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POLYNOMIALITY OF ORBIFOLD HURWITZ NUMBERS,
SPECTRAL CURVE, AND A NEW PROOF OF THE
JOHNSON-PANDHARIPANDE-TSENG FORMULA

P. DUNIN-BARKOWSKI, D. LEWANSKI, A. POPOLITOV, AND S. SHADRIN

ABSTRACT. In this paper we present an example of a derivation of an ELSV-
type formula using the methods of topological recursion. Namely, for orbifold
Hurwitz numbers we give a new proof of the spectral curve topological recur-
sion, in the sense of Chekhov, Eynard, and Orantin, where the main new step
compared to the existing proofs is a direct combinatorial proof of their quasi-
polynomiality. Spectral curve topological recursion leads to a formula for the
orbifold Hurwitz numbers in terms of the intersection theory of the moduli
space of curves, which, in this case, appears to coincide with a special case of
the Johnson-Pandharipande-Tseng formula.
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1. INTRODUCTION

1.1. Main goal. The main goal of this paper is to present a new important ap-
plication of the procedure that allows to relate in a uniform way a class of combi-
natorial problems to the intersection theory of the moduli space of curves. First,
let us describe this procedure. The logic behind it is the following one:

— We start with a combinatorial problem that depends in a natural way on
a genus parameter g > 0 and a vector fi € Z2

— We consider the generating functions that solve this combinatorial problem.
Quite often we can prove that they can be considered as an expansion of
certain symmetric differentials w, ,, that solve the matrix model topological
recursion [10, 9] for a particular spectral curve data.

— Under some mild assumptions, the expansion of the symmetric differen-
tials obtained via the topological recursion can be represented (up to some
constants) as

S(ay,. ..,
2 Z [MMH] 1<1—wjd% ]Hﬁ% o)

l(@)=n ai1,...,.an=1

Here 7 is the number of branching points on the spectral curve, S(aq, ..., a,)
is a certain explicitly described tautological class on the moduli space of
curves, and &,(z) are some auxiliary functions, a = 1, ..., r, also explicitly
described [6), [§].

— This way we solve the original combinatorial problem in terms of the inter-
section numbers of the tautological classes on the moduli space of curves,
and the formula that we get is of ELSV-type [7].

The first instance of this way to derive an ELSV-type formula was presented
in [5], where this leads to a new proof of the original ELSV formula for ordinary
Hurwitz numbers.

In this paper we perform this whole procedure for the so-called orbifold Hurwitz
numbers [14, 12 4] 3]. The orbifold Hurwitz numbers are a special case of double
Hurwitz numbers [13], where the ramification indices in one special fiber are given
by an arbitrary partition u, and in the other special fiber they are all equal to r.
The intersection formula that we obtain via this procedure was previously derived
by Johnson, Pandharipande, and Tseng [14], and this way we get a new proof of
it.

1.2. The known facts about orbifold Hurwitz numbers. Let us collect here
the known facts about orbifold Hurwitz numbers so that we can summarize all
relevant previous papers about them.

Fact 1: (JPT Formula) The orbifold Hurwitz numbers are given by the intersection
numbers on the moduli space of curves via the Johnson-Pandharipande-
Tseng formula.
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Fact 2: (Quasi-Polynomiality) The orbifold Hurwitz numbers can be represented,
up to a particular combinatorial factor, as the values of a polynomial in n
variables pq, ..., t,, whose coefficients depend only on ;i mod r.

Fact 3: (Cut-and-Join) The orbifold Hurwitz numbers satisfy a simple recursion
with a clear topological meaning, which is called the cut-and-join equa-
tion [11].

Fact 4: (Topological Recursion) The n-point generating functions of orbifold Hur-
witz numbers can be represented as expansions of the correlation differen-
tials obtained via the Chekhov-Eynard-Orantin topological recursion pro-
cedure.

Let us explain what was known before. First of all, we have the Johnson-
Pandharipande-Tseng result itself [14]:

(Definition) = (JPT formula)
The main results of [3] and [4] can be described as follows:

(JPT formula) = (Quasi-Polynomiality)
(Quasi-Polynomiality) AND (Cut-and-Join) = (Topological Recursion).

Here the first implication is obvious; though, until now, there was no other proof
of quasi-polynomiality than its derivation from the structure of the Johnson-
Pandharipande-Tseng formula. So, we see that the JPT formula is used in a
very weak way in these papers; only its general structure appears to be relevant.

In [I5] the full power of the JPT formula is employed; as a result it is proved
there that

(JPT formula) < (Topological Recursion)

In the present paper, we first give a direct proof of the quasi-polynomiality just
from the definition of orbifold Hurwitz numbers. This allows us to use the results
of [3, 4] in order to prove the topological recursion. This allows us to use the
result of [I5] in order to prove, in a new way, the Johnson-Pandharipande-Tseng
formula. So, the structure of this paper can be summarized as follows:

) [thigper} (

(Definition Quasi-Polynomiality)

(Quasi-Polynomiality) AND (Cut-and-Join) folloving |54 (Topological Recursion)
(Topological Recursion) voing [ (JPT formula)

