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DOUBLE SHUFFLE RELATIONS OF DOUBLE ZETA VALUES
AND DOUBLE EISENSTEIN SERIES AT LEVEL N

ABSTRACT. In their seminal paper “Double zeta values and modular forms” Gangl,
Kaneko and Zagier defined a double Eisenstein series and used it to study the relations
between double zeta values. One of their key ideas is to study the formal double space
and apply the double shuffle relations. They also proved the double shuffle relations for
the double Eisenstein series. More recently, Kaneko and Tasaka extended the double
Eisenstein series to level 2, proved its double shuffle relations and studied the double
zeta values at level 2. Motivated by the above works, we define in this paper the
corresponding objects at higher levels and prove that the double Eisenstein series at
level N satisfies the double shuffle relations for every positive integer N. In order
to obtain our main theorem we prove a key result on the multiple divisor functions
at level N and then use it to solve a complicated under-determined system of linear
equations by some standard techniques from linear algebra.
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1. INTRODUCTION

Eisenstein series have played important roles in the study of modular forms and
elliptic curves. One of their most important properties is that the constant term of
their Fourier series expansion is essentially given by the Riemann zeta values at even
weight. In the seminal paper [10] Gangl, Kaneko and Zagier defined a double Eisenstein
series and used it to study the relations between double zeta values. One of their key
ideas is to study the formal double space and apply the double shuffle relations. They
then proved the double shuffle relations for the double Eisenstein series. The double
zeta relations have also been considered by Baumard and Schneps in [7] from the point
of view of period polynomials and double shuffle Lie algebra defined by Thara. More
recently, Kaneko and Tasaka [13] and Nakamura and Tasaka [16] extended the double

Eisenstein series to level 2, proved its double shuffle relations and studied the double
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zeta values at level 2. Motivated by the above works, we define in this paper the
corresponding objects at higher levels and consider the double shuffle relations satisfied
by them.

We follow the notation in [I0]: for any m,c € Z and 7 € H (upper half plane), we
write mr+c > 0if m > 0 orm = 0 and ¢ > 0 and mr+c > n7+d if mr+c—(n7+d) > 0.
For any a = (ay,...,aq) € (Z/NZ)? and s = (s1,...,84) € N we define the multiple
Eisenstein series at level N by

Ga(r) = G*(r) = 3 ! 1)

MiNT +c1)5t - (mgNT + ¢g)%d
miNT+c1>=->mgNT+cqg>0 ( 1 + 1) ( d + d)
m;,c; €L, cj=a; (mod N) Vj

Here, by convention, we often choose 0 < a < N to represent the residue class congruent
to a modulo N. It is not too hard to show that the series converges absolutely when
s1 > 3 and s; > 2 for all j > 2. We will call d the depth and the sum s; + - - - + s4 the
weight. At level one case, Gangl, Keneko and Zagier [10] studied the double Eisenstein
series and related them to modular form by using the Eichler-Shimura correspondence.
In [3] Bachmann generalized this to arbitrary depth and obtained many interesting
relations among these and the classical Eisenstein series (and the cusp form A) using
the double shuffle relations.

The main idea to study the multiple Eisenstein series is by using their Fourier series
expansions with the help of the so called multiple divisor functions at level N defined
as follows: For a = (ay,...,aq) € (Z/NZ)* and s = (sy,...,84) € (NU{0})4

o3 (m) = o3 (m) = D, g g (2)
V1t FUgUg=m
up>-->ug>0
uj,v; €N Vi=1,....d
where n = ny = exp(27i/N) is the primitive Nth root of unity and vy,--- v are
positive integers. Obviously, one can recover the classical divisor function by setting
N=d=1.

We now briefly describe the content of the paper. In the next section we shall first
define the double zeta values at level N and write down explicitly the double shuffie
relations satisfied by these values. Then we consider the same problem in the formal
vector space corresponding to the double zeta values. As consequences of these double
shuffle relations we prove two sum formulas in Theorem

By the general philosophy, the constant terms of level N multiple Eisenstein series
are given by the level N multiple zeta values. Further, we expect that level N multiple
zeta values satisfy the double shuffle relations such as those given in Proposition
Hence we would like to know if the corresponding level N multiple Eisenstein series also
satisfy similar relations. When N = 1 this has been studied by Bachmann and Tasaka
[A].

The main goal of the paper is to prove Theorem which gives the double shuffle
relations of double Eisenstein series at level N for every positive integer N. The difficulty
in generalizing the known N = 1 and N = 2 cases to arbitrary levels lies in the fact
that there are many choices of the constant terms in the generating function of the
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double Eisenstein series and the other related series. It turns out that this fact is
a consequence of an under-determined system of linear equations with (3N? + N)/2
variables and N? + N equations. Essentially, we need to show these equations are
consistent with each other. For this we need a key result concerning N-th roots of
unity and the multiple divisor functions at level N which will be proved in section [7
In the last section, using some standard techniques from linear algebra we prove the
solvability of the linear system mentioned above. This enables us to derive our main
result Theorem [6.3] which generalizes [10, Theorem 7] and [13, Theorem 3]

2. THE MULTIPLE ZETA VALUES AT LEVEL N

For any s = (s1,...,54) € N? with s; > 2 and a = (ay,...,a4) € Z/NZ, we define
the multiple zeta values at level N by
a 1
(n(s) = >, = (3)

' nil ceeny
n1>-->ng>0, nj=a; (mod N) Vj

These numbers are rational multiples of the multiple Hurwitz zeta values which have
been studied by many authors. If we define the multiple polylogarithms

_ A A
Lig(xy,...,xq) = ﬁ.
n1>-->ng>0 1 d
Then it is not hard to see that
| X N
C3(s) = i Z Z g B gy (B By, (4)

B1=1 Ba=1
We now restrict ourself to levels at one or two. We remark that our definition of
the double zeta value at level two is slightly different from that of [13] since we allow
a; = ap = 0 in which case we in fact essentially recover the usual double zeta values (at
level 1).

We can also use Chen’s iterated integrals to derive formulas similar to () which will
apya—1
be useful in the regularization of these values. Let w = £, w? = w(N)2 = %ﬁatdt
(1 <a < N) be 1-forms. By the partial fraction expansion

a— N o _afa—
t 1 1 n (a=1)

1=tV — N & 1t
we see immediately that

! 1L dt | ger dt; dt dt,_; teidt
a — r—1 Aol o1 %2 %l o r
<N<r>—/0w aaas / / .2 ] ©

tr—l
1>t >t>->1,>0

N 1 —a(a—1) N
1 7 ( dt 1 -~ .
— s - aaLr a'
N;/ﬂ e N;n i (%)
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Furthermore,

1 a—b—1 b—1
t dt ' dt
i) = [ W
0

1 —tN 1—tN
1 —a(a b—1) dt —B(b—1) dt
ZZ / r—1 o1 (6)
1 N N
a=1 B=1

Our first result is the following explicit form of double shuffie relations.

Proposition 2.1. For positive integers r,s > 2 and integers a,b € Z/NZ, we have
Ch(r)CR(s) =CR"(r. ) + G (5,7) + BapCii (s + 1) (7)

s—1 .
. r4+i1—1 a+b,b S+] 1 a—l—ba
_;( _ ) (r+1i,s z+2% “y (s+ 4,7 —J)

J

. 1—1 at+bb/. - 1—1 at+ba/ - -
_i+jzz;+5<<r_1) N (Z’j)_l—(s_l v D))

i>2,5>1
where 0, 15 the Kronecker symbol, namely, 0,5 =1 if a =b and 0, = 0 if a # b.

