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THE DISTRIBUTION OF S-INTEGRAL POINTS ON SL,-ORBIT
CLOSURES OF BINARY FORMS

SHO TANIMOTO AND JAMES TANIS

ABSTRACT. We study the distribution of S-integral points on SLy-orbit closures of binary
forms and prove an asymptotic formula for the number of S-integral points. This extends a
result of Duke, Rudnick, and Sarnak. The main ingredients of the proof are the method of
mixing developed by Eskin-McMullen and Benoist-Oh, Chambert-Loir-Tschinkel’s study of
asymptotic volume of height balls, and Hassett-Tschinkel’s description of log resolutions of
SLs-orbit closures of binary forms.

INTRODUCTION

The distribution of integral points on homogeneous spaces has been studied by several
researchers, and important developments are [DRS93| and [EM93|, which used different
techniques to settle the problem of asymptotic formulae for the number of integral points
on affine symmetric spaces. [EM93| uses an ergodic theoretic approach based on mizing
and this method is extended to the S-integral points setting in [BO12]. On the other hand,
another approach based on the height zeta functions method, has been developed in [CLT12],
[CLT10b], [TBT13]. The advantage of this method is that one can analyze more general
(D, S)-integral points while ergodic methods are only available when D is the full boundary
divisor. However, the height zeta functions method is also limited in that it is only applicable
to bi-equivariant compactifications of connected linear algebraic groups.

In this paper, we study (D, S)-integral points on one sided equivariant compactifications of
connected semisimple groups assuming that D is the full boundary divisor. Our method is a
variant of the method of mixing in [EM93| and [BO12|. To demonstrate our method, we solve
the problem of counting S-integral points of bounded height on SLy-orbit closures of binary
forms, which is considered in the integral case by Duke, Rudnick and Sarnak in [DRS93].

Let us explain the problem in detail. Let V' be a two-dimensional vector space over QQ
with coordinates = and y. We consider the standard SL, action on V. Let W,, = Sym"(V*)
be the space of binary forms of degree n,

f=apx" +ax™ ty+ -+ ay”,

where n > 3. Here the left action of SLy on W, is given by

o)1 ()

Consider the projective space P(WW,,) = P, and let [f] € P(W,,)(Q) be a binary form of
degree n with coefficients in Q and with distinct roots. We define X; to be the Zariski
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closure of the SLy-orbit of [f], i.e,

This is a projective threefold defined over Q. The complement of the open orbit Uy := SLy-[f]
in X; forms a geometrically irreducible divisor, and set theoretically it is an intersection of
X with the discriminant divisor in P(W,,).(See [MUS83|, Lemma 1.5].) We denote this Weil
divisor by Dy. We fix the integral model Pz(W,,) of P(W,,) as

Py (W,,) := Proj(Zlao, - - - ,a,)),

and let X'y and Dy be closures of X; and Dy in Pz (W,,) respectively. They form flat integral
models of Xy and Dy respectively, and we define

U = X;\ Dy.

Let S be a finite set of places including the archimedean place, and we denote the ring of
S-integers by Zg. One can consider the counting function of the number of S-integral points
with respect to a height function H : P(W,,)(Q) — R :

NUp,T) = #{P € Up(Zs) | H(P) < T},

where the height function H is introduced in Section In [DRS93], Duke, Rudnick, and
Sarnak studied the asymptotic formula of this counting function when S consists of the
archimedean place:

Theorem 0.1. [DRS95, Theorem 1.9] When S = {oo}, there exists a constant ¢ > 0 such
that ,
N(U;, T) ~ T+

Duke, Rudnick, and Sarnak studied the counting problem of integral points on affine
symmetric spaces( [DRS93, Theorem 1.2]) using techniques from automorphic forms. The
above remarkable theorem is an example of an asymptotic formula for a non-symmetric
space. Their method is based on equidistribution of lattice points in angular sectors on the
hyperbolic plane and elementary approximation arguments using the polar decomposition of
SLy(R). In this paper, we give a new proof of Theorem and extend their result to any S:

Theorem 0.2. Suppose that n > 5 and f is general so that the stabilizer of [f] is trivial.
Then there exists a constant ¢ > 0 such that

N (U, T) ~ ¢T=(log T)#5~1.

Our proof is based on the method of mixing developed in [EM93|, [BO12|. In [EM93], Eskin
and McMullen introduced axiomatic treatments of the counting problem and the method
of mixing. Using mixing, they independently solved the question of distribution of integral
points on affine symmetric spaces( [EM93, Theorem 1.4]). Benoist and Oh generalized this
method to S-adic Lie group settings in [BO12|, and solved the counting problem of S-
integral points on affine symmetric spaces H\G( [BO12, Theorem 1.1, Corollary 1.2, Theorem
1.4]). An important property used in their proofs is the wavefront property for symmetric
spaces( [BO12, Definition 3.1, Proposition 3.2]). It is the key to establishing equidistribution
of translations of H-orbits. We consider a special height function which is invariant under the
action of a compact subgroup H satisfying the wavefront property, and reduce the counting

problem on G to the counting problem on H\G, where G is a S-adic Lie group associated
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to SLy. This proves that the function N (U, T') is approximated by the asymptotic volume
of height balls.

