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F, IS LOCALLY LIKE C

CODRUT GROSU

ABSTRACT. Vu, Wood and Wood showed that any finite set S in a characteristic zero integral
domain can be mapped to [, for infinitely many primes p, while preserving finitely many
algebraic incidences of S. In this note we show that the converse essentially holds, namely any
small subset of ), can be mapped to some finite algebraic extension of Q, while preserving
bounded algebraic relations. This answers a question of Vu, Wood and Wood. We give
several applications, in particular we show that for small subsets of F,, the Szemerédi-Trotter
theorem holds with optimal exponent 4/3, and we improve the previously best-known sum-
product estimate in [F,. We also give an application to an old question of Rényi. The proof
of the main result is an application of elimination theory and is similar in spirit with the
proof of the quantitative Hilbert Nullstellensatz.

1. INTRODUCTION

Suppose p is a prime and N a positive integer. In what follows Zy denotes the additive
group of integers modulo N, [F;, the field with p elements and Z,) the localization of Z at (p),
which is the same as the ring of fractions with denominator not divisible by p.

Let £ > 1 be an integer, Z and W two abelian groups and A C Z, B C W finite subsets. A
bijection ¢ : A — B is a Freiman isomorphism of order k, or simply Fj-isomorphism, if for
any ai,...,as, € A we have

ay+...+ap = a1+ ...+ agg

if and only if
Plar) + ...+ dlag) = dlag+1) + ... + ¢azk).

From the definition it follows that any Fjyi-isomorphism is also an Fj-isomorphism, and
furthermore translation does not affect the isomorphism. An important property in additive
combinatorics is that any finite subset of a torsion-free group is Fj-isomorphic to a subset
of Zp, for any large enough N. This helps reducing general additive problems to Z,, where
more powerful techniques, such as Fourier analysis, are available.

In the other direction it is well-known that small subsets of Z,, with p prime, are Freiman
isomorphic to subsets of Z.

Theorem 1 ([2]). Let A C Z,, where p is a prime. If |A| <logy, p, then there exists a set of
integers A" C Z such that the canonical homomorphism Z — Z, induces an Fy-isomorphism
of A" onto A.

The result holds for |[A| < logy;, p+1ogyy, logys, p as well. In [2] it is also shown the existence
of a set A C Z, of cardinality at most 2log, p + 1 which is not Fj-isomorphic to any set of
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integers. Assuming A has small doubling constant allows the theorem to hold for |A] < ¢p,
for some ¢ > 0. This is the Freiman rectification principle (see [2], [16]).

It is now a natural question if it is possible to preserve both the additive and multiplicative
structure. In this direction we have the following result of Vu, Wood and Wood.

Theorem 2 ([37]). Let S be a finite subset of a characteristic zero integral domain D, and
let L be a finite set of non-zero elements in the subring Z[S] of D. There exists an infinite
sequence of primes with positive relative density such that for each prime p in the sequence,
there is a ring homomorphism ¢, : Z[S| — F,, satisfying 0 ¢ ¢p(L).

Here Z[S] is the smallest subring of D containing S.

It was asked by Vu, Wood and Wood [37] whether given a small enough set A C F,, it
is possible to map A to some characteristic zero integral domain, while preserving algebraic
incidences.

Let us first make a few observations. One could not always map A to Z, as we may need,
for example, to preserve identities of the form y? + 22 = 0 with y,z # 0 for some v,z € A.
Also, we should allow only "bounded” algebraic incidences, as any identity of the form py = 0
with non-zero y € A can not be mapped in any characteristic zero integral domain. Therefore
the following definitions make sense.

Let k,t > 0. A polynomial f € Z[z1,...,x,] is called (k,t)-bounded if ||f||; < k, and its
degree is at most ¢. Here || f||; represents the sum of the absolute values of the coefficients of
f, and similarly we define ||f||oc to be the maximum of the absolute values of the coefficients
of f. When we evaluate f at a point (ay,...,a,) with a; € R for some ring R, all operations
are carried in R, in the natural way. If k = ¢, we simply call f k-bounded. If ¢t = 1, we say f
is a k-bounded linear polynomial.

Now let Ry, Ro be two rings and A C Ry, B C Rs finite subsets. We call a bijection ¢ : A —
B a Freiman ring-isomorphism of order k, or simply Fj-ring-isomorphism, if A = {ay,...,a,}
and for any k-bounded f € Z[zy,...,z,] we have

f((ll,...,an) =0
if and only if
f(@lar), ..., ¢(an)) = 0.

Our main result is the following.

Theorem 3. Let k > 2 be an integer, p be a prime and A C F),. If|A| < logylogyy, logo2p — 1

then there exists a finite algebraic extension K of Q of degree at most (2k)2w , asubset A" C K

and a homomorphism ¢, : Z[A'] — Fp, such that ¢, is an Fj-ring-isomorphism between A’
and A.

One can use the construction from [2] to see that for any k£ > 2 and any prime number p
there exists a subset A C F, of size O(log p), which is not Fj-ring-isomorphic to any subset of
a characteristic zero integral domain. For k£ > 3 we can improve this bound to the following.

Theorem 4. For any k > 3 and any prime number p > 232(k=1?1085(16(k=1) there exists a

- 10 _logyp ST g -
subset A C IFy, of size |A] < 15 oz, logy 7 which is not Fy-ring-isomorphic to any subset of a
characteristic zero integral domain.

It is an open problem if a better bound is possible. In this direction I would like to make
the following conjecture.
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Conjecture 5. For any k > 3 there is an infinite sequence of prime numbers, such that for
each prime p in the sequence, there exists a subset A C IF,, of size O(loglogp) which is not
Fj.-ring-isomorphic to any subset of a characteristic zero integral domain.

As explained in Section 5, this conjecture would have a positive answer if, for example,
there are infinitely many Mersenne primes (primes of the form 2" — 1; this would follow from
the Lenstra—Pomerance—Wagstaff conjecture), or infinitely many Fermat primes (primes of
the form 22" + 1; this is a question of Eisenstein).

The proof of Theorem Bluses elimination theory. This is not the first time when elimination
theory is applied to additive combinatorics: similar techniques were used by Chang in the
proof of Lemma 2.14 from [6]. We state this lemma below in an equivalent form.

Lemma 6 (Lemma 2.14, [6]). Let fi1,..., fs € Z[x1,...,x,] be polynomials of degree at most
t and || - ||oo-norm at most k. If the system

has a solution (ai,...,a,) € C", then it also has a solution (bi,...,by,), where each b; is
the root of an integer polynomial of degree at most C and || - |loo-norm at most CkC, with

C :=C(t,n,s) depending only on t,n and s.

This lemma is discussed by Tao on his blog [32], in particular he gives a proof of it using
nonstandard analysis. Neither this proof nor the proof in [6] provides a bound on the constant
C.

The proof of Lemma [0l from [6] shows in fact a bit more; namely that if we are further
given a polynomial g € Z[x1,...,x,]| which does not vanish at (ay,...,a,), and has degree
at most t and || - [|co-norm at most k, then it is possible to choose (by,...,b,) such that
g(b1,...,by) # 0. On close examination of the proof it turns out that translated into the
correct setting it implies the following weak version of Theorem [3l

Theorem 7. For any k > 2 there exists a function vy : N — N with lim, o, vi(n) = oo,
such that the following holds. If p is a prime and A C F), with |A| < v(p) then there exists
a finite algebraic extension K of Q and a subset A’ C K such that A’ is F}.-ring-isomorphic
with A.

