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A QUANTITATIVE IMPROVEMENT FOR ROTH’S THEOREM
ON ARITHMETIC PROGRESSIONS

THOMAS F. BLOOM

ABSTRACT. We improve the quantitative estimate for Roth’s theorem on three-
term arithmetic progressions, showing that if A C {1,..., N} contains no non-
trivial three-term arithmetic progressions then |A| < N(loglog N)*/log N.
By the same method we also improve the bounds in the analogous problem
over Fy[t] and for the problem of finding long arithmetic progressions in a
sumset.

1. INTRODUCTION

In this paper we prove the following quantitative improvement for Roth’s theorem
on arithmetic progressions.

Theorem 1.1. If A C {1,...,N} contains no non-trivial three-term arithmetic
progressions then
(loglog N)*

log N

This problem has a long history, the first significant quantitative bound being
given by Roth [1953]. Let R(IN) denote the size of the largest subset of {1,..., N}

which contains no non-trivial three-term arithmetic progressions. For comparison
the table below summarises the history of upper bounds for R(N).

|A] <

Roth [1953] N/loglog N
Szemerédi [1990] and Heath-Brown [1987] | N/(log N)¢ for some ¢ > 0
Bourgain [1999] (loglog N)Y/2N/(log N)'/?
Bourgain [2008] (loglog N)2N/(log N)?/3
Sanders [2012] N/(log N)3/4=°()
Sanders [2011] (loglog N)°N/log N

The claimed bound of (loglog N)*N/log N in [Sanders [2011] is due to a calcu-
lation error, and the method there in fact delivers ( log log N)SN/log N as in the

table above. The best known lower bound has the sha pe R(N) > N exp(—cy/log N)
for some absolute constant ¢ > 0, due to [Behrend and so Theorem [I.]] still

leaves much to be desired.
Not only does the method of this paper deliver a quantitative improvement
but it manages to do so without the powerful combinatorial tools used in
, and instead operates almost entirely in ‘frequency space’, exploiting a new
lemma concerning structural properties of the large Fourier spectrum inspired by

a recent breakthrough in Roth’s theorem in F) by [Bateman and Katz [2012]. In
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particular, we hope that the methods in this paper could be used along with more
combinatorial techniques to yield further quantitative progress.

The significant new ingredient in the proof of Theorem [T T]is a new lemma about
the structural properties of the set of large Fourier coefficients of a given set, which
under certain circumstances offers a quantitative improvement over a related well-
known lemma of [Chang [2002]. As a further demonstration of the utility of this
lemma we outline how it can be combined with the technique of [Sanders [2008]
to prove the following quantitative improvement to the problem of finding long
arithmetic progressions in a sumset.

Theorem 1.2. If A,B C {1,...,N} with both c;aN < |A| < |B| < caaN then
A+ B contains an arithmetic progression of length at least

exp (¢f(a)v/10gN)

where f(a) = a'/?/log(1/a) and the constant ¢ > 0 depends only on ¢ and cs.

By contrast, [Sanders [2008] used Chang’s lemma to prove a similar result with
f(a) = a, a result which was first proved using a different method by |Greenl [2002].
This was subsequently improved by [Croot, Laba, and Sisask [2013] to f(a) = a!/?
(log(1/a))=3/2. The proof of Theorem can be easily adapted to give a similar
bound when the sizes of A and B are not comparable but in this situation the
method of [Croot, Laba, and Sisask [2013] delivers superior bounds.

We shall present our method in a general setting, which will allow us to prove
more general versions of Theorem [[.Tlin both the integers and their finite-characteristic
analogue F[t]. In general, we will be concerned with counting non-trivial solutions
to equations of the shape

(1) c121 + Ccaxo + C3x3 = O,

where ¢ + ¢ + ¢3 = 0. A trivial solution is one where x; = x5 = x3. Applied to
any such equation our method yields the following result over the integers.