Proof. The first equality is clear by the definition (3)). The second equality follows
immediately from the shuffle product formula of iterated integrals [0, (1.5.1)]:

1
/ e I wr/ Wryl - Wrps = E / We(1) - o(r+s)s
0 0

where ¢ ranges over all shuffles of type (r,s), i.e., permutations o of r + s letters with
o)< ---<oMr)and o7t r+1) <--- <ol (r+s). O

3. DOUBLE ZETA SPACE AT LEVEL N

Now we introduce the level N version of the formal double zeta space studied in [10] as
follows. Let k > 2 and DZ(N); be the Q-vector space spanned by the formal symbols
Z0h = Z(N)@t, Prb = P(N)*t and Zi = Z(N)} (r,s > 1,r +s = k,a,b € Z/NZ)

7,89 7,89

with the set of relatlons

ab __ rzab b,a a _ =1 a+b,b 1—1 a+b,a

Pr,s_ZT73+ZS,T+5abZS+T_'Z ((r—l)Z +(8_1)Z ) (8)
i+j=k
4,521

for r,s > 1, r + s = k. Namely,
Z(N)®t P(N)®b Z(N)¢: a,be Z/NZ, >1l,r+s=k

pa), = QI POV ZN)E - 0,b€Z/NE, 1o > L +s=K)

Q(relations (8)))
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Clearly

_ QUZN)PL Z(N)E s a,b € LINZ, 1,8 > 1,745 = k)
Q(relations ([@)) ’
where the defining relations are (dropping the dependence on )

a,b b,a a __ =1 a+b,b 1 —1 a+b,a
Zr,s + Zs,r + 5a,bZk - Z ((T _ 1) Zi,j + (S _ 1) Zi,j ) . (9)

i+j=k
i,521

Recall that we often choose 0 < a < N to represent the residue class congruent to a
modulo N. Observe that when residue class 0 appears in any conditions involving ged we
should use N to represent it. For example, ged(0,0) = ged(0, N) = ged(N, N) = N. We
now may define PDZ(N )y, the formal double zeta space of pure level N by restricting
VAT

Q(N) ={(a,b) : 0<a,b< N,gcd(a,b, N) =1}

and Z¢ to {a : 1 < a < N,ged(a, N) = 1} in the above. This is well-defined since if
ged(a, b, N) =1 then ged(a + b,a, N) = ged(a + 0,0, N) = 1.

Since both sides of (@) are invariant under (a, b;r,s) <> (b,a;s,7) we may just take
r < s. Thus for even k the group DZ(N); has (k — 1)N? + N generators and kN?/2
relations. Hence

(k= 2)N? + 2N
> .

Similarly, for even k the group PDZ(N); has (k — 1)|Q2(N)| + ¢(N) generators and
(k—1)(|AUN)| + ¢(N))/2 relations. Hence

(k= D{2N)[ = ¢(N))
2

Remark 3.1. (a). Notice that the double zeta space DZ(2)y in [13] is our PDZ(2).

(b). The bound in (I0Q)) is not sharp. For example, when (N, k) = (3,4) we have 24

generators and only 13 independent relations instead of 15. So dimPDZ(3)4 = 11 >
24 — 15.

dim DZ(N); >

dim PDZ(N);, >

+ ©(N). (10)

Note that the relations (§) (as well as (@) correspond to those in Proposition 2.1]
when r, s > 2, under the correspondences

Z(N)pt = G (ry8), Z(N)E s k), P(N)RY s CR(r)GRi(s),

the binomial coefficients for ¢ = 1 on the right vanish in both (§) and ([@)). For our later
applications it is convenient to allow the “divergent” Z(N)%?_ | and P(N){?_, etc.,
and in fact the double shuffle relations in Proposition 2.1l can be extended for r = 1 or
s = 1 by using a suitable regularization procedure for Li{%_,(1,7) etc. developed in [2]
which was motivated by [I1]. For a comprehensive treatment of the general multiple
zeta values of level N, please see our paper [I7]. Specifically, in our current situation

we can define the following renormalized values. Let T" be a formal variable,
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e Note that Li{(1) = (.(1) = T and LiT*(1) = (u(1) = T. By (@) and (B, for
a € Z/NZ

1) = () = (T 53 n‘“aLil(n“)) . (1)

a=1

e By (), for s > 2 and a,b € Z/NZ

1 N-1
allis) = <T 2 ﬁ_““Lil(n“)> Cv(s) = (s, 1) = Cu(s + 1),

a=1

N-1
G, 5) = + <T+ Zn-mul(n“)) Gls) — (s, ) i a#D,

a=1
e By ), for a,b € Z/NZ
N-1

1 (1
(Wal1.1) =553 ( + > 7 (TLiv(n®) = Liva(n®,.n™"))
ps=1

N-1

N
+ Z” = Liy 1 (0, _a)>-

a=1 g=1

e By (@), for a,b € Z/NZ

N N
1 —a(a—b)— . @ —a
Won(Los) = 53 > D0 L (0”7

a=1 =1

where L (1,1) = 372, Li" (n®, n°~*) = Liy(n®,n°~) for all a« # 0 € Z/NZ,
and

L™ (1,1%) = TLiy(n ZLZMH (1,77 = Lis: (0P, ") V(s,B) # (1,0).

The equations in Proposition IZ[I are valid for all r, s > 1. Here we have used the fact
that for o, 5 € Z/NZ (a« # 0) we have

1
- a dt o B adty nPdt
L) = [ {5 L) = [ o )
o 1—mnt 1>ty >t,50 L — 1% 1 = 1Pty
With the above regularized values we can now extend Proposition 2.1 to these cases.
For r > 2 and s > 1 we set (§..(r) = (R.m(r) = (¥ (r) and (X,’;b*(r, s) = ]“me(r s) =

¢ (r,s).

Proposition 3.2. For positive integers r,s > 1 and a,b € Z/N7Z, we have
a a,b b,a a
CN;*(T)CR/;*(S) :CN;*(Tv S) + CN;*(Su T) + 6a,bCN;*(S + T)

G = X (1] )i+ (12 )ewte).

i+j=r+s
i,5>1
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where we set (8) =1.

Proof. We only need to check the relations in the case whenr =1,s >2orr > 2,s =1
or r = s = 1. These follows directly from the definitions and the stuffle and shuffle
relations among Li; and Li; ;. We leave the details to the interested reader. O

The following theorem generalizes both a result of [I3] and a result of [10].

Theorem 3.3. Let k be a positive even integer and a € Z/NZ. Then

1
> oz, =522 2l - 2 20,02)), (13)
1<r<k, r odd
a,a 1 N,a 2a,a a N
Sz, =5 (22N 22 + 2+ 20,2 ). (14)

1<r<k, r even

Proof. Consider the generating functions

ZXY) =)z Xy

r+s=k
By (@) we see that
b b bl yket b,b b
Zg’ (X, Y) + Zkﬂ(Y, X) + 5a’ngW — ZZ+ ’ (X + Y, Y) + ZZ+ 7a()( ‘l‘ }/, X)

Set (X,Y) = (1,0) and then (X,Y) = (1, —1) we get, respectively,

k—1
Zp 20 San 2y =200 Yzt (15)
r=1
k-1
(=) N 20, + Z0,) + bap 2 =Z0300 + 270 (16)

r=1

Setting b = N in (I5) and a = b in (I0) we get

k—1
D Ziie =204 + 00 2 (17)
r=1
k—1
2Y () Z 4+ 2 =225 (18)

1
By adding (resp. subtracting) twice of (I7) to (resp. from) (I8) we obtain (I3 and
(@4). O

Remark 3.4. Part 1) of [13, Theorem 1] follows from the special case of N = 2 and
a =1 of our theorem. By taking N = a =1 in the theorem we obtain [10, Theorem 1].

ﬂ
Il

. . . b .
Next we describe the linear relations among 7' s using some homogeneous polyno-
mials.
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Proposition 3.5. Let k > 2 be a positive integer. Let c beQ for all 1,7 € N and
a,b € Z/NZ. Then the following two statements are equwalent.

