This problem can be rewritten as
—div(a(z)Vu) = a(z)[ulP~?u in Q, u=0 on 09,

where a(z1,...,xx_x) := ' .- 2k Note that 2%, is the critical exponent in

dimension n := N — k which is the dimension of €.
Thus, we are lead to study the more general almost critical problem

(5) — div(a(z)Vu) = a(z) |u|ﬁ_€u in Q, u=0 ondQ,

where (2 is a bounded smooth domain in R™, n > 3, € is a positive parameter, and
a € C%(Q) is strictly positive on Q.

This is a subcritical problem, so standard variational methods yield one positive
and infinitely many sign changing solutions to problem (B for every e € (0, ﬁ),
cf. Proposition 4.1 in [7]. Our goal is to construct solutions u. with positive and
negative bubbles which accumulate at some points &1, ...,&, of 002 as € — 0. They
correspond, via [{]), to [-invariant solutions v, of problem () with positive and
negative layers which accumulate along the k-dimensional submanifolds

M= {(y",...,y™, 2) € RFFIx ... x RFm T RN—F=m . (’yl‘,...,|ym|,z) =&}

of the boundary of D as € — 0. Note that each M; is diffeomorphic to S x - - . x Skm
where S is the unit sphere in R4+1.
We will assume one of the following conditions.

(al) There exist kK nondegenerate critical points &1, . .., &, € O of the restriction
of a to 02 such that

(Va(&),v(&) >0  Yi=1,...,k,

where v(&;) is the inward pointing unit normal to 9Q at &;.

(a2) There exists a critical point & € 9 of the restriction of a to 9 such
that (Va(&),v(&o)) > 0, and vectors 71,...,7,—1 € R™ such that the set
{v(&),m1,...,Tn—1} is orthonormal and  and a are invariant with respect
to the reflection g; on each of the hyperplanes & + {r; = 0}, i.e.

0i(z) € Q and a(oi(x)) = a(x) Yz € €,
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i=1,...,n— 1, where
Qi(&) + <$, V> v+ <£L‘,T1>T1 + -+ <$,Ti> T+ 4+ <£L',Tn_1> Tn—l)
=&+ (e, yv+{z,m)yn+ - — (&, )T+ (T, Th—1) Th—1-

and v := v(&) is the inward pointing unit normal to 9Q at &.

For each 6 > 0, £ € R™, we consider the standard bubble
n—2
Use(a) 1= [n(n - 2] F —
(02 + [z = &))"

We prove the following results.

Theorem 1.3. Assume that (al) holds true. Then there exists ey > 0 such that,
for each Ai,..., A\ € {0,1} and € € (0,¢e0), problem (@) has a solution u. which

satisfies
K

uelw) = S (~)NUs, e (@) + o) in D'*(Q),
i=1
with o
E_E&')E —d; >0 and gi,e — gz S 69,
foreachi=1,... Kk, ase — 0.

Theorem 1.4. Assume that (a2) holds true. Then there exists e > 0 such that,
for each € € (0,€q), problem (@) has a sign changing solution u. which is invariant
with respect to each reflection g;, i =1,...,n — 1, and satisfies

ue() = Usy 1.0 (2) = Usy g (2) +0(1)  in DV*(Q),
with o
€ 20, —>di >0, &e=E& +eti (&) and ti—t; >0,
for eachi=1,2, as e — 0.

Theorem [[.4] states the existence of a sign changing solution whose two blow-up
points (one positive and one negative) collapse to the same point &y of the boundary
of  under the symmetry assumption (a2).

Some interesting questions arise:

Problem 1.5. Is it possible to find sign changing solutions with & > 3 blow-up
points with alternating sign which collapse to the point &,7

Problem 1.6. Is it possible to find a sign changing solution with one positive
and one negative blow-up point which collapse to the point &, in the more general
case when &y is a nondegenerate critical point of a constrained to 02 such that
(Va(&),v(&)) > 0, without any symmetry assumption?

The reason for including the symmetry assumption (a2) in Theorem [[4]is that
it allows to simplify the computations considerably (see Remark 2.0]).

In the following two theorems we assume we are given ki,...,k, € N with
ki=k + - +k, <N—3 and a bounded smooth domain © in RY~* which
satisfies @). We set a(z1,...,zy_k) =zt ---abm. Dasin @), p = 2Nk — 6

I:=0(k; +1)x - x O(ky, + 1) and

ﬁg)g(yl, oy z) = UM(’yl‘ s Y™ 2)
for § >0, £ € RNk,
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Theorem 1.7. Assume that (al) holds true for a and 2 as above. Then there
exists eg > 0 such that, for each \1,..., s € {0,1} and € € (0, ¢€), problem () has
a T-invariant solution v. which satisfies

K

ve(x) = S (~1)NUs, . ¢, (x) +0(1)  in D*(D),
=1
with .
e_ﬁém —d; >0 and fi,e — gz c 89,

foreachi=1,... Kk, ase — 0.

