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CHARACTER FORMULAS ON COHOMOLOGY OF
DEFORMATIONS OF HILBERT SCHEMES OF K3
SURFACES

LETAO ZHANG

ABSTRACT. Let X be a hyperkdhler manifold deformation equivalent to
Hilbert scheme of n points on a K3 surface. We compute the graded char-
acter formula of the generic Mumford-Tate group representation on the
cohomology ring of X, and derive a generating series for deducing the num-
ber of canonical Hodge classes on X. The formula indicates the number of
Hodge classes on X that remain Hodge under any deformation.
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1. INTRODUCTION

Let S be a K3 surface, and S the Hilbert scheme of n points on S; each
point in S corresponds to a subscheme of S whose Hilbert polynomial is the
constant n. We say X is of K3"-type if X is hyperkéhler and deformation
equivalent to S,

Denote by Gx the generic Mumford-Tate group of hyperkahler manifolds
of K3[M-type. The invariants of G'x action on H*(X,Q) correspond to the
canonical Hodge classes (see Section B.2]), which are Hodge classes that remain
Hodge under any deformation. Chern classes of the tangent bundle Tx are

examples of such canonical Hodge classes.
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Now we consider the action of Gx on the cohomology of X. In particu-
lar, we want to compute the characters of GGy representation on the middle
cohomology of X, where X is of K3["-type.

The lattice of H?(X,Z) — with respect to the Beauville-Bogomolov form —
is Ag @ 6Z. Here Ag := U3 & E2Z(—1) is the lattice of H*(S,Z) where S is
a K3 surface, and (0,0) = —2(n — 1). Let G be the identity component of
OT(H*(S,Q)) with respect to the intersection form. The action of maximal
torus T'x of Gx on Ag is the same as the action of maximal torus Ts of Gg on

Ag.

Theorem 1. Let M(q) := > ", Char(H*(X,Q))-¢" be the generating series
for the character of the Gx representation on the middle cohomology of X.

M(q) = (1 +) 2(—1)"~‘q’“(’?”) <H det (I, — gqm)) :

where g € Tx the mazximal torus of Gx, Iy is a N x N identity matriz, and
det([24 — gtm) = (1 — tm)2 det(IQQ — g|TStm).

Example 1.0.1. Let X be of K3[-type. There are 7 Hodge classes in
H"(X,Q) that remain Hodge under any deformation. Similarly, there are
5 Hodge classes in H3(X,Q), 5 Hodge classes in H'9(X,Q), and 10 Hodge
classes in H'?(X,Q) that remain Hodge under any deformation. (cf. Appen-
dix [A))

Now let [ € Hy(X,Z) be a line class in P* C X. Hassett and Tschinkel
in [13] show that (I,I) = —32 for the case where n = 2 in [I2]. For n = 3,
Harvey, Hassett and Tschinkel [II] show that ({,/) = —3 and give a con-
crete expression for the Lagrangian hyperplane class. For the case of n = 4,
Bakker and Jorza [2] show that (I,1) = —1, and also give an expression for
[P4]. For n > 5, Bakker [3] shows that (I,1) = —2F2, which was conjectured
in [13]. However, it is more difficult to compute the class [P"] for larger n.
One possible approach to exploring the expression for [P"] is to find all the
canonical Hodge classes in the middle cohomology of X for each n; future
work could provide possible candidates for the class of [P"] in terms of the
line class. As for the ring structure, Verbitsky [26] shows that there is an em-
bedding Sym™ H?(S,Q) — H?**(S™,Q), but much about the ring structure
of H*(X,Q)%x is still unknown, e.g. relations in the subalgebra generated by
H*(S,Q) for each H*(X,Q)¢x.

Acknowledgments. I am very grateful to my advisor Brendan Hassett for
introducing me to this problem, and for his warm support and encouragement.
Thanks are also due to Lothar Gottsche, Radu Laza, and Anthony Varilly-
Alvarado for interesting discussions and insightful remarks. I appreciate Eyal
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Markman’s illuminating questions which may lead to future research topics.
The writing of this paper was supported in part by NSF grant 0901645 and
0968349.

