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UPPER BOUNDS FOR THE DIMENSION OF MODULI SPACES
OF CURVES WITH SYMMETRIC WEIERSTRASS SEMIGROUPS

ANDRE CONTIERO AND KARL-OTTO STOHR

ABSTRACT. We present an explicit method to produce upper bounds for the
dimension of the moduli spaces of complete integral Gorenstein curves with
prescribed symmetric Weierstrass semigroups.

1. INTRODUCTION

Let .#3 be the moduli space of the smooth complete integral pointed algebraic
curves with a prescribed Weierstrass semigroup H of genus g. There are two im-
portant estimates on the dimension of .#%;. On the one hand, Eisenbud and Harris
[EH], arguing that locally .#% is the pullback of Schubert-cycles from a suitable
Grassmannian of (g—1)-planes, obtained the lower bound 3g — 2 — w(#) for the
dimension of any irreducible component of .#% , where w(#) denotes the weight
of H . As follows from their theory of limit linear series, this bound is attained for
some component of .#4 , if w(H) < &, or more generally, if H is a primitive semi-
group of weight smaller than g (cf. [EH, theorem 3], [K]). However, if the weight
is large, as in the case of symmetric semigroups, then their bound may be far from
being sharp, and it may even be negative.

On the other hand, a theorem of Deligne [D, theorem 2.27], whose proof in-
volves an interplay between three different moduli spaces, provides the upper bound
dim A3 < 2g—2+A(H), where A(H) > 1 stands for the number of gaps ¢ such that
¢+ n is a nongap for each positive nongap n (cf. [RV, section 6]). If the semigroup
is symmetric, then Deligne’s upper bound is equal to 2g — 1. By using the work of
Kontsevich and Zorich [KZ], it has been noticed by Bullock [Bu] that for each g > 3
the upper bound is attained exactly on the three symmetric semigroups with the
gap sequences {1,...,9—1,29—1},{1,...,9—2,9,29g—1}and {1,3,5,...,2g—1}.

In this paper we assume that H is a numerical symmetric semigroup. Looking
for an upper bound for the dimension of the moduli space .#% , we view .#y
as an open subspace of the compactified moduli space .# 4 which is defined by
allowing arbitrary Gorenstein singularities. By varying the construction of ./
presented in [S], in Section 2 we realize .# # in a rather explicit way as the weighted
projectivization P(X3) of an affine quasi-cone Xy, , i.e. of a subset X3 of a weighted
vector space cut out by quasi-homogeneous equations. We approximate the quasi-
cone Xy at its vertex by a quadratic one, whose weighted projectivization provides
us with an upper bound for the dimension of .#Z# (cf. Theorem 3.1). We explain
that it is much easier to compute the quasi-homogeneous quadratic forms that
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determine the quadratic approximation than the equations of the moduli space
M.

In the last section we illustrate the method by handling explicitely with the
family of symmetric semigroups

H, =<6,2+67,34+67,4+ 67,5+ 67>

of genus g, =67+1 (7 =1,2,...). The quadratic approximation of the quasi-cone
Xy, can be described in terms of a variety defined over an artinean algebra (cf.
Theorem 4.4). Its dimension can be read off from this description, providing the
upper bound 87 + 5 for the dimension of .#4_, which for each 7 > 1 is better
than Deligne’s bound 2¢g, —1=127+1.

T

2. ON THE CONSTRUCTION OF THE COMPACTIFIED MODULI SPACE .4 «

Let C be a complete integral Gorenstein curve of arithmetic genus g defined over
an algebraically closed field k, and let P be a smooth point of C. We denote by H
the Weierstrass semigroup of the nongaps 0 = ng < ny; < ng < ... of the pointed
curve (C, P). Thus for each n € H there is a rational function x,, on C with pole
divisor nP. We can assume that xgp = 1. For each nonnegative integer ¢ the vector
space of global sections of the divisor n; P is equal to

H°(C,n; P) =ka,, ®kx,, @ - Oka,,

and in particular it has dimension ¢ + 1. It follows from Riemann’s theorem for
complete integral curves with singularities that

n; =g-+1 foreachi>g
and so the Weierstrass gap sequence consists of g elements, say
1=l <ly <<y <29 —1.

We suppose that the last nongap ¢, is equal to 2g—1. This means that the semigroup
‘H is symmetric, or equivalently, it has the property that a positive integer ¢ is a
gap if and only if ¢, — ¢ is a nongap, i.e.

n,=29—1—4y_, (1=0,...,9—1).
Thus ng_1 = 29 — 2 and H°(C, (29 — 2)P) is spanned by the g functions z,,
Tpys..., Ty, . Hence dim HY(C, (29 — 2)P) = g and so (2g — 2)P is a canonical
divisor. We also suppose that ¢ = 2, or equivalently, the Weierstrass point P is

nonhyperelliptic. Therefore by a theorem of Rosenlicht the canonical morphism of
the complete integral Gorenstein curve C is an embedding

(Tpg : Tpy 2o iy, ) 1 C = P9t
(see [KM, theorem 4.3]). Thus C becomes a curve of degree 2¢g — 2 in the projective
space P71 and the integers ¢; — 1 (i = 1,...,g) are the contact orders of the curve
with the hyperplanes at P=(0:---:0:1).

Conversely, the numerical symmetric nonhyperelliptic semigroup H can be real-
ized as the Weierstrass semigroup of the canonical monomial curve

CO = {(ambfs™ s ampfo Tl o) | (0 b) € P C PO
at the point P. The curve C(? is rational and has a unique singularity, namely the

unibranch point (1:0: ---: 0) of multiplicity n; and singularity degree g (see [S,
p. 190]).
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To study relations between generators of the ideal of the canonical curve C C
P9~1, we consider the spaces of global sections H°(C, r(2g — 2)P) of the multi-
canonical divisors 7(2g — 2)P, and construct P-hermitian r-monomial bases, i.e.
bases consisting of r-monomial expressions in x,,,...,Tn, , whose P-orders are
pairwise different (cf. [O]).

Lemma 2.1. Let 7 denote the largest integer such that n, = 7ni. A P-hermitian
basis of H°(C, (4g — 4)P) is given by the products

Inoxn]‘ (.]20759_1)

T, Tn,_; t=1,...,7, j=1,...,n —1)

T, Tn, ; (i=7+1,...,9—1, j=1,...,n; —n;—1)
$n7+1$€97T71+kn1 (kZ 1,...,7’— 1).

Proof. Since by Riemann’s theorem the dimension of HY(C, (4g — 4)P) is equal to
3g — 3, we have only to convince ourselves that the above products are 3g — 3 in
number and have pairwise different pole orders at P (see [S, proposition 1.4]). O

For each nongap s < 4g — 4 we list the partitions of s as sums of two nongaps

< 2g — 2, say
s =as; + bs; where ag <bgy (i=0,...,vs)
and abbreviate
as := asp and bg := by .