Theorem 1.8. Assume that (a2) holds true for a and 2 as above. Then there
exists eg > 0 such that, for each € € (0,€p), problem () has a T-invariant sign
changing solution v. which satisfies
UE(‘T) = ﬁal,evgl,e (I) - [762,6152,5 (‘T) + 0(1) in DLQ(D)a
with o
67E51‘1€ — dz > O, &16 = 50 =+ Gtiyél/(é'o) and ti,e —t; > 0,
for eachi=1,2, as e — 0.

By the previous discussion Theorems [.7] and [L.§] follow immediately from The-
orems and [[L4l The proof of Theorems [[.3] and [[.4] relies on a very well known
Ljapunov-Schmidt reduction procedure. We shall omit many details on this proce-
dure because they can be found, up to some minor modifications, in the literature.
We only compute what cannot be deduced from known results.

The outline of the paper is as follows: In Section 2] we write the approximate
solution, sketch the Ljapunov-Schmidt procedure and use it to prove Theorems 3]
and [[4l In Appendix B we compute the rate of the error term and in Appendix C
we estimate the reduced energy. In Appendix A we give some important estimates
on the Green function close to the boundary.

2. THE VARIATIONAL SETTING

We take
1/2
(u,v) := / a(x)Vu - Vv dz, [lue]| := (/ a(z) |Vul’ daz) ,
Q Q

as the inner product in H}(Q) and its corresponding norm. Since a is strictly
positive and bounded in € they are well defined and equivalent to the standard
ones. Similarly, for each r € [1, c0),

ful, = ( [ ata) |u|rdx>l/r

is a norm in L"(2) which is equivalent to the standard one.

Next, we rewrite problem (B in a different way. Let i* : L%(Q) — H{(Q) be
the adjoint operator to the embedding i : Hj(2) — L= (Q), i.e. i*(u) = v if and
only if

(v, ) = / a(z)u(z)p(z)dx for all ¢ € C(Q2)
if and only if ?
— div(a(xz)Vv) = a(z)u in Q, v=0 on 0.
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Clearly, there exists a positive constant ¢ such that

I (@) < ellull 25, ¥ ue L (Q).

Setting p := 2% and f.(s) := |s|’ > s, problem (5) turns out to be equivalent to
(6) u=i"(f(w),  ueH(9Q)
Set f(s) := fo(s) and ay, := [n(n — 2)]%2 . Let
5 T
UJ#E = Qp n—2) 5 > Oa g € Rna
(02 + |z = &)=

be the positive solutions to the limit problem

—Au = f(u), u € HY(R™).

Set y o
0Us n—2 n-a Jr—¢&F—906
0 — € >
1/}57§($) T 90 = Qn 2 0 (62 4 |I _ §|2)n/2
and, for each j =1,...,n,
, OUs ¢ a2 T — &
J = 2 = n — 2 5 2 J J .
V0= g T eI G e gy

Recall that the space spanned by the (n 4 1) functions Wis is the set of solutions
to the linearized problem
~AY = (p- U inR"
Let PW denote the projection of the function W € D*2(R™) onto H{(Q), i.e.
APW = AW in Q, PW =0 on 99.

We look for two different types of solutions to problem (@l). The solutions found
in Theorem [[.3] are of the form

K

(7) ue =Y (~)MPUs, e + 0.

i=1

for fixed \; € {0,1}, where the concentration parameters satisfy

(8) Sie = =3 d; for some d; >0,

and the concentration points satisfy

(9) &i.e = si +miv(s;) where s; € 00 and 7; = et; for some ¢; > 0.

Here and in the following v(s;) denotes the inward unit normal to the boundary
0f) at the point s;.
On the other hand, the solutions found in Theorem [[.4] are of the form

¢
(10) ue = (=1)""PUs, ¢, + 0,

i=1
where the concentration parameters satisfy (&), while the concentration points are
aligned on the line £ := {& +rv (&) : r € R}, namely

(11) &ie =& +niv(&o) where 1; = et; for some 0 < t; < -+ < ty.
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Next, we introduce the configuration space A where concentration parameters
and concentration points lie. For solutions of type (@) we set s = (s1,...,85) €
0", d = (di,...,ds) € (0,+00)", and t = (¢1,...,¢x) € (0,400)", and so

A:={(s,d,t) € (0Q)" x (0,400)" x (0,400)" : s; #s;if i # j},

while for solutions of type [I0), we fix s = (&, ...,&) and we set d = (dy,...,dp) €
(0,4+00)¢, and t = (t1,...,ts) € (0,+00)*, and so

A= {(d,t) € (0,+00)" x (0,400)" : t; < - <ts}.

In each of these cases we write
K 4
Veat =3 (-1)MPUse,  and  Viae=Var:=» (—1)"'PUsg
i=1 i=1
respectively.
The rest term ¢ belongs to a suitable space which we now define. For simplicity

we write ¢ := 1/)gi ¢, With &; ¢ as in ) and & ¢ as in (@) or (L))
For solutions of type (7)) we introduce the spaces

Keayg = span{ow ci=1,...,k, j=0,1,...,n},

Ktaw={0 € H}(Q): (0, PU]) =0, i=1,....5, j=0,1,....,n}.