2. COHOMOLOGY OF HILBERT SCHEMES OF POINTS ON K3 SURFACES

In this section, we review some classical results about S, where S is a K3
surface. For n > 1, the Beauville-Bogomolov form can be written as the direct
sum [4]

(2.1) HA(S™M7) = H*(S,Z)( @, ZJ, (6,8) = —2(n — 1),

where (, ) is the intersection form on H?(S,Z), and 2§ is the class of the
corresponding big diagonal divisor A" ¢ S parameterizing nonreduced sub-
schemes.

In [23], Nakajima constructs generators for the cohomology ring of Hilbert
schemes of points of any projective surface. Lehn and Sorger [16] then show
how H*(S,Q) generates H*(S™, Q) as a graded ring.

Let A = H*(S,Q)[2] denote the shifted cohomology ring weighted by -2, 0,
2. Correspondingly, let H,, = H*(S" Q)[2n] denote the shifted cohomology
ring weighted by —2n,...,2n. Note that the weight shifting here is not the
Tate twist notation for Hodge classes.

Define a linear form 7" on A by T'(a) := — f[s] a, and let (,) be the induced
bilinear form on the shifted cohomology (a;,as) = T'(aas) = — fs ajay. On
A®"™ | one can define an analogous structure. Since A and H,, have only graded
pieces of even weights, we can simplify the algebraic model in [16].

The product is given by

(a1®...®an).(b1®...®bn): (albl)®"'®(anbn) .

T extends to A®" via

T(CL1 R--® an) = T(al) ..... T(an) ,
and the bilinear form (,) on A®" is defined accordingly:

(a,b) =T(a)T(b).
We also have the symmetric group &,, action on the n—fold tensor given by
T @+ ®p) = Ur-11) @+ @ Gr-1(y) -

For any partition n = ny + - - - + ng, we have a homomorphism

ATy A®F

a1®"'®an'—>(al"'am)®"'®(an1+---+nk,1+1"'ank)
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Given a finite set I with n elements, let {A;};c; be a family of copies of A
indexed by I. Let [n] denote {1,...,n}; we define

A= B Ajme-erm | /Sn
Filnl =1

Finally, given a surjection ¢ : I — J between two index sets, there is an
induced multiplication

o* T A% 5 A%
and let
b 1 A% — A®T
be the adjoint of ¢*, i.e.
(9% a,b) = (a, .b),
where a € A®T b € A®”. The projection formula
¢(a-¢*(b)) = ¢s(a) - b

holds by [16].
Denote by (m) \[n] the set of orbits of [n] under the action of 7. Define

A{G,} = Bres, AZNI 1
A{GS, } admits an action of 0 € &,,, induced by the bijection
o :(m)\[n] = (oma™")\[n], =+ ox.
This gives an automorphism of A{S,} given by
g:ra-m— o (omot).

Denote by A" the invariants under this action, then we have the graded
isomorphism between the vector spaces [16]

Al =3 () Sym* A
lall=n i

where a = (1*,2°2, ..., n®) runs all partitions of n and ||a|| = >, ia;. For
the case of K3 surfaces, Lehn and Sorger prove

Theorem 2. [16] There is a canonical isomorphism of graded rings

o

(H*(S, QD)™ = H* (™, Q)[2n] .
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3. DECOMPOSITION OF COHOMOLOGY RING

In this section, we first review some useful results from representation the-
ory. We then discuss generic Mumford-Tate group actions on the cohomology
ring of X of K3[-type. Finally, we introduce canonical Hodge classes as
the invariants of the group action. Our goal is to decompose H*(X, Q) into
irreducible representations and to count invariants.

3.1. Characters of Representations. We summarize general results on rep-
resentations of complex (or split) orthogonal groups from [§].

Let g be a semisimple Lie algebra, A be its weight lattice, and Z[A] be
the integral group ring of the abelian group A. For each weight A € A let
e(\) denote the basis element in Z[A], so that each element in Z[A] can be
written as the finite sum ), ny-e(A). Denote by R(g) the ring of isomorphism
classes of finite-dimensional representations associated to g. For each class [V],
V] = [V'] + [V"] whenever V = V'@ V", and the product of two classes is
defined as [V] - [W] = [V ® W]. Define the character homomorphism

Char : R(g) — Z[A]

by Char[V] = > #(V)-e(\), where V) is the weight space of V' for the weight
A and #(V)) is the multiplicity of Vy in V. The Weyl group 20 acts on Z[A]
and the image of Char is contained in the ring of invariants Z[A]%.