The 3¢ — 3 products x,,xp, form a P-hermitian basis of the space of global sections
HO(C, (49—4)P) of the bi-canonical divisor (4g—4)P. If as < as; < -+ < as,, then
it coincides with the basis displayed in Lemma 2.1. However, we will not always
work with this assumption.

Lemma 2.2. For each integer r > 3, a P-hermitian basis of H°(C, r(2g — 2)P) is
given by the r-monomial expressions

L ) (]:0,79—1)
Ta, Lo, Ty, (t=0,....,7—2, s=2g,...,49—4)
TnyT2g—ny Tny T, , (1=0,...,7=3)

where the powers of o = 1 have been omitted.

Proof. Let n be a nongap not larger then r(2g — 2). We look for a monomial
expression zy, in Zn,,...,on,_, of degree < r with pole divisor nP’. We proceed by
induction on r. If n < (r — 1)(2g — 2) then we apply the induction hypothesis and
pick up the corresponding basis element of H°(C, (r — 1)(2g — 2)P). Thus we may
assume (r — 1)(2g —2) < n < r(2g —2). If n = 4g — 3 then » = 3 and we take
Zp 1= Tp, T2g—n, T2g—3. 10 the remaining case we apply the induction hypothesis to
n —2g + 2 and take z, 1= zp_2g42 Tag—2. [l

As becomes clear from the preceding proof, we can normalize the functions x,
in a way that for each r > 2 the functions z,, with n < r(2g — 2) are the above
basis elements of H°(C,r(2g — 2)P).

Let I(C) C k[Xyy, Xpn,,..., Xy, ;] be the homogeneous ideal of the canonical

curve C C P91 ie.
1= 1)

r=2



4 ANDRE CONTIERO AND KARL-OTTO STOHR

where I,.(C) is the vector space of the r-forms that vanish identically on C. As an
immediate consequence of the existence of a P-hermitian r-monomial basis for the
space of global sections of the multi-canonical divisor r(2g—2) P, the homomorphism

k[XnoaXnn s 7Xng,1]r — HO(C, T(2g — 2)P>

induced by the substitutions X,,, — x,, is surjective for each r (as predicted by
a theorem of Noether). Thus by Riemann’s theorem the codimension of I,(C) in
the ("79")-dimensional vector space k[Xpn,, Xn,, - .., Xn, | of r-forms is equal to
(2r—1)(g—1). In particular, the vector space of quadratic relations has dimension

dimL,(¢) = Y29 =3 2)2(9 -3
We attach to the variable X, the weight n. For each integer r > 2 we fix a vector
space A, in k[X,,, Xp,,..., Xy, ] spanned by the lifting of a P-hermitian r-
monomial basis of HY(C, r(2g — 2)P), or equivalently, a vector space spanned by
r-monomials in X, Xp,, ..., Xn, , whose weights are pairwise different and vary
through the nongaps n < r(2g —2). Since A, NI (C) =0 and

dim A, = dim H°(C, r(2g — 2)P) = codimI,.(C),

we obtain

k[ Xno, Xnys-o s Xny_yJr = Ar @ 1.(C) for each r > 2.
For each nongap s < 4g — 4 and each integer ¢ = 1,...,v, we have z, %y, €
H°(C, sP) and so we can write

S
!/

Lag; Thy; = Z CsinZa, Lo,
n=0
where the coefficients ¢y, are uniquely determined constants and where the dash
indicates that the summation index n only varies through nongaps. Multiplying
the functions xp,,...,z,,_, by constants we can normalize

Csin = 1 whenever n =-s.

By construction the quadratic forms
s—l/
Fo = Xa, Xp,, — Xa. Xo, = > CoinXa, X0,
n=0
vanish identically on the canonical curve C. They are linearly independent, their
number is equal to (/') — (39 —3) = 1(g — 2)(g9 — 3), and hence they form a basis
of the vector space of quadratic relations I5(C).

We attach to each coefficient cg;, the weight s — n. If we consider Fy; as a
polynomial expression not only in the variables X,, but also in the coefficients cg;p,
then it becomes quasi-homogeneous of weight s.

To assure that the canonical ideal I(C) is generated by quadratic relations, we
need assumptions on the semigroup H. In the following we will always suppose
that the symmetric semigroup H satisfies

3<nyi<g and H#<4,5>

ie. H is different from N\ {1,...,9 — 1,29 — 1}, <2,29+ 1>, <3,9+ 1> and
<4,5>. In the excluded case where n; = 3, respectively H = <4,5 >, the canonical
curve C C P91 is trigonal, respectively isomorphic to a plane quintic, and one may
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easily check that the intersection of the quadratic hypersurfaces containing C is
an algebraic surface, or more precisely, a rational normal scroll, respectively the
Veronese surface in P5.

By a theorem of Oliveira [O, theorem 1.7] it follows from the assumptions on the
symmetric semigroup H that v > 1 whenever s =n; +2g—-2and¢=0,...,9—3.
Thus we can assume that

(as1,bs1) = (ni,29 —2) whenever s=n;+2g—2 and i=0,...,9—3.

Moreover, in this case we may assume that by = byg is the largest nongap smaller
than n; + ¢4_;—1 (see [S, proposition 1.7]).

The canonical curve C C P971 is contained in the g — 2 quadratic hypersurfaces
V(Fni4+2g—2,1) (i = 0,...,9 — 3), which intersect transversely at the Weierstrass
point P. Thus in an open neighborhood of P, the curve C is the intersection of
these g—2 hypersurfaces. Therefore the g—2 quadratic forms F,,, {2421 determine
uniquely the integral curve C, and in particular determine the remaining %( 9—2)(g—
5) quadratic forms of the basis of I5(C). We will make this explicit, by constructing
syzygies of the canonical curve.

It now follows from the Enriques-Babbage theorem that the canonical integral
curve C is non-trigonal and not isomorphic to a plane quintic (see [ACGH, p. 124]).
Moreover by Petri’s analysis, at least in the case where C is smooth, the canonical
ideal I(C) is generated by quadratic relations (see [ACGH, p. 131]).

We will give an algorithmic proof that the ideal I(C) of the (possibly nonsmooth)
canonical curve C C P91 is generated by the quadratic forms F,;. We first treat
the canonical monomial curve C(?),

Lemma 2.3. The ideal 1(C(?)) of the canonical monomial curve C® C P9~1 s
generated by the quadratic binomials

FO = X, Xp,, — Xa, X0, -

Proof. Let 19 be the ideal generated by the binomials F S(ZO ). Since the ideal I(C(®))
is homogeneous and quasi-homogeneous, it is enough to show that a homogeneous
and quasi-homogeneous polynomial belongs to I(9) if it belongs to I(C(?), i.e. if the
sum of its coefficients is equal to zero.