Note that for & ¢ as in (1)) the functions Pz/Jf are invariant with respect to
the reflections g; given in (a2). So for solutions of type (I0) we define the space
K a,t as above and K;d,t as the orthogonal complement of K q,¢+ in the subspace
of all functions in H}(£2) which are invariant with respect to g1,...,0,—1. Then
we introduce the orthogonal projection operators Il g + and Hid,t in H} () with
ranges Ks q,¢ and Ksl,d,ta respectively.

As usual, our approach to solve problem (@) will be to find a (s,d,t) € A and a
function ¢ € K:)-d)t such that

(12) Oygs (Veae+ 06— i [fe(Vaar+)]) =0
and
(13) Hga¢ (Vaae + 6 — i [fe(Vaar + ¢)]) = 0.

First we shall find, for each (s,d,t) € A and small €, a function ¢ € K:Td,t such
that (I2)) holds. To this aim we define a linear operator Lg 4 ¢ : K;d,t — K;d,t by

Lsat9 = ¢ — Hid,ti* [f' (Vs.at)d] -
The following statement holds true.

Proposition 2.1. For any compact subset C of A there exist ¢ > 0 and ¢ > 0
such that for each € € (0,€p) and (s,d,t) € C the operator Ls qat is invertible and

ILsasdll = clloll ¥ € Kiqe
Proof. We argue as in Lemma 1.7 of [15]. O

Now we are in position to solve equation ([I2]).
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Proposition 2.2. For any compact subset C of A there exist €y, c,0 > 0 such that
for each € € (0,¢0) and (s,d,t) € C there exists a unique ¢g 44 € Ksl,d,t such that
@) holds and

1 g
(14) H¢§,d,tH < ezt
Proof. We estimate the rate of the error term
(15) Rsae=Tiqe (Veae —i* [fe(Vaar))

in Appendix B. Then we argue exactly as in Proposition 2.3 of [3]. O

The critical points of the energy functional J. : H{(Q) — R defined by

2
Q

Je(u) == 1/a(a:)|Vu|2d3:— p%e/a(:zr)hﬁp_edx
Q

are the solutions to problem (&]). We define the reduced energy functional jé A —
R by

Je(s.d.t) = J(Veae + $ae)
The critical points of J. are the solutions to problem (3]

Proposition 2.3. The function Vs at + ¢S q4 is a critical point of the functional
Je if and only if the point (s,d,t) is a critical point of the function J.

Proof. We argue as in Proposition 1 of [2]. O

The problem is thus reduced to the search for critical points of jé, so it is
necessary to compute the asymptotic expansion of J.

Proposition 2.4. In case ([{) it holds true that

(16)
je(s, d,t) = (c1 + caeloge) Za(si)
K S\ n—2
+ ez cza(s;) + ca(Va(s;), v(si))ti + csals;) (;—;) — cpa(s;)logd;| + o(e),
i=1 '

Cl-uniformly on compact sets of A. Here the c;’s are constants and cy,cs,cq are
positive.

Proof. The proof is postponed to Appendix C. O

Proposition 2.5. In case ([IQ) it holds true that

(17) Je(s,d, t) = Jo(d, t) = a(&) [c1 + ceeloge + cse] + e¥(d, t) + o(e),
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C°-uniformly on compact sets of A. Here

AT (Y7 L s coray [
‘ 2t; ] v |ti —tj|n_2 |ti+tj|n_2

£
— Cga(fo)z log dl

i=1
where the c;’s are constants and cy,c5,cg are positive.
Proof. The proof is postponed to Appendix C. O
Proof of Theorem[1.3. Firstly, by Proposition 2.4l we get

Jo(s,d,t) = (c1 + caeloge) Za(si) + O(e),
i=1
C'-uniformly on compact sets of A. Then, since &, . .., &, are non degenerate critical
points of a constrained to the boundary of €, if € is small enough there exist
Se := (S1,e,- -, Sk,ec) such that each s; . — &; as € goes to zero, and VsJc(se,d, t) = 0.
Secondly, by Proposition 2.4 we also get
Jo(se,d,t) — (c1 + caeloge) Za(siyé)
i=1
=€ Z [@,a(si,e) + ca(Va(sie), v(sie))ti
i=1
d. n—2
+ csa(sie) <#) — cpa(Ssie)logd;| + o(e)
=e lcsa(&) + ca(Va(&), v(&))ti
i=1
d. n—2
+ esa(&;) (i) — cga(&;)logd; | + o(e).

It is easy to verify that the function

(d,t) —>zﬁ:

has a minimum point which is stable under COperturbations. Therefore, _there
exists a point (de,tc) such that Vg ¢)Je(Se, de, tc) = 0. Thus, the function J. has
a critical point and the claim follows from Proposition 2.3 ([l

di

ca(Va(&), v(&))ti + csa(&i) (%

n—2
> — CGCL(&) 10g d1‘|
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Proof of Theorem[I]] In this case £ = 2 and function ¥ defined in (I8) reduces to
¥(d, t) = cafa(éo), (%)) (t1 + t2)
d \"7? | [(d\"? ne2 1 1
— — 2(drd2) = -
+ C5G/(§0) {(2t1> + (2t2 + ( 1 2) B |tz _ tj|n72 |tz + tj|n72

— cga(&o)(log dy + logda).