The first step here is original and it is the main technical result of the present
paper; in the second step we follow [3, [4], though we try to focus more on the
main structure of the formulas that represent the abstract loop equations rather
than on explicit computations; in the third step we just use the results of [15].
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1.3. Organization of the paper. In Section 2 we introduce our basic technical
tool — the semi-infinite wedge formalism. In Section 3 we develop further this
formalism, in particular, we use it to define the orbifold Hurwitz numbers, and
we represent them, in particular, using the so-called A-operators. In Section 4 we
analyze further the formula for orbifold Hurwitz numbers in terms of 4-operators
in order to prove their quasi-polynomiality. In Section 5 we recall the basic setup
of the topological recursion. In Section 6 we show how one can use the quasi-
polynomiality and the cut-and-join equation for orbifold Hurwitz numbers in order
to prove the topological recursion. In Section 7 we use the result of [I5] to prove
the Johnson-Pandharipande-Tseng formula in a new way.
Throughout this paper we fix integer » > 1.
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2. SEMI-INFINITE WEDGE FORMALISM

In this section we introduce the semi-infinite wedge formalism. This allows
us in the Section [ to express r-orbifold Hurwitz numbers in terms of vacuum
expectation of operators acting on the semi-infinite wedge space. For a more
complete introduction see e.g. [16, [I8] 13].

Let V' be an infinite dimensional vector space with a basis labeled by half-
integers. Denote the basis vector labeled by m/2 by m_/2, soV = @ZEZJF% Z.
Definition 1. The semi-infinite wedge space A2 (V) = V is defined to be the
span of all of the semi-infinite wedge products of the form

(2.1) iy Nig A

for any decreasing sequence of half-integers (iy) such that there is an integer ¢ with
i +k— % = c for k sufficiently large. The constant c is called the charge. We give
V an inner product (-,-) declaring its basis elements to be orthonormal.

Remark 1. By Definition [I] the charge-zero subspace Vy of V is spanned by semi-
infinite wedge products of the form

1 3
M—=Adg— A
19772 9
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for some integer partition . Hence we can identify integer partitions with the

basis of this space:
V- DD

neN Akn
The empty partition () plays a special role. We call

1 3

the vacuum vector and we denote it by |0). Similarly we call the covacuum vector

its dual with respect to the scalar product (-,-) and we denote it by (0].

Definition 2. The vacuum expectation value or disconnected correlator (P)° of
an operator P acting on Vy: is defined to be:

(P)" = (|0),P|0)) =: (0|P|0)
We also define
(2.2) ((2) = e*/? — e7*/? = 25inh(2/2)

Definition 3. This is the list of operators we will use:

i) For k half-integer the operator ¢p: (iy Aig A-+-) = (KAl NigA--+)
increases the charge by 1. Its adjoint operator v; with respect to (-,-)
decreases the charge by 1.

ii) The normally ordered products of i-operators

A i >0
(2.3) Eij = ¢¢f L
gy i <0

preserve the charge and hence can be restricted to V, with the following
action. For ¢ # j E;; checks if vy contains j as a wedge factor and if so
replaces it by 4. Otherwise it yields 0. In the case i = j > 0, we have
E; j(vyx) = vy if vy contains j and 0 if it does not; in the case i = j < 0, we

have E; j(vy) = —uvy if vy does not contain J and 0 if it does.
iii) The diagonal operators are assembled into the operators
kn
keZ+1

We will be particularly interested in F5. The operator Fy is called charge
operator, while F is called energy operator. Note that Fy identically van-
ishes on V), while F; has the basis vectors vy as its eigenvectors, with
eigenvalues being |v,| (we refer to |vy| as the energy of basis vector vy).
We also say that operator P, defined on V), is an operator of energy c € Z if
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—[F1, P] is proportional to P with ¢ being the coefficient of proportionality,
ie. if
(2.5) —[F1,Pl=cP

In other words, if P is an operator of energy ¢, then it maps a basis element

of energy k into a combination of basis elements that all have energies k—c.

It will be important to us that operators with positive energy annihilate

the vacuum while negative energy operators are annihilated by the covac-

uum, explicitly: let M be any operator, let P have positive energy and N’

have negative energy, then (MP)* = 0 and (N M)* = 0. The operator
E; ; has energy j — i, hence all the F,,’s have zero energy.

iv) For n any integer and z a formal variable one has the energy n operators:

. O

(2.6) En(z)= Y EWHE_+
o ¢(2)

v) For n any nonzero integer one has the energy n operators:

(2.7) an=E,0)= Y Ep i

kE€Z+1/2

The commutation formula for £ operators is:

(2.8) [a(2), E(w)] = ¢ (det [§ 5]) Eavp(z + w)
Note that:
1 L
29) £y = { g0 TR0
0 ifk>0.

3. A OPERATORS

Let r be a positive natural number. The r-orbifold Hurwitz numbers h;;E}

enumerate ramified coverings of the 2-sphere by a possibly disconnected genus g
surface, where the ramification profile over infinity is given by a partition u =
(p1, - -, fu(uy) and the ramification profile over zero is (r,...,r), there are simple
ramifications over

Up)
i
b:=29g—2+1 —
g—2+1(p) + z; ;
fixed points, and there are no further ramifications. Clearly r should divide the

degree d = || of the covering.