In this proof we do not need the assumption an,424-2,1 = n;, and so with-
out loss of generality we can assume that as < as1 < -+ < as,, for each s. We
further assume that the vector spaces A, are obtained by lifting the bases dis-
played in Lemma 2.1 and Lemma 2.2. To apply Groébner basis techniques, we order
the monomials HZ;(l) X}l’jc according to the lexicographic ordering of the vectors
> ik, > Nk ik, —lo, —ig—1,...,—i1). Using our assumptions on the semigroup H ,

Z-O )} of 1) to a Grébner basis by adding certain sums

of cubic binomials :l:XnFS(?) of the same weight (see [S, pp. 196-198]).
Let F' be a homogeneous polynomial of degree r. Dividing F' by the Grébner
basis, the division algorithm provides us with a decomposition

F=Y GuF{+R

we can enlarge the basis {F/ S(

where R € A, and Gg; is homogeneous of degree r — 2 for each double index si . If
F is quasi-homogeneous of weight w, then each G; is quasi-homogeneous of weight
w—s, and the remainder R is the only monomial in A,. of weight w whose coefficient
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is equal to the sum of the coefficients of F. Therefore, if F' € I(C(*)) then R = 0
and F € 10, O

Syzygy Lemma 2.4. For each of the %(g —2)(g — 5) quadratic binomials F( )

different from F£31297271 (1=0,...,9 — 3) there is a syzygy of the form

Xag o F) + 38X, FO =0

nst

where the coefficients sffsl;l) are integers equal to 1, —1 or 0 (which will be specified
below), and where the sum is taken over the nongaps n < 2g — 2 and the double

indices st withn+s=2g—2+¢".

A weak version of the Syzygy Lemma has been obtained in [S, lemma 2.3] by
using Petri’s analysis. We will provide an elementary purely combinatorial proof.
Proof. If we put F := FS(,OZ), or F':= FS(,Z), then we can write

F=X,X, — XX,

where g, r, m and n are nongaps satisfying g +r =m+nand m <q¢g<r <n<
2g — 2. The strict inequality n < 2g — 2 is due to the assumption by; = 2g — 2
whenever s = n; + 2g — 2.

If n+ 1 is a gap then, by symmetry, the integer k := 29 — 2 — n + r is a nongap
smaller than 2¢g — 2, and we have the syzygy

Xog oF + X (X Xag—2 — XgXi) — Xg(Xp Xog-2 — Xn X3) = 0

where the binomials in the brackets can be written as F(O) F S(JO), FS(? ) or —FS(J(-)).
Analogously, if ¢ + 1 is a gap, then the integer k := 2g — 2 — ¢ + m is a nongap
smaller than 2g — 2, and we get the syzygy obtained from the previous one by
interchanging n with ¢ and r with m. Now we can assume that n+ 1 and ¢+ 1 are

nongaps. Then we have the syzygy

Xog—oF + X (XnXog—2 — Xpy1X29-3) =
X2g—3(Xq+1Xr - Xan-i-l) + Xr(XqX2g—2 - Xq+1X2g—3) : U

In the remainder of this section we invert the above considerations. Given a
numerical symmetric semigroup H of genus g := #(N \ H) satisfying 3 <ny < g
and H # <4,5 >, and given 3 (g — 2)(g — 3) quadratlc forms

Fg = F Z Cszanan )

we look for conditions on the constants cg;, in order that the intersection of the
quadratic hypersurfaces V(Fy;) in P91 is a canonical integral Gorenstein curve.

Lemma 2.5. Let I be the ideal generated by the (g — 2)(g — 3) quadratic forms
Fy;,. Then

k[ Xng, Xnysoo s Xy 1 Jr =1+ A for eachr > 2.

Proof. Let F' be a homogeneous polynomial of degree r and weight w. Let G be
its quasi-homogeneous component of weight w, and let R be the only monomial in
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A, of weight w whose coefficient is equal to the sum of the coefficients of G. Then
G — R eI(C®), and so by Lemma 2.3 there is a partition

G-R= ZGSZF ©)

Replacing each polynomial G; by its homogeneous component of degree r — 2, we
can assume that Gg; is homogeneous of degree r — 2. For similar reasons, we can
assume that each Gg; is quasi-homogeneous of weight w — s. Hence the polynomial
F -3 G4 Fs; — R is homogeneous of degree r and weight < w — 1. Now the lemma
follows by induction on w. O

Replacing in the left hand side of the Syzygy Lemma the binomials F’ S(/oz)/ and FS(? )
by the quadratic forms Fy; and Fy; we obtain for each of the 3(g—2)(g—5) double
indices s'i’ a linear combination of cubic monomials of weight < s’ +2g — 2, which
by Lemma 2.5, or more precisely, by its algorithmic proof admits a decomposition

Koy aPo+ e X = Yo X, P+ R

nst nst

where the sum on the right hand side is taken over the nongaps n < 2g — 2 and
the double indices si with n + s < s’ 4+ 2¢g — 2, where the coeflicients 777(15;)
constants, and where R, is a linear comblnatlon of cubic monomials of pairwise
different weights < s’ + 2g — 2.

For each nongap m < s’ + 2g — 2 we denote by g i the only coefficient of Ry
of weight m. Since we do not loose information about the coefficients of Ry if
we replace the variables X,, by powers t" of an indeterminate ¢, it is convenient to

consider the polynomial
s'429—3
I
Rs’i’ (tno,tnl, e ,tngil) = Z Qs’i’mtm

where the dash indicates that the summation index only varies through nongaps.

Since Ry may be obtained as a remainder in a division procedure, we can ar-
range that the coefficients gy i/ (respectively, 777(;/; /)) are quasi-homogeneous poly-
nomial expressions of weight s’ + 2g — 2 — m (respectively, s’ +2g — 2 —n — s)
in the constants cg;,. However, we do not specify a division procedure and we do
not postulate that Rs ;s belongs to Az, and so the %(g —2)(g — 5) remainders Ry
are not uniquely determinate. In practice, this freedom in the construction of R/,
allows us to make shortcuts, as we will illustrate in the last section.

Theorem 2.6. Let H C N be a numerical symmetric semigroup of genus g sat-
isfying 3 < m1 < g and H #< 4,5 >. Then the (g — 2)(g — 3) quadratic forms

Fy, = FS(? ) Zfl_:% CsinXa, Xp, cut out a canonical integral Gorenstein curve in
P9=1 if and only if the coefficients csn satisfy the quasi-homogeneous equations
0siirm = 0. In this case, the point P = (0 :---: 0 : 1) is a smooth point of the

canonical curve with Weierstrass semigroup H.