Theorem 1.3. If ¢1,co,c3 € Z\{0} are such that ¢; + ca +¢c3 = 0 and A C
{1,..., N} contains no non-trivial solutions to () then

(loglog N)*
log N

In particular, Theorem [[T] follows by considering the coefficients ¢ = (1,1, —2).
The polynomial ring F[¢] is, in many respects, a finite-characteristic analogue of
the integers, so we should expect a result of similar strength to hold. In [Bloom
[2012] the method of [Sanderd [2011] was adapted to give a quantitative result for
F,[t]. In this paper we shall similarly prove an analogue of Theorem [[3 for F,[¢].
As in Bloom [2012] the finite-characteristic property leads to a slight improvement
in this case (due to the preponderance of subgroups).

|A| <c

Theorem 1.4. Let A C Fy[t]deg<n- If c1,c2,c3 € Fo[t]\{0} are such that c1 +co +
c3 =0 and A contains no non-trivial solutions to ([) then

1 2

4] < (8™ .
n

We remark that if ¢1, ¢2, c3 € F\{0} then the problem is much simpler and better

bounds are available. In particular, Liu and Spencer [2009] proved that in this case
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we have the upper bound |A| < ¢"/n; when ¢1, ¢2, c3 € F,\{0} this bound was first
provided by Meshulam [1995]. It is also likely that the work of [Bateman and Katz
[2012] in F} could be adapted to deliver a bound of |A| <. ¢"/n'"¢ for some
absolute constant € > 0, when ¢, ¢, c3 € F\{0}.

The core of our argument is a qualitatively stronger alternative to a well-known
lemma of [Changl [2002] concerning the additive structure of the large spectrum of
the Fourier transform in finite groups. More particularly, if G is a finite abelian
group and A C G with density a = |A] /|G| then we define the large spectrum

A, (A) as the set of characters v € @G such that ‘A\(W)‘ > nl|A|. Tt follows immedi-

ately from Parseval’s theorem that |A,(A)| < n~2a~!, which is the best possible

bound on the cardinality. Chang’s lemma shows that a smaller set can be found
which additively ‘controls’ the spectrum. In particular, we say that A is d-covered
if there exists A of size |A| < d such that

AC {Zﬁ)\AZE)\ 6{—1,0,1}}.

AEA

In this language, Chang’s lemma may be stated as follows.

Theorem 1.5 (Chang [2002]). If A C G with density o = |A| /|G| then A, (A) is

d-covered for some
d < n ?log(1/a).

This important structural lemma has found many applications since, and in
particular has been instrumental in the recent advances in Roth’s theorem. By
contrast, in this paper our method does not directly use Chang’s lemma, but rather
the following theorem which is, for some applications, much stronger.

Theorem 1.6. If A C G with density o = |A| /|G| then there exists A" C Ay(A)
of size |A'| > n|A,(A)| which is d-covered for some

d < n tlog(1/a).

In particular, we can save a factor of n in the dimension while only losing a
factor of 7 on the size of the set considered. We prove Theorem [[.G] or rather, a
more general version, by considering the additive energy of large spectra, building
on work by [Shkredov [2008] and Bateman and Katz [2012].

For our applications we shall discuss the ideas leading to Theorem [.6lin a general
setting that also applies to covering ‘relative’ to a given set, which is needed for the
density increment strategy used for Roth’s theorem.

2. NOTATION AND DEFINITIONS

We fix some finite abelian group G with dual group G. Let N = |G|. For
convenience we shall use the counting measure on both G and G. In particular all

LP norms on both G and G are defined with respect to the counting measure, so
that if f: G — C and p > 1 then

1/p
11, = <Z|f(x)|p> and [|f|[, = ilelglf(év)l,
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and similarly for w : G — C. For any function f : G — C we define the Fourier
transform f : G — C by

Fo) =" f@)y(a).
For all functions f,g: G — C we have Parseval’s identity

(f.9) = fl@)g(@) = N> F()3().

If BC Gand T C G then for any € € [0,2] we say that B has e-control of T if for
all x € B and v € I" we have
[1—7(z)| <e
This condition will be important in several places; in general, the hypothesis of
control presents no serious difficulties as we will just define the sets we are working
with precisely so that they have the required control. The details will vary on
the choice of the group G, and hence for most of the paper we simply present the
necessary control hypothesis and take care of how to ensure it in our applications
in the final sections of the paper.
For any n € [0,1] and f : G — C we define the spectrum

aq(f) = {re@:[fo)| = niri}

and the level spectrum

A,(f) = {ve@inlfl, < [Fo| < 2nlfl } -

For 0 < 6 <1 we shall use the convenient shorthand £(4) to denote 2+ [log(1/4)].
Finally, it will often be convenient for certain sets to renormalise the counting
measure to be compact; these sets will always be denoted by B (possibly with some
subscripts or superscripts) and then for any A C G we define 8(A) = |AN B|/|B|.
In general, if we speak of A C B having relative density « then this means 5(4) = a.