An upper bound for the constant C implies a lower bound for vx(n); however from the
proof of Lemma [6] one can only extract a rather poor bound for C'.

It is also important to note that Theorem [7] does not provide any bound on the degree of
the field extension K, nor does it guarantee that the Fj-ring-isomorphism is the restriction
of a genuine ring homomorphism, as in Theorem Bl In fact it is easy to construct an example
of a Freiman ring-isomorphism ¢ between a subset A’ C C and a subset A C F,, such that
¢ is not the restriction of any ring homomorphism between Z[A’] and F,. Indeed, consider
A= {-3,2} c Cand A := {3,7} C Fy;. The map ¢ sending —3 to 3 and 2 to 7 is an
F5-ring-isomorphism, but it is obviously not the restriction of a ring homomorphism between
Z[A’] and Fy; (as any such homomorphism would send 2 to 2). Examples for arbitrarily large
k and p can be constructed as well.

The rest of the paper is organized as follows.

We start by giving several applications of the main result to subsets of I, of size O(log log log p).
In Section 2, we use Theorem Blto prove a Szemerédi-Trotter type theorem with optimal expo-
nent 4/3. In Section 3, we apply Theorem [B]to improve the currently best-known sum-product
estimate in F,,. Finally, in Section 4 we give several estimates for sets with small doubling
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constant. All these results are proved by transferring the corresponding theorem from C to
F, via Theorem[3l In all these applications only the existence of a Freiman ring-isomorphism
between A and a subset of C is needed, and not the stronger conclusion of Theorem [3

In Section 5 we give an application of Theorem [B] to an old question of Rényi. In this case
we will make essential use of the upper bound on the degree of the algebraic extension K in
Theorem [

In Section 6 we show, as an example for the general strategy, how to preserve bounded
linear polynomials. In Section 7 we gather all the necessary results from elimination theory.
Finally, Section 8 is devoted to the proof of Theorem Bl and in Section 9 we prove Theorem [l

We conclude with some further remarks concerning Freiman isomorphisms and Lemma, [Gl

Remark. After completion of this work I was informed by Pierre Simon that one can use
the arithmetic Nullstellensatz stated in [22] to prove a good lower bound for the function
v in Theorem [ With his idea, my own computations show that one can take vi(p) =

Q(blgoil%). This would improve the upper bound for n in Theorems [I1] [I3] and [I7

log log p
below to O(15; T onp)-

Moreover, in his blog post Rectification and the Lefschetz principle [33], Tao presented a
short proof of the following version of Theorem [3l

Theorem 8. Let k,n > 1. If F is a field of characteristic at least Cy, for some Cy
depending only on k and n, and A is a subset of F of cardinality n, then there exists a map
¢ A— A into a subset A of the complex numbers which is a Freiman ring-isomorphism of
order k.

The proof uses non-standard analysis, and hence does not offer any bound on Cj, ,,. How-
ever, unlike Theorem [3] it also applies to fields of prime power order.

2. THE SZEMEREDI-TROTTER THEOREM

The well-known Szemerédi-Trotter theorem gives a tight upper bound on the number of
incidences between a finite set of lines and a finite set of points in R x R. This was extended
to the complex plane C? by Téth.

Theorem 9 ([35]). Let P and L be sets of points and lines in C?, with cardinalities |P|, |£| <
n. Then there is a positive absolute constant ¢ such that

{(p,)) e Px L:pel} <en*3

T6th’s paper is still unpublished; but very recently Zahl gave a different proof of Theorem
in [38]. Unfortunately, Zahl’s paper is also still unpublished. However, if we allow an & > 0
error in the exponent, and the constant ¢ to depend on &, then in this form Theorem [l follows
from a generalization of the Szemerédi-Trotter theorem to algebraic varieties due to Solymosi
and Tao [31].

The problem of establishing a similar bound in F, has been considered before ([4], [17]).
We have the following result, due to Helfgott and Rudnev.

Theorem 10 ([I7]). Let p be a prime number, and P and L sets of points and lines in IF'I%,
with |P|,|£| <n and n < p. Then there is a positive absolute constant ¢ such that

{(p,l) ePx L:pel} <en3™?,

: _ 1
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The best (still unpublished) bound to date for n < p is due to Jones [19], who proved that
one can take § = == — o(1) in the above.

We show that one can achieve optimal exponent 4/3 in Theorem [[0l provided n is sufficiently
small compared to p.

Theorem 11. Let p be a prime number, and P and L sets of points and lines in IF?,, with
|P|,|1L] < n and 5n < logy logglog s p — 1. Then there is a positive absolute constant ¢ such
that

{(p,l) e P xL:pel} <en3

Moreover, this inequality is sharp up to the constant c.

Proof. We may assume w.l.o.g. that |P| = |£| = n, by adding some points and lines if
necessary. Let P = {(x;,y;) : 1 <i < n}. By uniquely parametrizing each line | € £ defined
by a;y + b;x + ¢; = 0, by the ordered triple (a;, b;, ¢;), let £ = {(a;,b;,¢;) : 1 <i <n}. Now
form the set A := Ul {{x;,yi,ai, bi,ci}. As |A] < 5n, we may apply Theorem [3 to find a
subset A’ C C and an Fj-ring-isomorphism ¢ between A and A’. By definition we have

ajy; + bjxi +cj = 0 daj)d(ys) + ¢(bj)d(x:) + ¢(c;) = 0,V1 < i, j <n,

hence the number of incidences between P and £ in IF‘?, is the same as the number of incidences
between ¢(P) and ¢(L) in C. Note that ¢(P) and ¢(L) have cardinality exactly n as ¢ is
bijective. Hence by Theorem [, the number of incidences is O(n*/3), as desired.

To show that the bound is sharp, we use a standard construction that proves sharpness
of the Szemerédi-Trotter theorem in R2. Let r := L%nl/ 3]. We set P to be the points of
the lattice [r] x [2r%] in F2, and £ to be all lines y = ma + b, with 1 <m <r,1 <b < r2
Then every line from £ is incident with exactly r points from P, for a total of r* = ©(n*/?)
incidences. O

One can now combine Theorem [IT] with Theorem 2 to generalize Theorem @ to any char-
acteristic zero integral domain. As this statement can be proved directly with no recurse to
Theorem [I1] we do not discuss it here (see Theorem 2.3 and Lemma 7.1 from [37] for more
details).

3. SUM-PRODUCT ESTIMATES IN [,

Suppose R is a commutative ring and A C R a finite subset. We can define the sumset
A+ A:={a+b:a,be A} and the product A- A := {ab: a,b € A}. Intuitively, the quantities
|A + A| and |A - A| can not both be small. The prototype theorem is a lower bound of the
form max{|A + A, |A - A|} > c|A|'T°R | where ¢ > 0 is an absolute constant and ez depends
on the ring R. The first sum-product estimate is due to Erdés and Szemerédi [13] for the
case R = Z and it was followed by numerous improvements and generalizations ([11], [24],
[14], [7], [30]). For R = C, the best-known value ec = 2 — o(1) was for many years given by
a result of Solymosi [29]. Using a beautiful geometric argument, Konyagin and Rudnev [21]
have very recently improved this to ec = % — 0(1), thus matching the lower bound for the
reals.