The computation of asymptotic volume of height balls is a subject of [CLT10a]. Chambert-
Loir and Tschinkel showed that the global geometric data, which is so-called the Clemens
complex, controls the volume of height balls, and one can compute the asymptotic formula
based on that. However, to use their machinery, we need to describe a log resolution of
singularities for a pair (X, Df). This has been discussed in [HT03|. The variety X; admits
a moduli interpretation as a subvariety of a moduli space of stable maps, and Hassett and
Tschinkel used this moduli interpretation to construct a log resolution of a pair (X, Dy).
We will recall their result and provide its refinement in Section [3| It is straightforward to
generalize our method to arbitrary number fields, but we restrict ourselves over the field of
rational numbers for notational reasons.

Let us outline the contents of the paper. In Section [, we define the height function H
and discuss its basic properties. Then in Section [2| we explain the method of mixing and its
application. In Section , we recall the construction of a log resolution of a pair (X, Dy)
in [HT03] and explain how moduli spaces of stable curves and stable maps can be used to
obtain a log resolution of (Xy, Dy). In Section [ we recall results of [CLT10a] and apply
them to obtain asymptotic formulae. In Section o, we discuss some generalizations of results
in Section 21
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1. HEIGHT FUNCTIONS

In this section, we introduce a height function of O(1) on P(W,,) to count S-integral points
on Uy. First let us recall some definitions regarding height functions in general.

Definition 1.1. [CLT10a) Section 2.1.3] Let F' be a locally compact field and X a smooth
projective variety defined over F'. One can consider X (F) as a compact analytic manifold
over F'. Let L be a line bundle on X. The L(F') is endowed with the structure of the analytic
line bundle on X (F). A metric on L(F') to be a collection of functions Lp(F) — R, for all
P € X(F), denoted by [ — ||l]|, such that

e || - || is a norm on the F-vector space Lp(F);

e for any open subset U C X (F') and any non vanishing analytic section f € I'(U, L(F)),
the function U > P — |[[f(P)| is smooth, i.e., it is locally constant if F' is non-
archimedean, otherwise it is C*°.

With metrizations, one can define local height functions:

Definition 1.2. [CLT10a) Section 2.2.6] Let F' be a locally compact field and X a smooth
projective variety defined over F\, L = (L, || - ||) a metrized line bundle on X, and a nonzero
section f € I'(X, £). Let U be the complement of the support of f. The local height function
of L associated to f is given by

H:U(F) =Ry, Pw|f(P)|"
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We define height functions of O(1) on P(W,). For a nonarchimedean place v, we de-
fine a metrization on O(1) by requiring the following property: for any linear form f €
['(O(1),P(V,,)), we have

’f(a(h e Jan>|v
max{|aoly, -, |an|o}

At the archimedean place, we define our metrization by

fll(ao, -~ an) =

) _ ’f(a()a'“ y G |v
n n -1
> ico (z) a;
For v = p a prime, O(1) is endowed with the standard metric induced from the integral
model Pz(W,,).( [CLT10al Section 2.3])
Let D C P(W,) be the discriminant divisor and sp the corresponding section of O(D).
The section sp is a homogeneous polynomial of degree 2n — 2 with Z-coefficients. Let S be

a finite set of places including the archimedean place and U = P(W,,) \ D. For each v € S,
we define the local height H, : U(Q,) — R~ associated to %%QD by

||f||(a07 T, 0n

Ho(ag, - ,an) = max{|ag|y, - - - J%}
|SD(G/O,"' ’an) 57172

when v is a non-archimedean place, and

-1
Yo (7)) a?
Hv(a07"' aan> = - : ;
|SD(a07 T aa’n) 02(7;_2

when v is the archimedean place, where
[apa™ + a1z 'y + - 4+ any”] € U(Q,).

The function H, is the local height function of O(1) associated to 5 D.

One important property of these local heights is that they are invariant under the action
of a maximal compact subgroup:

Lemma 1.3. For v =p a prime, H, is invariant under the action of SLy(Z,). For v = oo,
Hoo is invariant under the action of SO(R).

Proof. Let £ be the metrized line bundle associated to the invertible sheaf O(1) on P(WV,,).
First note that sp is SLo-invariant, i.e., for any P € P(W,,)(Q,) and g € SLy(Q,), we have

9" (sp(g- P)) = sp(P),

where the group SLy acts on the line bundle £ in a way that the action is compatible with
the one on P(W,,). Suppose that the place v = p is a non-archimedean place. The group
scheme SLy/Spec(Zy,) acts on Pz, (W,,) as well as the line bundle £/Spec(Z,), hence SLy(Z,)
acts on the Z,-bundle £(Z,). This means that the action of SLy(Z,) on £(Q,) is isometric.
Thus using the definition of the height function above, we obtain that for P € U(Q,) and
g < SLQ(ZP),

Hy(9P) = [Isp(gP)ll," = llg~" - Sf(gP)llg1 = [lsp(P)]l," = Hy(P).



For the archimedean place, see [DRS93| Section 4] where this special height function was
used to reduce the counting problem on SL, to the counting problem on the hyperbolic plane

9. O

Define Ag := [],cq Qu, and we call it the S-adic ring. Let U(Ag) = [],cq U(Q.) be a
S-adic manifold, and we define the global height H : U(Ag) — R+ as the product of local
heights :

H(P) == [[ Ho(P),
veS
where P = (P,)yes € U(Ag). This is a continuous function on U(Ag). A key property of
height functions is that the set of S-integral points of bounded height is finite, hence we can
count the number of S-integral points of bounded height:

NUy, T) =#{P € Us(Zs) | H(P) < T},

for any binary form f of degree n > 3 with distinct roots. We are interested in studying the
asymptotic behavior of N(Uy,T) as T — 0.