(i) The relation

Z Z abZ“bEO (mod Q(Z} : a € Z/NZ))
0<a<b< N i+j=k
holds in DZ(N)y. Here and in the rest of the paper, >, ;_, means Y, iy sy

(ii) There exist some homogeneous polynomials F,, € Q[X,Y] (0 <a <b< N)iof
degree k — 2 such that

Z Fa,b(Xba Ya) + Fa,b(YEn Xa) — Fa,b(Xa—l—b + YE); Xa—l—b)

0<a<b<N

CF(Xawn X 1Y) = Y z( )zfxg—w-l. (19)

a,b€Z/NZ i+j=k

Further, the following two statements are equivalent:
(iii) The relation

Z Z c“bZ“bE() (mod Q(Z;! : 1 <a < N,ged(a, N) =1))
a,beQ(N),a<b i+j=k
holds in PDZ(N ).

(iv) There exist some homogeneous polynomials F,p, € Q[X,Y] (a,b € Q(N) and
a <b) of degree k — 2 such that

Z Foo(Xp, Ya) + Fop (Yo, Xo) = Fop(Xags + Yo, Xoss)
a,beQ(N),a<b

— FopXapp Xarp + Vo) = > Y (z—l) SOXIY (20)

a,beQUN) i+j=Fk

Proof. For any fixed a,b € Z/NZ we take F, ,(X,Y) = (f:f)X"_le‘l (r+s=k) and
F.q(X,Y) =0 for all (¢,d) # (a,b). Then the expansion of the left hand side of (20)
determines the values CZ’f uniquely such that (@) holds which implies (i). In fact, when
a # b we obtain an exact equation in (i). Since any relation of the form in (i) in DZ(N)y
should come from a linear combination of (@) with various choices of (a,b) € (Z/NZ)?
modulo Q(Z¢ : a € Z/NZ) and any homogeneous polynomial is a linear combination of
monomials of the form F,;(X,Y), the equivalence of (i) and (ii) follows immediately.
Similar arguments clearly shows the equivalence of (iii) and (iv). O

Remark 3.6. PropositionB.3l generalizes [L0, Proposition 2.2(i)(ii)] and [13, Lemma 1].
In fact, when N = 2 we can take (a,b) = (0,1),(1,1) in (iii) and (iv) of Proposition 3.5
then we see that F = Fy; and G = Fi in [10 Proposition 2. 2(11)] with relabeling of
X'’s and Y'’s as follows: X’Yj — X’Yf, X’Yj — X’Yzj, and X’Y] — X’Y]
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4. FOURIER SERIES EXPANSION OF THE DOUBLE EISENSTEIN SERIES AT LEVEL N

In this section we will describe a procedure to find the Fourier series expansion of
double Eisenstein series. This can be generalized to larger depths. Similar to the
notation used in [3] and [I0], for any a € Z/NZ and positive integer s set

wir) = v =S
c=a (mod N),ceZ
: 1
Ui () =0iN () = lim >

M—oco T —}—c'
c=a(mod N),|c|<M

Vs > 2
(T+c)* S

Then we have

Lemma 4.1. Let ¢ = ¢*™7 and n = ny = exp(2wi/N). Then for any a € Z/NZ and
s € N, we have

m 2w
NN nanqnv ZfS = 17'
N W
UY(NT) = (—2mi) =l (21)
57' Zns lnanqn’ ZfS 2 2
Ns(s —1)! =

Proof. The well-known Lipschitz formula implies that for all £ > 2

1 2 7TZ7LSC
Z(x+n) i) Z k=12

neL n>1

Thus by setting x = 7+ a/N we get

1 27Tz
Ue (N — k—1 an 27rzn:c
b(NT) Z(]\f7'+n]\f—|—a) Z

nez

as desired.
Now we deal with the special case when s = 1. In the Summation Theorem [15]
p. 305] we take f(z) = 1/(z + 7’) where 7/ = (7 + a)/N. Then we get

1 1 M Tcot Tz
dmo DL s _Z p = Resr (T)

T
c=a (mod N),|c|<M -

Since
. 1 + 62“2 . . 2winz
cotmz = (—z)m =—i— 2@26
n>1
we have
" ™ a w2 an n
UHNT) = NCOt |:7T<7’—|— Nﬂ =N N n>177 q".

This completes the proof of the lemma. U
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Corollary 4.2. For any a = (ay,...,aq) € (Z/NZ)* and s = (s1,...,54) € N¢ set

@ =gNr = Y [IvamNT). (22)

my1>-->mg>0 j=1

Then we have

P L -
B0 = S D o4 (23)

n=1
where |s| = s1+ -+ + sq4, (s — 1)! :H;.lzl(sj—l)!, ands—1=(s; —1,...,84—1).

It is now easy to decompose the level N Eisenstein series (of one variable) into the
following form:

GHT) = (x(r) + 97(7) (24)

for any positive integer r > 3 and a € Z/NZ. So we can define two extensions of G%(7)
as follows.

Definition 4.3. Let § = m or x. For all s > 1, we define
Ge(T) = CRyls) + g4 (7). (25)

Notice that the definition is independent of whether § = m or * by (III).
The following theorem is the key to the double shuffle relations satisfied by the double
Eisenstein series at level V.

Theorem 4.4. The Fourier series expansion of G&X(1) for r > 3,s > 2 is given by
G (r) = (i (r, 8) + g1 (T)GR (s) + gi2(7)

b @ |[co (VD) )an+ e (U0 de] e
h+p=r+s
h>1,p>min{r,s}
Proof. Our proof follows the lines of that of [I0, Theorem 6]. We decompose G%J(r)
into the sum of the following four types: (1) m=n=0, (2) m >n =20, (3) m=n > 0,
and (4) m > n > 0.
(1) m =n = 0. It gives rise to exactly

S ).

c>d>0
c=a, d=b (mod N)

(2) m > n =0. We are looking at

Y veroE S L WmND Y =gk,

m>0, d>0 d>0
c¢=a,d=b(mod N) d=b (mod N)
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(3) m =n > 0. Then we write

1 OO NT
Z (mMNT+¢)"(mNT + d)* - Z\I]”’S( N).

m>0
¢=a,d=b(mod N)

Next we compute W(7). Using the partial fraction

1 Z [ (—1)° (i:l) I (_1)p_r(€:1)

(r+o(r+dp (c—dp(r+o) ' (c—dp(r+dyr

)

h+p=r+s
h>1,p>min{r,s}

we obtain

a B 1
W= X Groetd

c>d
c=a,d=b (mod N)

D DI [ (e P e R i (A ey ]

h+p=r+s,c>d
c¢=a,d=b(mod N)

- Y &' [(_1)5(§: 1) Wi (r) + (~1)" (f: 1) \DZ(T)} :

h+p=r+s
h>1,p>min{r,s}

Hence

1 a
Z (mMNT +c¢)"(mNT + d)* - Z \Ij’"’g(mNT)

0 m>0

e=a, d=b (mod )
- ¥ @ |cr(tD)anco(P0)de)

h+p=r+s
h>1,p>min{r,s}

Here the special case h = 1 has to be treated carefully by using (21]).
(4) m >n > 0. We have

> 1 — g20(r).
ot (mNT +¢)"(nNT 4+ d)* e
¢=a,d=b(mod N)

The theorem follows by summing up the above four parts. O

Motivated by (26) we now have the extension of the double Eisenstein series of level
N to following regularized form.