Let wy, .. .,w, be fundamental weights of g. Recall that fundamental weights
have the property that any highest weight may be expressed uniquely as a
nonnegative integral linear combination of them; they are free generators for
the lattice A. Let I'; (i = 1,...,n) be the classes in R(g) of the irreducible
representations of highest weight w; (i = 1,...,n). We have the following
theorem.

Theorem 3. [8] The representation ring R(g) is a polynomial ring on the
variables Ty,..., Ty, and the homomorphism Char : R(g) — Z[A]® is an
isomorphism.

Thus decomposing V' into irreducible g representations is equivalent to find-
ing its character polynomial.

Example 3.1.1. [§] Let g = $0,,C and V = C?" be its standard representa-
tion. Its weight lattice A is span{Li,..., Ly, (D L;) /2} (see Lecture 19 in [§]
for detailed explanation). For s0,,C, fundamental weights are

Liy Lo+ Loyeoo Lot D, (Ty 44 L) /2, (Ly -+ Ly — Ly) /2

corresponding to irreducible representations V, /\2 V..., /\"_2 V' and the half-
spin representations ST and S”. Set t; = e(L;), t; ' = e(—L;), tjl/2 =e(L;/2),

—1/2
t:

)

= e(—L;/2), Char(\* V) is the k-th elementary symmetric polynomial
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— denoted by Dj — of the 2n elements t;, t;*, ..., t,, t.*. The character
D* (resp. D7) of St (resp. S7) is the sum S 577+ . '/ where the
number of plus signs is even (resp. odd). Thus,

R(502,C) = ZIA)® = Z[D,,...,D,_,D*, D]

Example 3.1.2. [§] In the case of g = s04,,;C, its standard representation is
V = C?*! and its weight lattice is the same as 50,,C. But the fundamental
weights are

Ly,Ly+Ly,....,.Ly+Lo+---+Ly_1,(Ly +---+Ly)/2

corresponding to irreducible representations V, /\2 | VA /\"_1 V' and the spin
representation S. Char(A" V) here is the k-th elementary symmetric polyno-
mial — denoted by By — of 2n + 1 elements ¢y, ", ... ,t,,t." and 1. Denote
by B, tlhe character of S, which is the n-th symmetric polynomial in variables

ti% +t; 2. By applying Theorem [3] we obtain
R(509,,1C) = Z[A]* = Z[B, . .., B,_1, B

If Ty is an irreducible s0s,.1C representation of highest weight A = (A\; >
.+ > A, > 0), then its image in Z[By, . .., B, is Bi1 ™2 B)2 ™ ... 172 g,
In general, we have s0,,C C s05,,1C, and the restriction representation of I'y
is

5092 +1(C . T
Res_ " F)\ = @)\FA

502, C

where A = (Aq,..., \,) satisfies
MZAMZ X=X > =X 2 A > A

and \; and )\; are either all integers or all half integers.

Given a finite dimensional s09,,1C representation W, if it is induced by
the inclusion s05,C C s04,+1C and all the weights of s0,,,C representation are
integer-valued, then so are the weights of the s09,,,1C representation. This im-
plies that the character of the 04, 1C representation will be in Z[By, . . ., B,_1].

3.2. Group actions on cohomologies. Let VV be a Q vector space, and
S(R) = C* regarded as a Lie group. S! is a maximal compact subgroup of
S(R).

Definition 3.2.1. ([10], I.A) A Hodge structure of weight n is given by a
representation on Vg :=V ®q R

¢ :S(R) — GL(Vg)
such that for » € R* C S(R), ¢(r) = r"idy.
This definition is equivalent to giving a Hodge decomposition of V¢ := V ®¢C,

where B
Ve = VP4 and VP4 = VP,
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For ¢ := @|g1, we obtain a representation
¢ : S — SL(V)(R)
given by p(e?)v = 0P=Dy, for v € VP,

Definition 3.2.2. [10] The Mumford-Tate group M, associated to a Hodge
structure (V, ) of weight n is the Q-algebraic closure of

@ :S" — SL(Vg).