2. THE METHOD OF MIXING

Let D be the integral model of the discriminant divisor in Pz(W,,) and U the complement
of D. By a theorem of Borel, Harish-Chandra, there are only finitely many SLy(Zg)-orbits
on Us(Zs).(See |BHC62, Theorem 6.9] and [PR94, Theorem 5.8].) Also, the stabilizer of
f is a finite group. Therefore, our problem concerning the asymptotic of N(Us,T) can be
reduced to evaluating the asymptotic of

N(f,T) = #{g € SLa(Zs) | H(g - [f]) < T},

for any f € U(Zg).

To study this counting function, we will use the method of mixing developed in |[EM93|
and [BO12| for symmetric varieties. Specifically, [EM93| used mixing and the so-called
wavefront property to study the distribution of integral points for sufficiently "nice” sets,
and [BO12| developed this theory for S-integral points.

Let G = SLa(Ag) = [],cq SL2(Q,) be a S-adic Lie group and I' = SLy(Zs) be diagonally
embedded in G. Then T is a lattice in G, i.e., I" is discrete in G and X := T'\G has finite
volume with respect to the invariant measure px on X.(See [Mar91, Theorem 1.3.2.4].) For
the group action of GG, the mixing property is as follows:

Theorem 2.1. The action of G on X is mizing, i.e., for any o, 3 € L2(X), we have

fin, | otese) s = LA

Proof. This is a consequence of [BO12, Proposition 2.4]. To apply [BO12, Proposition 2.4],
one needs to check two conditions: (i) our S-adic Lie group G satisfies the Howe-Moore
property; (ii) our lattice T" is irreducible.

The condition (i) is stated in [BO12, Theorem 2.5] which claims the Howe-Moore property
for any S-adic Lie group associated to a semisimple group.

To check the condition (ii), see [BO12, Lemma 9.4] whose assumptions are all satisfied by
SLs. O
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To count S-integral points, we consider the height balls:

B(T)={g€G|H(g-[f]) <T}.

We denote the volume of these height balls with respect to the Haar measure pug on G by
V(T). Here we assume that pug = px holds locally. The asymptotic of this volume function
will be studied in Section 4l To apply results of [BO12|, these height balls need to satisfy
the following condition:

Proposition 2.2. For any € > 0, there exists a neighborhood U of the identity e in G such
that
(1 = )ua(UgeuB(T)g) < VI(T) < (1 + €)ua(NgerB(T)g),
for all T > 1.
Proof. The above condition is refereed as well-roundedness in [EM93] and [BO12|. This

follows from the precise asymptotic formula in Corollary 4.5 Indeed for any ¢ > 0, there
exists 0 > 0 such that

V(T +9) - 1 V(T)
V(T) 1—¢ V(T -9)
for sufficiently large 7' > 1. Now choose a neighborhood U of e so that
UgevB(T)g € B(T'+6), B(T'—6) C NgeuB(T)g.

Our assertion follows from this. OJ

<l+e

Let xg(r) be the characteristic function of the height ball B(7"). Consider the counting
function:

Fr(g) =Y xem(vg) = #T' N (B(T)g ™).

This defines a function on X = I'\G. Our goal in this section is to prove the following
theorem:

Theorem 2.3. Let V*(T) = V(T)/ux(X). Then we have point-wise convergence

F
%—)1 as T' — oo,
for any go € G.

To prove this theorem, we consider a compact subgroup of G satisfying the wavefront
property as in [BO12, Definition 3.1]:

Definition 2.4. Let G be a locally compact group, and H a closed subgroup of G. The group
G has the wavefront property in H\G if there exists a Borel subset F' such that G = HF
and, for every neighborhood U of the identity in G, there exists a neighborhood V' of the
identity such that

HV g C HgU,
for all g € F.

This property first appeared in [EM93] to establish equidistribution of H-orbits:
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Theorem 2.5. (BO12, Theorem 4.1] Let G be a locally compact group, H C G a closed
subgroup, I' C G a lattice such that T'yy = T'NH is a lattice in H. Set X := I'\G and
Y :=Ty\H, and we denote the invariant measures on X and Y by px and py respectively.

Suppose that the action of G on X is mizing and that G has the wavefront property on
H\G. Then the translates Yg become equidistributed in X as g — oo in H\G, i.e., for any

€ Co(X), we have
/@b yg) duy(y /dzdu;{,

as the image of g in H\Q leaves every compact subset.

Define a subgroup H of G by
H =[] SL2(Z,) x SOz(R),
pesﬁn

where Sg, = S\ {oco}. Note that Lemma [1.3] implies that our height function H is invariant
under the action of the subgroup H, i.e.,

H(hg - [f]) = H(g - [f])
for g € G and h € H. Moreover, we have

Lemma 2.6. The group G has the wavefront property in H\G.

Proof. For SO(2), this property is established in [EM93| Theorem 3.1]. It follows from the
definition of the wavefront property that SLy(Q,) has the wavefront property in SLs(Z,)\SL2(Q,)
because SLy(Z,) is open. Now our assertion follows from |[BO12, Proposition 3.5] which
claims that if each factor satisfies the wavefront property, then their product also satisfies
the wavefront property. O

We consider any sequence of non-negative integrable functions ,, on G satisfying

each ¢, has a compact support,
maxy, ||¢n]le < 00,

lim,, 00 fG ©n dpg = 00,
©n(hg) = ©n(g) for any g € G and h € H.

The sequence {xg(r,)} is an example. We define a function F,, on X =I'\G by

=> en(19),

vel’

where © = T'g. Let I, := [, o Pndia/pux(X). The following proposition is essentially proved
in [BO12, Proposition 5.3]. The only difference is that we are not counting S-integral points
on H\G, but on G.