Definition 4.5. Let § = m or x. Then for all r,s > 1, we define

Grey(T) = Cia(r,8) + g7 (T)CRa(s) + 62 (7)
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b e |[co (D) )am+ e (U0 de] e

h+p=r+s
h>1,p>min{r,s}

Remark 4.6. Unlike Definition X3 this definition of G;L,’S;ﬁ(T) depends on the choice of
the regularization scheme . Moreover, because of () the dependence only appears in

the constant term (X,’f’ﬁ(r, s).
If s,7>3 and a,b € Z/NZ, then it is not hard to show

GH(T)GL(T) = GP3(T) + GLp(7) + 8apGry(T) (28)

which follows easily by the definition. But
a b i —1 a+b,b 1 —1 a+b,a
ez ¥ (((2))enr o+ ((2)enm)
1+j=r+s
ij>1

since the right-hand side has undefined terms. Our goal is to give an extension of these

double shuffle relations to the case r,g > 1 and (r,s) # (1,1) by using a complete
version of the zeta values and Eisenstein series of level V.

5. DECOMPOSITION OF THE ZETA VALUES AT LEVEL N

In this section we break (% (s) into two parts, one of which is inspired by its complete
version defined as follows. For all positive integers n and a € Z/NZ, we set

. 1 11 1
Sm=3 2 Eogdm 2@ (29)
k€Z 4 0<|k|<M
k=a (mod N) k=a (mod N)

by using the Cauchy principal value. This infinite series converges absolutely for n > 2
and conditionally for n = 1. This complete version of (%(s) clearly satisfies the stuffle
relations as those given by (7).

Remark 5.1. When the level N = 2, the decomposition of (% (n) corresponds to the
decomposition of it into the the Bernoulli number part and non-Bernoulli number part.
See [13], page 1103]. Ifa =0 (mod 2), then the non-Bernoulli number part is essentially
the Riemann zeta values at odd integers.

To extract more information from 3% (n) and find its relation to ({(n) we now recall
that the n-th Bernoulli periodic function B, (z), (see [, p. 267]) has the series expansion
_ n! e27rikx n! e27rikx
B,(x) = — : = — — i , 30

k€Zsg 0<|k|<M

which converges absolutely for n > 2 and conditionally for n = 1. Tt is related to the
Bernoulli polynomials by B,,(z) = B,({z}) where {x} is the fractional part of z, except
for n =x =1 when B;({1}) = B1(0) = —1/2 while

_ 1 1

Bi(1) = —5— lim > - =0 (31)

271 M—oo
0<|k|<M
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by symmetry. The following identify motivates our definition of the constant term of
the generating series for the level N Eisenstein series.

Proposition 5.2. For alln > 1 and a € Z/NZ, we have
n N .
(2mi)™ 2mila 5 (1
a(n) = — — B, (—). 32
3500 =~ 2200 () B (32)
Proof. This follows quickly from the identity
i m [ N, if Njm;
— IN"Z 90, otherwise,

for any integer m. U

Corollary 5.3. Let 1 <a < N. Then forallr >1

N N
. (27la\ = l 2rla\ = l
lEZI sm( N ) By, (N) = E cos ( N ) Boiq (N) = 0.

=1

Proof. Notice that under a — N — a the left-hand side of (32) is invariant if n is even
and changes the sign if n is odd. It also follows from the fact that Ba.(1 — z) = B, ()
and Ba,11(1 — 2) = —Bag,41(x) for all » > 0. O

The following corollary provides the exact relation between (§ and 3%.

Corollary 5.4. For all positive integers n and a € Z/N7Z, we have

a 1 a n -—a
() = 5 (Cham) + (1G5 ),
where § = m or %, and when n =1 the right-hand side is defined by (ITI).

Proof. Suppose n > 2 first. Then we can break the sum in (29) into two parts, one
with positive indices which produces (27i)~"(%(n) and the other negative which leads
to (—27i)7"(y"(n). For n = 1 the corollary follows easily from Proposition 5.2 by using
the fact that

Liy (™) — Liy (e*™) = 21i0 — mi = 2miB,(0) V6 € (0, 1).

Notice that the [ = N term in the sum on the right-hand side of (82) vanishes by (31I).
We leave the details to the interested reader. O

Proposition leads us to the following definition if we follow the guideline that the
constant term of the multiple Eisenstein series (even for the regularized values) should
be closely related to the multiple zeta values, at any level.

Definition 5.5. Forn >0 and 1 < a < N we define

R 2mila) 5 (1 23
=t = sy ey ) B w ) (33)
=1
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It is clear from Corollary [5.4], Proposition 5.2, and (31]) that

5n1
a — 2 \—N ,a ) . 4
81 = (2mi) () + O (349)
Let f =mor x. Forallr > 1,s>1and a,b € Z/NZ, we define

(o) = (2mi) a2 (r). B2 = P (Ghlr) = (21500 - 5

st =gy 3 o (U )aro + - (U7 abia)

Notice that the quantities defined above are independent of whether § = m or % according
to (). The following result generalizes [13, Lemma 3].

Proposition 5.6. For any integer k > 2 and a,b € Z/NZ, define the generating series
XY= 3 I XY

r4+s=k
If k> 3 then
> (XY g8+ Y X G a) 5y
h+p=k
h>1

=X Y) + 30V, X) = 07X + Y, X) + 0P (X 4+ YY), (35)
If k=2 (i.e., r =s=1), then we have
3 (@B + 31(a)B7 = 7"+ L. (36)
Proof. We first see that
TXY) = ) g XTY!

r+s=k

= Y G@BXY 4+ Y B ()

“er

__1 _-1

[@Z@ (;f”s (2 1)Xr—1w—1> 30 (;k(—l)p—r (- 1)xr—1ys—1>
= ) gHgBx Ty

h+p=Fk

h>1
£ A (@YX - Yy = G XN -y (37)

h+p=Fk

from binomial expansion. Now by considering even and odd p we see that the sum
term of (B7) has no contribution in J3°(X,Y) + 32*(Y, X). The last equality of the
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B3) is straight-forward so we omit its proof. Finally, (36) follows easily by direct
computation. 0

6. DOUBLE SHUFFLE RELATIONS OF DOUBLE EISENSTEIN SERIES AT LEVEL N

In this section we are going to define three power series E%Y(q), P%*(q) and Ei(q)

which, together with Iﬁf(q) for the first one, are complementary to the double zeta
values, product of the zeta values and the zeta values at level N, respectively. The latter
values, essentially the constant terms of the corresponding Eisenstein series, satisfy the
double shuffle relations in Proposition 2.1]

Write ¢ = exp(2mi7) and define

U3(q) = UEN(q) = 2mi) PUFN(NT),  g(g) = 627 (q) = (2m1) Flg2(r),

(3)'(@) = (G Zn% ) () = g fel@)

s =a@rs X oot o (L0 )aw+ o (1) )]

i+j=r+s
5??(61) 57’2(93) ( ) - 57’,1(575—1)/((1) + 55,1((?]?_1),((]) + gg(Q)) + N5T,158717%b(Q)>

where VN =y ( ) can be defined by the procedure to be outlined in Proposition Rl
Further we set

fs = N2 Z g™ = — 3 D Fi(m)g", where wi(m) = > nn.
m=1

n,u=1 nu=m

Remark 6.1. (i). To save space, in the rest of the paper we will always suppress the
dependence on q in the q-series vﬁb(q), 1I(q), etc. Of course, they all depend on N.