For a pure Hodge structure of even weight 2p, Hodge classes are defined as
those lying in the intersection V N VEP. Let TH = V& @ V& and Hg(V,)
denote the direct sum of all Hodge classes in T%! for all pairs of (k,[). It is
known that M, fixes Hg(V,,) [10] .

Let V denote the weight two Hodge structure on H?(X,Z), Theorem 2.2.1
in [28] indicates that

Proposition 1. For generic X, the Mumford-Tate group Gx = SO (V, (,)),
where (,) is the Beauville-Bogomolov form.

Definition 3.2.3. [19, 22] An automorphism ¢ of H*(X, Q) is called a mon-
odromy operator (equivalently, a parallel transport operator) if there exists a
smooth and proper family M — B (which may depend on g) of irreducible
holomorphic symplectic manifolds over a (possibly singular) complex analytic
space B, having X as a fiber over a point b € B, and such that g belongs to
the image of 71 (B,b) under the monodromy representation. The monodromy
group Mon(X) € GL(H*(X,Q)) is generated by all the monodromy opera-
tors. In this context, the algebraic monodromy group Mon(X) is defined as the
smallest Q-algebraic group in GL(H*(X,Q)) that contains Mon(X). Denote

by Mon” (X) the image of Mon(X) in the isometry group of H*(X,Q).

Proposition 2. Let X be of K3 -type, and assume X is a very general fibre
in the universal family X — B. Let Mon(z)(X) be the identity component of
MonQ(X), then we have Mong(X) = Gx.

Proof. Theorem 16 in [25] shows that any connected component of m2(X )
is a normal subgroup of the derived group of Gx. In particular, we have
Mong(X) C Gy.

Consider the map ¢ : OT (H*(X,Z)) — O (H*(X,Z)*/H?*(X,Z)), Lemma 4.2
in [20] shows that Mon?(X) is the inverse image of the subgroup {1, —1} under
t. Thus SO (V,(,)) C WE(X). Since Gx = SO (V,{(,)) by Proposition [IJ,
Mong(X) = Gx. &
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Example 3.2.4. The simplest case is when X is of K3-type. The monodromy
group Mon” (X) is OT(H?*(X,Q)) [5]. Thus its identity component Mong(X)
is SO(H*(X,Q)).

Definition 3.2.5. Let X be of K3[-type, and assume X is a very general
fibre in the universal family X — B. Canonical Hodge classes of X are Hodge
classes that remain Hodge under any deformation.

Theorem 4. Let X be of K3M-type, and assume X is a very general fibre
over b in the universal family X — B. Canonical Hodge classes of X are
ezactly the invariant classes H*(X,Q)¢x.

Proof. Since canonical Hodge classes are Hodge classes, they are contained in
HY(X, Q)%

Given any very general fibre X', let v C B be a path such that v(0) = b and
v(1) =V where Xy = X’. Markman [22] shows that WQ(X) is a normal
subgroup of Mon(X), thus WW?)(X)W C W2(X’). Since nyé(XW is
connected and contains identity, WW?)(X )y = Wﬁ (X') = Gx.

For any a € H*(X,Q)%, va € H*(X’,Q). Given I/ € Gy, there exists
h € Gx such that h’ = vh75. This implies

W (ya) = yhy(ya)
= vha

Thus ya € H*(X',Q)%x’ is a Hodge class.

Now let A € H*(X,Q) be the class such that A4, = o € H*(A},,Q). For
any very general fibre Xy, Ay € H*(Xy,Q) is obtained by a path from b to ¥'.
Passing through finite étale cover of B, Ay is unique. By the above analysis,
A, are Hodge for all very general fibres. By Deligne-Cattani-Kaplan theorem
in 7], Hodge loci of A is closed. Thus A, are Hodge for all special fibres Aj.
Thus « remains Hodge under any deformation.

Thus H*(X,Q)%x is the collection of all canonical Hodge classes. )

Note that the same statement was proved in Lemma 3.2 of [21].

By the above analysis, the invariants of the G'x representation on H*(X, Q)
are the canonical Hodge classes. By computing number of trivial Gy repre-
sentations on H?’(X,Q), we can obtain number of canonical Hodge classes of

type (p,p) of X.