Theorem 12 ([21]). Suppose A C C. Then there is a positive absolute constant ¢ such that
A+ Al +|A- Al > A5, (1)



6 CODRUT GROSU

Bourgain, Katz and Tao [4] showed that a sum-product theorem holds in [F,,. Substantial
work has gone into finding the best value for ep,. Garaev [15] showed that for |A| < ,/p one
can take ep, = 75 — o(1). Katz and Shen [20] improved this to 15 — o(1), and then Bourgain
and Garaev [3] showed that - — o(1) is in fact possible. Li [23] later removed the o(1) term.
The best result to date is due to Rudnev [26], who showed that

A+ Al +]A- A > c|A[F o), 2)
whenever |[A] < /p.

We now improve (2) for small A.

Theorem 13. Let p be a prime number and A C F), with |A| < logylogglogs, p — 1. Then
A+ Al +|A- Al > A 5o,

for some positive absolute constant c.

Proof. We apply Theorem [3 to find a subset A’ C C and an Fj-ring-isomorphism ¢ between

A and A’. Then [¢p(A) + ¢(A)] = |A+ Al and |¢(A) - ¢(A)| = |A- A|. By (1) applied to
A" = ¢(A), the theorem follows. O

4. ESTIMATES FOR SETS WITH SMALL DOUBLING CONSTANT

We gather in this section several miscellaneous results for the case when A has small
doubling constant. We first have the following result, due to Solymosi.

Theorem 14 ([29]). If A C C and |A| = n with |A+ A| < Cn, then |A- A| > cn?/logn.
This transfers immediately to I, as follows.

Theorem 15. If A C F, and |A] = n < logylogglogsap — 1 with |A + A| < Cn, then
|A - Al > en?/logn.

The proof is similar to that of Theorem [[3] and we omit it. We also have the following
result due to Chang [6].

Theorem 16. Let A C C with |A] = n and |A + A] < Cn, for some C > 0. Then the
following holds.

1 _logn

(i) If0 ¢ A then |A™ + A7Y| > exp” © ®elosn n2, for some C' depending only on C.
1 _logmn
(i) If f(x) € C[z] is a polynomial of degree t > 2 then |f(A) + f(A)| > exp © Tog Tog n?,
for some C" := C'(C,t).
Here A=' = {a™! : a € A} and f(A) = {f(a) : a € A}. The proof of Theorem [I6] uses

algebraic methods, in particular Lemma [6 but also relies crucially on facts specific to C. We
now transfer this theorem to small subsets of F,,.

Theorem 17. Let A C F, with |A| = n and |[A+ A| < Cn, for some C > 0. Then the
following holds.

1 _logn

(i) Suppose 2n < log,logglogssp — 1 and 0 ¢ A. Then |A~1 + A71| > exp ¢ Tog og n?,
for some C" depending only on C.

(ii) Let f(z) € Z]x] be a k-bounded polynomial of degree at least 2. If n < logy loggy, logsar2 p—

logn

1 then |f(A) + f(A)] > exp” ' Teloen 02, for some C' = C'(C,k).
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Proof. We first prove (i).

We apply Theorem [3 to find a subset A’ € C and an Fj-ring-isomorphism ¢ between
AU A and A'. Then [¢p(A4)| = n, [¢(A) + ¢(A)| = |A + A| and |p(A7) + ¢(A7Y)| =
|A=1 4+ A=Y, Moreover, all identities of the form a~'a = 1,a € A, must be preserved by the
ring-isomorphism, and hence ¢(a~!) = ¢(a)~!,Va € A. Then by applying Theorem [I6, (i),
the result follows.

We now prove (ii).

We apply Theorem [3 to find a subset A’ C C and an Fj,-ring-isomorphism ¢ between A
and A’. Then |¢(A)| = n and |¢(A) + ¢(A)| = |A+ A|. We further have

f(¢(a)) + f(o(b) = f(d(c)) — f(#(d)) =0 = f(a) + f(b) — f(c) = f(d) =0,

for any a,b,c,d € A, as ¢ is an Fyi-ring-isomorphism. Hence |f(¢(A)) + f(P(A))| = |f(A) +
f(A)|. Then by applying Theorem [I6] (ii), the result follows. O

5. A QUESTION OF RENYI

Let K be a field of characteristic zero. For a polynomial f € K[z] we define N(f) to be

the number of non-zero terms of f. For k > 1, let

. 2
Q)= min N (3)
As reported by Erd6s [12], it was first asked by Rédei if Qr(k) < k is possible, and Rényi [25]
later constructed an example showing Qg(29) < 28. Rényi made several conjectures about
the behaviour of Qr(k).

He conjectured that limy_, ., QRk(k) = 0, and this was proved by Erdés [12], who in fact
showed that Qq(k) < ck'=¢, for some positive absolute constants ¢ and «.

Rényi further conjectured that limy_,., Qr(k) = oo, and this was proved many years later
by Schinzel [27], using a very ingenious argument. Schinzel showed that Q (k) > cloglogk,
for some positive absolute constant ¢ and any field K of characteristic zero. This lower
bound was not improved for another 20 years, until recently Schinzel and Zannier [28], by an
adaptation of the original method of Schinzel, proved that Qx (k) > clog k, for some positive
absolute constant c.

Erdés [12] asked for the determination of the order of Qgr(k), and the general belief seems
to be that Qr(k) should be closer to the upper bound than the lower bound. Despite some
work in this direction ([36], [10]), a solution to this problem seems at present out of reach.

From the definition we see that for any k > 1,

Qc(k) < Qr(k) < Qq(k). (4)

It is less known that Rényi [25] (see also [12]) asked whether equality holds in (] everywhere
for any k, and this problem seems to have received little attention.
For any k > 1 it also holds that

Qc(k) < Qk (k) < Qo(k), (5)

for any finite algebraic extension K of QQ, and thus if we have equality in (@), then we also
have equality in (B). In view of this we have the following result.

Theorem 18. For any k > 3 there exists a finite algebraic extension K of Q such that
Qc(k) = Qx(k), with degree at most k2, if k is even, and at most (k+ 1)2k, if k is odd.



8 CODRUT GROSU

Proof. Set s := L@J Note that s > 2.

Let f € C[z] be a polynomial with k non-zero terms minimizing N(f?). Suppose f =
ap + a1x™ + ...+ ag_12™1 and set A := {ag,...,ar_1} C C.

We now apply Theorem [2in order to find a sufficiently large prime p (compared to k) and
a homomorphism ¢ : Z[A] — F,, which is an F,-ring-isomorphism between A and ¢(A). We
then apply Theorem [ to the set ¢(A) in order to find a finite algebraic extension K of Q
of degree at most (23)2k, a subset B C K and a map 1 between ¢(A) and B, which is an
Fs-ring-isomorphism. Then ©o¢ is an Fi-ring-isomorphism between A and B by construction.

Let g = (Yo)(ag)+ (Yop)(ar)x™ +...4+ (o) (ag—1)x™ 1. Then g € K[x] and N(g) = k.
As any coefficient of ¢? is given by a polynomial with integer coefficients of degree at most
2 and || - [[;-norm at most s, evaluated at ((v) o @)(aop), (¢ o ¢)(a1),..., (b o @)(ax_1)), we see
that N(g?) = N(f?). Consequently Qg (k) < N(f?) = Qc(k), thus proving the theorem. [

Remark. Lemma 29 below shows that K can in fact be chosen of degree at most 42",

6. PRESERVING THE ADDITIVE STRUCTURE
For comparison reasons we start by sketching a proof of Theorem [I following [2].

Proof of Theorem [1. We first choose 0 < t < p such that multiplying every element of A by ¢
(modulo p) results in a set A* C {— | &|,...,|£|}. The existence of ¢ follows from the Kro-
necker approximation theorem (Corollary 3.2.5, [34]). Let m € Z be such that mt = 1 (mod p).
We multiply every element of A* by m to obtain A’. Then the canonical homomorphism maps
A’ onto A, and one easily sees that this is also an Fj-isomorphism. d

We will now consider the problem of preserving bounded linear polynomials. As we allow
non-zero constant terms, we will have to find a proof different from that of Theorem [I1
We first prove an inequality.