Definition 4. The genus-generating function of disconnected r-orbifold numbers
is the following formal power series:

b
o,r  — _ '7[7"]“
(3.1) H (i u) = Y hetls

920
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The disconnected r-orbifold Hurwitz numbers can be expressed as vacuum ex-
pectation in the following way (see [18, 13 [17]) :

1) * b () .
(32)  HEuw) =Y <€a”fé’H aﬁf“> i <f 11 —O“f“>

g>0 i=1 i i

We want to express the vacuum expectation in a more convenient way using the
so called A operators introduced in [I8]. We need the notations:

Notation 1. Recall the Pochhammer symbol:
(+n)! [ (z+1)(x+2)---(x+n) n>0
2 | (-1 (z+n+1) n<0

From the definition, (x + 1),, vanishes for —n <z < —1 an integer, and 1/(x+1),
vanishes for 0 < x < —(n + 1) an integer. Let

sinh(z/2)
S = = —
() =cE)= ="
Moreover we split rational numbers into integer and fractional parts as follows: for
x € Q we have

(3.3) = |z] + (z),
where |z] € Z and 0 < (z) < 1.

(x+1), =

Definition 5. The following operators will play a central role in the paper:

(3.4) Ag;"}(z, w) = r V" (S(ruz)) T Z %&Wﬁ(uz)

Define their coefficients in z by A,[;"}(z, uU) =Y ez Ag]’(k)zk.

Remark 2. Our A-operators are at the same time a specialization of Johnson’s A-
operators in [12] (which we will denote by ;.A), and a generalization of Okounkov-
Pandharipande ones in [I8]. Indeed, we will specialize Johnson’s formulas and
results in [12] using the following assumptions throughout:

(3.5) K = {e} R=17/rZ

This implies that every irreducible representation of K is identically one. With
these conditions, Equation (5.5) in [12] gives:

2re/” z+a (S(ruz))kz*
JAL(z,u) = ——8(ruz) - ~————Ehrra(uz)
r z+a RGZZ (2 +1),

T
The two operators agree in the sense that, for p positive integers:

]

1 L o] (SOt
SAL oy (1, 0) = ALy, 0) = 1= (S (raya)) L Z W%_mum
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Johnson defines his semi-infinite wedge space to be a tensor product between
usual semi-infinite wedge space and group K. With K specialized to trivial group,
however, his definition reduces to the ordinary semi-infinite wedge space.

Proposition 3.1. The generating function for disconnected orbifold Hurwitz can
be expressed in terms of the A operators by:

A L“J U(f)
o [r N 1) Hq r
(3.6) HP(ji,u) = p 2O T 2 L <HA”,L (ptiy >
i=1 :

Proof. Both the operators «, and F, annihilate the vacuum, hence we can conju-
gate each operator a_,, in ([B.2)) by their exponent getting:

1 () .
(3.7) H (7 u) = liﬂ< er e“fQOzMe_“Be_TT>
HZ(:MB Hi N =1

We recall Equation (2.14) in [18]:
a7 =€ (up)
Note that the energy is preserved to be —u. Commutator rule (2.8) gives:
e, E-pu(wp)] = C(rup)€,—pu(up)

We expand the last conjugation in nested commutators of the form above obtain-
ing:

ru k uk k rTu k
e“%g_u(w)e—%:ZG( u)) L) = S («Z(l 1) Eor gt

r
k>0 k>0

Rescaling by k — L%J +— k and using the vanishing properties of the Pochhammer
symbol, we can rewrite the last expression as

(up) L+ o) U (SOrup)
W@(mmwé e[y, S eru)

To match the powers of u we conjugate by the exponent of the energy operator
u”1/7. Since F; and its adjoint fix the vacuum, this does not affect operator
expectations of products of the A-operators. Since &; has energy j, the conjugation
removes u* from inside the sum and produces a factor of u{*) outside. Thus we
see that the vacuum expectation of the operators in (B.7)) can be replaced by the
vacuum expectation of the product of

w5 k, k
LS (S(rupq))" g
W@(Tu“i)) ] % mgkr—(%%(um)

). Then, using Equation (3.4]) we can rewrite the full formula (3.7)
as (3.6]). O

S
=
~
|
\‘H
A
7:1
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Following [18], we define the doubly infinite series:

o= o 2 ()

1 1 z+22 2] < Juo]
=—- - 4+ z w
z+w w  w?  wl ’
1 1w  w?
== — 4 —— ..., 2| > |wl

24w oz 22 283
The series §(z, —w) is a formal J-function at z + w = 0 in the sense that:
(z+w)d(z,—w) =0

We recall the formula for commutators of A, that will be fundamental to prove
polynomiality. Below, by ¢,.(n) we denote the function of an integer argument that
equals to 1 if n =0 mod r and vanishes otherwise.