Example 3.2.6. In Table[I] the first row of data shows the number of canoni-
cal Hodge classes. For instance , if X is of K 3Pl-type, then there are 2 canonical
Hodge classes in H*?(X), 1 in H33(X), 4 in H**(X), and 2 in H5?(X).
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3.3. Decomposition of the Cohomology Representation. Denote by Gg
the identity component of the special orthogonal group associated with the
intersection form on H?(S,Z). (cf. Example B.2.7)

We can decompose H*(X, Q) into irreducible representations for the action
of Gx. [II] provides an explicit method for writing the decomposition:

(1) Use the isomorphism H?*(X,Z) = Ag &, Zd and compatible maximal
torus of Gg and Gy to fix the embedding Gg C Gx. (cf. Section [)
(2) Decompose H*(S™, Q) into the highest-weight Gg representations us-
ing H*(S",Q)[2n] = (H*(S,Q)[2)"™ in Theorem 2 The highest-
weight irreducible representation Vg(A) will lie in the summand of an
irreducible G x representation Vx () in H*(X, Q).
(3) Repeat step 1 and 2 on H*(X,Q)/Vx ().
Let Vy,, := H**(X,Q) where X of K3 type, Vi is of weight 2k — 2n
in H*(X,Q)[2n]. Let V) be the irreducible Gx representation of the highest
weight \; we get the following computational results

A dimV)y Vas | Ve5 | Vss5 | Vios | Vee | Ve | Vioe | Vize
(0,0,0,...) | 1 2 1 4 2 2 5 4 7
(1,0,0,...) | 23 1 3 3 5 3 4 7 7
(2,0,0,...) | 275 1 1 3 2 1 4 4 7
(1,1,0,...) | 253 1 1 2 1 1 3 2
(3,0,0,...) | 2277 1 1 2 1 1 3 3
(2,1,0,...) | 4025 1 1 1 2 2
(1,1,1,...) | 1771 1
(4,0,0,...) | 14674 1 1 1 2
(3,1,0,...) | 256795 1 1 1
(2,2,0,...) | 2193763 1
(5,0,0,...) | 7804350225 1 1
(4,1,0,...)

(6,0,0,...)

Table 1: Gx Representations

[43

Here “ --” denotes truncated data, and each integer denotes the number of
times V) appears in Vo, = H?**(X, Q). In particular, the first row in the table
indicates the number of copies of trivial G'x representation in each H?*(X,Q),
and corresponds to the number of canonical Hodge classes.

H?(S,Q) corresponds to the standard Gg representation Vg(1). Let H, =
H*(S™. Q)[2n], which is a bigraded algebra associated to H*(S™ Q). By
Theorem 2, we can decompose H,, into G g representations. By using the same
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convention as Example B.I.1l we know that
Charg, (H*(S™ R)) € Z[Dy,...,Dy, D, D7] .

Remark 1. When £ < 10, spin representations do not appear in our repre-
sentation as A*Vg(1,0,...) is irreducible (Theorem 19.2 [8]).

By compatibility of maximal tori of Gx and Gg (cf. Section [I]), we have
(3.1) Charg, (H* (S, R)) = Charg, (Vo)

By B.], we will not distinguish notations between Chargg and Charg,, and
will denote both by Char in the following discussion. Let

" 1
p(2)n =Y Char(Vopions) - 2™ € Z[Dy, ..., Dy, DT, D7][z, -]
k=—n

be the graded character of H*(X,R). Now we take the sum

(3.2) p(z,t) =Y p(z)at"

following the grading of each V, .

Example 3.3.1. Consider X of K3P-type, and H3 = H*(SP, Q)[6]. By the
above analysis, we obtain

HO(SPL Q)l6] = 15

H*(SB Q)[6] = 15 @ V(1)

HY(SPL Q6] = 1% & Vs(1)* @ Vs(2)

HO(SPL Q6] = 15 © Vs(1)® @ Vs(2) @ Vs(1,1) & Vs(3)

Thus we have

3
p(2)s = Y Charg, (H*H(SH)) - 22

k=-3

=204 (14 D)z + (342D, + D? — Dy)z?
+ (34 3Dy + D? + D} — 2D, Dy + D3)
+ 2%+ (14 Dy)z* + (3+ 2Dy + D} — Dy)2?
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The induced G x representations are