Proof. We first assume that the 1(g — 2)(g — 3) quadratic forms Fy; cut out a
canonical integral Gorenstein curve in P91, Since each R, belongs to the ideal
I generated by the quadratic forms F; , we have Ry (2ny, Tnys- -, Tn, ;) = 0 for
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each double index s’¢’. On the other hand
s/+2g—3

/
Rs’i’ (xn()) ce wfng,l) - § Os’i'm~Zs'i'm
m=0

where each 24/, is & monomial expression of weight m in the projective coordinate
functions %y, ..., Tn,_,, and hence has the pole divisor m/P. Thus the coefficients
Os’i'm ale€ Zero.

Let us now assume that the coefficients cy;, satisfy the equations gy = 0.
Since the g — 2 quadratic hypersurfaces V(F,,424-21) C P97 (i = 0,...,9 — 3)
intersect transversely at P, their intersection has a unique irreducible component
that passes through P, and this component is a projective integral algebraic curve,
say C, which is smooth at P and whose tangent line at P is the intersection of their
tangent hyperplanes V(X,,) (¢ =0,...,9 — 3).

Let Yngs---5Yn,_, be the projective coordinate functions of C with y,, , = 1.
Since ng_1 —ng_2 = f2 — £1 = 1, we conclude that ¢ := y,__, is a local parameter
of C at P, and yp,,...,Yn,_, are power series in ¢ of order > 1. More precisely,
comparing coefficients in the g — 2 equations Fy,124-2.1(Yng, - - - ,yngfl) = 0 we
obtain

Yp, =t 4 =themiTh 0 (i=0,...,9—1)
where the dots stand for terms of higher orders. Thus the ¢ integers ¢; — 1 (i =
1,...,9) are the contact orders of the curve C C P9~! with the hyperplanes. In
particular, the curve C is not contained in any hyperplane.

Since by assumption the (g — 2)(g — 5) remainders Ry are equal to zero, we
have the syzygies

X2g—2Fs’i’ + ZESS; )XnFsz - an(fs; )XnFsi =0.
nsi
Replacing the variables X, ..., X,,_, by the projective coordinate functions yp,,,
-y Yng_rs We get a system of 1(g — 2)(g — 5) linear homogeneous equations in

the (g — 2)(g — 5) functions Fy i (Yng, - - -, Yn,_,) With coefficients in the domain
(s'i")

nsi

k[[t]] of formal power series. Since the triple indices nsi of the coefficients e
respectively nflss,iz,), satisfy n < 29—2 and n+s = s’ +2g—2, respectively n < 2g—2
and n+ s < s’ +2g — 2, we conclude that the diagonal entries of the matrix of the
system have constant terms equal to 1, while the remaining entries have positive
orders. Thus the matrix is invertible, and so the equation Fy;(¥ng,---s¥n, ) =0
holds for each double index si. This shows that I C I(C) where I is the ideal
generated by the %(g —2)(g — 3) quadratic forms Fy; .

By Lemma 2.5 we have codimI, < dim A, for each » > 2. On the order hand,
since I,.(C) N A, = 0, we deduce dim A, < codimI,.(C). Since I C I(C) we obtain

codimI,.(C) = codimI, = dimA, = (29— 2)r+1—g.

Thus I(C) = I and the curve C C P9~! has Hilbert polynomial (29 — 2)r + 1 — g.
Hence C has degree 2g — 2 and arithmetic genus equal to g.

Intersecting the curve C C P9~! with the hyperplane V (X, ,—1) we get the divisor
D := (29 — 2)P of degree 2g — 2, whose complete linear system |D| has dimension
g — 1. Hence by the Riemann-Roch theorem for complete integral (not necessarily
smooth) curves the Cartier divisor D is canonical, and C is a canonical Gorenstein
curve. O
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To normalize the coefficients cs,; of the quadratic forms Fi;, we notice that the
coordinate functions z,, (n € H, n < 2g —2) are not uniquely determined by their
pole divisors nP. We assume that the characteristic of the constant field k is zero
or a prime not dividing any of the differences n — m, where m and n are nongaps
satisfying m < n < 2g — 2. Transforming

n—1
Xn o X+ > dym Xom
m=0
where the coefficients d,,,,, are constants, we can normalize %g(g — 1) of the coeffi-
cients cg;n, to be zero. More precisely, for each positive integer w the number of the
coefficients cg;y, of weight s —n = w that can be normalized is equal to the number
of nongaps m such that m + w is a nongap < 2g — 2 (see [S, proposition 3.1]).

Due to these normalizations and the normalizations of the coefficients of weight
zero (i.e. csis = 1), the only freedom left to us is to transform z,, — ™,
(1=0,...,9—1) for some ¢ € G,,,(k) = k*. We have shown:

Theorem 2.7. Let H C N be a symmetric semigroup of genus g := #(N\H) satis-
fying3 <ny < g andH #<4,5>. The isomorphism classes of the pointed complete
integral Gorenstein curves with Weierstrass semigroup H correspond bijectively to
the orbits of the Gy, (k)-action

(CyeviyCsiny o) > (0o, esing, .. )

on the affine quasi-cone of the vectors whose coordinates are the coefficients cgin
of the normalized quadratic forms Fs; that satisfy the quasi-homogeneous equations

Os’i'm = 0.
3. THE METHOD

We start this section by describing a variant of the construction of the remainders
R,/ . Instead of making induction on the weights in the variables X,,, we proceed by
induction on the degrees in the constants c,;,. We choose for each pair s’+’ and each
nongap m < 6g — 6 a cubic monic monomial Zy i/, of weight m in X, ..., Xy,
e.g. the unique monic monomial in Az of weight m. By the Syzygy Lemma the
polynomial

Gg/z)/ = X2g oF gy + ZESSZ X Fy

nsi

is a sum of cubic monomials of weight < s’ 4+ 2g — 2, whose coefficients are homoge-
1)

s'i'm
be the sum of the coefficients of its terms of weight m. We notice that g;l-,m is
homogeneous of degree 1 and quasi-homogeneous of weight s’ + 2g — 2 — m in the

constants cg;,. By Lemma 2.3, or more precisely, by its algorithmic proof, we get

an equation
GL) X elfh Zoom = Sl XD

sim

neous of degree 1 in the constants cg;,. For each nongap m < s’ +2g —2 let o

m
where the coeflicients ngf;i/)(l) are homogeneous of degree 1 and quasi-homogeneous
of weight s’ +2g —2 —m — s > 0 in the constants cs;,. Next we consider the

polynomial

G.(jz)/ = GS Z Qs i'm S i'm ngzm 1)X F Znsfni)(l F(O) FS%) ’

sim sim
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which is a sum of cubic monomials of weight < s + 2g — 2, whose coefficients are
homogeneous of degree 2 in the constants cg;,. Let Qgi),m be the sum of the coeffi-
cients of its terms of weight m. Proceeding in this way, we obtain the coefficients
of the remainders Ry ;s as sums of its homogeneous components:

Os’'i'm — Qg}z)/m + Q.(jz)’m =+ ...