It is easy to verify that it has minimum point which is stable under C°-
perturbations. Therefore, from Proposition 2.5 we deduce that, if € is small enough,
the function J, has a critical point. Now the claim follows from Proposition2.3l [

Remark 2.6. The symmetry assumption (a2) allows to overcome some technical
difficulties which arise when looking for a solution whose bubbles collapse to the
same point. Indeed, the problem arises when we study the reduced energy and we
have to compute the contribution of each peak and the interaction among the peaks.
The contribution of each peak is clear: it is given by the distance from the peak
to the boundary as in (64) and by the value of the function a at the projection
of the peak onto the boundary as in (B8). On the other hand, to compute the
interaction among the peaks (see (BH)) it is important to compare the geodesic
distance d(s;, sj) between the projections of the peaks onto the boundary with the
distance |n;v(s;) — n;v(s;)| between the normal components of the peaks. To have
a good expansion the distance d(s;,s;) should be negligible with respect to the
distance |n;v(s;) —n;v(s;)|. But then, in order to find a criticality in the points s;,
we need to go further in the expansion and computations become too tedious. If
the domain 2 and the function a are symmetric, we can overcome this difficulty
just by assuming that the peaks satisfy (III), so that d(s;,s;) = 0. In this case the
interaction among the peaks is clear and it is given in terms of the Green function
of the Laplace operator on the half-space (see (6H)).

APPENDIX A. BOUNDARY ESTIMATES OF THE GREEN FUNCTION

In this section we establish the technical estimates we used in the previous part.
We denote by G(x,y) the Green function of the Laplacian with Dirichlet boundary
condition and by H(z,y) its regular part, i.e.

1
n(n — 2)wp|z — y[" =2

G(.I,y) = —H(.I,y),
where w,, is the volume of the unit ball in R™.

First of all, we need an accurate estimate of H(x,y) when the points z and y
are close to the boundary. Let us introduce some notation. For n > 0 we write
Q, = {z € Q : dist(z,00) < n}. We fix n small enough so that the orthogonal
projection p : o, — 092 onto the boundary is well defined, i.e. so that for each
x € (y, there is a unique point p(z) € 0 with dist(z,0Q) = |[p(z) — x|. Set
d, = dist(z,09Q), p, := p(x), and v, = v(z), where as before v(x) denotes the
inward normal to 02 at x. For x € Q, we define Z := p, — dyvy = = — 2d,V,.
Thus, Z is the reflection of z on 0€).
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Lemma A.1. There exists C > 0 such that

1 Cdy
19 Hz,y) — — <
" D G| S g
1 c
20 Vo | H(z,y) — — >‘S
2 v (100 - s )| < =i
for all x € Q,, and y € Q. In particular, there exists C > 0 such that
c
(21) OSH(%Z/)SWa r €y, ye
and

Proof. For convenience we set
1
x(z,y) = H(z,y) = ————
(@20) 1= Ha) = =y
for x € Q, and y € Q. Note that there is ¢ > 0, only dependent on n and 7, such
that |7 — &| < clz — ¢| if z € Q,, and € € B(x,d,/2). If moreover y € €, then
Tyl gyl ode/2
€ =yl € =yl €=yl
since y € Q and dist(&, Q) > d, /2.
The proof of (I9) is analogous to the proof of Eq. (2.7) in [4], with obvious small
changes. Similarly, slight modifications of the proof of Eq. (2.8) in [4] yield

(23) <1l+cg,

24 A, ) <
(24) |Azx(z,y)| PR

for all z € Q, and y € Q. Fix z,y, take r := 2y/n and set
Q:={{eR" |z = o < do/r}

Note that if ¢ € Q then ¢ € B(x,d,/2) and therefore

(25) de/2 < d¢ < 3d,/2.

Hence we obtain for ¢ € {1,2,...,n}

rn dg
102, X (2, y)| < == sup [x(&§, y)| + 5= suplAex(§, y)| by [12} Eq. (3.15)]
dz ¢coQ 2r ¢eq
< C| sup de + sup Ao by ([I9) and (24)
< —_— — y
ceoQ del€ —y|"™2  ceq de|€ —y|[" 2
< COsup ———— by (25)
geq € —yl"
C
— b °
Tz -yl v &3

Summing up this inequality over i gives (20]).
To prove (22)), note first that there is C' > 0 such that

(26) IV H(z,y)| <C  ifzeQ\Q,, ye.
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The case x € Q, relies on the estimate (20). Note that there is C' > 0 such that

(27) Z=l S ¢ forallzc,, yeo.

|z =yl
This implies that the term on the right of (20) is estimated by a constant multiple
of 1/jlz —y|" 2 ifx € Q, and y € Q. In view of (20) it therefore remains to show
that