(6]
Va3 = Hz(X> @)[6] = VX(l)
Vis = HY(X,Q)[6] = 1Lx & Vx(1) ® Vx(2)
Vo3 = H(X,Q)[6] = 1x & Vx (1) ® Vx(1,1) & Vx(3)

The character formula is

3
p(2)s = Z Charg (Vart6,3) - 2"
k=—3

=2 %+ B2+ (1+ By + B} — By)z*+ (1 + By + Ba + B} — 2B, By + B3)
+ 2%+ By2' + (1 + By + B} — By)Z?

and the number of canonical Hodge classes of H*(X,Q) corresponds to the
constant term in the coefficient of 2.

Remark 2. The computation in example [3.3.1] is reversible. Explicitly, the
number of copies of the highest-weight representation Vx(\) appearing in V,, &
corresponds to the coefficient of Char(Vy()\))

Proposition 3. The character of the Gx representation is

(3.3) py(2,t) = Zp(z)nt" - H det(lzz;l— gt™)

where g € Tx the mazimal torus of Gx, In is a N x N identity matriz, and
det(loy — gt™) = (1 — 272™) - (1 — 2%t™) det(lae — g|1st™).

Proof. Recall that V.= H*(S,Q)[2] = H°(S,Q) + H?*(S,Q) + H*(S,Q) is bi-
graded, where H°(S,Q) and H*(S,Q) are of weight —2 and +2 respectively,
and H?(S,Q) is of weight 0. For every symmetric power Sym®(V), it is suf-
ficient to show the formula holds when g is diagonal. Since Gg acts trivially
on H® and H*, let u_o € H°(S,Q) be the eigenvector with eigenvalue 1 and
weight —2, and uy, € H*(S,Q) be eigenvector with eigenvalue 1 and weight 2.
H?(S,Q) corresponds to the standard Gg representation Vg(1,0,...,0), and
let v; (i =1,...,22) be its eigenvectors; when i is even, v; has eigenvalue ¢ i
-1

Il

Molien’s Formula in [I5] indicates that for a representation W of a group
G, and given a linear operator g € G, its action on the symmetric algebra

and when 7 is odd, v; has eigenvalue ¢
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Sym®(W) has the graded character

1

Z Char(Sym‘(g))t' = Tl —1g)

i=0
The symmetric algebra on V, denoted by Sym®(V), has the form

Sym®(uz) ® Sym*(v1) ® Sym®(vz) ® - - - @ Sym® (v2) ® Sym®(u—_z) .
Since v; € V is of weight 0, the bigraded character of Sym®(v;) is

[e.e]

1
0Nk 4k
) T = )
> (12" T

k=0

where p; is the eigenvalue of v;. Since u_s (resp. ug) has weight —2 (resp.
weight +2) in V, we have

Char(Sym* (u_2))(t) = S(1- =) = - —12—% and
Char(Sym* (us))(£) = 3 (1 22)#F = ﬁ |

Thus, we obtain

1
(1 —22t)(1 — 272t) det(lag — g|74t)
By Theorem [2 the graded character p(z), of H*(X, Q) is given by

(3.4) Char(Sym*(V))(t) =

p(z),t" =Char Z ®Sym°""V t"

lafl=n i

= > ][ (Char (Sym* V) ¢) .

lall=n =1
Note Char (Sym® V ) ¢* is the a;-th term in Char(Sym®(V))(¢"). Then for
each a = (1*1,2%2 ... n®) where || a ||= la; + -+ + na,, = n,

—.

Il
—

(Char (Sym®™ V ) ¢**)

2

corresponds to the t"-th term in

H (Char(Sym*(V))(#)) .
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Together with equation 3.4l one can obtain

o0 1
p(2)nt" = '
Z ) n£[1 1 —22tm)(1 — z72tm) det (I — g[rst™)

)

Remark 3. Given a smooth projective complex surface ', let p(S'", 2) be
the Poincaré polynomial 33" 5;(S1)2% of S, Géttsche [9] shows that
> o p(ST, 2)g" has the expression

25 00 1 +Z2m lqm)bl( ’)(1 +Z2m+1qm)b1(sl)
( ’ ) T]L;[l 1 — z2m— 2 )bO(S’)(]_ _ Z2mqm)b2(5”)(1 _ 22m+2qm)b4(5’) ’