The procedure stops after less than s’ + 2g — 2 steps, because the degrees in the
constants are not larger than s’ +2g — 2 —m.

To simplify the notation, we put the coefficients cg;;, of the normalized quadratic
forms Fj; in any order, rewrite them as a finite sequence cg, c1, ..., c, and denote
their weights by wg, w1, ..., w,. We also rewrite the equations 04/, = 0 by using
simple indices

0j(co,...,c)=0 (j=1,...,n)
where each p; is a quasi-homogeneous polynomial in v + 1 variables, whose homo-
geneous components g§1), 952), ... have been determined by the above procedure.
There is an action of the multiplicative group G,, := k* on the weighted vector
space k¥*! defined as follows

wo

(coy---sen) = (c"0cq,...,c"¢,) for each c € k* .

By Theorem 2.7 the isomorphism classes of the pointed complete integral Goren-
stein curves with Weierstrass semigroup H correspond bijectively to the orbits of
the G,,-action on the affine quasi-cone

{(co,...,c,,)ekwrl)|gj(co,...,cl,):(), i=1...,m}.

Linearizing the p equations we obtain a vector space
1 )
To = {(co,...c) eXH | V=0, j=1,... 1}

equipped with the induced G,,-action. To relate this with Pinkham’s work [P], we
notice that
T = Tijage

that is, T3 is isomorphic to the negatively graded part of the first cohomology group
Tli[H] Ik of the cotangent complex of the semigroup algebra k[#]|k, where the signs of
the weights have been inverted (see [S, p. 212]). To determine the vector space Ty,
we eliminate successively coefficients ¢; from the linear equation g§1)(c0, ceyCy) =
0. Let r be the smallest integer such that, after an eventual permutation, the
coefficients ¢; with ¢ > r can be eliminated from the linear equations. Then Ty
becomes the (r + 1)-dimensional weighted vector space

T = {(co,...,¢) | coy...,cr €k}

with the weight sequence wy, ..., w,. If a coefficient ¢; with ¢ > r has been elimi-
nated from the linear equations 95-1)(00, ...,¢,) =0, then it can also be eliminated
from the corresponding polynomial equation g;(co,...,c,) = 0, because by the
quasi-homogeneity it does not occur in higher order terms of the same equation.
Entering with these solutions into the remaining polynomials, after v — r steps we
obtain p — (v —r) quasi-homogeneous polynomials h; in only r + 1 variables, which

define an affine quasi-cone

Xy = {(co,---,¢r) €K hj(co,..yer) =05} C Top
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By Theorem 2.7 the quotient X3, G,, parametrizes the isomorphism classes of
the pointed complete integral Gorenstein curves with Weierstrass semigroup H.
Thus the compactified moduli space .# % can be identified with the quotient of the
punctured quasi-cone Xy \ {0} by the G,,-action

My = P(Xy) = (X \ {0}) /G C P(To)

i.e. .4 3 is isomorphic to the closed subset of the r-dimensional weighted projective
space P(Ty) = PZwo,...,wT) cut out by the quasi-homogeneous equations h; = 0.
Here the pointed monomial curve, which corresponds to the vertex o of the affine
quasi-cone X3, has been excluded, and can be viewed as the ”improper point” of
My

By construction, the linear components B

J
mials h; are equal to zero. The quadratic components h

by solving the linear equations g(l)

J
dratic expressions 95-2) (CoyevyCryCriyly--., ). We approximate Xy at the vertex

by the affine quadratic quasi-cone
Qu :={(co,...,cr) €K h;z)(co, cesCp) =0 Y5} C Ty
Theorem 3.1.
dim Ay < dimP(Qy) ie. dim.## < dim Qy .

of the quasi-homogeneous polyno-
(2)
J

=0 for ¢;41,...,c,, and entering into the qua-

can be easily computed,

Proof. Since M1 = (Xy \ {0}),/G,, we have
dim A3 = dim Xy — 1.

Due to quasi-homogeneity each irreducible component of the affine quasi-cone Xy
passes through the vertex o. Since the dimension of an integral variety coincides
with its local dimension at any point (see [E, §13, Theorem A]), we conclude that
the dimension of A% is equal to its local dimension at the vertex

dim Xy = dim, Xy
which is equal to the Krull dimension of the corresponding local ring
dim, Xy =dim Ou;,, o -
Since by local algebra the dimension of a local ring is equal to the dimension of its
associated algebra ([M, theorem 13.9]) we have
dim Oy, o = dim G(Ox;, 0)

where
G(OXHN) = 69;'21 (mXH=0)i/(mXH70)i+1 :
Geometrically, this means that the local dimension is equal to the dimension of the
tangent cone
dimo XH = dim CU(XH)
and can be seen by noticing that the projectivization of the tangent cone is an

effective Cartier divisor in the local blowup. Since by construction the quadratic
quasi-cone Q3 contains the tangent cone C, (X% ), we conclude

dim CU(XH) S dim QH . [l
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It is much less expensive to obtain the equations and the dimension of the qua-
dratic quasi-cone Q than the ones of the moduli space .#3;. With Theorem 3.1
we get an implementable method to produce an upper bound for the dimension
of the moduli space of curves with a prescribed symmetric Weierstrass semigroup.
Below we summarize in a table some examples we calculated on a computer:

E-H | dim.Z# | dimP(Qy) | Del | dim T},

i 9 k{1l
<6,891011> |7 ] 12 | 13 i3 13 17
<6,510,11,13> |8 | 12 | 14 11 15 s

<7,9,10,11,12,13> | 8 | 14 | 15 15 15 23
<6,510,13,15> |9 | 11 | 15 15 17 19
<6,9,10,13,14> |9 12 | 15 15 17 19
<6,14,15,16,17> | 13| 11 | 20 21 2% 2%

Here E-H stands for the lower bound 3¢g — 2 — w(#H) of Eisenbud-Harris and Del for
Deligne’s upper bound 2g — 1.

By the jacobian criterion and classical elimination theory, the moduli space
M is an open subspace of .#3. If the symmetric semigroup H is generated
by 4 elements, say H = <m,mj, me, ms >, then by using Pinkham’s equivari-
ant deformation theory [P], complete intersection theory and a quasi-homogeneous
version of Buchsbaum-Eisenbud’s structure theorem for Gorenstein ideals of codi-
mension 3 (see [BE, p. 466]), one can deduce that the affine monomial curve
Spec k[H] = Spec k[t™, ™1 ™2 ¢™3] can be negatively smoothed without any
obstructions (see [B], [W1] [W2, Satz 7.1]), hence dim .Z = dim]P’(Tli[’;”k), and
therefore

M =P(Tfrne)
and so .#3; is a dense open subvariety of P(Tli[’;”k). However, if ‘H is generated by

more than four elements, then .# 7 tends to be a proper subspace of ]P(Tli[’;mk), as
documented in the above table and discussed in the next section.