1
“lz —yn2

C

Tz —ynt

(28) ‘V z€Q,, ye

for some constant C' > 0.
Writing 0; for 0/0x; we calculate as in [4] for any ¢ € {1,2,...,n}:

1 2-n <, _
(29) (91 = Z(JJ] — yj)aixj.

|z —y["=2 [z -y

j=1
Since T := x — 2d,v,, we find

61-@ = 61']‘ — 21/3”‘1/1]‘ — 2dm8iumj.
Using this representation in (29) yields

1
|z —y|n—2

i

(14 dy|0ivg))-

Tz =yt
By our choice of 1 we have |d,| <7 and |0;v,| < C for all z € Q,. In view of (27)
we obtain (28)) and finish the proof. O

Here and in the remaining appendices we employ the notation

1/q
= ([ 1ur)
A

for measurable A C R™ and ¢ € [1,00]. If A = Q we omit it from the notation.

Lemma A.2. Let §,61,65 € (0,1] and &,&1,& € Q,). Let & be the reflection point
of & with respect to 0N). There exists ¢ > 0 such that

(30) 0< PU&g(I) < U(;yg(a:)

and

(31) < Uselo) = PUs(o) < 0nd™ = (.9 < o2y
x — &

for all x € Q. Moreover
R () := PUs¢(2) — Use(x) + and™T H(z,)
satisfies
55
2 w0 =0—r——).
(32) [Rsela, O(dist(g,aﬂ)n)

Finally, there is B > 0 such that

n—2

(33) /|VPU51,51|PU52,52 = (6_1) o (6221+B>
Q 02

_ =2 +8
(34) |VPU6’E|n2_f2 _0(52( 1) )
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as 9,901,902 — 0, independently of &, &1, and &s.

Proof. Estimates (30), (3I)), and (B2]) follow easily from the maximum principle and

Lemma [A 1]
Note first that

n_n-2 n
(35) Usely = 0 (55757) if g > ——
and
2 27"_+2 .
(36) U o= 0 (5% 7%) ifg>1,

as § — 0, independently of &.
Recall that

(37)  VPUse(x) = /

Q

n+2

Ve (g ) Ui )

2 wn|x - y|n 2

and note that
1 C

[z —y|" 2| 7 e —ylrt

By B1), @2)), and B8], to show ([B3)) it suffices to prove

77.72
nt2 5 22248
8 [ [ U)o Ui ) dud = (6—) (a 1 ) |
+2
For simplicity, set V := Ué’; 521 and g(z) := 1/|z|""1. Set M := diam(Q2). Pick
n(n—1) n
"e ((n—1)2+1’ n—1>

and note that then r > 1 and v’ > n, where 7’ denotes the conjugate exponent of
r. Since & + 1 +1 =2 it follows as in the proof of [14, Theorem 4.2] that

(38) ]vw

,,J

/Q /Q Us, ()9 — 9)V(9) dy dz < [Usy 0 lrl9l 50000V 1

-0 (55‘%5?”32) _ (%) o) (55(1”)) ,

by ([B3) and (36). Here we have used that |g|p(o,ar),, is finite since r < n/(n —1).
On the other hand, 7 > n(n —1)/((n — 1)? + 1) implies that

1 -2
n<1——>—n +p
T n—1

for some S > 0, proving (89) and hence ([B3).
To prove ([B4]) we proceed similarly. This time we pick

e (max {1 2n 2n(n —1)
s max
"n+4] n24+2n—4

1 1 n-+2
40 - +-=1 .
(40) r+s + 2n

and define r by
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Some basic calculations reveal that s is well defined and that
n
41 1, —— .
m re i)
Similarly to the proof of [I4] Theorem 4.2], taking into account the Remark (2)
following the statement of that theorem, we obtain

|V PUs, g| 2n < |Q|B(0 M),r|V|s = 0(5_7

n+2 )

Again we have used that » < n/(n — 1) implies that the r-norm of g in the ball of
radius M is finite. Since s < 2n(n — 1)/(n? 4+ 2n — 4), there is 3 > 0 such that

n n+2 n—2
s 2 _2(n—1)+ﬁ7
proving (34). O

APPENDIX B. AN ESTIMATE OF THE ERROR

To simplify notation, from now on we write
0i == 0i.c, & =&, Ui :=Us,z,.
Next, we estimate the error term defined in (IH).
Lemma B.1. It holds true for some o > 0 that

|Real =0 (47).