Lemma 19. Suppose M = (m;j) is an n X n matriz with entries m;; € Z[z1, ..., x,]. If for
any i, Y; [Imijll <k, then [ det(M)|w < k™. Furthermore, for any matriz M with integer
entries, | det(M)| is at most the product of the || - ||1-norms of the rows.

Proof. We use the easily verified inequality || fg|li < [|f]l1]lg]l1, which holds for any f,g €
Z[z1,...,x,], to see that

[det(M)x < > Imarylls - IMarelle < D0 Ima - Imni,

TESK 1<iq,..,tn<n

Z [Imajll1) Z [mngll) < k™.

The last statement of Lemma [19 is also a consequence of Hadamard’s inequality.
We now have the following technical result.

Lemma 20. Let k > 1 be an integer and p be a prime. Suppose A = {ai,...,an} C Zy
and let Ly,Ly C Zlx1,...,zy] be collections of k-bounded linear polynomials, such that any
f € Ly is zero when evaluated at (ay,...,ay), and any f € Lo is non-zero when evaluated
at (a1,...,an). If |A| < loggp — 1, then there exists A" = {b1,...,by} C Z,) such that
the canonical homomorphism Z,) — Z, maps b; to a;, and f(bi,...,by) =0 for f € Ly,

f(b17"'7bn)7éof0rf€£2-
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This directly implies Theorem [I, with almost the same bound.

Corollary 21. Let k > 1 be an integer and p be a prime. Then for any A C Z, with
|A| < logyy, p—1 there exists A’ C Z Fy-isomorphic with A via the canonical homomorphism.

Proof. We consider all linear polynomials in n := |A| variables having || - |[;-norm at most
2k, and split them into £ and L5 according to the result of evaluation with elements from
A. This includes all polynomials used in the definition of the usual Freiman isomorphism.
Applying Lemma 20, we get a subset A’ C Z(p), which by definition must be Fj-isomorphic
with A via the canonical homomorphism. Multiplying all values of A’ by a large enough
integer, which is 1 modulo p and cleares all denominators, will ensure that A’ lies in Z, while
still being Fj-isomorphic with A via the canonical homomorphism. O

Proof of Lemma [20. We can express L1 as the system Mx = b, for some m x n matrix M and
vector b. We then form the augmented matrix M’ = (M |b). By assumption, the || - ||;-norm
of any row of M’ is at most k.

The system £ is solvable in a field F if and only if tkgM = rkgM’. We will show that
this is the case in Q.

As the rank of M’ is the maximum size of one of its square submatrices with non-zero
determinant, we see that rkoM’ > rkyg,M'. On the other hand, let M] be any square
submatrix of M’ of full rank in Q. By Lemma 9, |det(M])| < k"' < p. Hence det(M]) is
also non-zero in F, and consequently rk oM’ < rk, M’. But then M’ has the same rank ¢ in
Q and in [F,,. Similarly we obtain that M has the same rank in both Q and IF,,. However, the
system L is solvable in [Fj, and so we must have ¢ = rk M < n. Consequently L; is solvable
in Q. This is nevertheless not enough for our purposes; we must further show that a solution
A’ with the desired properties exists.

We may assume w.l.o.g. that

- My My - b1
(a0 ) o)
where M; is a square matrix of full rank ¢t = rk M in both Q and IF,, and b is partitioned
accordingly. Let M be the adjoint of M.

We get
0 I Mz M,y o M3 My N b '
By Lemma [I9] |det(M;)| < k™.

Consequently we can express the first ¢ variables in terms of the last n—t variables, involving
fractions with denominator bounded by k™ < p. By letting b; := a; and replacing x; with b;
in these equations for ¢ + 1 <4 < n, we obtain values bi,...,b in Z,) for x1,..., 2 such
that b; is mapped to a; by the canonical homomorphism, for any 1 < i < n. Furthermore, as
rk oM’ = t, by replacing z; with b; in the last m — ¢t equations we obtain the identity 0 = 0
in Q everywhere.

We conclude that A" := {by,...,b,} is a solution for £; in Zp)- Furthermore, no polynomial
f € L5 can be zero when evaluated at A’, for otherwise it would also be zero modulo p, hence
0 when evaluated at A, a contradiction. Then we are done. O
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7. RESULTANTS, SUBRESULTANTS AND THE GCD

As in the case of linear polynomials, we must bound the complexity of solving a system of
multivariate polynomials. We gather in this section all the tools required for the proof.

In what follows we shall introduce and make substantial use of subresultants, an alternative
to Euclid’s algorithm for computing the greatest common divisor of two polynomials. This
approach will be essential in obtaining any reasonable quantitative bound in Theorem Bl as
Euclid’s algorithm leads to an explosive growth of the coefficients involved in the polynomial
division.

Suppose A is an integral domain. If A C B, B is a commutative ring and b € B, we
shall denote by ev; the evaluation homomorphism evy, : Alx] — B mapping f(x) to f(b). If
0 # a € A, we shall denote by A[1] the ring of polynomials A[z] evaluated at 1. This is the
same as the ring of fractions of A with respect to {a" : n > 0}, and is sometimes denoted
by A,. If B is another integral domain and ¢ : A — B is a homomorphism, ¢ extends to a
homomorphism from A[z] to B[z], which we shall also denote by ¢.

Let f,g € Alzx]. We say g|f if there exists h € A[x] such that f = hg. Hence h|0 for any
h € Alz], but 0 divides only 0. Moreover if A is a unique factorization domain (UFD), then
ged 4(f, g) is well-defined. Here we use the conventions ged 4(h,0) = ged 4(0,h) = h, for any
polynomial h. Note that ged 4(f, g) is unique only up to a unit of A. If no confusion may
occur, we shall drop the subscript A. Furthermore if fy,..., f,, € Alx] we let ged(f1,..., fm)
denote their greatest common divisor, where for m = 1 this is by convention fi.

We also make the convention deg(0) = —oo.

We shall need the following easy fact.

Lemma 22. Suppose A C B are integral domains, f,g € Alz] non-zero and g|f in Blx].
Then g|f in A[%], where 7y is the leading coefficient of g.

Proof. By replacing A with A[%] and B with B[%], we may suppose % €A

Assume p := deg(f), q := deg(g) and a # 0 is the leading coefficient of f. By assumption,
f = hg, for some h € Blx].

We prove by induction on deg(h) > 0 that h € A|x].