We will frequently abuse notation by conflating a set and its characteristic func-
tion; thus, for example, if I' C G then I'(y) =1if v €T and 0 otherwise.

For any I C Gandw: G — R4 and integer m > 1 we define the additive energy
as

Bym(w,T) = > wm)--w(,)T Z%—Z%

YireesVim
Similarly, we define the restricted energy as

B}, (w,T) = > I et > v >+

A16(§)7A26(§) yEATUAS YEA, Y EA2
AllﬂAzzw :
We write ES = for Ef, ,, and for any w and T we define Ey(w,T) = Eg(w, r)=1.

Observe that F and E? differ, not only in the restriction on repeating elements,
but also in that the former is sensitive to permutations of the ;. We say that S is
d-covered by T if there exists A C G of size |A| < d such that

ScT —T+(A),
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where

(A) = {Zm Cey € {—1,0,1}}

AEA
and (@) = {0}. R
We say that A is I-dissociated if for all £ > 1 and A € G there are at most 2*
many pairs Aq, Ag of disjoint subsets of A such that |A; U Ag| =k and

Z v — Z ~ el + A\
YEAL v EA2

Finally, we say that S has I'-dimension of d if d is the size of the largest I'-dissociated
subset of S. We observe that the dimension is always at least 1 since any singleton
set is trivially I'-dissociated for all I' C G. Furthermore, if A is I'-dissociated then
it is also I''-dissociated for any translate I of T".

3. ADDITIVE ENERGY

In this section we discuss the relationship between the dimension of a set and
its additive energy. If a set has a very large dimension then almost all of the set is
dissociated, and hence one would expect few additive relations between its elements,
so it should have small additive energy. The following lemma verifies this intuition.

Lemma 3.1. If S C G has T-dimension |S| — & then for all m > t1,t3 >0
Ef ,,(S,T) < 4ktm,

Proof. Let S = Sp U S; where Sy is I'-dissociated and |S;| = k. By separating the
contribution from the subsets of S; we obtain the estimate

Ef, ,,(S,T) = D N DT

S S /
Ale(tl)’A2€(t2) yEA; R ASTAY
A1NA=0
k k
< E ( sup E r E v — E v+ A
1 T2 A
0<r;<t; AlE(t ioT )7A26(t Sior ) YEA, v EA2
PN
1 2=

Since Sy is I-dissociated, however, the inner summand is bounded above by 2112
and the lemma follows. O

For the main result of this section we need to convert a conclusion about the
restricted additive energy to the full additive energy, for which the following lemma
will suffice.

Lemma 3.2. For any ' C é, weight function w : G— R4 and integer m > 2 we
have
—t1—to

m [wlly t
By (w,T) < 2" (m))? w3 —sup Ef, ,,(w, T+ ).
0<ty ta<m ((m—tl)!(m—tg)!) / by 12
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Proof. We divide the range of summation of Es,, according to the size of the sub-
sets of {v1,...,vm} and {~1,...,7,,} consisting of elements that each occur with
multiplicity 1. This leads to the upper bound

@ Bwens ¥ Gun@nn@(]) () swrnn

0<ly,l2<m
where
l1 l2
(l1,12) Z () (72,)T Z% - Z”Y]/ —A
V1yeens 7{2 =1 Jj=1
ViEVG VAV 1T
and
k/2
(3) Z H w(y U‘?/QD (Zw(’y)2> )
A ~veEA

the first sum being restricted to those ordered k-tuples A € G* where each element
occurs with multiplicity at least 2. The sum F)(l1,l2) is almost a renormalised
version of the restricted energy Elﬂh 1, €xcept that it lacks the restriction v; # ”yj’- for
all 1 <i <1y and 1 < j <ly. To introduce this we partition Fy(l1,l2) according to
the number of common elements between the ~; and ~/; thus

min(ll,lg)
I\ [l2). i . )
@) Pk < Y ( ) (i)z! lwll3” (1 = 8)(la — iNE] ;. _i(w, T+ ).

i

i=0
Combining (@), @) and @) and simplifying the expression implies that Ea,,(w,T")
is at most

min(ly,l2) || ||2z l1—12

(m!)2 ||W||§m Z Z Z| — ll)/QJ)(L(m — 12)/2J)! Sl)\lp Elulfi,bfi(w’ F—l—)\).