Proposition 3.2 (Particular case of Lemma V.4. of [12]). Let my, e be integer
numbers satisfying 0 < ny,me < r —1. We have:

(3.8) [Ag;"l}(z, w), Ag;](w, w)] = 8, (m + n2)zwd(z, —w)
or equivalently:
(3.9) LA A0 = 6, (1 + 1) (—1) a1

We define 2 C C" by

k—1
Vh, |24] > Zw}.
=1

Specializing Theorem V.2 of [12] with the convention (3.0 (see also Section 2.4
in [5]) we have the following:

Q:{(zl,...,zn)EC"

Proposition 3.3. For any integer numbers ny, ..., Mn, 0 <ny,....np <r—1, the
Laurent series expansion of

<A£7rl](zl,u) . -Am(zl,u)>

in w21, ..., 2, converges to an analytic function for (z1,...,z,) € Q and suffi-
ciently small u # 0.

Notation 2. For brevity in the rest of the paper we denote Agl(z, u) by A, (2).

4. QUASI-POLYNOMIALITY

In this section we derive quasi-polynomiality of r-orbifold Hurwitz numbers
(Theorem [£7)). The argument that we use is a suitable generalization of an argu-
ment of [5].
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4.1. Connected vacuum expectations. Proposition [3.1] expresses the genus-
generating function of disconnected orbifold Hurwitz in terms of vacuum expec-
tation of A-operators. Our first goal is have a similar expression for connected
orbifold Hurwitz numbers

Definition 6. We define the connected correlators (A, (z1) - Ay, (21))° in terms
of the disconnected correlators (- --)* via the inclusion-exclusion formula.

The inverse form of the inclusion-exclusion formula reads (cf. [5]):
(4.1)
h(y) o

(A (1) A e = S H< _— m<y>>-~-Anci,ww<ch<y><y>>>w>

YEVn k i=1

Here Y, is the finite set of {1,...,n}-Young tableaux y with the following prop-
erties:

(1) The numbers in the rows should be ascending: ¢; ;(y) is the number in
the i-th row and j-th column, then for any ¢ and for any j; < jo we
have ¢; j,(y) < ¢ j,(y). Each row corresponds to an individual connected
correlator.

(2) For rows of the same length, just for the first column the numbers should
be ascending: [;(y) is length of the i-th row, then if I;, (y) = l;,(y) and
11 < 19, then Ci171<y) < Ci271<y).

(3) h(y) is the number of rows. Rows are labelled by the vector {\;(y) €
{-1,0,1,...}}; with Z?ﬁf A\i(y) = k. The vector X corresponds to the
vector of Euler characteristics of correlators with sign exchanged.

Trivial 1 More complicated example Incorrect example
Vil exatliDie  allowed disorder marked blue)  (errors marked red)
1123 ]4]5] 1(2]5]6]7]8] 125 7]6]8]
016]7]8]9 0[1]9]12)13 04[9(12]13
1 [10]11]12f13 1 [4]10]11]14 1[1]10f11f14
2 |14 2|3 23]

Remark 3. For n = 1 we have that connected and disconnected correlators coin-
cide, hence we just write (A, (2)).

The connected correlators can be used to express the generating function for
connected orbifold Hurwitz numbers:

o [r] (] u’
(142) O = Y

g>0
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Proposition 4.1. Generating function for connected orbifold Hurwitz numbers
equals:

W@ e | E]-1

(1) o
o,|r| (= .(q) Hi "y
(43) HJumm:rﬂﬂhqiﬂﬁgﬁ—<IL&%xm§
rd° =1

i=1
Proof. This follows from (3.6]) and the observation that taking u’-coefficient in H°
corresponds to the coefficient of u29=2+ in (TT.A)°. O

4.2. Unstable terms. In this Section we compute explicitly the coefficients of the
connected vacuum expectations that correspond to the orbifold Hurwitz number
forg=0and n=1,2.

First, let us introduce some convenient notations.

Notation 3. For any operator P(u) define
(4.4) (P(u));, == [u*] (P(u))*® (the coefficient of u* in (P(u))*)
(P(u)); = [uF] (P(u))° (the coefficient of u* in (P(u))°)

Notation 4. We denote by A, . (z) the positive power part in z of the A, (z) oper-
ator to be:

(4.5) Apa(z) = AWF
k>1
The terms that we want to compute are
(4.6) (A ()7, and <Am(zi)Anj(zj)>;
Lemma 4.2. Let n,n1,n2 be integer number, 0 < n <r —1. We have:

(4.7) (A, ()7, = 210,

z

(4) (A (o) ey = 8.+ ) 3 (-2

zZ
k>0 2

Proof. In the vacuum expectation of a single operator A, (z) only zero-energy term
can give non-trivial contribution. Since &; has energy i, we have:

Clruz)®™ 1 1 z(rz—1)
(4.9) (An(2)) 0 (ruz)=/" {(uz) uz * 24
This implies the formula for the genus-zero one-point correlator. The rest of the
proof is devoted to the genus-zero two-pointed correlator.
Note that the following formula for the action of A, (z) on covacuum holds

U+ O(UQ):| 57770

(4.10) (014,(2) = 22(0] + (01, (2),

which follows directly from Equation (3.4]) and two observations:
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o &ir—p(uz) annihilates the covacuum when kr —n < 0
e Among the terms that do not annihilate the covacuum, only the term with
Eo(uz) is singular in z at z =0

Equation (1)) implies that

(A (20) A (22))g = (A (20) Ay (22))5 = (A (21))_; (Ano(22)),
— (A (21)); (A (22)) 4

Applying (£I0) to the first term in the right-hand side we get:
(A, (21) Any (22))g = (Any - (21) A (22))g + (A (21)) ; (Ana(22)),

In the same way, we observe that

(A +(21) Any (22))g = ([An 4 (21), Ang (2)])g + (At (22) Ay 1 (21))g
+ (A (21)); (Ana(22))

Therefore,

(A (20) A (22))g = (Ans, 1 (22) Ay 4 (21))g + ([Anst(21), Ana (22)])g

The second term here is equal to the right hand side of Equation (48] (this follows
the commutation rule for coefficients given by Equation (8.9)). In order to complete
the proof of the lemma we have to prove that the first term vanishes.