Let ¢ # 0 be the leading coefficient of h. Note that deg(h) = p — ¢q. Then ¢y = a, and
soc=2eA I deg(h) = 0, we are done, otherwise f — caP~9g = (h — caP~9)g, and so by
induction h — caP~% € Alz]. Thus the claim is proved. O

Now let A be an integral domain, f,g € A[z] be non-zero polynomials and suppose f =

apx? + ...+ ag, g = bgx? + ... + by with a,,b; # 0. The Sylvester matriz of f and g is the
(p+ ) x (p+ ¢) matrix

Qp ag
a ag
Sty = P ,
19 b, bo
by ... bo

where the first ¢ lines are formed by shifting the first row to the right, and the last p lines
are formed by shifting the (¢ + 1)th row to the right. If p = ¢ = 0, we define Sy, = (1).
The resultant of f and g, denoted by res(f,g), is the determinant of Sy ,. We also define
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res(0,h) = res(h,0) = 0, for any polynomial h, so that the resultant is now properly defined
for any two polynomials in A[z].

The main application of resultants is to determine when two polynomials have a common
root.

Theorem 23 (Proposition 4.16, [I]). Suppose A is a UFD and f,g € Alx] are non-zero.
Then ged(f, g) is non-constant if and only if res(f,g) = 0.

Unfortunately we will have to deal with more than two polynomials and more than one
variable. We therefore make the following definition, following [18].

Let f1,...,fm € Alz1,...,2,],m > 1. Let ys3,...,yn be new indeterminates and define
A = Alxg, ... x,), A" = A'lys,...,ym]. Let Fi, Fy be polynomials in A”[z1] defined as
follows:

F1 = f1 (6)
Fy=fo+ysfs+ ...+ ymfm-
If m =1, we take F5 := 0. We define the resultant of the polynomials fi,..., f;, in terms of
x1, denoted by resg, (fi1,..., fm), as the resultant of F; and Fy. Note that this is a polynomial

inxg,...,xy and Y3, ..., Ym-
We first have a lemma.

Lemma 24. Suppose A is a UFD. Then ged 4/ (f1, ..., fm) = gedan (F1, Fy).

Proof. If m = 1, this is true by definition. So assume m > 2.

By hypothesis A" and A” are both UFD. Now if g := ged 4/ (f1, - - -, fm) and ¢’ := ged 4 (F1, F3)
then g|g’, as g|F; and g|F,. Furthermore ¢’ € A’ because ¢'|f1. Giving values y; = 0 we see
that ¢'|f. Alsoif welet y; =1 and y; = 0,7 # j, we see that ¢'| fa+ f;. Hence ¢ f;,2 < j < m.

Then ¢'|g and the claim follows. O
Theorem 25. Assume A is a field and let K be its algebraic closure. Let (ag,...,a,) €
K" ! and suppose that the leading coefficient of x1 in fi € Alxy,...,z,], a polynomial in
To,T3,...,Tn, does not vanish when replacing xo with as, 3 with as,...,x, with a,. Then
there exists an a1 € K such that (a1,...,a,) is a common zero for fi,..., fm if and only if

resg, (fi,..., fm)(az,...,an) =0.

Proof. We replace x; by a;,2 < i <mn, in F; and F». Then the degree of F; stays the same,
but the degree of F» may decrease with some amount r > 0.

If F, = 0 then by definition res;, (f1,..., fm)(a2,...,a,) = 0. As deg,, (F1) > 1 and a;
can be taken to be any root of Fp, the claim trivially holds.

So assume F5 # 0. By definition of the Sylvester matrix we know that

resg, (fi,.. ., fm)(az,...,an) = " resy, (fi(ag, ... an), ..., fm(az, ... an)).
where 0 # ¢ € K is the leading coefficient of =1 in fi(aq,...,a,). Thus by replacing f; with
filag, ... an),1 <i<m,and A with K, we may suppose w.l.o.g. that n = 1.
By Lemma 24 ged(fy,..., fm) = ged(Fy, Fy), and hence a; exists iff ged(F, Fy) is non-
constant. But by Theorem 23] this happens iff res(F, Fo) = resg, (f1,..., fm) is zero, hence
the claim holds. O

For a different proof of Theorem 25 see Theorem 6.1, [1§].
We now turn to subresultants.
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Let A be an integral domain, f,g € A[z] non-zero as before and again suppose f =
apx? + ...+ ag,g = bgx? + ... 4+ by with a,, b, # 0. The subresultant sequence for f and g
is a list of polynomials S;(f,g) := Z;ZO sii(f,9)27,0 < i < min{p, q}, where s;;(f,g) is the
determinant of the matrix built with rows 1,...,¢q —4 and ¢+ 1,...,¢+p — i of Sy g4, and
columns 1,2,...,p+q—2i—1,p+q—1i—jof Sy 4. This is well-defined except when i = p = q.
Thus when p = ¢ # 0 we set Sy(f, g) = g and define s4; in the obvious way. For p = ¢ = 0 we
set So(f,9) = 1.

Due to technical reasons we define the subresultant sequence also for the case when one
of f or g (but not both) is 0. If g = 0, we let S;(f,9) := Si(f, f),0 < i < deg(f), and we
proceed similarly if f = 0.

We now have the following result.

Theorem 26. Suppose A is a UFD and f,g € A[x] are not both zero. If k > 0 is minimal
such that sgk(f,g) # 0 then there exists non-zero u,v € A such that uged(f,g) = vSk(f,g)-

In a similar form, Theorem 26] was already known in the 19th Century. Collins [9] intro-
duced the terminology of subresultants, leading to the modern formulation of Theorem 26, in
conjuction with the problem of efficiently computing the ged of two polynomials. The theory
was subsequently refined and simplified by Brown and Traub [5]. A good exposition of the
theory of subresultants and a proof of Theorem 26] can be found in [I] (see also [§] and [5]).

In the proof of the main result we will encounter rings which are not UFD, and so we will
not be able to apply Theorem [26] directly. We deal with this situation below.

Let A be an integral domain and f1,..., f, € Alx],m > 1. We define F; and F» as in ().
We first make a simple observation.

Lemma 27. Assume A C K C K, where K, K are fields, and K is algebraically closed.
Suppose G := gedp (f1, .-, fm) has degree § > 1, and let by, ..., by be the distinct roots of G
i K, each appearing with multiplicity p;, 1 < i < d. Then

z&

Ss(Fy, Fy) = €| | (= — b)), (7)
i=1
where £ is the leading coefficient of Ss(F1, F») as a polynomial in x.

As § > 1 we have deg(Fy) = deg(f1) > 1 and so S;(F}, F3) is well-defined (nevertheless it
may happen that F is 0 if m = 1). Further recall that S;(Fy, F») is a polynomial in ys, ..., ym,
and z.

Proof of Lemma[27 By Lemma 24, G = gedgyy, .. (F1, F2). Hence by Theorem 26] there
are non-zero u,v € Klys,...,ym] such that uG = vSs(F1, F3). But for any 1 < i < d,
(x — b)" |uG in K[ys,...,Ym,z]. Hence (z — b;)*|Ss(F1, F»),1 < i < d. As Ss(Fy, F») has
degree exactly ¢ as a polynomial in z, (7)) must hold, thus proving the lemma. O

The main consequence of Theorem [26] is the following.

Lemma 28. Suppose A C C,G := gede(fi,-.., fm) has degree § > 1, £ := ss5(F1, Fy) and
¢ : A— F, is a homomorphism such that

deg, (¢(F1)) = deg, (F1), deg,(o(F2)) = deg,(F2) and ¢(f) # 0. (8)
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Then for any root V' € F,, of gedg, (0(f1), -, &(fm)) there exists a root b of G and a homo-
morphism ® : Alb] — F,, such that the following diagram commutes

Alz] —= A[b]

L 0

Fpla] R Fy

Proof. By definition the case m = 1 is equivalent to the case m = 2 where fo = f1, and so we
will assume w.l.o.g. that m > 2 and Fy # 0. Let G’ := gedg, (¢(f1),- -+, ¢(fim))-

As degm(qb(Fl)) = degw(Fl) and degm(qb(FQ)) = degm(F2)7 we have qb(SZ(Flv F2)) = Sl(qb(Fl)v ¢(F2))
Hence by Theorem [26] and the fact that ¢(¢) # 0, we have deg(G) = deg(G') = § > 1.