Proof. We estimate Rg q¢ in case (I0). The estimate in case (7)) is easier and can
be obtained after minor modifications of this argument.
From the definition of i* we deduce that

| Reaell = O (|=div (a(@)VVaas) = o) fe (Vo) 22; )
=0 (|-VaVVeas - a(2)AVeas — al@)fe (Voa)l 2z, )

=0 (ZWGVPUiLﬁZ) +0 (ZW(CU) [f(Us) — f(PUi)“n?fz)

| < Zf (PU;) ZPU )

+O(|a(:c)[ (Va,a,e) = fe ( Sdt)]ln%‘z)
=L+ I+ I3+ Iy

(42)

To estimate [; recall that §; = O (e%) on compact subsets of A. By B34) we

get, for some o > 0,
140
(43) VaVPU;| 2 = O (62+ )
Let us estimate Ip. By 3I) for some o > 0 we obtain
(44) la[f(Us) = f(PU)]| 22,
=o (- 2(PU Ui)l 22, ) + O (I1PUs = Ui~ 2, ) = O (347),
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because by BI)) (using also @) with ¢ = (n +2)/4)

(45) ||PU; = Ui~ 20, = |PU; = Uif2s
n n—2

4%0( i:) =0 (57 )

and by Hoélder’s inequality for some o > 0 (using also @7) and @8) with ¢ ~ 1
when n <6 or g ~ (n+2)/8 whenn >7)

1
|z — &2

n_2 1

UP2(PU; = Uy)| 20 =6, 2 O(|Ui|p_28nq )O 3
n+3 T |z — &P 2| __2ng

@ DT

nt2_,
(46) 19 <<5_) ) if n > 7
€
n—=2—oc
O((%) ) if n <6,

with
0 (62) ifn>7and 1<q< ™2,
47 U . = iz,
(=22 O <5i 24 > if n <6and ¢ > 22,
and
1 n— n
48) | ———— :0(57“*#)
|z — &2 | _2ne__
@ D(nT2)
2
ifnZGandq>1orn§5and1<q<761;.
-n

Let us estimate I3. We set

(49) ni= min{d(gl,ag),d(gz,ag), Lf“"}
We have
(50) |a(x) {Z F(PU;) — f(Z PUiﬂ N

_O<

> f(PU) - f<z PUl-)

i

Q\UiB(fivn)vnzfz>
+O<Z f(PUi)—f(ZPUi> )
Z P B(&in), 725

+ O(Z ZIf(PUj)|B(5i,n>7f—f2)’

i g
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because

Zf PU;) (ZPU)

QUi B(&i,m) 57205

_ o(zw by ) =O (Z (%))

and if j # ¢
(52)

-0 6j +
|f(PUj)|B(Ei, ), n2f2 - | J|B(£l n), 522 (lU |Q\B(£])n) 2n_ ) - ; .

Moreover

- f(z PUi)
i B(&im)s 72

2 —2
=0 (|Uzp (PU; — Ui)|B(£¢,n),f—$2) + O(ZWZP UJ'|B(&777)7%>
i

+0(||PU Uil" Y e, . )+O(Z|Up e H)
JFi

and the first term is estimated in ([@g), the third term is estimated in (@H), the
fourth term is estimated in (52]). The second term is estimated using (A7) and [@S)
(with ¢ ~ 1 when n <6 or ¢ ~ (n+ 2)/8 when n > 7) as follows

(53) |UP™°Ujl p(es ), 2o

7])"—+2

— ”2
=570 (Wt ) )0 <
5\ F e
10, ((—) ) ifn>7
€
n—2—o
(0] <<é> ) if n <6,
€
for some o > 0.

Arguing exactly as in Proposition 2 of [24], we can estimate the last term Iy by

(54) |a(z) [f (Vsae) = fe ( sdt)”% =0 (¢|lnel).

1
|z — &;|"—2

2n
B(éiﬂ?%M)

O

APPENDIX C. AN ESTIMATE OF THE ENERGY
It is standard to prove that
Jo(s,d,t) = J. (Vaar) + hoo.t.

(see for example [3] or [2]), so the problem reduces to estimating the leading term
Je (Vs,at) - We will estimate the leading term in case (I0), because the expansion
of the leading term in case () is easier and can be deduced from that. We also
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assume ¢ = 2, because with some minor modifications we treat the general case.
Therefore, the estimate will be a direct consequence of Lemma (C.3]) and Lemma

For future reference we define the constants

1
55 =a? [ ———dy,
(55) 7 n/(1+|y|2>n Y
R’n
1
56 Y2 = aﬁ/ind%
(%) 1+ |y2)==
R’n
1 1
(57) V3 = ab, / 5 log —dy
2 (T+1yl?) 1+ |y2)*=

We start with the following key estimates.
Lemma C.1. The following estimate holds true:
(58) / a(z)UPdx = yia(s1) + (Va(s1),v(s1)) mitie + O (€7) .

B(&1,m)
Here n is choosen as in ([49).

Proof. We split the left-hand side as
(59) / a(z)UVdx = / a(s1)Uydx + / (a(x) — a(&)) U dx.

B(&1,m) B(&1,m) B(&1,m)
We deduce

(60) | atevta = el +0 (2—) |
B(&1,m)

By the mean value theorem we get
a(01y +&1) — a(é1) = a(d1y + mv(s1) + s1) — a(éo)
= (Va(s1),v(s1)) m + 01 (Va(s1),y) + R(y),

where R satisfies the uniform estimate
(62) |R(y)| < ¢ (63 ly* + Srvmly| +n7) for any y € B(0,1/61).