In other words, we consider

1+7I2 21—mM

(Ap (22) Ay (21))" = ru@))@w(mzl)) X

(S(ruzo))*2*(S(ruz))z! .
Z (2 n2 ) <z1;771 "‘1)1 <gkr—n2(uz2)gl7"—m(uzl)>

(4.11)

k,l€Z

We want to show that the coefficient of ©° in this expression does not contain terms
of expansion in z, zo that have positive degrees in both variables. This implies
directly that (A, (22)Ay, +(21))5 = 0.

There are two cases:
o kr —mny = kr —ny = 0, which implies k =1 =n; = 1, = 0. In this case the
expression ([LIT]) is equal to

S(ruz)* S(ruz) ™ 1 1 3 32 .2 2
412 _ e 5
( ) C(uzz)((uz1) u2z1 29 + 2421 29 (Tzl Tram oA Z2) + O(u?),

hence all terms in the coefficient of u° have negative degree either in z; or
in z.

o kr —mny # 0 and Ir —n; # 0, which implies kr — 1o + lr — 1 = 0. In this
case all factors are formal power series in u, so we can expand all factors
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in v up to O(u'). The summand with particular k£ and [ in ([EIT) is equal
to
Sk ol
4.13 271 + O(u
( ) (22;7’]2 + 1)]9(21;7’]1 + 1)l ( )
The condition kr — ne + Ir — n; = 0 is satisfied in one of the two possible
cases:
*771:772:07k3+l207 kvl%07
~m+n=rk+l=1
In both cases either k or [ is non-positive. Without loss of generality, let’s
assume that | < 0 (the other case is symmetric). Then

2k Z1—Mm 21—
4]_4 7121 ..... l 1
(4.14) T ( - ( . ++))

contains no positive powers of 2.

O

4.3. Vacuum expectations without unstable terms. In this section we give
a formula for the disconnected vacuum expectations, where all unstable terms,
that is, (A,(2))", and (A, (21)A,,(22)),, are dropped. This is a straightforward
generalization of the similar formula in [5], which is based on the following simple
recursion rules:

Lemma 4.3. We can recursively decompose disconnected correlators as follows:

(4.15)  (A,(2) HAUZ(ZZ»; = (A, H'Am Zi) i1 + ( HAm zi))
(4.16) (A, HAm () = HA,?, (2))
+ (Ay(w)A, 4+ (2 HAm %))

Proof. Equation (£10) and the formula for the one-point correlator (1) together
prove the first equality. The second equality follows from the computation of the
two-points correlator (). O

This implies the following proposition.

Proposition 4.4. We have:
(4.17) (Aot (21) - Ay ()}

h(y) .

Z H< Mei 1 () Czl(?ﬁ)"'A"Ci,ziw)(y)(Zci’li(y)(y))>m(y)'

yeYiph i=1
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where

(4.18) s ={y € Vua| ily) = 1= Ni(y) # —1, Li(y) =2= \i(y) # 0}

In other words, (A, +(21) - Ay, +(2a)} is equal to (A, (21) - - - Ay, (20)); with all
the unstable terms dropped.

Proof. The proof of this proposition is completely analogous to the proof of Propo-
sition 2.21 in [5]. It is based on the recursion that expresses (A, (z1) - Ay, (20))%
in terms of the unstable vacuum expectations and A, -operators using only Equa-
tions (£15) and (4I6). Though the operators here are more general, the recursion

rules are still the same, so the same argument can be applied. O

Remark 4. Let us give some example to explain the difference between ), ; and

Ztgb The first example below belongs to Vs _1 but not to Y5}, and the second

one belongs to V5.

Unstable Stable
o[1f2] -1{1]2]
-113] 03]

4.4. Polynomiality. In this section we prove the quasi-polynomiality property for
orbifold Hurwitz numbers. First, we show that (A, 1 (1) ... Ay, 4+ (20))70/ (21 - 20)

is a symmetric polynomial in 21, . .., z, (excluding unstable cases of k = —1,n = 1,
and k = 0,n = 2). This implies that (A, (21)... Ay, (22))5 /(21 2,) Is a sym-
metric polynomial in z1,..., 2, (again, excluding unstable cases). This, in turn,

implies quasi-polynomiality of orbifold Hurwitz numbers.

Proposition 4.5. The function
<An1,+<21) . -Ann,Jr(Zn));

Zl.-.zn

(4.19)

is a symmetric polynomial in zy, ..., z, for (n,k) # (1,—1),(2,0) .