Proposition 2.7. F, /I, converges weakly to 1 as n — oo.

Proof. Let a € C.(X). We want to prove that

in - [ o (@)ae) dux(e) = [ ate)duxo)
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Let g and pp ¢ be the Haar measure and the invariant measure on H and H\G respectively
such that ue = prpme and pg(H) = 1.

/ cadpy = /F \GZ% 79)(T'g) dpux (T'g)
- / on(9)0(g) dpiclo)

:/ gpn(Hg)/ Oz(hg)duH(h)d,uH\G(Hg)
H\G H

= #y / on(Hg) / a(Pyhg) dpr(h) dpme(Hg),
H\G Tu\H

where I'y = I' N H. Note that since H is compact, I'y is a finite group and a lattice in
H. Since the action of G on X is mixing and G has the wavefront property in H\G, the
translates I'y\Hg become equidistributed in X as ¢ — oo in H\G(Theorem [2.5). This
means that

por (H) N
/FH\H a(L'rhg) dpm(h) — AT e (X) /X dux,

as g — 00. Since ¢, is uniformly bounded, our assertion follows from the dominated con-
vergence theorem. 0

Finally we prove Theorem [2.3}

Proof. The following proof mirrors the proof of [BO12, Proposition 6.2]. Fix € > 0. Let U
be a symmetric neighborhood of the identity e such that

(1 = €)uc(UgerB(T)g) < V(T) < (1+ €)pua(NgerB(T)g).
The existence of such U is guaranteed by Proposition . We consider the functions gp% on
G given by

o1 (9) =sup xer)(gu '), »7(9) = inf xg(gu™)

We let I = [, o7 due/px(X). Then we have
(1—e)lf <VH(T)<(1+e)l;.
On the other hand, we define
=> ¢r(v9).

vel’
It is easy to verify that
Fr (gu) < Fr(g) < Fr (gu),
for all ¢ € G and u € U. Pick a non-negative continuous function o on X such that
J ¢ @dug =1 and the support of « is included in goU. Then we have

/ aly dux < Fr(go) < / aFf dux.
X X

Applying Proposition to c,a% we obtain that for 7' > 1
(I—e)I; < Fr(go) < (1+€)ly.
8



We can conclude that for 7' > 1
1—c¢ < Fr(go) < 1+e‘
l+e = V¥(T) ~ 1—c¢
Thus Fr(go)/V*(T) converges to 1. O

3. MODULI INTERPRETATIONS

In [HTO03], using moduli interpretations, Hassett and Tschinkel constructed a partial desin-
gularization of a pair (X, D) to give a geometric explanation for the result of Duke, Rudnick
and Sarnak (Theorem [0.1)). This is not exactly what we need, however their geometry is
quite important for establishing the asymptotic formula for V(T), the volume of height balls.
In this section, we recall the geometry of (X, D) described in [HT03], and then provide its
refinement. We assume that the ground field is an algebraically closed field of characteristic
zero throughout this section.

First let us recall some definitions of stable curves and stable maps. In this paper, a curve
of genus zero is a connected projective curve C' such that (i) C'is the union of a finite number
of P's; (ii) each component of C' meets with other components transversally; (iii) C' is a tree
of smooth rational curves, i.e., there are no loops of rational curves.

A curve of genus zero with n marked points is a curve C' of genus zero together with
mutually distinct n smooth points on C'. A special point on a curve C' of genus zero with n
marked points (py,- -+ ,p,) is either a marked point p; or an intersection of two irreducible
components of C'. A stable curve of genus zero with n marked points is a curve of genus zero
together with n marked points

(Oapla"' 7pn)

such that each component has at least three special points. This condition is equivalent to
say that the automorphism group of (C,pi,- -+ ,py,) is finite.

e o
S o
*—@

A stable map of degree one from genus zero curves with n marked points to P! is a tuple
(Capla Py M C— ]P)l)

such that (1) (C,p1,- -+, pn) is a curve of genus zero with n marked points; (ii) the morphism
1 has degree one, i.e., all components except one component L are collapsed by p and the
restriction of p to L is an isomorphism to P'; (iii) all components except L has at least three
special points. Again this condition (iii) is equivalent to say that the automorphism group
of (C,p1,-++ ,pn, ) is finite.
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Fix n > 3. Let M(),n be the Knudsen-Mumford moduli space of stable curves of genus
zero with n marked points. Let My, (P!, 1) denote the Kontsevich moduli space of stable
maps of degree one from genus zero curves with n marked points to P!. The action of SL,
on Mg, (P!, 1) is defined by

g- (C7p17 e 7pnuﬂ> = (C7p17 5y Pny g0 /1’>

We consider the forgetting map
Y Mo, (P 1) — Mo,
(C7p17 e apna,u) = (Clvpla e 7pn)

where C’ is formed from C by collapsing the irreducible components that are destabilized,
i.e., irreducible components with at most two special points.

For each subset S € N = {1,---,n} such that |S| > 2, consider stable maps of degree
one  : C — P! such that

e (' is the union of two P's,

e marked points in S are on the one component, and remaining marked points are on
another component,

e The component containing marked points in S is collapsed by pu.

.

wH

_The Zariski closure of the locus of such stable maps becomes an irreducible divisor Bg C
Mo, (P, 1). For s =2,---n, we define

Bls|:= > Bs, B:=)»_ Bls].

|5]=s =

Theorem 3.1. The moduli spaces My, and My, (P!, 1) are smooth projective algebraic
varieties, and the boundary divisor B is a divisor with strict normal crossings.