Therefore we conclude

(63) / (az) — a(6)) Ulde

(61)

B(&1,m)
1
= p - 1 L [.2\n
o[ oy met) +50) = alon)) T
B(0,n/51)
1

=aP / [(Va(s1),v(s1)) m + 61 (Va(s1),y) + R(y)] Wdy

B(0,n/51)

= (Va(s1),v(s1)) am + O(117).
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Lemma C.2. The following estimates hold true:

B d n—2
(64) / a(z)UP™! (PU, — Uy) dz = —~a(s) )e (2—;1> + 0 (e'1)
B(&1,m)
and
(65) / a(z)UP~ PUydx
B(&1,m)
O (') ifs1 # s2,
n—2
_ J m2a(&o)e (drdz) = X
1 1 Ito )
. ('tl—t2|n_2_ It1 +t2|"_2)+0(€ ) For ==t

for some o > 0. Here n is choosen as in ([@9).

Proof. First we prove (64)). By Lemma [A] and Lemma [A2] we get

(66) / a(x)UP~ (PU, — Uy) dx

B(&1,m)
= / a(a:)Ui”*l (—an(Sln%H(fE,fl) + R51,El) dx
B(&1,m)
_ 1
= —ozﬁﬂl 2 / a(51y+§1)H(51y+§17§1)Wdy
B(0,n/61) Y
+o((3))
m
1 1
= —absp? / Sy + - ~d
1 a0 + 1) Dy + & —&l" 2 1+ [y2) " g
B(0,n/481)
6 n—2 5 n
co((B) a)vo((2))
Uit m
&1 )"‘2 1
=—ap | 5— a(sl)/iwdy
<2m FACEVEES
6 n—1 6 n—2
+O<(—1> >+O<(—1) 771>,
m m
because

|61y + & — &i| = |01y + 2mr(s1)] > 21 — |61y > m for any y € B(0,n/61).

and by mean value theorem

1 1 61|y|>
a(dyy + =a(s1)+ 0O and = = —i—O(— .
Ot e) =ala) = Olm) and e g ~ G2 O
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Next, we prove ([G5). By Lemma [A22]

(67) / a(z)UP ™! PUydz

B(&1,m)

_ / @)U (Vs — 00dy™ H(z,6) + Ree, ) do
B(&1,m)

n—2

1
= ah(0102) 2 a(01y + &) ——mgm ¥

14+ y|12)—=
B0/5) (1+yl?)

1
n—2d — H(61y + , d
" <(5§+ 01y + &1 — &[?) 7T y—HOw+& 52)) Y

n42
n-20g2

2

n—2 1
= ai(5162)7 / a(ély—l—gl)jx
(I+1yl*) =
B(0,n/61)

1 1
x n—2 = dy
<(5§ Hlohy+ & —&P)T |y +& - §2|"‘2>
n—2 n+2
0109) = o 52
o[ o w5

2

= aﬁ(5152)n?2a(§0)( . - . )/( : arz 4y

I —m2["72 422 2 A+l

n—2 n—2 nt2
0102) 72 0102) 2 n=2 00 2
+0 <7( - jzl ) +0 <7( : jzl 51) +0 <(5152)T 2 ) ;
n n Up)

because for any y € B(0,7/1) we have

|61y + & — &o| = |01y + (m +m2)v (&) > m +n2 — |61y > 7

01y + & — &l = & — &l — [0yl =7
and by mean value theorem a(d1y + &1) = a(&o) + O (1) and

1 1
(O3 + 01y + & — &)2)= |y +& — &2
1 N 1 +0(51Iy|+5g>.

I N T el
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Lemma C.3. The following estimate holds true:

Jo (Va) = 2 2 210(6o) + 7 (Va(6o), v()) et +12)] + galéo)x

2p
n—2 n—2 L
(2d_1511> " (2d_f22> 2 {did) T (|t1 - 12|"’2 R 12|"2)] ‘
+0 ('),
for some o > 0.
Proof.
(68) Jo (Va.as) = % / a(z)|VVsa|de — % / a(r)|Vs.at|Pdz

Q Q

We estimate the first term at the R.H.S. of (68). We write

(69) / a(x)|VVa t|*dx

Q

= /a(x)|VPU1|2dx+/a(a:)|VPU2|2dx— 2/a(x)VPU1VPU2dx
Q Q Q
Let us estimate the first term in (69). The estimate of the second term is similar.

Let us choose 1 as in ([{@3). We get

/a(:b)|VPU1|2d;v = —/div (a(x)VPU,) PUydx

Q Q

=— / (a(x)APUy) PUydx — / (Va, VPU,) PUrdz
Q Q

(70) = / a(z)UP~' PU dz — / (Va,VPU,) PU,dx
Q Q
= / a(x)UP~' PUdzx + / a(z)UP~' PUdx
B(&1,m) N\ B(&1,m)
- / (Va,VPU) PUydx
Q

By B3) we deduce for some 3,0 >0

n-2
71 Va, VPU,) PUsdz < C | [VPU,|PUdz = O (67 ) = 0 (7).
1
Q Q
By Lemma we also deduce

(72) / a(x)UP"' PUdz = O (<ﬁ>n>

€
Q\B(&1,m)
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and
(73)
a(z)UP~ ' PUdz = / a(z)UVdx + / a(z)UP™ (PU, — Uy) da.
B(&1,m) B(&1.m) B(&1,m)

The first term is estimated in Lemma[CJ] and the second term is estimated in (64])
of Lemma
It remains only to estimate the last term in (63]).