(i1). We will see that the definition ofvﬁb s not unique. For example, for small levels
we may define v explicitly as follows. For N =1: 40" = f9 = 9. For N = 2 we can
set

R == W =r'=0 % =§-f (39)

When N = 2 our choice of the above are different from that of [13] (see Remark [84).
For N = 3 we may define

a,a ~a a a,0 a a,a
V3 =0y — f3 and 3 :f20+f2 — 73 fora=1,2,
00  ~ 0,1 1,0 0,2 2,0 1,2 2.1
V3 = 987 =, =3, =730 =0.
Definition 6.2. We define

Ef(q) = BV (q) = { gia), ifk>2;

(40)

0, ifk <2;
b bN ~a.b b 5?’3(‘1)
Er(q) = B2 (q) = 9rs(q) + B (q) + sy ek

P¥(q) = PN (q) = §%(9)3b(q) + B35(a) + B3¢ (q)
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0r2(98)'(a) + 0s2(g5) a
n 2(75) (q>2—ij_\7 2(9,)'(a) + 5r,15s,1>\1\}b7

The quantities \%" = )\?\}b(q) = )\I;Q“(q) will be defined by the procedure to be outlined in
Proposition Bl together with ~3"’s.

r,s > 1.

For example, to be compatible with ([39) we set

>\(2)70 = >\;0 = Ov )‘1 5 _f27 (41)
and to be compatible with (40) we set
A R ) (2

Roughly speaking, the double Eisenstein series G;‘f;g(f) is given by the sum of C}Gb(r, s)
and (2mi)"**E*Y(q) (similar for depth one Eisenstein series G¢(7)) while the product
G (1)Go(7) is given by the sum of (f(r)(} (s) and (27i) P (¢). By Proposition 2.1
the zeta function part already satisfies the double shuffle relations. So to prove that
similar relations hold for Eisenstein series it suffices to prove the next result which
generalizes [I3, Lemma 4].

Theorem 6.3. Let N be a positive integer. Then there are suitable choices of fyj'(;b and
)\?\}b, 0 <a,b< N, such that they provide the solution to the linear system

V= AT =38, AN =20 =0 Ya#£beZ/NZ, (43)
together with
YA =20 = fo + f2 Va,b€ Z/NZ. (44)

Consequently, for all r,s > 1 the three power series ET‘,“’( ), PT‘,’SI’( ) and E{(q) satisfy
the double shuffle relation at level N :

P (g) = Br(a) + B2 (a) + dap By () (45)
i1\ i1\ rs
-z ((r - 1) Ea+ <s - 1) B (q)) | 1o
T

Proof. 1t suffices to show that there are suitable choices of 7}1\}17 and )x‘}\}b satisfying (43))
and (44)) such that the generating functions

= Ep(g)X*,

k>1
Qfab X Y ZEab Xr 1ys 1
r,s>1
abXY Zpab Xr lys 1
r,s>1
satisfy the double shuffle relation:
¢(X) — e y)

(X Y) =X, Y) + &Y, X) + 6,
;‘B(a) (>)+ (a)+7b X _YV ;
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=CN(X 1Y) + &YX Y, X). (48)

We first calculate the generating functions of the above defined power series. Set

Z Xkl Nznan—N

—q"
. = 1 _xn q"
(X)) = Xkl an Ni_]\ﬂfaq ’
(5(X) ;? i) (0) NX(;? s~ V)
~ab ~ab relvrs— 1 am+bn 7mX nyY qm qm+n
Xy =3 axye— L,
r,s=1 m,n>1
BN (X, Y) ZB QXY T = (g'(Y) = gU(X))BTHX = Y) + g1 (X)BM(Y),
r,s=1

Zé QXY T =X (") (V) - Y (8" (V) + X(g%)(X) + g°(X)

r,s=1

—(35)'(@) + (36" (@) + N3 (a)-

Remark 6.4. (i). Notice that f3(q)
(i1). Notice also that

- D) = o0 Y = NS5

Turning back to the proof of Theorem [6.3 - by the definition, we have

= l
X) _ Zﬁ]g,Xk—l _m Z Z w —27rlaz/NB ( )

N
=1 n=1

N
< Ze 2nlai/N <X6XI/N . 1)

-1
=1

= 39(q) but in general f3(q) # G5(q).

‘ -

2

=

X 2mai)l/N 5 0

N
Z a0 _ _i 1 + 6(1,0

tox ON e(X—2mai)/N _ 1 " 9X"

Then
¢*(X) = g"(X) — Xg5(q) — /().
E(X,Y) = §*(X,Y) + B*(X,Y) + ﬁe“vb(x, Y),
PX,Y) = g1 (X)g"(Y) + B1X)G"(YV) + B°(Y)g*(X)

F o (K@Y () + Y (5 (X)) + Mo (a0 — DF5(0)
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Now we compute E**(X,|Y) + ¢>¢(Y, X). Straight-forward computation yields that

FXY) + 3 X) = g0 y) - LT

B icoth (X —-Y — 27i(a — b)) (G9(X) — §(Y)),

2N 2N
e (XY) + (Y, X) = X(3") (V) + Y (§") (X) + (X)) + §°(V) (50)
+ Ny () + Ny ().
On the other hand, if we set § = (X — Y — 2w(a — b)i)/N then
BXY) + (Y, X) = (§°(Y) = g*(X)) BT (X = Y) + (X)) (Y)
—(3°(Y) = g%(X))B" (Y = X) + g"(YV)B(X)

2 =7 (X) (e—el_ - 1)

F X)) + P OF(X) -

J(X) —g*(Y) X =Y —27i(a — b) \
5N coth ( 7N )

FFEOBY) + )8 (x) - 0, TELZIE) )

Adding up #9), 55 xB0) and (GI) we can derive ([@7) quickly if the conditions in (Z3)
are satisfied. Similarly,

§a+b,a(X+KX) +ga+bb(X—|—YY)

n

1 am-+bn  —mX=nY q" q
Y n € N )
N2m752n>1 1—qm1—qn

R B 1 ~(X+4Y)n q" q"
_~a b V) — — (a+b)n .
FX)GY) = 5z 2 m e 7P 1-¢)°

n>1

(0P )~ G (XY - ) - i Y), (52)

and
TN + Y, X) +e"T(X + YY)
=X(@®VYY)+Y(@G)(X)+2X + V)GV X +Y)+25"(X +Y)
+2N f540(q) = N f5(q) = Nf5(@) + N4 (q) + N (q). (53)

Further
BPUX +Y, X) 4+ fN(X 4+ YY)
=(3"(Y) = "X +Y)BUX) + §*(X +Y)B(Y)
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+H(GUX) = X+ Y)B(Y) + g (X +Y)BY(X)
=g"(Y)B"(X) + g*(X)B°(Y). (54)

Adding up (62), 357x63) and G4) we can prove [E8) if the conditions in (@) are
satisfied.

To complete the proof of the theorem we now need to show that the system (43])
together with () has at least one set of solutions of v%” and A%’ (0 < a,b < N) in
terms of f5(¢q) and g5(q) (0 < a < N). Essentially as a linear algebra problem this will
be solved in Proposition Bl in the last section of this paper. This completes the proof
of the theorem. O
) Let @‘{,;ﬁ(r) = (2mi) 7" (R4(r), G\”,’f’ﬁ(r, s) = (27?@')""‘%?(,’%(7", s), and define éj}m(q) and
fo:g;ﬁ(q) similarly.