The evaluation map ev

ev : ﬂoyn(]}”l, 1) — (]Pl)"
(Cip1ye e ooy ) = (1(p1), -+ 5 1(pn)

is an SLy-equivariant birational morphism. This is because for any (py,--- ,p,) € (P')" such
that p;’s are mutually distinct, its preimage by ev is simply

(]P)lapla T >pn71d)

so ev is an isomorphism on this locus. The divisor B[2] is the proper transform of the
big diagonal A and other boundary divisors B[s](s > 3) are contracted by the evaluation

map ev. The symmetric group &,, acts on mo,n(]P’l, 1) by permuting marked points. Note
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that the actions of SLy, and &, commute. We consider &,,-quotients of ev to obtain an
SLs-equivariant birational map:

0: X = My,(P1,1)/6, — (PHY/6, = P(W,)

Let D[s] be the image of B[s]. Then D[2] is the proper transform of the discriminant divisor
D c P(W,) and other boundary divisors D[s](s > 3) are contracted by . We write D for
2 e—a DIsl.

Let f be a binary form of degree n with distinct roots. As we defined in introduction, X7 is
the Zariski closure of the SLy-orbit of f in P(W,). Let X ¢ C X denote the strict transform of
X £ and define D = =X FN D. Here the intersection is the set theoretic intersection. A pair
(X f,Df) is a partial desingularization of (X, D) constructed by Hassett and Tschinkel,
and in particular (X, Dy) is log canonical for a generic f( [HT03, Proposition 2.8]). Write
a = (ag, -, ) for distinct roots of f, and let C, € Mo,n be the corresponding pointed
rational curve

Co=(Pay, -, ay).
We define Y, to be ~1(C,). Then X ¢ is a finite quotient of Y,,, and Y, is an equivariant
compactification of PGLy. More precisely, consider the stabilizer of C, in the symmetric
group G,,:
H={0c€e6,|o-C,=0C,}.

Then X # 1s isomorphic to the quotient Y, /9. When n > 5 and f is general, the stabilizer £
is trivial. Hence for such f, we have X; 2 Y,. Each Y, only meets with B[n] and B[n — 1].
Indeed, for any stable map C' = (C,py,- - ,pn, 1) € B[s] such that s < n — 2, the image of
the forgetting map ¥(C') has at least two irreducible components, and hence it cannot be
equal to C,. The following theorem will be used later:

Theorem 3.2. [HT03, Proposition 2.6] Y, is smooth and its boundary has strict normal
crossings contained in B[n — 1] U B[n].

The proof of the above theorem gives us an explicit description of the Y,,. When n = 3,
then Y, = M 3(P*,1). The evaluation map ev : Mg 3(P', 1) — (P')? is the blow-up of (P*)?
along the small diagonal Ag.n, and E := B[3] is the exceptional divisor. Since the normal

bundle N, is isomorphic to O(2) & O(2), E is isomorphic to P* x P!, Let
T E— P

be the projection to the cross-ratio of marked points and the node, and let
Ty B — P!

be the projection to the image of marked points.
For arbitrary n, write E for the intersection of Y,, and B[n]. This is the Zariski closure of
the locus of stable maps (C,p1,- -, pp, ) such that

e (' is the union of two P's,

e every marked point is on the collapsed component,

o Y(C,p1,-  pnyp) = C.
We define F; for i = 1,--- ,n as the intersection of Y, and By\y;y. Then F; is the Zariski
closure of the locus of stable maps (C,py, -+, pn, ) such that

e (' is the union of two P's,
11



e every marked point except i-th marked point is on the collapsed component, and i-th
marked point is on the component which is isomorphically mapped to P! by y,

hd w(caplu e 7pn)u) = Oa~
Consider the sequence of the forgetting maps:

~ A 1
Yal,"',an — Yal,'",anfl = Ya1,a2,a3,a4 - Yoél,amas = M0,3<P ) 1)'

Each morphism is a SLs-equivariant birational morphism, and ¢; : Yo, . 0, = Yo,y
contracts a divisor Fj onto P!. Indeed, for PGLsy-equivariant compactifications, the number of
boundary components is equal to Picard rank of the underlying variety( [HTT14, Proposition
5.1]), so each birational morphism ¢; must be an extremal contraction. Moreover Fj is
contracted by ¢; because if we forget «;, then we cannot recover the value u(c;). Hence
¢; is a divisorial contraction contracting F;. On Ya, ay.a4, £ is identified with B[3] and
Fy + F» + F3 is identified with B[2]. Then each ¢; can be considered as the blow-up of the
proper transform of 7, *(a;) C B[3].

This blow-up description shows that E, Fy,---, F, form a basis for Pic(Y,)g, and the
canonical bundle is equal to

1@;:-535—25
=1

Consider the morphism
B:Y, C Mon(P1) = X — P(W,),
and let L := 3*Opqy,)(1). We have
Proposition 3.3. [HT05, Lemma 3.3] The pullback of the hyperplane class is of the form

n—2 — n
L= F,+ =F.

2

Proof. We include a proof for completeness. Since L is the pullback from a &,-quotient of
Mo, (P 1), L must take the form

L:aiFi—i—bE.
i=1

Note that the scheme-theoretic intersection Y, N By is reduced. Indeed, the divisor
B\ is isomorphic to Mo, x Mga(P!, 1), so the intersection Y, N By is isomorphic
to Mgo(P',1) = P! x P!. Let R C E be the proper transform of the general fiber of
my : B — P!. Then we have

FF,R=1, and (E+F,+---+F,).R=—-1.
The second identity follows from |[Har77, Theorem 8.24(c)]. Hence we find E.R =2 —n. On
the other hand, R is contracted by [, so we have L.R = 0. Thus we conclude that L is of
the form .
L= c((n—2)ZE+nE)
i=1
Next, let C C E be the proper transform of the general fiber of m; : £ — P!. The

£ maps C isomorphically onto its image and the image has degree n. Thus we obtain
12



L.C = n. It is easy to see that F;.C' = 0. Moreover, since Na
from [Har77, Proposition 7.12 and Theorem 8.24(c)] that

O(B) = 02).