/a(a:)VPU1VPU2dx = - /div (aVPU;y) PUsdx
Q Q
(74) = —/(aAPUl)PUQd,T —/<VG,VPU1>PU2dJJ
Q Q
= / a(z)UP ™! PUyda — / (Va, VPU,) PUsdz.
Q Q

We have
(75) /a(x)Uf*PUde = / et
Q B(&1,m) Q\B(&1,m)
and
(76) / a(z)UP ™! PUydz
Q\B(&1,m)
nt2 n-—2 1 1
—o|87% s, / TR R
Q\B(&1,m)
e 1 1
— 9 9%
=0 nn / |y|n+2 |y + &1—6& |n—2 dy
R\ B(0,1) n

nt2 n-—2
:O 512 522
nn

The first term in (73] is estimated in (B8) of Lemma [C.21
Finally, as in the proof of (1], from ([B3]) we obtain

(77) / (Va,VPUs) PUrdx = O (€'*7),
Q

since 0 < C7 < §2/61 < C3 on compact subsets of A.
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We estimate the second term at the R.H.S. of ([@8). We write

/a(;v)|Vd)t|pd;v /a(:b)|PU1 — PUyPdx
Q Q

(78) = /a<:v) (IPUL = PUo|? — |Uh[" — |U2[P) d
Q

+/G($)(|U1|p+|U2|p)dI
Q

The last two terms in (8) are estimated in Lemma Let us choose 1 as in

9).

We split the first integral as

(79) /a(:b) (IPUs — PUJP — |Uh [P — [Us]P) da

) S [

B(&1,m) B(&2,m) OQ\(B(&1,mUB(§2,1))
From Lemma [A.2] we deduce
(80) / a(x) (|PU; — PUs|P — |U1|P — |Us|P) dx
OQ\(B(&1,mUB(&2,m))
p L 7P oy | 0y

O\ (B(&1,m)UB(&2,m))

We now estimate the integral over B(&1,n).

(81) / a(z) ([PUs — PUJP — |UA[P — |Us[P) dar

B(&1.m)
=p / a(z)UP~ (PU, — Uy — PU,) dx
B(&1,m)
L _21)p / a(z)|Uy + 0 (PU, — Uy — PU) |P~2 (PU, — U, — PUs)* dz
B(&1,m)
- / a(x)|Usz|Pdx
B(&1.m)

=p / a(z)UP™" (PU, — Uy — PUs)dx + 1,

B(&1.m)
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where I is defined and estimated as

(82)
~1
= > ) / a(@)|Uy + 0 (PU, — Uy — PUy) P=2 (PUy — Uy — PUL)% dw
B(&1,m)
/ a(x)|Us|Pdx
B(&1,m)
( UP~2(PU, — Uy)’dax | + O / UP2U2da
B(&1,m) B(&1,m)
( |PU1 Ullp + o / |U2|pd$
B(&1.m) B(&1,m)
:o(|Up 2 (PUL = U)| (e, 2, | PUT — U1|B(Em)’%>
p—2
+ O (| U2|B(£1,77 ) 522 |U2|B 517,,)7%)
p p
+O (1P =Tl o )+ O (02 ) )
=0 ('),

for some o > 0, because of estimates [{@3]), (6l), (52) and [G3).
The first term in (8] is estimated in (64) and (65]) of Lemma [C.2]
Finally, we estimate the integral over B(&3,n)

(83)

/ a(z) (|PUy — PUSJP — U1 [P — |Us[P) da
B(&2,m)
=-p / a(z)UY™" (=PUy + Uy + PU,) da

B(&2,m)

(p—1p b2 2

+ 5 CL(ZE)|U1+9(—PU2—|—U2+PU1)| (—PU2+U2+PU1) dx
B(&2,m)

- / a(x)|Up |Pdx

B(&2,m)
=p / a(x)UL~! (PUy — Uy — PUY) dax + J,

B(&2,m)

where J is estimated exactly as in (82]), while the first term in (83) is estimated in
(©4) and (63) of Lemma [C.2]

We collect all the previous estimates and we get the claim. O
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Lemma C.4. The following estimate holds true:

1 1
(84) —/a($)|VS,d,t|p7€d$: _/a(x)“/s,d,tlpdl’
p—e Q b Q

1 1 _
el / a@)VaaslPde — / a(2)Vaae P log |Vaa.ldz | + o(e)
Q Q
71 T1CQn 73
= |a(s1) + a(s —- — — — —
afor) + alsa)] (3 - 292 - 22)
n—2
5 1 [a(s1)log 61 + a(s2) log d2] € + ofe).
Proof. We argue exactly as in the proof of Lemma 3.2 of [9]. O
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