For the case when S’ is a K3 surface, by(S") = b4(S") = 1, b1(S") = b3(S") =0
and by(S’) = 22. Letting 2?q = t, Equation 3.5 becomes

= 1
H 1 _ z—2tm _ tm)22(1 _ Z2tm) :

m:l

This is the same as taking the character of the identity in Proposition [Bl

4. GENERATING SERIES FOR THE CHARACTER OF THE MIDDLE
COHOMOLOGY

Proof of Theorem [ For X is of K3["-type, we consider the middle
cohomology H**(X,Q) of X. The character of H*"(X,Q) is of weight 0 in
Equation B.3] in Proposition Bl The character formula can be written as

(4.1) (};{1 = Z_(iq;)qg)i ZW)) (H(l — ") det(I — g|quk)> .

k=1

Lemma 1 in [I] indicates

[e.e]

1 —g™)? 1N 2N r2-N24r4N
(42) H (1-— z—gqm—fl)(i — 22q™) - Z (=) 2%g : :

N,r=—o0
r=|N|

m=1
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Multiplying both sides of Equation 12 by (1 — 272), we obtain

(1—¢m)?
,L[l (1—2z72¢m)(1 - 22¢™)

[e.e]

2_ 2
. r4N rE=NZ+rdN IN 2(N—-1)
= D (=N (Y =2V
N,r=—
P2INT
> > 2_N24rgN > 2o (N+1D)24r4N+1
T — T T — T
— § : 2 : (_1)r+Nq ) _ E : (_l)r-i-N—i-lq 5 Z2N.
N=—c0 1=0 1=0

=|N|+1 r=|N+1|+1

Fix N > 0, the coefficient of 22V is

e 141 1(1—142N) 1+2N) > l+1 1(1—142(N+1))
(4.3) Y (—1)*g D G )
=1 =1

11— 1+2k)

Let ax(q) = > _,(—=1)"*1 ¢ for & > 0, the coeﬂiment of 2% can be
written as ag(q) — ary1(q). In particular, the coefﬁ01ent of 20 is

l(l+1)
ao(q) — ai(q —1—|—Z2 :

Thus the coefficient of z° in Equation m is

1+3,,2(=1)lq 5
det(I — gq*)

where det(I — g¢*) = (1 — ¢*)? - det(I — g|1sq") .
Corollary 5. Let 3;(S™) denote the i-th Betti number of S™. We have

; Bonyar(S™) ¢ = ﬁ(am) — ap41(q)), k>0

where A(q) = q[1,,(1 — ¢™)* is a cusp form of weight 12 for SLy(Z), and
ax() = iy (-1 g2

Proof. The corollary follows from the proof of Theorem [II (see Equation E3))
by taking the trivial representation. s

Remark 4. Géttsche [9] shows that the generating series for the Euler num-

bers of S ig .
q
E e( S[" "=
n=0 A(q)
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According to [27] and remark 3.7 of Appendix in [14] we have
A(q) = 4096¢(6* — €)?

where € and § are modular forms for I'y(2) of weights 4 and 2 with the following

forms:
Z d3 qn

1 \dln, § odd

€ =
5:_2_32 S d) g

n=1 \d|n, d odd

It is interesting that the modular form A appears many times in computations
related to the cohomology rings of SU".

APPENDIX A. TABLE OF GGx REPRESENTATIONS

The following computations carried out using MAGMA [6]. Table 2] records
H*(X,Q) as a decomposition of G'x representations, where X is of K3"-type.
A in each row denotes the highest weight of the G x representation, and Vy,,
in each column denotes H*(X, Q). Each integer datum indicates the number
of copies of the highest-weight representation Vy()\) in H*(X, Q).