Therefore, we find E.C' = 2 and we conclude that ¢ = % 0

= 0(2) ® 0(2), it follows

small

Let Z be any smooth equivariant compactification of SLy. The degree 2 map SLy — PGLs
extends to a SLs-equivariant rational map ¢ : Z --» Y. After applying SLs-equivariant
resolution, if necessary, we may assume that ¢ is an honest SLs-equivariant morphism and
the boundary divisor of Z is a divisor with strict normal crossings.

Lemma 3.4. ¢ : Z — Y, is ramified along E and F; for each i.

Proof. We prove that E is ramified. Recall that the forgetting map Y, — Ya, ap0s =
Mg 3(P, 1) is a SLo-equivariant birational morphism and E is identified with B[3]. Moreover,
the evaluation map ev : My s(PP!, 1) — (P')? is the blow-up along the small diagonal Agyan
and FE is the exceptional divisor of this blow up. Thus, we only need to consider Z —
My 3(P*, 1) and prove that the exceptional divisor B[3] is ramified. After changing a base
point, if necessary, we may assume that the map SL, — (P!)? is given by

e 1) () o)) e

The function field of Z is k(a, b, ¢, d) where k is the ground field and a, b, ¢, d satisfy ad —bc =
1. Then the function field of PGL, is a subfield of k(a, b, ¢, d):

i a é a+b
c'dc+d)’

Let x = a/c, y = b/d, and z = (a + b)/(c + d). The divisor E' is the exceptional locus over
the small diagonal Agyay defined by  —y = 0 and y — z = 0. Write ¢ for (y — 2)/(z — y).
Then the local ring O at F is

k[t7 T, y](w—y)
Note that k(a,b, c,d) = k(z,y,z)(c™!) and ¢! satisfies

= —(r—y) L+t
Therefore, we conclude that E is ramified. The divisors F; can be studied similarly. ([l

Let Z — Z — Y, be the stein factorization of ¢ : Z — Y,. We denote a SLo- -equivariant
birational map Z — Z by h and a degree 2 finite morphism Z — Y, by @. Let E and F} be
inverse images of E/ and F; on Z respectively, and we identify them with proper transforms
of E and F; on Z respectively. Write {G,} for exceptional divisors of h. Define M to be
a sum of E, F’s and G;’s so that M is the boundary divisor of Z. Consider a divisor
ngp*L + Kz 4+ M, and write it as a linear combination of components of M:

—<p*L+KZ+M_aE+ZbF +3 Gy

=1 i

Lemma 3.5. We have
a=0, 0;>0, and c¢; >0.



Proof. Tt follows from [KM98| Corollary 2.31] that a pair (Y,, E + ), F}) is log canonical.
Then [Kol92, Proposition 20.2 and Proposition 20.3] implies that a pair (Z, £+ ), F}) is
also log canonical. We obtain that

2 2 . .

— 'L+ Kz;+M=—-9"L+h"(K;+F F; d;G;,

R LT (Kz +E+ zl: )+ ZJ: i
where d; > 0. Then again it follows from [Kol92, Proposition 20.2] that

2, (2

Now Proposition implies that ¢ = 0 and b; > 0. Next we prove that ¢; > 0. If
h(G;) C Uiﬁ’i, then the support of p* (%L + Ky, +E+), E) contains G so ¢; > 0 follows.
Suppose that h(G,) ¢ U;F;. Let V =Y, \ U;F}. Tt follows from [KM98, Corollary 2.31] that
(V, E) is purely log terminal. Hence [Kol92, Proposition 20.2 and Proposition 20.3] show

that a pair (p~(V), F) is also purely log terminal. Thus we obtain that d; > 0. O

4. ASYMPTOTIC VOLUME OF HEIGHT BALLS

In this section, we recall the results of |[CLT10a] and apply them to study the volume
function V(T') defined in Section [2]

4.1. Clemens complexes and height zeta functions. Let F' be a local field of charac-
teristic zero and we fix an algebraic closure F' C F. Consider a smooth projective variety X
defined over F' with a reduced effective divisor D over F. Let

Dp = Uae]tDa:

be the irreducible decomposition of Dz. We assume that Dz = > 1 D, is a divisor with
strict normal crossings. For any A C A, define D4 = NgeaD,. Note that Dy = X 7. Because
of strict normal crossings, D 4 is a disjoint union of smooth projective varieties of codimension
|A|l. We define the geometric Clemens complex Cz(D) as the set of all pairs (A, Z) where
A C A and Z is an irreducible component of D4( |[CLT10a), Section 3.1.3]). The geometric
Clemens complex is endowed with the following partial order relation: (A,Z) < (A’, Z')
if AC A and Z D Z'. Thus, Ci(D) is a poset and its elements are called faces. When
a < b, we say that a is a face of b. The Galois group Gal(F') acts on Cz(D) naturally.
Since F' is a pe rfect field, an integral scheme Z of X is defined over F' if and only if Z
is fixed by the Galois action Gal(F). We define the rational Clemens complex Cp(D) as
the sub-poset of C(D) consisting of Gal(F)-fixed faces( [CLT10aj, Section 3.1.4]). For any
(A, Z) € Cr(D), D4 and Z are defined over F, so Z(F') makes sense. We define the analytic
Clemens complex C#(D) to be a sub-poset of Cr(D) consisting of pairs (A, Z) € Cp(D) such
that Z(F) # (0.( [CLT10al, Section 3.1.5]). In general, let P be a poset. The dimension of a
face p € P is defined as the supremum of the lengths n of chains py < - -+ < p,, where p; are
distinct and p = p,,. The dimension of P is the supremum of all dimensions of all faces.
Let A = A/Gal(F) be the quotient of A by the Galois group Gal(F). This set can be
identified with the set of irreducible components of D. For each a € A, we denote the
corresponding divisor by A,. Let £ = (L, || - ||) be a metrized line bundle with a global