4. WORKING WITH A FAMILY OF SYMMETRIC SEMIGROUPS

In this section we apply our method to a family of symmetric semigroups of mul-
tiplicity 6 minimally generated by five elements. For each positive integer 7 we
consider the semigroup

H = <6,24 67,34+ 67,44 67,5+ 67 >
5
= 6NU | |(j+67+6N) U(7T+12r+6N).
j=2
Counting the numbers of gaps and picking up the largest nongap we obtain
g=67+1 and {; =127+1=2g—-1
and so the semigroup is symmetric.
Let C be a complete integral Gorenstein curve, and P a smooth point of C whose

Weierstrass semigroup is equal to H. As in Section 2 we choose for each nongap
n € H a rational function x,, on C with pole divisor n P. We abbreviate

z:=xz¢ and y; = Tj16r (j=2,3,4,5)
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and normalize
i ) i d i
Tei =T , Tj+67+6i — L Y; and Trii2r46i = T Y2Ys5

for each i > 0 and j = 2,3,4,5. Now the P-hermitian basis {zn,,Zn,,. ., Zn, ;}
of the vector space H°(C,(2g — 2)P) of global sections of the canonical divisor
(29 — 2)P = 127 P consists of the products

0 27

2% 2% and 2%y, .27y (5 =2,3,4,5) .

Since {5 = 2, the complete integral Gorenstein curve C is nonhyperelliptic, and so
it can be identified with its image under the canonical embedding

(Tng * Ty 2Ty, ) 1 C o PIT

The projection map

(1:x:y2:y3:ya:ys):C—P°
defines an isomorphism of the canonical curve C C P9~! onto a curve D C P° of
degree 67 + 5. The image @ := (0:0:0:0:0: 1) € D of the distinguished
Weierstrass point P := (0:---:0: 1) € C is the only point of D that does not lie
on the affine space A® C P° of the points with nonzero first coordinate.

To study quadratic relations of the canonical curve C C P91, we consider the
space of global sections of the bicanonical divisor (4g — 4)P = 247P. The P-
hermitian basis {x,, | n € H, n < 4g—4} of H°(C, (49 — 4) P) consists of the 3g — 3
functions

xt (1=0,1,...,47)

:vzy] (i=0,1,...,3r =1, j=2,3,4,5)

2yoys (1=0,1,...,21 —2)
which can be written as quadratic monomial expressions in the projective coordinate
functions Tny, Ty, ... Tn,_,. Let X,Y2,Y3, Y, and Y5 be indeterminates attached

with the weights 6,24 67,3+ 67,4467 and 5+ 67, respectively. Having in mind the
normalizations of the functions x,,, we define for each nongap n € ‘H a monomial
Z,, of weight n as follows

Zoi = X", Zjiortei = X'Y; and Zrpiar46i = X'YoY5 .

Multiplying the functions x, y2, y3, Y4, y5 by suitable constants, and writing the nine
products y;y,; with (¢,7) # (2,5) as a linear combinations of the basis elements, we
obtain nine polynomials in the indeterminates X, Y5, Y3, Yy, Y5 that vanish identi-
cally on the affine curve DN A® = D\ {Q}, say

12r+i
G; = GEO) - Z GijZ12rviej (1=4,...,8)
j=1

12744

F; = Fi(o) - Z fijZ12rvi—j (1 =6,8,9,10)
=1
where
GO =vF-Xva GV =vaYa- X7V G =YE - X

F9 =vov; — x2+1 ¢O vy, —vavs GO =v2 - X7y,
FS(O) =Y3Ys — X7H1Y, Fg(o) =Y,Ys — X"ty Fl(((J)) — }/:52 — X7y,

and where the summation index j only varies through integers with 127+i—j € H.
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Lemma 4.1. The ideal of the affine curve DN A5 is generated by the nine polyno-
mials G; (i=4,...,8) and F; (i =6,8,9,10).

Proof. 1t follows by induction on descending degrees in Ys,...,Ys that, modulo
the ideal generated by the nine polynomials, each polynomial in X,Ys,...,Ys is
congruent to a polynomial whose terms are not divisible by the nine products Y;Y}
with (4, j) # (2,5) i.e. which is a linear combination of the monomials Z,, of pairwise
different weights n € H. Such a linear combination Y ¢, Z,, vanishes identically on
the affine curve DN A® if and only if the corresponding linear combination Y ¢, @,
of the rational functions z,, € k(C) is equal to zero i.e. ¢, =0 for each n € H. O

If C is equal to the canonical monomial curve C(©) C P9~ then the coefficients
gi; and f;; are equal to zero, and so the ideal of the affine monomial curve

D(O) N A5 = {(CG, CQ+GT, CS+67’7 C4+67’7 05+67) | ce k}

is generated by the nine quasi-homogeneous binomials Gz(-o) (t=4,...,8) and Fi(o)
(1=6,8,9,10).

In order to normalize some of the coefficients g;; and f;;, we notice that we have
just the freedom to transform

z = Sr+ C6
246 T i

Y2 > 03167y2 + >0 02+§if ’ .
ys ¢ GTys +eya + D, 03+6Ti=’f !

/ / _
ys — Ty Cys o chyo + D07 careir” !

T —_

ys = ATTys - Hys + s + Ay + Do csyeir”

where ¢ # 0, ¢;, c;- and c;-' are constants. We suppose that the characteristic of the

constant field is different from two and three. Then we can normalize
fs1=gs2 = fo2 = f103=0
(which are the only coefficients with ¢ — 5 =1 mod 6),
941 = ga2 = gag =0

and

fe,2+6i = f8,3+6i = fo,ar6i = fost6i =0 (1=0,...,7).
Now the isomorphism class of the pointed Gorenstein curve (C,P) determines
uniquely the coefficients up to the following G,,-action

gij — ngij and fij — ijij where ce€ G,, = k* .

We attach to the coefficients g;; and f;; the weight j. They have to satisfy certain
quasi-homogeneous polynomial equations, which we will deduce from the syzygies
of the affine curve D N A®.