Theorem 6.5. Let N be a positive integer. Let § = m or x. Then for all a,b € Z/NZ
and r,s > 1 with (r,s) # 1, we have
9s198(q) + 6r195(q)

~?,jj(Q)éZ,jj(q) = GN?:S;*(q) + égli,*(Q) + 5a,bég+s;ﬁ(Q) + IN
i1\ ~, i =1\ ~pipe )
- ¥ (2w ((7))em@) + . 60
T

where f2(q) = (k_z) (325 (@) + Gi8(q)) /N with k =r + s. Moreover,

T8 s—1

(55)

~ A ~a ~a+b,a 1 a
TH(@)Gy(0) = GTim(9) + Gilim(o) + S (5 + f2)
1 ~a / ~a ~a\/ ~0\/
+ 5 (2068 (@) +268"(0) - @) (@) — @) (@) (57)
Proof. By Corollary 5.4 and (34]), we have
B9 + B3 = C(s).
So by the definitions,
e gltif;ﬁ(r) + g?(Q)? (58)

G®?(q) = C(r,s) + 320 () + 140 (q) + B2 (q). (59)

=8
T
—~
<
S~—
I

Gey(q)Goy(q) + 5"’2(gg),(q);\fés’mg),(q)
(

+ B2 (g) + (s, m) + E2t(a) + dag (G + ) + B2 (0)) + 120(a) + 122(0)

)
> Ki: 11> (Gt + B 0) + 1)



20 DOUBLE ZETA VALUES AND DOUBLE EISENSTEIN SERIES
'l. - ]. Tatbay. - a+b,a a+b,a
+ (s _ 1) < N (4,7) + E;; (q) + Iz',j (Q))

by Proposition B.2] Proposition and Theorem Note that (r,s) # (1,1) just
because r + s > 3 when using Proposition 5.6l Now by the definition

e22(q) +v2(q) = 0.2(32)' (q) + 0,2(32) (@) + 04138 (a) + 6,23(a).-
Hence (B5) follows from Definition 6.2 (58), and (59). For (56l we need to compute

> (0 (0w

i+j=r+s
ij>1

= 3 [(120) (5l @ = st @)+ s (a2 @)+ 5270

+ (; B ‘i) <5z‘,2(§}l)/(Q) = 85,1(95-1)" (@) + 85,1 (877 (@) + §?+b(Q)))}
—sa@y@+ @+ |(F20)+ (F03)] (@t + aitto)

where k = r + s. This yields (59) immediately.
Finally, (57)) follows from direct computation using (36) and (@4]). This finishes the
proof of the theorem. O

Remark 6.6. When N = 1 Theorem [6.5] reduces to [10, Theorem 7]. When N = 2
Theorem [6.5 reduces to [13, Theorem 3] with some correction there.

7. A KEY RELATION ON MULTIPLE DIVISOR FUNCTIONS AT LEVEL N

In this section we prove a key result on multiple divisor functions at level N, which
will be used in the next section.

Let ¢ be Euler’s totient function. We first need a lemma concerning some special
power sums of roots of unity.

Lemma 7.1. Let N = [],_, P and n be a primitive N-th root of unity. For oy < ky,
t=1,....r (but a = (ay,...,q;) # (k1,..., k.)) we write

J(a)=Jnloq,...,a)={1<i<N: pM|i ¥Yt=1,...,r}.
Then for any choice of r-tuple of non-negative integers (¢1,...,¢,) we have
Z nil_lizlpft — { 0, , - Z:f b < ki —ay — 2 for somet <r;
. Hte](_ptt) Hsgj @(pss S), Zf Cr hOldS,

where Ct is the condition that there is I C {1,...,r} such that {; = ky —oy — 1Vt € 1
and by > ks —a, Vs & 1.
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Proof. Suppose £ is a primitive pF-th root of unity for some prime p. Then for all o < k

we have
Z. ; i -1 ifa=k-1;
Y oes Yoo ¥ oe={Niiiy @

pei,1<i<p” pei,1<i<p” patt]i,1<i<p”
since for any divisor D of p* we have
Z ; -1, if D k.
é‘l — Y 1 < p )
0, if D=y
D|i,1<i<pk

Let Ny = pM for all t = 1,...,r. It is well-known that 1 can be decomposed as 7 =

[1;—, & where & is a primitive N;-th root of unity for each t. Then & = (fg)HS#JSSSTpgS
is still a primitive Ny-th root of unity. By the Chinese Remainder Theorem it is easy to
see that

U ¢ ey
§ illi_, vt _ 1Py
n' =1t = gt

€J(at,...,ar) t=1 \iteJn, (o)
The lemma now follows from (60) and the fact that |Jy, ()| = @(pf*~*). O

Recall that for a a € Z/NZ we have defined the level N divisor functions o§(m) =
Znu:m ,r]auu and Ii(ll(m) = Znu:m naun'

Theorem 7.2. Let N = [];_, pfi where p1,...,p. are pairwise distinct prime factors
of N. Then for allm € N we have

Y. ailm) —e(N)oy(m) =

ged(N,i)=1,1<i<N

S T I vt > ki(m) | . (61)

ICc{1,...r} \tel s¢I pili V€l psti Vs@I, 1<i<N

Proof. To save space we put [r] = {1,...,7}. Let ¢, > 0 for all ¢ € [r] and assume m =
L=,y Hf:TH pi" where pq,...,pr are pairwise distinct primes. Set @ = Hf;TJrl(l +

pi+ -+ pi') (Q =1if none of p,y1,...,pr appears).
If ¢, < e for all t € [r] then

Sy sealls ¥
t=1

un:m,pft Hu VtG[T} iEJ(al,...,aT-) ie‘](alv---va’f“)

If oy > ky for some t € [r] then > . ;i ) ot(m) = 0 by the definition of J. For
any partition [r] = IIA = Ay IT Ay IT Ay with A = (Aq, Ay, Az) # (0,0, [r]) we write
a=(a,...,a.)F ANif oy =0forallt € Ay, 1 < ay <k for all t € Ay and oy = Kk for
all t € A3. We remove the case A = (0,0, [r]) since (v, ..., a.) # (ki,..., k). For such
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a we have by Lemma [7.1]

€t

€t
Z W (m) =Q H ( phe=en) Z pft_zt> H (Zp?—et>
i€J(an,...,cr) tZA3 Le=ki—ou teAs £:=0
H k 1 H Pftﬂ
=Q ( P ) ;
tdAs teAs
k‘ (0% 1 fe%
> oi(m)=Q (ptt + o(pfe) Z )H(Zp)
ieJ(a1ye..,ar) tZA3 bi=ki—ay teAs b=
k 1 1 k k 1 H ptetﬂ
:Q ( t—Qt— 6t+ ptt at t— o — ’
tdZAs teAs
if e, > ky—1foralltelr]. If e, <k — 1 then
S A= X im0
ied(a,...,ar) ieJ(a,...,ar)
when oy < k; —e; — 1 for some ¢ € [r]. Therefore we have:
0, if e, < k; — 1 for some t € [r];
> ailm =1 g 1T ( pe et =t - 1)) 11 B herwise
i€J(0,...,0) ! ! ! ! pp—1"7

tdAs teAs

Now we write Z/HA:M to mean that in the sum A = (A, Ay, A3) runs through all
partitions of [r] into three parts except for (0,0, [r]). Then

>, (e II#> > K (m)

Ic{1,...,r} \tel sl pili V€l psti Vs@I,1<i<N
e—l—l
t 1
— kt 1 k)t k:t 1
=32 QT (o)) TT (w2t ™) TT et (%, =)
A= [T] abFA  teM teAs teAs

et-i-l 1

—QHE @Hgo
=QHE — o(N)ay(m)

where if e; < k; — 1 then

ki—1 pet-i-l 1
by = - ( > @(pft)pft‘a“1> +o(p kt)itp — =0,

ar=kt—er—1
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and if e, > k; — 1 then

ke, k - k k P?H 1
Fo= =" = D em)pf ! +90(ptt)7

ar=1 o 1
= —py (et = pt = .
The theorem now follows at once. O

Corollary 7.3. Let N = [[;_,p
of N. Then we have

Yo @) —e(N) ) =

ged(N,i)=1,1<i<N

fi where py,...,p. are pairwise distinct prime factors

> ITew) ITex 3 fi(a)

IC{1,...r} \tel s¢I pi|i Vel psti Vs@I,1<i<N

Example 7.4. Let p be a prime and the level N = p¥. For any m € N we have

> Gl —e(N)f3(g ) > B@+N D fig)

pli,1<i<N pli,1<i<N pli,1<i<N

Example 7.5. Let p; and p; be two distinct primes and N = p{pg. Then we have

Yo B@-eWf@=e) Y file)

p1fi,pati, 1<i<N p1p2)i,1<i<N
+oies) Y. Bl@o+ers D). Bo+N D> fi).
p1+zvp2|ivlgi<N pl‘£7p2Ti71Si<N p1+i7p2ﬁvlgi<N

8. A LINEAR ALGEBRA PROBLEM

In this section, using the standard techniques from linear algebra and the key result
on the multiple divisor functions at level N proved in the proceeding section we will
derive the solvability of a system of linear equations associated with (43 and (44)) for
every positive integer N. This completes the proof of our main result on the level N
Eisenstein series given in Theorem [6.3]

For every positive integer N we let v(/N) be the number of its positive divisors (in-
cluding 1 and N itself).