Proof. We follow the proof of Proposition 9 in [I8]. We have:

i) Boundedness from below: (A, 1 (21)... Ay, +(20)); has strictly positive
powers in all its variables zq,..., z,, as it follows from the definition of
A, () given by Equation {Z). So, we can divide by [], z;, and we
still have only non-negative powers of zi,...,z, in the expansion of the
quotient.

ii) Symmetry holds because A, operators commute which each other, which
is a direct consequence of the commutation formula (3.9]).
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iii) Boundedness from above: Since it is a symmetric function, it is enough
to show that the power of z, is bounded. From the definition of the .A-
operator we have the following

L S(ruz) Rk

(4.20) _An(z)|0> = 7“_77/7"8<Tuz)(z—77)/7‘ Z W

k=0 r

E-try(uz)|0)

where we used the change of summation index k — —Fk since the operators
&; with positive ¢ annihilate the vacuum.

Since each factor in each summand in (£20) has at most first order
pole in w, it is sufficient to do the following. We expand each factor of
each summand in (£20) in « up to O(u™*!), and we show that the degree
of z in this expansion is bounded from above. Indeed, in this case, the
highest possible power of z in € g,_,(uz) is m; in S(ruz)™" it is again m;
in S(ruz)®=/" is it equal to 2m (one m comes from argument of S, while
the other estimates power of z in the binomial coefficient in the expansion
of (14 )=/, finally, the highest possible power of z in z_k/(zr;’7 + 1)7
is equal to 0.

k

U
Proposition 4.6. For (n,k) # (1,—1),(2,0), the function
(An (1) - - Ay, (20),

Zl-.-Zn

(4.21)

1s a symmetric polynomaial in 21, ..., Z,.

Proof. We follow the proof of Proposition 2.23 in [5]. We prove the statement
by induction on the number of operators in the vacuum expectation. It holds for
n = 1. Suppose it holds for vacuum expectations with any number of operators
less than n, and we want to prove it for n operators as well. Let 3’ be the single-
row Young tableau. Consider the partition Vi = {y'} U (V5% \ {y'}). Then

Equation (£I7) implies:
(A (21) - Apa () (A (21) - An 1 G

4.22 =
( ) Zl .« e Zn Zl . e Zn
Z ’iS/[) <Anzci’1(y) (Zein @) - - -Anciyli(y)@)(zci,zi(y)(y))>)\i(y)
yeYsiE\{y'} i=1 Zeiny) 7T Fei ) @)
The first term on the right hand side is symmetric polynomial in zi,...,z, by
Proposition 4.5 the second term is symmetric polynomial by induction hypothesis.

O

Now we are ready to prove the quasi-polynomiality of orbifold Hurwitz numbers.
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Theorem 4.7. The orbifold Hurwitz numbers h;:g} for (g,n) # (0,1),(0,2) can be
expressed as follows:

4 |
o[r Hi E>
(423) B = (29— 2+ 1) + /) H gp | ),
where P W1y .oy i) are some polynomials in iy, .. ., ., whose coefficients de-
pend on the parameters € = (ey,...,€,), 0 <e€p,...,6, <7 —1 (we have ¢; = (&) ).
Proof. This is a direct corollary of Equation (43) and Proposition .6l O

5. TOPOLOGICAL RECURSION

In this section we recall the topological recursion of Chekhov, Eynard, and
Orantin tailored for our use. For a more detailed introduction we refer to [10} [9].

Definition 7. A spectral curve is a triple (2, x,y), where ¥ is a Riemann surface
(which we assume from now on to be CP!) and z,y: 3 — C are meromorphic
functions, such that the zeroes of dx are disjoint from the zeroes of dy. Moreover
the zeros of dx are simple:

In a neighborhood of a point o € ¥ such that dz(a) = 0 we can define an
involution 7, that preserves function = (deck transformation).

Furthermore, ¥ x ¥ is equipped with a meromorphic symmetric 2-differential
with a second order pole on the diagonal, which is called the Bergman kernel. In
the case of CP! the Bergman kernel is unique and in a global coordinate z it reads

B— d21d22 .
(21 — 22)

Definition 8. By topological recursion we call a recursive procedure that asso-
ciates to a spectral curve data (X, z,y, B) a family of symmetric meromorphic

differentials, called correlation differentials wg (21, ..., 2,) defined on £", g > 0,
n > 1.
The first two correlation differentials are given by explicit formulas:
ydx dz1dzo
5.1 =2 2
(5.1) wo,1(2) " wo,2(21, 22) (21 — 22)2

The correlation differentials wy,,, 29 — 2 +n > 0, are given by:

(5.2) wgnlz,z2s) = Z I;LesK(zl, ){wg_17n+1(z,7'a(z),zs)+

a€cXy
dx(a)=0

!/

Z Wy, 11+1(%, 21)Wgy 11141(Ta(2), 27) |,

gi+g2=g
uJj=S
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where S = {2,...,n}, and in the second sum we exclude the cases when (g1, |/|+1)
or (g2, |J| +1) is equal to (0,1). The recursion kernel K is defined in the vicinity
of each point «, dz(a) = 0 by the formula

sza(Z) w072<'7 zl)
2(wo,1(7a(2)) — wo,1(2))
In our case (X = CP!, 2 is a global coordinate), we can use the following formula:
x(z) 1 1 dz
64 Kend) = g S (=m ~we—w) &
In the stable range, 2g — 2 +n > 0, the correlation differentials w,, have poles
only at the zeros of dx. They can be expressed as the sum of their principle parts:

(5.5) Won(21,25) = ) [wgml21, 25)]a

acy
dz(a)=0

(5.3) K(z1,2) :=

where by principal part [(z1)], of a 1-form 7(2;) we mean the projection defined
as a version of Cauchy formula, where we use B instead of the Cauchy kernel:

z

(5.6) (), = Res (:) [ B.)