A V8,7 | Vio,7 | Vi2,7 | Via7 | Ves | Vigs | Vies | Vias | Vie,s | Vio,e | Viz,o | Viag | Vieo | Vige
(0,0,0,..) | 5 5 10 7 6 6 13 12 18 6 15 15 25 21
(1,0,0,..) | 5 9 11 14 5 10 14 21 21 11 16 27 33 39
(2,0,0,..) | 4 5 10 9 4 6 13 15 21 6 14 19 31 30
(1,1,0,..) | 1 4 4 7 1 4 5 10 9 4 6 13 15 21
(3,0,0,..) | 1 4 5 7 1 4 11 11 4 7 14 18 24
(2,1,0,..) | 1 2 4 5 1 2 5 8 10 2 5 10 16 18
(1,1,1,.) 1 1 1 2 1 1 3 3
(4,0,0,..) | 1 1 3 3 1 1 4 5 8 1 4 6 12 11
(3,1,0,..) 1 2 3 1 2 5 5 1 2 6 9 13
(2,2,0,..) 1 1 1 3 1 1 4 3
(2,1,1,..) 1 1 1 1 2 3
(5,0,0,..) 1 2 1 3 3 1 1 4 5 8
(4,1,0,..) 1 1 1 2 3 1 2 5 6
(3,2,0,..) 1 1 1 1 2 3
(3,1,1,..) 1 1 1
(2,2,1,..) 1
(6,0,0,..) 1 1 1 1 1 3
(5,1,0,..) 1 1 1 1 2 3
(4,2,0,..) 1 1 1
(4,1,1,..) 1
(3,3,0,..) 1
(7,0,0,..) 1 1 1 1 2
6,1,0,..) 1 1 1
(5,2,0,..) 1
(8,0,0,..) 1 1
(7,1,0,..) 1
(9,0,0,..) 1

TABLE 2. Gx Representations
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Remark 5. [24] and [17] discuss the stable cohomology of S". Here we only
listed data for unstable parts. In general, the ring structure of H*(S", Q) is
still unknown using irreducible representations. Section 5 in [I8] gives partial
results on relations.

APPENDIX B. NUMBER OF CANONICAL HODGE CLASSES

The following computations were done using MAGMA [6]. In Table B each
row is indexed by n — corresponding to X which is of K3M-type; each col-
umn is indexed by k — corresponding to the k-th cohomology group H*(X, Q).
Since all the odd cohomologies vanish, we only listed the even values of k.
Each integer datum in Table [ refers to the number of canonical Hodge classes
in H*(X,Q), i.e. the number of copies trivial G'x representation.

k(2 |4 (6 |8 |10 [12 |14 |16 |18 |20 |22 |24 |26 [28 |30 |32
2 10 |1

3 10 |1 |1

4 10 |2 |1 |3

5 |0 12 |1 |4 |2

6 |0 |2 (2 |5 |4 |7

700 |2 |2 |5 |5 |10 |7

8 |0 |2 |2 |6 |6 |13 12 |18

9 |10 (2 (2 |6 |6 |15 |15 [25 |21

10 10 |2 |2 |6 |7 |16 |18 |33 |33 |43

1110 |2 |2 |6 |7 |16 |20 [37 |42 |61 |56

1210 |2 |2 |6 |7 |17 |21 [41 |51 |79 |84 |104

1310 (2 |2 |6 |7 |17 |21 [43 |55 |91 |108|146|138

1410 |2 |2 |6 |7 |17 |22 [44 |59 |101]|129|188| 205|238

1510 |2 |2 |6 |7 |17 |22 |44 |61 |106|142|219|262| 335|333

16 |0 (2 |2 |6 |7 |17 |22 |45 |62 |110|152|244|312|432| 480|538
17

TABLE 3. Number of Canonical Hodge Classes

Remark 6. For a fixed k£ and for n > k, the number of copies of trivial G x rep-
resentations stabilizes. This also can be seen by results in stable cohomology
of Hilbert schemes of points on K3 surfaces ([24], [17]).

Remark 7. The Beauville-Bogomolov class ax and the Chern classes of the
tangent bundle are canonical Hodge classes, but there are more canonical
Hodge classes in addition to these.
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Example B.0.2. Consider X of K3[®-type. There are 6 canonical Hodge
classes in H®(X, Q) according to the table. On the other hand, there are only
4 canonical Hodge classes which can be expressed in terms of Chern classes
and ax, namely

ca(Tx), cg(TX), Cotiy, og( )

Future work will be devoted to finding algebraic expression of all canonical
Hodge classes i.e. to express these classes as polynomials in Chern classes of
certain coherent sheaves.
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