Theorem 8.1. For every positive integer N the system (A3) together with ([d4) has
infinitely many sets of solutions of vﬁb and N = )\I;Q“ (0 < a,b < N) in terms of f$(q)
and §5(q) (0 < a < N). Moreover one can always choose

(Y 0<b<a<N}U{N " “:1<a<N,aN} (62)
as the N(N —1)/2+ v(N) free variables.
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Before giving its proof, we first analyze the linear system in Proposition R.1] using
standard techniques from linear algebra. Let x be a column vector with (3N? + N)/2
components whose transpose is

t _ )\0,0 )\0,1 )\0,2 )\N—l,N—l 0,1 0,2 _0,3 N-2N-1
XN_(N> N »/\N » 9 AN 77N77N77N7"'a7N )
0,0 _ 1,1 22 N—-1,N—1 1,0 20 _21 N—-1,N-2
ny?ny?/yNw"vaN 77N77N77N7"'77N )

Here the rule to list the entries is to use lexicographic order for )\?\}b (0<a<b<N),
then 7% (0 < a < b < N), then 4%* (0 < a < N), and finally 7% (0 < b < a < N).
Then we can rewrite the system ([43]) together with ([44]) as follows:

P 4 = = f5 4 fl W0<a<b<N, (LS*)
WA W N = - S W0<a<h<N, (155°)
yUO_Nea . ge_ o Y]l <g< N, (LS3)

where the last two families of the equations are obtained by taking the difference of (43))
and (44)). We then can express this system by a single matrix equation

ANXN = bN (63)

for some matrix Ay of size (N> + N — 1) x (3N? + N)/2 and a column vector by of
length N? + N whose entries are given in terms of f$’s and g3’s only. Notice that since
(LSY) is trivial the row size is decreased from N? + N by one. To prove the proposition
one thing we need to show is that every row vector in the left null space N'(Ay) of Ay
annihilates by.

Example 8.2. When N =1 we get the equation
0.0
-2 2 [Na] =222
T
Clearly N'(Ay) = 0 and we may choose 7?’0 arbitrarily and then set )\(1)’0 = 7?’0 = f2.
Example 8.3. When N = 2 we get the equation

_>\070_
2

2 0 0 0 2 0 ol [N [ p

0 -2 0 0 0 1 1] X' o+ f3

Ayxo =10 0 -2 2 0 0 0| [y = £ = b,. (64)

0 0 0 —10 1 0] |49 gy — f}

[0 0 0 10 -10] | 13— f2
[ Yo

Then N(As) is spanned by the vector ny = (0,0,0,0,1,1). We see that
ny by =fy +2f; =gy =0

which follows from Example[[.4 by taking p = 2 and k = 1 there. This implies that the
system (64)) has infinitely many solutions. Setting vg’b =0forl1>a>b>0 (in fact,
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one may choose them arbitrarily as they are free variables) we only need to solve the
system

2 0 0 0 A%”l) 0 19 1
/ _ 0 -2 0 0 )‘27 _ f2 + f2 .
DX2= g g —2 9 AT (;f21 1 b
0 0 0 1 78’1 —f2 = fy
Here we obtain Al from Ay by remom'ng the penultimate row of Ay (which is equivalent

to removing the equation 7]1\}1 —%Ovl = gs— fa ), and then removing the last three columns

(which is equivalent to setting 75" =0 for 1> a >b>0). Correspondingly, we obtain
bl, by removing the penultimate entry gi — fi of by. Clearly, this new system has a
unique solution which also gives a solution of the original system:

1 =1
WO g =T g ot =0 vizazbz0

We can also check that ([B9) with () provides another set of solution of (64).

Remark 8.4. In an email Kaneko and Tasaka pointed out to us that [13], (19)] should
be corrected as follows:

= g(?(‘])v Qo = —Qf, a3 = 2.@8((]) + gg(q>

Together with their choice )\g’l = )\é’o = )\1 1 =0 given in [13, Theorem 3] we find the
following solution to (64):

R =1 mi = w=—f R =3, N =X =N =0,
since we have the following correspondence between their notation and ours:
o <—>273’1, Q9 <—>27§’0, s <—>27§’1,
B = 2f, G2k, g0
Example 8.5. Similarly, when N = 3 we see that the N'(As3) is spanned by the vector
n3 = (0,0,0,0,0,0,1,1,1,1,1) and

n;-bs =gy +95—2fy —3f; —3f3 =0

which follows from Example[l.4] by taking p = 3 and k = 1 there. Further we can obtain
Ay from the 11 x 15 matriz Az by removing the row of As corresponding the equations
7]2\?“ YN = f&— g8 for a = 2 and then removing the 10th and the last 4 columns
(which is equivalent to setting 45" = 0 for all 2 > a > b > 0 with (a,b) # (1,1)). In

this way we find the following solution:

)\00 f2 )\g,1:§%_f20_2f2} 11 _f2 )\:1))2 92

2 2’
2
I Sy e By

%72:f22_§§7 V?{ _g2 f27 7§7b20va267(a,b)§£(1,1).
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Of course, this solution is not unique. For instance, we checked that ([Q) with ([42)
provides another set of solution of the system AzX3 = bg.

For other levels N < 80 we carried out similar computations by Maple and verified
that N (Ay) always annihilates by using Corollary [.3. To prove the general case, we
need two results concerning dimensions.

Proposition 8.6. The dimension of the left null space of N (Ay) satisfies
dim N (Ay) > v(N) — 1.
Moreover, for every vector n € N(Ayx) we have n-by = 0.

Proof. Throughout this proof we will drop the subscript N. For each divisor d of N, if
d < N we can obtain a vector ny(d) € N(Ay) by using the following combination of
the families of equations in (LS;’E) and ([LSg):

adding (LS%’) with ged(b, N) = d and a = 0,

adding (LS3") with ged(a,b, N) =d for all 1 < a < b < N, and

adding (LSg)) with ged(a, N) = d.
This gives rise to the vector ny(d) whose entries are either 0 or 1 and whose leading 1
occurs at the position corresponding to the variable 4%¢. We will show that ny(d) €
N(Ay) and ny(d) - by = 0 which is equivalent to the fact that LHS = 0 and RHS = 0,
respectively, where

LHS = Z (,}/O,a - 72(1,(1) + Z (fya,b + ,yb,a . fya—l-b,a . fya—l-b,b) (65)

ged(a,N)=d ged(a,b,N)=d
1<a<N 1<a<b<N

and

RHS= Y  (#—f— > (B+m- D (fs+5).
ged(a,N)=d ged(a,N)=d ged(a,b,N)=d
1<a<N 1<a<N 1<a<b< N

Also notice that the vectors in {ny(d) : d|N,d < N} are linearly independent since
the leading 1 appearing in ny(d) corresponds to v%¢. This implies that dim N (Ay) >
v(N)—1.