0<l1,l2<m =0

Relabelling t; =13 — ¢ and to = Iy — ¢ this is at most
2 t—t
(m)? wl5™ Y lwllz" T sup B, 4, (@, T+ N f(m, 1, 1)
0<t1,ta<m A

where
m—max(t1,t2)

f(m,ti,t2) =
iZmax(tl ,tg)

1
il(L(m =t =) [2])([(m — ta — 1) /2])V

Finally, a tedious calculation using the elementary inequality n!/(|n/2|!)? < 2(n +
1)1/227 valid for all n > 0, shows that the inner sum is at most 24 ((m — t;)!(m —
t3)!)~1/2 and the lemma follows. O

The final technical lemma of this section provides a relationship between covering
and dimension that will be important in the proof of Theorem [311

Lemma 3.3. Let T C G be a symmetric set. If A C G has T-dimension v then
there is a partition G = Ao U Ay where Ag is 2r-covered by T and for all v € Ay the
set AU{v} has I'-dimension r + 1.
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Proof. By hypothesis we can decompose A as AglUA; where A is I'-dissociated and
|Ao| = r. Let A’ be the set of all ¥ € G such that Ag U {y} is not I-dissociated.
We claim that if we let Ag = A’ U Ay and A = @\AO then this is a suitable
decomposition.

Firstly, let v € A;. By construction the set Ay U {7} is T-dissociated, and hence
A U {7} has I'-dimension at least = + 1 by definition, since |[AqgU{v}| =7+ 1. It
remains to show that Ag is 2r-covered by T'; for this, it suffices to show that

AQUA/CF—F+<A0>+<A0>.

This is obvious for Ag. Let v € A’. By construction Ag U {7} is not I'-dissociated,
and hence there exists kK > 1 and A € G such that there are more than 2% many
triples (e, Af, AY) such that € € {—1,0, 1}, the sets A} and A} are disjoint subsets
of Ag with |A] UAL|+ |e| = k, and

v+ > M- >, e+

Y EA] VLEA)

If there exists at least one such triple with € = 0 and at least one with € # 0 then it
is easy to check that this implies that v € I' —=T'+ (Ag) — (Ag) as required. If e =0
for all such triples then this contradicts the I'-dissociativity of Ag. Hence we can
assume that e € {—1, 1} for all such triples; this is clearly impossible for k = 1, and
for £ > 1 we observe that by the pigeonhole principle there are strictly more than
2k=1 such triples with identical e. This, however, is another contradiction to the I'-
dissociativity of Ag, considering the translate T+ A—ey. Thusy € T—T'+(Ag)—(Ao)
as required, and the proof is complete. ([l

The following theorem is crucial, and uses random sampling to prove a hereditary
version of our earlier intuition: namely, if a set is such that every large subset
is not efficiently covered then we must have particularly small additive energy.
The argument is a variant on that used in [Bateman and Katz, 2012, Section 5].
There, however, they only wish to bound the 8-fold additive energy, whereas for
our purposes we shall need to deal with the 2m-fold additive energy where m — oo
as N — oo (for our applications we shall in fact take m ~ (loglog N)'*t°(1)) and
hence we have taken care to make the dependence on m explicit.

We treat the constants in this argument, as in the rest of this paper, quite
crudely; it is certainly possible to improve them, but such improvements would
have a negligible effect on the main results.

Theorem 3.1. Let ' C G be a symmetric set and w : G — Ry. Let m > 2 and
d>n > 2 be such that m < d/4 and ||w||, < m'/2d~!||w||,. Then either there is a

finite set A C G such that
n
Z w(y) > 7 [wlly
YEA
and A is 2d-covered by ', or

EQm(W, F) < 213m+6nm2md72m HwH?m )

Proof. Without loss of generality we may suppose that ||w||; = 1. We first observe

that either we are in the first case, or every subset A C G which is 2d-covered by
I satisfies 3. cAw(7) < nd~!, which we shall assume henceforth.
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Let S C G be a random set of size at most d chosen by selecting d elements of G
at random, where we choose v € G with probability w(y). We claim that for £ > 0
the set S has I'-dimension d — k with probability at most n* /k!.