By applying the Syzygy Lemma we conclude that the five quasi-homogeneous
binomials

Zog—2GY), Zog— 2G| Zog (G — FQ), Zog—2GY) and Zsy (G — F”)

of weight 29 —2+i+ 127 = 247+ where i = 4,5,6,7 and 8, respectively, are linear
combinations of the binomials ZnGg-O) (j =4,...,8) and ZnFj(O) (7 = 6,8,9,10)
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with n =29 —2+1i —j < 29 — 2 (and therefore X™~! divides Z,,). More explicitly,
we write up five syzygies of the affine monomial curve D(® N AS:

x G —viFY + 6" =0
XT+1G( ) YF(O) + Y Fg(o) =0
XT+1G( ) XT+1F(O) Y F(O) 4 }/BFQ(O) =0
XT+1G( ) YF(O) + Y F(O) =0
XT+1G( X‘r-i-lF(O) YVSFQ(O) + Y4F1(8) =0

Remark 4.2. Actually, the Syzygy Lemma assures the existence of certain (g —
2)(g — 5) syzygies of the canonical monomial curve C(°) ¢ P9=1. However, using
the equations Z,+¢ = X - Z,, and factoring out powers of X we can reduce to the
five syzygies listed above.

The five syzygies of the monomial curve D) N A® give rise to five syzygies of
the curve D N AS:

XT+1‘G4 - Y, Fs+Y2Gg =
Yo X7 (foav6iFo + fo,346iG7 + (f6,4+6i—9s,4+6i) F6 — gs,5+6iG5 — 98,6+6iG1)

X MGy — YsFs+ YoFy =
Yoo X7 (fo46iF10 + fo.3+6iF5 — fo,6+6iG5 — fo,74+6iGa)

XT+1_G6 — XT+1F6 — Y, Fs +Y3Fy =
Yor o X7 U fs,446:Gs + f3,5+6iG7 — fo,6+6iG6 + [3,6+6iF6 — fo,7+6iG5)

XT+1‘G7 - S/5F8 + }/3F10 =
Yoo X7 U fs,aq6iFo+(fs,546i— f10,54+61) Fs— f10,6+6:G7— f10,746iG6 — [10,8+6iG5)

XTH Gy — XTHFy — Y5 Fy + Yy Fyg =
S0 X7 (fo,6+6iF8 — fro,546iF0 — f10,6+6:Gs — f10,7+6:G7 — f10,8+6iFG)

Indeed, by construction each right hand side differs from the corresponding left
hand side by a linear combination of the monomials Z,, that vanishes identically
on the curve DN A® 22 C N A9~! and hence is identically zero.

The vanishing of the coefficients of the five linear combinations provides us with
quasi-homogeneous equations between the coefficients g;; and f;;. To express these
equations in a concise manner, we introduce polynomials in only one variable

127+17
gi "= t_ﬁ t_2 67 t—S 67 t_4 67 t_5 67)t1+127 (Z —4 8)
§ ir =4,...,

and write each one as a sum of its partial polynomials
gz(']) = Z girtr (]:1,,6)
r=j mod 6

which are defined by collecting terms whose exponents are in the same residue class
modulo 6. In a similar way we define the polynomials f; (¢ = 6,8,9,10) and its

partial polynomials fi(j ). Due to our normalizations some of the partial polynomials
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are equal to zero, remaining only 41 ones. More precisely, we can write:

oo ) o
A N A T fe= f81> Hhy Ty f<6> s

%= 90 F g?m i g?3> Ty T g?f» fo= fg Y fg " (5) . +(6)
9729&) (3) ()"’9(5) 9(6) flO— 10 f1 +f1 +f10 +f10
gs = gg + 93 + g3

The partial polynomials g( and f(J) withi=jandt=75+6 ie. gf), g§5), géﬁ),

f(6 and g, 1) (2 , f(2 , fgg), f1 have formal degree i + 127. The formal degree

of g(5), gfl ), gé ), respectively f9 , flo , 1(2) , is equal to j + 6(7 — 1), respectively

j+6(7+1). The remaining 26 partial polynomials have formal degree j+ 67. Thus
the number of the coeflicients that are still involved is equal to

42T 4+ 1) +5(27+2) + 37+ 3(1 +2) +26(r + 1) — 3 = 507 + 43

where the discount by the number 3 is due to the 3 normalizations g41 = g42 = gug =
0. Now applying Theorem 2.7 and Remark 4.2 we obtain an explicit description of
the compactified moduli space .# 4.

Theorem 4.3. Let H be a semigroup generated by 6, 2 + 67, 3 + 67, 4+ 67 and
5467 where T is a positive integer. The isomorphism classes of the pointed complete
integral Gorenstein curves with Weierstrass semigroup H correspond bijectively to
the orbits of the Gy,-action on the quasi-cone of the vectors of length 507443 whose
coordinates are the coefficients g;; and f;; of the 41 partial polynomials that satisfy
the five equations:

91— fo+ 93 = [ o+ 1 gr + (£ =8 fo — 95 95 — 987 g4
95— fo+ fo = kfm#ﬁv g5 — 15" g4

g6 — fo — fs+ fo= 1" 8+f§§5)g7_f{§6)96+f86)f6_

g1 = fs+ fro = £ fo + (1= 1)) fs = £ g7 fm%—f%%
gs — fs— fo+ fro= [ s — £33 fo — 1S gs — 13097 — 1O fo

Thus the compactified moduli space .#3 admits an embedding into a weighted
projective space space of dimension 507 4 42. To diminish the dimension of the
ambient space, we project onto spaces of lower dimensions by eliminating some of
the coordinates.

The 5 equations of Theorem 4.3 can be rewritten in terms of 30 polynomial
equations between the 41 partial polynomials. Among these equations there are 5
linear ones, which we use to eliminate 5 partial polynomials as follows:

=0 g =157 17=0. i) =87 1o =5

There remain 25 inhomogeneous equations of degree two between 36 partial poly-
nomials, among them the following 5 equations:
gf) tyg f(l)fé fé3) (5) _ (5) (3) géG)gf)
f{gg) f(3) f( )f(g) f 3)f(6 f(l
i Jéﬁ)gfﬁf
9(4) f f 98 f(6 9o o f
9+ f = 8 fg — I3 f10 95
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Since the formal degrees of gé2), fé3), f6(6), f§§2) and f1(§) are equal to the formal
degrees of the corresponding equations, we can eliminate these five partial poly-
nomials, remaining only 20 equations between 31 partial polynomials. As can be
read off from the formal degrees of the partial polynomials, this can be rephrased
in terms of 457 4+ 40 quasi-homogeneous equations between 357 + 28 coefficients.
Some of these equations may be identically zero.

Thus the compactified moduli space .# % can be realized as a closed subvari-
ety, or more precisely, as an intersection of at most 457 + 40 hypersurfaces in the
weighted projective space of dimension 357 + 27, whose quasi-homogeneous coordi-
nates are the coefficients of the remaining 31 partial polynomials. We can continue
in eliminating coeflicients, until the remaining quasi-homogeneous equations do not
admit linear terms. However, if we would do this procedure in an explicit way, our
discussion would become very involved.