Let o be any root of G’ in F,. By Lemma 27 we have ¢(Ss(F1,Fz))(b') = 0. Define
P i=euvy o ¢: Alx] = F,.

Let b1, ..., b4 be the distinct roots of G in C, each appearing with multiplicity pu;, 1 <7 < d.
Assume for a contradiction that for any root b; of G there is no homomorphism ® making the
diagram (9) commutative. This means ker evy, Z ker ¢, so there exists a polynomial g; € Alx]
such that g;(b;) = 0, but (¢ o g;)(b') # 0.

Define
d
H .= EHgZ- ‘
i=1

Then H € Alz,ys,...,Ym]. As ¢(£) # 0, we have ¢(H)(V') # 0 in Fplys, ..., ym]. But by
Lemma 27]
d

S(;(Fl,Fg) = gH(x — bi)m

i=1
in Clz,ys,...,Ym]. Then S5(F1, Fy)|H in Clx,ys, ..., ym]. Hence by Lemma22] S5(Fi, Fo)|H
in Alz,ys,. .., Ym, %] But ¢(¢) # 0, so ¢ extends to a homomorphism

1
¢ : A[xay?n’” y Ym,s Z] — ]Fp[m7y37"'7ym]'

This implies ¢(Ss(F1, F2))|op(H). As ¢(Ss(F1, F2))(b') = 0, we obtain ¢(H)(d') = 0, a contra-
diction. This finishes the proof of the lemma. O

8. PRESERVING BOTH THE ADDITIVE AND MULTIPLICATIVE STRUCTURE
We have the following technical result.

Lemma 29. Let k,t > 2 be integers and p be a prime. Suppose A ={ai,...,a,} CFy and
let £1,Lo C Zlx1,...,xy] be collections of (k,t)-bounded polynomials, such that any f € Ly is
zero when evaluated at (a1, ..., ay), and any f € Ly is non-zero when evaluated at (ay, ..., ay).
If

|A| < log logy, logyy,p — 1 (10)
then there exists a finite algebraic extension K of Q of degree at most (2t)2" and a subset
A" = {by,...,by} C K such that f(bi,...,by) = 0 for f € Ly, and f(b1,...,b,) # 0 for
[ € Ly. Furthermore, the map ¢, : Z[A'] — F,, sending b; to a; is a ring homomorphism.
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Proof. We first give a rough overview of the proof.

The proof has three steps.

In the first step we eliminate the variables one by one. We start with the collection of
polynomials £° := £; and we compute the resultant R; in terms of ;. We then form a new
collection of polynomials £! in xs,...,z, by taking the coefficients of the y-monomials in
Ry. By Theorem 28] there is at least one choice for z1 iff there exists a common solution
to the polynomials in £'. We then eliminate x5 and proceed further in the same manner to
construct collections £. After at most n steps we have eliminated all variables, and only
constant polynomials remain. However, the same procedure could have been carried over in
[F,, with the same starting collection of polynomials, and there it is guaranteed that a solution
exists. Hence if the final constants are less than p, they must in fact be 0, and so a solution
exists in C as well.

In the second step we go back, trying to determine the b;’s. Suppose for example that we
have only polynomials in one variable, say x,, and we know that a common root exists. Then
their ged is non-constant, and we can use Lemma 2§ to pick one of the roots of the ged as
b,. The hypothesis of Lemma 28 will be satisfied by adding some more polynomials to £’ in
the first step. We then adjoin b,, to Q, replace x, by b,, and proceed similarly to determine
bn—1. Theorem [25] will ensure that once b;41,..., b, are picked, there is still a choice for b;.

Note that once the homomorphism ¢, is constructed, the conditions imposed by L, are
automatically satisfied. For if f € Lo then ¢,(f(b1,...,bn)) = f(a1,...,a,) # 0(mod p),
hence f(b1,...,b,) # 0 as well.

In the last step we will estimate the degree of the extension.

We now present the proof in detail.

Step 1. We let ug := k,vg :=t and for any 1 < i < n we define u; and v; inductively by
up =
v; = 2vl-2_1.
We shall prove in Step 3 that for 0 < ¢ < n we have
u; < p. (11)

Assume for the moment that this is indeed the case. For 0 <i < mnlet 0; : Z[zit1,...,Tn] —
Fylxit1] be the homomorphism mapping z; to a;,i +1 < j < n. We similarly define o :
Zlx1,. ..,z — [, as the homomorphism mapping x; to a; for all 1 < j <mn.

We will construct by induction on i > 0 sets £, = £°,£',...,L",r < n, such that £’ C
Zlxiy1,-..,xy] is a collection of (u;,v;)-bounded polynomials satisfying o(f) = 0 for any
f € £1,0 < i < r. Furthermore, it will be necessary at every step i < r to slightly modify
the set £ into another one A; by altering some of the polynomials. A; will still contain only
(u;,v;)-bounded polynomials f verifying o(f) = 0.

The construction of the sets £ will be done in three stages, indicated by the bold letters
(A), (B) and (C).

For i = 0, by assumption £° is a collection of (ug, vg)-bounded polynomials mapped to 0
by o.

Now suppose n > i > 0 and we have constructed £i. If i = n or £? is empty or {0}, we set
r =4 and stop. Otherwise, let £ = {f1,..., fm} and f; = Zzlio cjgme. By assumption we
have 1 <n — 1.

(A) For any 1 < j <m and deg,,  (0i(f;)) << deg,,  (f;) we put ¢ into L+
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We then set d; = deg,, , (0i(f;)) and define

!
d;
/. V4
fi= chf$i+1'
£=0

Note that d # 0, otherwise o(f;) = 0(f;) # 0, a contradiction.

Let A; :== {fi{,..., fl,}. Clearly every polynomial in A; is still (u;,v;)-bounded. Further-
more if z; 11 does not appear in any polynomial in A;, then A; contains only 0 by the above.
In this case there is nothing else to be done.

So assume w.l.o.g. that ;1 appears in f]. Let

F1 = f]
Fy=fy+ysfs+...+ ymfn
for unknowns ys, ..., ym, where Fp :=0if m=1.
(B) We take res,,,, (f{,..., fl,) and put into £ the coefficient of every monomial in y;,
which must be a polynomial in x;19,...,x,.

Set Ry := Z[xit2,...,Tn,Y3,---,Ym] and Ry := Fplys,...,ym]. Note that o; induces a
homomorphism between Rj[z;+1] and Ra[z;11]. We have Fy,Fy € Ri[x;y1] and by (A),
deg,, . (0i(F1)) = deg,,, (F1) and deg,,  (0i(F2)) = deg,,  (F2). So let g1 := deg, (F1)
and gz := deg,, (F»). By assumption, ¢; > 1.

Let 6 > 0 be minimal such that o;(sss(F1, F2)) # 0, where sy are the coefficients of the
subresultant sequence.