For suppose we have selected d’ < d elements of S, say S’, and suppose that S’
has I'-dimension r. By Lemma we can partition G= Ao U Ay such that Ay is
2d-covered by T" and for all v € Ay the set S” U {7} has I'-dimension at least r + 1.
Thus, in our model,

B(dim(S' U {7}) < dim($)) < Y w(v) < =,
YEAo

since Ag is 2d-covered by I'. From this estimate, combined with the trivial observa-
tions that the empty set has I'-dimension 0 and that I'-dimension is non-decreasing,
it follows that the probability that S has I'-dimension d — k is at most the prob-
ability that k events with probability at most n/d occur in d independent trials,

which is at most
(Z) nkfd=* < nk/k!

as required. By Lemma [B]it follows that for all A € G and integers t1,t2 < m we
have

f m K)(4ny
Eﬁ%hh(SJ?+_A)§l1 2: M

k=0

::4m€4n

Let 1 < k < 2m. For any distinct v1,...,7 € G the probability that vq,...,v, € S
is at least

k d—k
M(Z)W(%)---W(%) <1 - ZM%)) :
i=1

Since k < d/2 we have k!(g) > (d/2)*. Furthermore, by the Cauchy-Schwarz
inequality
k
S wln) < @m)2 flul, < 2md ! <172
i=1
so that the second factor is at least

exp (—dZw(%—)> >e

It follows that the probability that vi,...,v. € S is at least 27°™d*w(y1) - - - w(Vk).
By linearity of expectation, assuming t; + t2 < m,

EE] ,,(S,T+X) >27°md" 2 E! | (w,T + ),
and so, for all A € G and 0 < t1,to < m,
Ef 4, (@, T+ 2) < 2metnd =t

From Lemma it follows that
2

m (m)2(||wlly ' d 1)
Eom(w,T) < 2174 |w|)?
? Oggzm ((m —t)!)1/2
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For brevity let r = |[w||;>d~2 > m~'. By the Cauchy-Schwarz inequality the inner
factor is at most
m/!
(m+1) Z ﬁrt <(m+1) Z (erm)t < (m + 1)*(erm)™
0izm (M 1) 0<t<m
say. In particular

Ezm(w F) < 213m 4n 2m ” H2m m 213me4nm2md72m

3

and the lemma follows. O

4. STRUCTURE IN SPECTRA

The results in the previous section are extremely general, and can be used to
deduce facts about the dimensions of arbitrary sets from lower bounds on their
additive energy. We shall use them to derive a structural result about the large
spectrum of a function f : G — C, and for this we require a lower bound on the
additive energy of such spectra. A suitable lower bound was provided by [Shkredov
[2008], who showed that if A C G with density o = |A| /N and A C A,(A) then
B (A, {0}) > n2™a |A]*™. A simpler proof of this fact was given in [Shkredov
[2009]; the following is a simple generalisation of this proof.

Lemma 4.1. Let € € [0,1]. For any B C G andn € [0,1] let f : B — C and
w:G — R, be supported on G. Then for all integers m > 1

2m
- [l
Eap(w, Ac(B)) > ||WH? <77 - 1/2m ¢
TN

To recover the bound of Shkredov we set B = G and let ¢ — 0.

Proof. Let x be defined by letting x(y) = ¢ w(y), where c,yf(ﬂy) = ’f(”y)’ By

construction whenever w(y) # 0 we have ’f(v)’ >l fll;, whence

DR = NS FRE) = N7 3wl ) [F0| = Nl leoll

By Holder’s inequality, however,

(Zf@)m) s<2|f<x>|2m/<2m”> (ZB<w>|x<w>|2m>.

It remains to note that, by the triangle inequality,

2m
> B@) (@)™ = N7 3 B() |3 ey e)
SN ST )l [BOn b =2 = =2

It follows that
m 2m 2m ~
P NE I ™ < W omry Do @)+ w(v) [Bla + - =)

< o1y (1B Bam(, A (B) + Bl w3



10 THOMAS F. BLOOM

and the proof is complete. O

Finally, we can prove the technical heart of our argument, the aforementioned
alternative to Chang’s lemma. Again, for our application we need a fairly general
statement, but at first glance the reader should take B = G and any € > 0, so that
Ac(B) = {0}.