In fact, there is an equivalent way to reformulate the topological recursion. We
say that the symmetric meromorphic differentials satisfy the topological recursion
if they satisfy the property (53) for 29 — 2 +n > 0, and also solve the abstract
loop equations:

(5.7) Wyn (2, 28) + Wy n(Ta(2), zs) is holomorphic for z — a

(58) wg—Ln-ﬁ-l(zaTa(z)a'zS) + Z wg1,1+‘[‘(za Zf)wgg,1+|J‘(Ta(Z)7ZJ)
g1tg2=9
IuJj=Ss

is holomorphic for z — «a with at least double zero at «.

A proof of that can be found in [1I 2].

6. THE SPECTRAL CURVE

In this section we prove the spectral curve for orbifold Hurwitz numbers using the
quasi-polynomiality property proved in Section Ml and the cut-and-join equation.
It is important to stress that we do not use the Johnson-Pandharipande-Tseng [14]
formula in this Section.

We consider the n-point function for orbifold Hurwitz numbers for fixed genus

g:

B!

(6.1) H;v’r[ﬂ(:pl,...,xn): Z ) aht e ahn

A:l(p)=n
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Theorem 6.1. Consider the correlation differentials wy,, g > 0, n > 1, for the
spectral curve (3 = CP!, z,y), where
(6.2) x(z) = zexp(—2") and  y(z) =2"
i some global coordinate z. They have the following analytic expansion near
T =Tg=-=x, =0:
(6.3) Wy n(x Tp) = o 0 Ho (g Tp)dr) ® - @ dx
. g,m\&Ly ey dn _8371 832‘” gn 1y ydn 1 n:
for all (g,n) # (0,2) For (g,n) = (0,2) we have:

dz(z1) ® dz(xs)

o4 02T = () — ()
3 3 [7] d.Tl (029 d.ﬁlfg
8x1 05 H 5 (71, 9)dry @ dxe + 7@1 T

This theorem is proved in [4] and [3] using the Johnson-Pandharipande-Tseng
formula and the cut-and-join equation for the orbifold Hurwitz numbers. We
show below that it is enough to use the quasi-polynomiality property given in
Theorem [A.7] instead of the Johnson-Pandharipande-Tseng formula.

Since, except for the first few steps that have to be adjusted, the arguments
of [] and [3] still work, we refer to these papers for complete computations. Here,
after a careful analysis of the consequences of quasi-polynomiality, we just sketch
the main big steps of computation in order to give the reader an idea how the
abstract loop equations emerge in this context.

Proof of Theorem[6.1. First of all, we have to check the formulas for wp; and wy 9.
This can be done by direct inspection, see [3], 4].

We have the following expression for connected numbers where the sum over
jE Z7 is finite because of quasi-polynomiality:

no | %] )
ofr ) pi " A5 :
el = (20— 24100+ ). T Dl i
=1

r L— | g:n.j
I
(£)

.7 are the coefficients of the polynomial P,} (p1, ..., ftn) in Theorem A1

o
SR
-~

Here ¢
Hence the partition function reads:

| 52 | +3s

H;;,[Z’}(:cl,..., Z chw HM’ it ahin

jEZ

WA )

Now we apply the Euclidean division to each p; with the notations:

BBy a= B = ()
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The coefficients c<ﬂ>q only depends on the residue of the p; modulo r. Writing

gn.J
[r —1] for {0,...,r — 1} we get:

H;:r[:} (l’l, e, X ) Z Z g7 P H Z TO'Z + 7]2 ix:ai—f—ﬁi

Befr—1n jGZ” i=1 ro;+n;>0
Lemma 6.2. The n-point functions H;,’,[f] (x1,...,2,) are local expansions around
(x1,...,2,) = (0,...,0) of rational functions in (z1,...,z,), where
z(z) = ze™*

Proof. Tt is proved in [19, Equation (46)] that

- (TU + 77/)0 ro+n’ __ an r
(6.5) 5070! x =1 n=1...,r
note that here we use 7’ = 1,...,r instead of n = 0,...,r — 1 in order to take
n n

uniformly the sum over o > 0 rather than ro+n > 0). This is obviously a rational
function in z, as well as

2 (ro +n)°t — d\? B z d\
(6.6) Z ol v a xdaj 1—rzr \l—rzrdz/) 1—rz

o=0
S0, H;’y[ﬂ (x1,...,2,) is an expansion of a finite linear combination of products of
rational functions in zq, ..., z,. O
Let us denote by py, ..., p, the critical points of the function z(z). It is obvious
that each function 2" /(1 — rz") is a linear combination with constant coefficients
of the functions 1/(z — 2(p;)), ¢ = 1,...,r, up to an additive constant (where said

additive constant is not of interest to us, since we are dealing with the differentials
of these functions). This implies that all functions given by Equation (6.6]) are
linear combinations of 1/(z — z(p;))*, ¢ =1,...,7, a > 1. So, we have:

Lemma 6.3. The symmetric differentials w,, = (d; @ --- @ d,,) Hy. r }(xl, ey Tp)
are equal to the sum of their principal parts in the coordmate z at the points

P13 Pn-

This Lemma immediately implies Equation (5.5]) for the standard Cauchy kernel
in the coordinate z given by B(z1, 25) = dz1dzs /(21 — 22)*.