We first determine the weighted vector space Tkm”k, which is (up to an iso-
morphism) the locus of the linearizations of the 30 equations between the partial
polynomials. We can solve this system of linear equations as follows:

P R SN S RN G RN C B O RN O SN G R () f<1> o0 — g0
fo gl gl _ 94(12) gt O O D g 98 _ _g(2>
= 1 = géS) =0 g”=0 9 = 1§?
D=0 Y=g 90 =—gt¥ g{ = gt f(4) 95" — gt
[0 D= g® 9 =0 9 = —g¥ 9 =g
O =10 £ =90+ £ =g ¢ =g 98 =g+ 1Y

Here we had to make choices, which partial polynomials should be eliminated.
However, we had to take care that the formal degrees on the left are not smaller
than the corresponding ones on the right. Now Tlif;[]\k can be identified with the
space of the vectors whose entries are the coefficients of the remaining 11 partial
polynomials

1 1 2 2 3 4 4 5 6 6 6
g, gé), 9, gé), é), gé), g§), 9, ¢\, gé) and fé)-

The only conditions the entries have to satisfy are the three normalizations
ga1 = ga2 = gas = 0 .
Counting the coefficients that are still involved, we obtain
dlmT [H\k] =117 +6.

More precisely, counting the coefficients of a given weight j, we obtain the dimension
of the graded component of Tﬁm”k of negative weight —j:

1 ifi=0 1 ifi=0
ol _ ol _
dlmTlﬁi_{ 2 (i=1,...,7) dlmT?ﬁi_{ 2 (i=1,...,7)
dimTly =1 (i=0,...,7) dimT, =2 (i=0,...,7)
2 ifi=0
dimT'; =1 (i=0,....,7—1) dimT'4 4, =< 3 (i=1,...,7—1)
2 ifi=r71

In the remaining cases the dimension of 7% ; 1s equal to zero.
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Thus the compactified moduli space .# 3, has been realized as a closed subvariety
of the (117 + 5)-dimensional weighted projective space P(Ti[’;”k). It is cut out by
217 + 28 quasi-homogeneous equations, which do not admit linear terms.

As discussed below, it will be much less expensive to obtain the equations and
the dimension of the quadratic quasi-cone Qy than the ones of the moduli variety
M 3. In particular we can make the eliminations in an explicit way.

To determine the quadratic quasi-cone Qy;, we just enter with our solution of the
system of 30 linear equations into the quadratic terms of the original 30 equations
of degree < 2, and eliminate the same partial polynomials as in the linear case. We
obtain only 5 equations

f(l) g( ) (1) Ny (1 (f(ﬁ 6)) (1)(9(6) 6)) + £ 3) 4)
o) = g +gé2) +gé2)(g§6) (6)) + 957 (£ -ai) - g<4)9§4)
(3) _ _9(2)9(1) g(l)g(2) 9(4)9(5)

925) _ 9%5) (5)( (6) (6)) (4) () f(3) (2)

1(8) = (st) ) + 9(4) f63) g

where the formal degrees on the left hand side are smaller than the corresponding
formal degrees of the right hand side, while in the remaining 25 equations the formal
degrees on the left are sufficiently large. Thus the quadratic quasi-cone Qg is the
subvariety of T, [H” & given by the five conditions

mrver (957018 — oSV + 179 4>) -

T8+67 9((52)~(6) (2)f() 9é4) §)
(5

Tstor g( )g( ) (1) (2) +gé) ))

rsr6r (905 +g§4>g§1> pIORS)

oV 1O+ 6V — £V 08 ))

5467

where

=(6) ._ (6) (6)

=19 =g and gl = g{¥ - 4

and where 7; denotes the projection operator on the polynomials in ¢ that annihi-
lates the terms of degree not larger than 3.

We notice that the five conditions do not depend on the 746 coefficients gs1, gs2,
f63, Gaa, 974, féG, gse and gae; (1 =2,...,7). The five conditions on the remaining
107 coeflicients can be expressed in an elegant way in terms of five polynomial
equations between ten elements of the 7-dimensional artinian algebra

T—1
A= k[a]:@kaj where &7 =0.
§=0

Theorem 4.4. The quadratic quasi-cone Qy is isomorphic to the direct product

QH:VXW
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where V is the (1 + 6)-dimensional weighted vector space with the weights 1, 2, 3,
4,4,6 and 6i (i =1,...,7) and where W is the quasi-cone consisting of the vectors

T—1 T—1
j j 10
(Wl,...,wlo)z E ’wle],..., E ’wlo)jE] €A
j=0 j=0

satisfying the 5 equations:

wiwy + wswe —wawip = 0
Waw1g + wawg —wewy = 0
W1Ww4 + wows + wews =0
wgwio + w3ws + wiwy = 0
WoWw7 + Wewg — waws = 0

in the artinian algebra A. To the coefficients w;; are attached the weights n;+6(7—j)
where m1,...,mo0 =1,1,2,2,3,4,4,—1,6,6.

Proof. We define

W15 = g4,67+1-65, W2j = §567+1—65, W35 = J4,6742-6j, Wij = J6,67+2—6j -
Ws; = ]i6,6'r+3—6j , Wej = 94,67+4—655, W75 = gr,67+4—65, W8 = J4,67—1—65 >
wo; = fs8,6r+6—6j, W10,j = J8,6r+6—6j
and notice that the five conditions on the 10 7 coefficients are equivalent to the five
quadratic equations in the artinian algebra A. O

Corollary 4.5.
dimQy =87+6 .

Proof. Since dimV = 7 4+ 6 we have to show that
dimW =77

For each ¢« = 1,...,10 let W; be the open subset of W given by the inequality
w;o # 0, which means that w; is a unit in the local artinian algebra A. If a vector
(w1, ...,w1p) belongs to Wy then we can eliminate wg, wy and wy from the first, third
and fourth quadratic equation, and the remaining two equations become trivial.
Thus W, has codimension 37 in A'® and hence dimension 77. In a completely
analogous way we see that

dimW; =77 (i=1,...,10) .

If 7=1then W =W;U---UWjo and therefore dim W = 7.

Now we assume that 7 > 1. If a vector (w1,...,w10) € W does not belong to
the union Wy U---U Wjg i.e. w;; = 0 whenever j = 0, then the ten coefficients w;;
with 7 = 7 — 1 do not enter into the five quadratic equations, and by induction we
obtain

dim(W\ (W1 U---UWy)) =T(r—-2)+10=7T7—-4<T77
and therefore dim W = 7. O

Now applying Theorem 3.1 we obtain an upper bound for the dimension of the

moduli variety
dim.#Zy <87 +5
which for each 7 > 1 is better than Deligne’s bound 2¢g —1 =127+ 1.
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