By considering (N/d)-th roots of unity (i.e. reducing to level N/d) we may assume
without loss of generality that d = 1 and we simply write n for ny(1). To show LHS =0
we break the two sums in (63]) into the following parts:

(Ag): v%¢ from 1st sum, (Ba): —2®a 1st sum,

(CF"): y*b = yN*+ad 2nd sum, (C50Y: 4Pa ond sum,
(D§*): —yo*ba, 2nd sum, (Dy"): — a+bb 2nd sum,
(E®): —y%2 2nd sum where b=N-—-a (soa< N/2)

(EY): —WOI’, 2nd sum where a = N —b (sob> N/2).

Then we obtain the cancelations as follows:

Z A, + > B + > Eb=0
d

ged(a,N)=1 ged(a,N)=1,a<N/2 ged(b,N)=1,b>N/2
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S At > ES + > EY=0

ged(a,N)=1 ged(a,N)=1,a<N/2 ged(b,N)=1,b>N/2
Yo+ = Y A =CC+CC+CCs
ged(a,b,N)=1 ged(a,b,N)=1
a<b 2N>a>b>0

where

CCi= > y"=- Y B
1

ged(a,b,N)=1 ged(a,N)=
2N>a=2b>0
_ ab __ a—b)+bb __ a,b
CcCy = E NP = E Ala=btbb — E Dy
ged(a,b,N)=1 ged(a,b,N)=1 ged(a,b,N)=d
2N>a>2b>0 2N>a>2b>0 a<b
_ ab __ a—b)+bb __ a,b
CCy= Y = 3 Hledb=— N Dt
ged(a,b,N)=1 ged(a,b,N)=1 ged(a,b,N)=d
2N >2b>a>b>0 2N>a>2b>0 a<b

These implies LHS = 0 which shows that n € N'(Ay).
Now we turn to RHS. Since N = 1 case is trivial we now assume N = [[_, pf* > 1

where pq,...,p, are pairwise distinct prime factors of N. Recall that
RHS= Y @-f)— > B+ > (s+f).  (66)
ged(a,N)=d ged(a,N)=d ged(a,b,N)=d
1<a<N 1<a<N 1<a<b<N

We want to show that the above expression is exactly equal to the difference of the two
sides in Corollary [7.3], which is therefore 0. Clearly the coefficients of g§ (=1) and f7
(= ¢(INV)) are correct.

Let ged(e, N) = 1. Now we count how many times f5 can appear. Notice that if
a # c then we have ged(a,c, N) = 1 and either a < ¢ or a > ¢. Thus the last sum in
([66) contributes N — 1 copies of f$. Combining this with the one copy from the sum
> gcd(an)=1 (f2 + f5) we see that the coefficient of f3 is exactly N.

Now we consider f§ with ged(e, N) > 1. Without loss of generality we assume that
there is 1 <t < r such that p;|c for all ¢ <t and p; 1 ¢ for all t < j < r. Then only
the last sum in (66) has nontrivial contributions. In fact, for 1 < a < N we see that
pita (i=1,...,t) if and only if ged(a,c, N) = 1. But obviously the number of such a
is given by

t T
[Tew I1 v
i—1

j=t+1

which agrees with Corollary [[.3l This implies that RHS = 0 which shows that n-by = 0.
We have completed the proof of the lemma. O

Proposition 8.7. The rank of matriz Ay satisfies

rank(Ay) > N2+ N — v(N).
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Moreover, one may choose the free variables as in (62) when solving the linear system
@3) + @) (or, equivalently, the linear system (LST’) + (LSL’) + (UST) ).

Proof. We will drop the subscript N again for \’s and +’s. We will prove the lemma by
producing the following pivot variables in x:

S={\":0<a<b<NIU{™:0<a<b<N}U{y*:1<a<N,(N—-a){N}.

(67)
Easy computation shows that the |S| = N? + N — v(N) which yields the lemma imme-
diately.

To streamline our proof we start with some ad hoc terminology. Suppose we have a
linear system of variables z1,...,x, (in this particular order). Then an equation pro-
duced from this system by the elementary operations (namely, multiplying an equation
by a scalar and adding or subtracting two equations) is called a pivotal equation of vari-
able z; if x; appears in the equation while none of z1,...,x;_1 does. In our situation,
our variables A’s and ~’s are ordered as in the vector xy. And clearly provides
the pivotal equations of \’s.

We now turn to v’s. We shall produce their pivotal equations by the following steps.
We write Y** = ... to mean that the right hand side does not involve any variables
from S. In particular, we may omit all y** with @ > b. So by we get the pivotal
equation

7%t =... for1<a<b< Nanda+b<np. (68)

By we have
¢ =... forl<a< N/2. (69)
To derive pivotal equation y** = - -+ for N/2 < a < N with (N—a) 1 N (thusa < N—-2)
we first notice that for such a there must be some positive integer & < N — 2 such that
03@<a<kkflg(NN__23N<N—1. (70)

Here a is bounded with strict inequality because if a = (k — 1)N/k for some k > 1 then
N —a = N/k is a divisor of N which is impossible by our assumption. We say such an
a satisfying ([[0) has height h(a) = k. If h(a) = 1 then we are in the case of (€9). If
h(a) = 2 then 3a < 2N, i.e. (2a — N)+a < N, so using we have

a,a —

2a—N,a 4.

=y

by (68) since 2a — N < a. If h(a) = 3 then by applying (LSg)) followed by (LS5 My
we get

a,a _

2a—N,a L= ,}/3a—2N,2a—N 4 73(1—2N,a 4.

Y=

by (68) again since now 4a < 3N (and hence 5a < 4N). Repeating this process for a
at higher levels we obtain the following binary tree
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2a—N,a

3a—2N,2a— N 3a—2N,a
Y Y
5a—4N,3a—2N 5a—4N,2a—N 4a—3N,3a—2N 4a—3N,a
Y Y Y Y

/ / / /

8a—T7N,5a—4N Ta—6N,ba—4N Ta—6N,4a—3N 5a—4N,4a—3N
TN TN RN VAN
’ 8a—7N,3a—2N ~ 7a—6N,2a—N ' 7a—6N,3a—2N ~ 5a—4N,a
RVAN TN TN TN

In general, this tree is constructed by the following rules: if a node ~%’ exists and
i+j > N (we call i + j the weight of 4%7) then it produces two descendants: ~7 =N+
and ¥ =N if § + j < N then it does not have any descendant and therefore becomes
a terminal node. It is an easy matter by the induction to show the following properties
of this tree:

e Every descendant has smaller weight than its parent. So the tree is finite.

e Every node has the form y™me—(m=DNna=(n=DN fo; some integers m > n > 1.

e The weight of every node @~ (m=DNma—(n=DN gatisfies (m+n)a—(m+n—2)N #
N. Otherwise N —a = N/(m + n) is a divisor of N which is impossible.

Every node yma=(m=DNna—(n=DN gatisfies ma—(m—1)N # 0. Otherwise N—a =
N/m is a divisor of N which is impossible.

e Every node yma=(m=ONma—(n=ON gatisfies ma — (m — 1)N < na — (n — 1)N.
Hence, every terminal node 7%/ of the tree satisfies 1 < i < j and i +j < N so it can
be canceled by using (G8]).

To summarize the above, we have produced the pivotal equations for the following

i)y =---for0<a<b< Nanda+b<N.
(i) y»* =--- for 1 <a < N with (N —a){ N.
Then we may proceed as follows:
(iii) ¢ =422 +...=... for 1 <a < N by and using (ii).
(iv) %t = 4%a 4 400 4= for1§a<b<Nanda+b:beand
(ii).
(v) 420 = atb=Na 4 qatb=Nb L ... = ... for 0 <a<b< Nanda+b > N by

1} and by using the induction on the weight a + b since the weights on the
right are strictly smaller than a + b.

We now have finished the proof of the lemma. O
Finally, Proposition Bl follows from Lemma and Lemma .7 immediately since
rank(Ay) + dimN(Ay) = N2+ N — 1.
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