Lemma 6.4. The differentials wg (21, .., 2,) satisfy the linear loop equation (5.7),
namely, Wy n(21, . .., 2n) FWen(Ti21, 22, . . ., 2n) s holomorphic for z — p;, where by
7; we denote the deck transformation of function x near the point p;, it =1,...,r.

Proof. 1t is sufficient to proof this lemma for the dif‘ferentials of the functions given
by Equation (G.6]). Observe that the operator a: - preserves this property, namely,
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if df (z) + df (;2) is holomorphic for z — p;, then d(z-£) f(2) + d(z-L) f(7;2) is also
holomorphic for z — p;. It is proved in [19, Equation (4.5)] that

2 d\ 2" 1
=|o— | — =1,...,r
1—rzr de ) o'’ g Y

The functions 2" are holomorphic, so their differentials satisfy the linear loop
equation. Therefore, the differentials of all the functions given by Equation (6.6])
satisfy this property as well. O

Now we have to explain how we derive the quadratic loop equation (5.8). The
cut-and-join equation for double Hurwitz numbers [I1] (see also [4]) can be written
in the following form:

o,(T - d o,(T
(6.7) 0=—(29 — 2+ Hy} () = Y (i) Hy )
i=1 !
€T d ol
: (wid—%)Hg,L}l(x[n}\{j})]

1 T d | o
- E —)H,’ n\{i
i i%j La‘ — T (= d%‘) o1 (Ton@) + o — Z;

I~ [ d oy d o
t32 [W@)(‘C” o Ho (@ x[n]\{i})}
=1

z'=z"=z;

1 - d o,|r d o,|r
+33 Y [ aeen)] [ e )]
=1 g1t+g2=g
10J=[n]\{i}
Consider the symmetrization of this expression in variable x; with respect to the
deck transformation near the point p;. Apply further the operator H?:Q(%j) to it
and cancel the terms that do not contribute to the polar part of this expression at
z(x1) — p;. The obstruction for the derived expression to be holomorphic at p; is
precisely the quadratic loop equation (5.8)).

This computation implicitly contained in [4] and [3] as the first step of the
derivation of the topological recursion, see also [5] for a special case of that. We
refer here also to [2, Section 2.4], where it is shown how to derive the topological
recursion from the abstract loop equations in general situation, where one can
easily recognize the general pattern of the argument in [4] for this particular case.

t

7. JOHNSON-PANDHARIPANDE-TSENG FORMULA

In this section we give a new proof of a special case of the Johnson-Pandhari-
pande-Tseng formula for orbifold Hurwitz numbers. This is a simple corollary of
Theorem [6.1], and the results obtained in [15].

We consider the space ﬂg,_ﬁ(BZr) of stable maps to the classifying space BZ,
of the cyclic group of order r, where the vector —i in the notation corresponds to
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the prescribing the monodromy data (—g; mod 7,..., —u, mod r) at the marked
points of source curves. One can think about the elements of this space as ad-
missible covers of curves in M,,, with given monodromy at the marked points.
Denote by p the forgetful map M, _;(BZ,) — M.

Consider the action of Z, on the H°(C,wc), where C' is the covering curve.
Consider its irreducible component that corresponds to the character U: Z, — C*
that send a generator to exp(27i/r). This component gives us a vector bundle
over M, _z(BZ,), whose Chern classes we denote by \;, i > 0. We denote by S(ji)
the class

(7.1) S(fi/r)) == p S (=)

i>0
Theorem 7.1. We have:

ofr] U@ |5 R
(72) i s Vi oy g (..}

ol i=1 LMTJ Mgy Hl(u (1- Mﬂ/’J)

Remark 5. This is a special case of the Johnson-Pandharipande-Tseng formula
proved in [I4], see also [12], 4, [3] for further explanation of the class S(f) used in
it.

Remark 6. Note that this formula looks exactly as formula (£23]), but now the
coefficients of the polynomial ng,{i)(ul, ..., pn) are explicitly represented as inter-

section numbers.

We give here a new proof of Theorem [T.1]

Proof. The proof consists of two simple observations. On the one hand, Theo-
rem says that the expressions

Bl

®d, Z gu m,_,xlén

are expansions of the symmetric differentials wy (21, ..., 2,) that satisfy the topo-
logical recursion for the spectral curve data (CP', 2z = ze™*",y = 2"). On the other
hand, it is proved in [15] that the expansion of the correlation differentials for this
spectral curve is given by

n k3

ced 3 | 1<W H

Ui)=n Hits) =1

This identifies the left hand side and the right hand side of Equation ({.2]). O
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