(C) We put into £ the coefficients of s;;(F1, F2) (polynomials in z;i2,...,,), for
1 < j < 4. For j = 0 this has already been done, as soo(F1, Fp) = resy,,,(fi,-.., f,) by
definition.

The construction of £ is now over. We must show that any polynomial in £+ is indeed
(i11,vi+1)-bounded.

This is certainly the case for the polynomials added in stage (A). So consider the stage (B)
of the construction.

Fix an arbitrary monomial M in ys, ...,y of degree at most ¢;. This has a coefficient g
in resy, ., (f1,-.., f),) and we must estimate ||g|; and deg(g). Since q1,¢2 < v;, the degree of
g is at most (q1 + g2)v; < 2v? = v;11, as desired.

Now let 2 < j1,72,...,Jq < m and define Sp, g, (j1,.--,Jq ) by writing on line g2 + k" of
SF,,F, instead of the coeficients of Fy, the corresponding coefficients of f]/-k,, 1<K < q.
Then ¢ is a sum of det(Sp, m,(J1,---,Jq)), for certain gi-tuples ji,j2,...,jq depending on
M. The number of such ¢;-tuples is

Q deg(M)! deg(M) _ v,
< < vt
<deg(M)> deg,,(M)!. .. deg, (M)~ ="

Recall that Hfj’Hl < wu;,1 < j <m. So by Lemma [I9 applied to Sp, r,(j1,---,Jq) (& square
matrix of size q1 + g2 < 2v;), we obtain || det(Sgy (1, - - -5 dp))|l1 < ui'. Hence ||g|l; <

u?v" v;" = u;iy1, as desired.
Finally, as subresultants are defined using submatrices of Sg, g, all the above estimates
apply to subresultants as well. Hence any polynomial added to £*! in stage (C) is also

(ti41,vi41)-bounded. Consequently any polynomial in £+ is (u; 1, v;11)-bounded, as claimed.
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We must further check that o maps all the polynomials in £+ to 0. This is certainly the
case with the polynomials added in stages (A) and (C) of the construction. Asdeg,,  (0i(f})) =
deg,.. (f}),1 < j < m, we have that res;, , (0i(f1),...,0i(f,)) = oi(vesz,, (f1,-- -, fin)). By
Theorem 25 and the fact that the polynomials o;( f]’) have the common root a;y1, we obtain
resg,., (0i(f1),---,0i(f},)) = 0. This shows that all the polynomials added in stage (B) of the
construction are indeed mapped to 0 by ¢. Thus the induction step is verified.

Step 2. If L7 is empty, all the sets £° were empty, in particular £° = £; = (). Then we set
b; = a;,1 <1 < n, take ¢, to be the canonical homomorphism, and we are done.

So we may assume that L£" is non-empty. Let f € L". By construction f is an integer
constant at most w, in absolute value, and u, < p by (II). However, o(f) =0, and as o is a
homomorphism, we must have f = 0. Hence £L" = {0}.

By decreasing induction on r > ¢ > 0 we shall find algebraic numbers b;11,...,b, such
that for any f € L%, f(bit1,...,bn) = 0, and furthermore the map (ﬁé : Llbiga,. .. by = Fp,
sending b; to a;,7 < j <n, is a well-defined homomorphism.

For any j > r, we let b; be the integer in {0,1,...,p — 1} satisfying b; = a; (mod p). Then
b = O"Z is a homomorphism. As £" = {0}, the base case i = r is verified.

Now assume 0 < i < r and we have found b;49, ..., b, satisfying the induction hypothesis.

Suppose L' = {f1,...,fm} and A; = {f{,..., f.}. We replace z;4a,...,z, with their
values b; in the polynomials fi,..., fm and fi,..., f;,. By (A), f; = f; and furthermore

deg,, , ( ;,Jrl(fj)) = deg,,,,(f;),1 < j <m. If z;41 does not appear in any of these polyno-
mials, then all of them are in fact 0. In this case we let b; 1 be the integer in {0,1,...,p—1}

satisfying b;11 = a;+1 (mod p). We have gb;fl(b,-ﬂ) = a;41. Thus (25;, = (25;;"1 is a well-defined
homomorphism, and the claim holds.

So assume x;41 appears in fj. Here we use the same indexing scheme as in Step 1; in
particular, fi corresponds to the polynomial f{ selected in Step 1.

By (B) and Theorem 25| at least one choice b1 for z;4+1 exists, such that replacing ;41
with this value vanishes all polynomials in £°. In other words, G := gede(f1, ..., fn) has
degree 6 > 1.

Now recall our construction of Fy and Fy. By (A), deg,,( CHL(Fy)) = deg,, ., (F2). Let
0 := s55(F1, Fy). By (C), Lemma[24land Theorem 26lapplied to F} and Fs in C[zi11, Y3, - - -, Ym),
we see that ¢4t (£) # 0.

Hence the hypothesis of Lemma is satisfied for the ring A := Z[b;y2,...,by], the
polynomials fi,..., f;,, and the homomorphism ¢ := gb?rl. This implies that for the root

ajy1 of gchP(QS;H( fi)s--- ,QS;H( fm)) there exists a root b;+1 of G and a homomorphism
(b; : Zlbit1, ... ,by] = F, making the diagram () commutative. Then (b; still maps b; to a;

for i + 1 < j < n. Furthermore by construction, replacing x;+1 with b; 41 in the polynomials
in £ vanishes all of them. This proves the induction step.

Continuing in this way we obtain all algebraic numbers b1,...,b, and in the last step
Op = ¢2 maps b; to a; as desired.

Step 3. We now compute the degree of the extension and verify (IIJ).

First note that » < n and v; = 22i_1t2i, 0 < i < n. Then the degree of the extension is at
most

r—1 n—1
1=0 =0
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Further note that

n—1
[T 2vi <21
i=0
We also have ug = k and
uiyy = w0l (12)

and so by iterating (I2)), and using the above estimates, we obtain

2Un—1_ Un—1
Up =Up_1 VUp_1

(2Un72)(2vn71) Un72(2vn71) Un—1
Up—2 Up—2 Un—1

n—1 n—1
= exp { (H 2212-) log k + Z v (20i41) - .. (2up—1) log vl}
i=0 i=0
n—1
< exp { (H 2%) (log k + nlog vn_l)}
i=0

< exp {22n_1t2n (logk +n log(2t)2n71)}
< k22”t2” (Zt)n2n7122"71t2”
< K™ (2)

< k@™ (2t)@)

27L+1

22” +2n72t2n

2n+1

< (2kt)20)
Thus the condition u,, < p is satisfied if n < logy logy, loge,; » — 1. This shows that (ITI)

holds, and hence the proof is finished. O
Proof of Theorem[3. We consider all k-bounded polynomials in n := |A| variables, and we

split them into £ and L, according to the result of evaluation with elements from A. Applying
Lemmal[29, we get a finite algebraic extension K of Q of degree at most (2k)?", a subset A’ C K
and a homomorphism ¢, : Z[A'] — F,, which by definition is an Fj-ring-isomorphism between
A’ and A. This proves the theorem. ]

9. SHARPNESS OF THE MAIN RESULT

In this section we prove Theorem [l For k > 2,t > 1 we say that a positive integer r
is (k,t)-constructible in at most n steps if there exists a sequence of non-negative integers
0 = ap,a1,...,a;,m = r,m < n, such that for any ¢ > 1,a; = fi(ao,...,a;—1), with f; €
Zlxo,...,x;—1] a (k,t)-bounded polynomial.

The main step is to prove the following lemma.