section f;, whose support coincide with the support of D (see Section [I| for a definition of
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metrized line bundles). Let w be a non-vanishing top degree differential form on U = X \ D.
We are interested in the following height zeta function:

Z(s) = / IFoll° dle,
U(F)

where s is a complex number and |w| is a measure associated to w(see [CLT10a, Section 2.1.7]
for a definition). The connection between height zeta functions and asymptotic volume of
height balls is given by Tauberian theorems [CLT10a, Appendix A].

Theorem 4.1. [CLT10d, Theorem A.1] Suppose that Z(s) admits a meromorphic continua-
tion to the half plane {R(s) > a — 0}, where a > 0 and § > 0, with the unique pole at s = a
of order b. Then the volume function

V(T) = d|w]

/{HfL(P)fL(P)||1ST}
behaves like ©T*log(T)"™ as T — oo.

Hence the meromorphic continuation of Z(s) is the key to understand the asymptotic
behavior of volume of height balls, and its properties are governed by Clemens complexes of
D. More precisely write

div (fy) = Z Aoy, —div(w Z Ko\

acA acA
Note that we are assuming that A\, > 0 for any a € A. Define

Ko — 1
L = = .
R

Then Z(s) is holomorphic when R(s) > a(L,w)( [CLT10a, Lemma 4.1}). Let A(L,w) denote
the set of all @ € A where the maximum is obtained, i.e., a(L,w) = (ko — 1)/Aa. Let
CiiLw) (D) be a subposet of Ci'(D) consisting of (A, Z) such that A C A(L,w). |[CLT10a,
Proposition 4.3 and Corollary 4.4] claims that the height zeta function Z(s) admits a mero-
morphic continuation extended to a half plane R(s) > a(L,w) — ¢ for some § > 0 and its
order of the pole at s = a(L,w) is given by 1+ the dimension of the poset C;?(L,w)(D). We
summarize the above discussion in the following theorem:

Theorem 4.2. [CLT10d, Lemma 4.1, Proposition 4.3, and Corollary 4.4] The height zeta
function Z(s) is holomorphic on a half plane R(s) > a(L,w). Moreover, it admits a mero-
morphic continuation extended to a half plane R(s) > a(L,w) — § for some § > 0 and the
order of the pole at s = a(L,w) is

1+ dim Cx\y, (D).

4.2. Asymptotic volume. We retain the notations in Section [I] and Section [3] For our
arithmetic applications, we need to construct moduli spaces MO,n(Pl, 1) and M(]’n over
Spec(Q). This is done in [Bal08]. In fact, the moduli spaces of stable maps are constructed
over Spec(Z) via geometric invariant theory.

Let [f] € P(W,,)(Q) be a binary form of degree n with Q-coefficients and distinct roots.

Then Xy is the Zariski closure of the SLy-orbit of [f] and it is defined over Q. We consider
15



the SLs-equivariant birational morphism
0: X = My,(P1,1)/6, — P(W,),

which is a &,-quotient of the evaluation map ev : Mg, (P!, 1) — (P!)". We denote the
quotient map M(),n(IF’l) - X by q. Let X ¢ C X be the strict transform of X ¢ which is again
defined over Q. Write F} for the splitting field of f and o = (o, - - - , o) for roots of f. Then
the pointed rational curve C, = (P!, aq, -+ , ) is defined over F}, hence Y, = v~ (C,) is
defined over Fy where 9 : Mom(lpﬂ, 1) — Mo,n is the forgetting map. Define

Aln]=X;ND[n], Aln—1]=X;NDn—1].

Note that since D[n] and D[n — 1] are defined over Q, A[n] and A[n — 1] are also defined
over Q. The divisor A[n] is geometrically irreducible, but A[n — 1] may not be. We have

Lemma 4.3. The set A[n|(Q) is Zariski dense in An].

Proof. Let (C,ay, -+, oy, 1) be a stable map such that

e C is the union of two P's and both P's are defined over Q,
e marked points a4, - - - , «,, are on the collapsed component,
e a map . is also defined over Q.

Then (C,a, i) is a stable map defined over the splitting field Fy and it corresponds to a
Fy-rational point P on My, (P!, 1). Consider a Galois action o € Gal(F;/Q). A point o P
corresponds to (C, oa, p1), hence we have ¢(P) = ¢(oP). This means that ¢(P) is Gal(F;/Q)-
fixed, thus ¢(P) is a Q-rational point. Now we can vary the intersection of C' and the value
of u so that A[n](Q) is Zariski dense. O

Let Z be a smooth SLs-equivariant compactification of SLy defined over Q. We have a
SL,-equivariant rational map ¢ : Z --» X; mapping SLy 3 g +— g[f] € X and after applying
SLo-equivariant resolution, if necessary, we may assume that ¢ is an honest morphism. We
denote the morphism from Z — X by ¢ too. Write w for the top invariant differential form
on SLy. Let S be a finite set of places including the archimedean place. For each v € S, we
are interested in the following height zeta function:

Z,(s) = / o Felp) (2

where H, is the local height function defined in Section [I We have

Theorem 4.4. Assume that either

e n >5 and f is general enough so that Y, = Xf ® Fy, or

e all roots of f are Q-rational.
Then the height zeta function Z,(s) is holomorphic on a half plane R(s) > 2 and it admits a
meromorphic continuation extended to a half plane R(s) > % — 0 for some 0 > 0. Moreover

the order of the pole at s = % s 1.

Proof. Suppose that n > 5 and f is general. Let {A,}aca be the irreducible decomposition
of the boundary divisor D of Z. Let f be the pullback of the discriminant divisor on Z. Let

div(f) = Y " Aalq,  —div(w) = Y Kalg
acA acA
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Then Lemma implies that

Ko — 1 B 2
Py Ao on

Moreover, the Clemens complex Cg! ; (D) consists of one element corresponding to Aln];
indeed, Lemma implies that A[n] has a dense set of rational points, and Lemma
concludes that the ramification divisor E above A[n| also has a dense set of rational points.
This means that this ramification divisor E is an element of the analytic Clemens complex.
Lemma (3.5 guarantees that F is the only divisor which achieves "‘i—;l = % Now our assertion
follows from Theorem [4.2]

Assume that all roots of f are Q-rational. Then the Y, is defined over Q and the divisor

E =Y, N By contains Zariski dense Q-rational points. Thus our assertion follows from

Lemma [3.4] Lemma [3.5] and Theorem O
We define

G =[] SL(Q)

veS
and consider the height ball

B(T) ={geG|H(g-[f) <T}.

where H is the global height function defined by H = ], s H,. Let pg = [],cqlwlo be a
Haar measure. We denote the volume function of the height ball B(T') with respect to a
Haar measure pug by V(7). Then we have

Corollary 4.5. Suppose that n > 5 and f is general, or all roots of f are Q-rational. Then
we have

V(T) ~ T (log T)#S_l,

for some ¢ > 0.

Proof. To prove this corollary, we need to consider the following height zeta function:

/GH<g-m>SduG:H/SL(Q)Hv@v[ “dlul, = [[ 25)

veS veS

Then it follows from Theorem that this zeta function has a pole at s = 2/n of order #S.
If S consists of the real place, then we can apply Theorem to conclude our assertion.
However when S contains a non-archimedean place p, then the local zeta function Z,(s) is
27” -perlodlc and we cannot apply Theorem {.1{since Z,(s) has infinitely many poles on the

Vertlcal line R(s) = 2/n. More precisely the followmg function

(1—p C=)Z,(s)

admits an analytic continuation to the half plane {f(s) > 2 — ¢} for some § > 0( [CLT10a,
Proposition 4.2]). Instead, we apply [CLT10a, Theorem A.7] to Z(s). To apply this theorem,
one needs to verify that logp/log ¢ is not Liouville number for distinct primes p, g. This fact
is proved in [Bak90|. [Bak90, Theorem 3.1] claims that the irrationality measure of % is
bounded by a constant depending on p, q. Thus our assertion follows.
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5. GENERALIZATIONS

The method to prove the main result in Section [2| generalizes to semisimple groups. Let
F be a number field and G a simply connected, almost F-simple group. Let S be a finite set
of places containing all archimedean places v such that G(F,) is non-compact. We denote
the ring of integers of I’ by op and the ring of S-integers of F' by opg. We fix an integral
model of G so that G(0r) makes sense. Denote the S-adic Lie group [],.q G(F,) by Gs.
We embed G(opg) into Gg diagonally. Then G(ops) is a lattice in Gg. Let X be a smooth
projective equivariant compactification of G defined over F' and £ = (L, || - ||) an adelically
metrized big line bundle on X with a global section s whose support coincides with X \ G.
We define local height functions H, : G(F,) — R and the global height H : Gg — R+ by

HE,S,U(PU) = ”8<P’U)H_l7 H[Z,s((Pv)UES) - H H[,,s,v(Pv)'

veES

We suppose that for any archimedean place v € S, the local height function H g ,, is invariant
under the action of a maximal compact subgroup K,. It is always possible to choose a
metrization to satisfy this property. It is also a property of height functions that for any
non-archimedean place v, the local height H. ;, is invariant under the action of a compact
open subgroup K,. We are interested in a counting function N(7T') of G(ops) with respect
to HE,S7

N(T) = #{y € G(ors) | Hes(y) < T}

When X is a biequivariant compactification of GG, this counting function has been studied in
[TBT13] and [BO12|. However, the case of one-sided equivariant compactifications remained
open. Our technique in Section [2 can solve this case.

The action of Gg on Y := G(0ps)\Gs is mixing( [BO12, Proposition 2.4]). We define

Hg = HKU.

veES

Then G has the wavefront property in Hg\Gg. Thus translates of Hg-orbits are equidis-
tributed in Y (Theorem . Let pg be a haar measure on Gg and py an invariant measure
on Y such that pus = py holds locally. We consider height balls

B(T) ={g9 € Gs) | Hes(g9) < T}

We denote the volume function of these height balls by V(T'). Now the discussion in Section[2]
leads to the following theorem:

Theorem 5.1. Let V*(T) = V(T)/uy(Y). Then we have

N(T
#I’))_)l as T — +oo.
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