Lemma 30. Let k > 2. Any p > 232(k1082(16k)* o (L k)-constructible in at most %loglzgligé;p

steps, and moreover this is sharp up to a constant not depending on k.

Proof. Let p > 232(k logy(16k))? arbitrary. We first note the following inequality:

log, logy p > 2logy (klogy logs p). (13)
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Indeed, this is true if logy p > k?(log, logs p)?, which in turn is true if log p > 1 g2 (log log p)?.

By derivation this holds whenever p > 932(k logy (16k))? > ¢B(klog, (16k))?
Now set

10?521’
= |1 EE— L d N:=|1 .
i [OgQ <klog2 1og2pﬂ o Log, p)

Note that s > 1, as log, p > klog, logy p by (I3).
Consider the base-2 representation (bgb; ...by) of p, with by being the least significant bit.

We break it into ¢ := [N—J]gq > 1 contiguous subsequences (bobi - .. bsk—1); - - -, (br—1)skb(e—1)sk+1 - -

all of them except possibly the last one of length sk, defining in base-2 numbers POy Ply ey Pb—1-
Note that

-1
p= Z 2% p;
i=0

and p; < 2°%,0 < i < £. We further write

k-1
= ZQSme
J=0

with 0 < pij < 2%,

We now define the sequence ag, ..., ags¢1o(0—1) as follows.

We start by setting ag := 0 and a; := a;_1 + 1,1 < i < 2% Note that a; =i,1 <1 < 2%,
For any 0 < i < /¢ — 1 we define

k—1

— § : J
a2s 4144 :— azsapij.
=0

Hence ags 414 = p;. For any 1 <i </ —1 we further define ags s 9;—1)41 and agsyr4a3i—1)42
as follows:
" . aks, ifi =1,
25 +04+2(i—1)+1 *= :
HA2-D+ Ao p12(i—2)+1025+041, Otherwise.

A2s 44102542 + A25 41, ifi =1,

A9s . = .
2 -‘1—6-‘1—2(7, 1)+2 { a25+[+2(2_1)+1a25+2+1 + a‘23+£+2(i—2)+27 OtherWISe-

Hence

ski
A2s 4+ 04+2(i—1)+1 = 27,

(3
skj
A2s 4 042(i—1)+2 = E 2% p;.
Jj=0

.bn),
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In particular, ags;¢yo(—1) = p. Hence p is (k, k)-constructible in at most 2° + 3¢ — 2 steps.
But

N +1
28+3£—2§28+1+3—Z
S

N
§25—|—4—k, as sk + 3N + 3 < 4N,
s

< 2 logyp 4 logy p
= klogylogyp  klogylogy p — logy (K log, logy p)
10 logyp

= ?loggloggp’ y (m)

This proves the first part of the lemma. To show that this bound is essentially best possible,
we fix n and count the number of positive integers (k, k)-constructible in at most n steps.
First note that for given £ > 1, the number of monomials in ¢ variables x1,...,x; of degree

at most k is (sz) < (kl)*. Hence the number of (k, k)-bounded polynomials in ¢ variables is

at most 3F (“k'k) < (3kf)*, as any such polynomial is a sum of & monomials in ¢ variables of
degree at most k, with coefficients 1, —1 or 0.

Now to any number which is (k, k)-constructible in at most n steps corresponds a sequence
of (k,k)-bounded polynomials f1,..., fim,m < n, such that f; is a polynomial in ¢ variables.
Thus the number of integers (k, k)-constructible in at most n steps is upper bounded by the
number of such sequences, which for n > 3k is at most

n
i=1

log p

Floglogp Ve have

However if p is given, then for n <

gp

1o
10g p log log p
2kn
< | — < p.
= <2/<;loglogp> P

Hence not all numbers between 1 and p are (k, k)-constructible in at most %1102% steps.
This finishes the proof of the lemma.

Proof of Theorem [} Given p > 232(k—1)*log3(16(k—1)) 3 prime number, we apply Lemma B0 to
find a sequence of non-negative integers 0 = ag,...,a, = p,n < %bgh;glif)é;p, which shows
that it is (k — 1,k — 1)-constructible. Let A’ := {ag,a1,az,...,a,}. Taking the residues
modulo p of the numbers in A" we obtain a set A C F), of size at most n.

Now suppose for a contradiction that there exists an Fj-ring-isomorphism ¢ of A into an
integral domain R of characteristic 0.

There is a natural embedding of Z into R, and we can identify Z with the image of this
embedding. Let x; € A be the image of a; in F),,0 < i < n. By induction on i > 0 we see
that ¢(x;) must equal a;.

This is certainly the case for zy = 0. For ¢ > 1 there exists a (k— 1)-bounded polynomial f;
such that a; = fi(ao,...,ai—1). Hence fi(xo,...,zi—1) —x; = 0 in F),. As this is a k-bounded
polynomial, it must be preserved by ¢. Therefore the induction hypothesis implies ¢(z;) = a;,
as claimed.

However, A has size at most n, while A" has size n + 1. Therefore the image of ¢ can not

contain the whole of A’, a contradiction. This proves the theorem. O
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The proof of Lemma (30 tells us that for given M > 1 there are only (log M )€ (logloglog M)
positive integers less than M which are (2, 2)-constructible in O(log log M) steps. Nevertheless
any Mersenne prime (a prime p of the form 2" — 1) is (2,2)-constructible in O(logn) =
O(loglogp) steps, by using the base-2 representation of n and an approach similar to that
of Lemma Furthermore any Fermat prime (a prime p of the form 22" + 1) is (2,2)-
constructible in O(n) = O(log log p) steps. Thus the existence of infinitely many such primes
would imply Conjecture Bl Unfortunately proving or disproving such a statement seems at
present to be an unreachable goal.

10. CONCLUDING REMARKS

Remark 1. Theorem Ml does not cover the case k = 2, and in fact here I believe, but can
not prove, that the correct bound is O(logp); that is, any subset A C I, of size O(logp) is
Fy-ring-isomorphic to a subset of C. Neither the proof of Theorem [ nor that of Lemma
properly adapt to this situation, as one would have to work over the multiplicative group Fy
of order p — 1.

Remark 2. Lemma[29implies the following weaker version of Lemmal6t under the hypothesis
of Lemmal0l there exists a solution (by,...,b,) € K™ to the polynomials fi, ..., fs, where K is
a finite algebraic extension of Q of degree at most (2¢)2". Indeed, suppose each f; has degree at
most ¢ and || ||so-norm at most k. Then each f; is (k(nt)!,t)-bounded. Fix A := {a1,...,a,},
the coordinates of a complex solution of the system of polynomials {f; : 1 <i < s}. We first
apply Theorem 2] in order to find a sufficiently large prime p (compared to n,k and t) and a
homomorphism ¢ : Z[A] — F,. We then apply LemmaR9]to the collections £; := {f1,..., fs}
and Ly := (), in order to find a finite algebraic extension K of degree at most (2t)%", a subset
A" C K and a map 1) between ¢(A) and A’. Then ((¢ o ¢)(a;))}_, are the coordinates of a
solution (by,...,b,) € K™ of the system of polynomials {f; : 1 <i < s}.

Remark 3. In view of Theorem [[1I] one may ask what is the largest number n(p) of points
and lines in IE‘?, for which the upper bound cn(p)*? on the number of incidences holds. I have
only proved n(p) = Q(logloglogp), and I am not aware of any non-trivial upper bound for
this function.
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