Theorem 4.1. Suppose that f : B — C and let o = ||f|l; /||l |B|. Let w :
G — Ry be supported on A, (f) and let 0 < € < exp(—8L(n)L(a)). There is a set

A" C Ay (f) such that
> wly) =2 By wl,

yEA'
and A is 2Y4L(a)n~t-covered by Ac(B).

Proof. Without loss of generality we may suppose that ||w||; = 1. Suppose first that
wlly > 272L(a)"1/2n and let A’ be a random set selected by including ~ € G in-
dependently with probability 2137~ L(a)w(y). Then, if A’ is this randomly chosen
set we have, by Chernoff’s inequality, that |A’| < 24p~1L(a) with probability at
least 7/8, say, and

E Y w(y) 228 L(a) ||w]y > 27",
yEA!

and hence by Markov’s inequality we have > A, w(v) > 2712y with probability
at least 1/2, and the lemma follows.

Otherwise, we let n = m = L(a) and d = |2'2n7'm] and apply Lemmata (1]
and Bl By the above we can suppose that [|w||, < 272L(a)"'/2n < m!/2d71, as
is necessary for the application of Lemma [3.Il Lemma [Tl implies that

2m
I£1,
Eom(w; Ac(B)) > (77 — — €
1F |1 2m 1) 1BI'*

We have the trivial bound || flly,,, /(2m_1) < I 1 £137%™, and hence if € <
n*ma/2 then
Eop(w; Ac(B)) > n*ma/2.
By Lemma 3] either there is a set A’ such that
e =S
yeas
and A’ is 2d-covered by A (B), or

n2ma S 219m+1m2md—2m'

In particular,
d < 20mp~lq-1/2m

which contradicts our initial choice of d and m, and the proof is complete. O

Theorem is a special case of this; to obtain it one simply sets B = G, lets
€ — 0 and takes w as the characteristic function of A, (f).
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5. THE DENSITY INCREMENT

In this section we show how to use the structural result Theorem[Z.I]to obtain the
usual density increment lemma which can be iterated to yield the main theorems.
The density increment strategy originated with [Roth [1953] but has seen various
technical simplifications since which we incorporate here. Roughly speaking, the
idea is to show that if A does not contain the expected number of solutions to ()
then it has large Fourier coeflicients, and this information can be translated into
finding some group-like B C G such that |A N B|/|B| is larger than the expected
|A| /N, and the argument can then be iterated until it halts due to the trivial bound
|An B| < |B|.

The first lemma is the standard conversion of L2-information on the balanced
function of a set to a density increment, a technique first exploited for Roth’s
theorem by [Heath-Brown [1987] and [Szemerédi [1990).

Lemma 5.1. Let f : B — [0,1] and f = f — aB, where o = || f||, / |B|. Suppose
that

S [Eo| = valisl, v

~el’
Then if B’ is a symmetric set such that for every v € I' we have

[Be)| =278,
and furthermore |(2B' + B)\B| < 2 %va |B| then
1 Bl > (142 %)alB.

Proof. By hypothesis we have
12~ 2 B 9
S| B =2 2alisi B N,
¥
In particular,

~ 2~ 2
I« Bl =N Y o) |[Bo| =27 a1 1B
v

Expanding out the L? norm we obtain that

STIf#B' (@) +o? |Bx Bl - 20({B« B, f x B) > 2 va | f|, | B')?.

By hypothesis
(BB [+ B) = |IfI,|BT*| <IBT® sw 3 fz4+a-y)
z¢B

z,yeB
< |B'|*|(2B' + B)\B|
_ 2
<27 f|, 1B

It follows that ) )
If =By = A +27v)alfl, BT
The left hand side is at most || f|; |B’| || f * B'||, and the lemma follows. O

The second lemma shows that if a set has small dimension then control on only
a few elements gives control on the whole set.
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Lemma 5.2. If A C G is d-covered by I then then there is A C G of size at most
d such that if B has (4d)~!-control of A and T'(1/8) then for every v € A we have

B(y)| 227 (B|.

Proof. By hypothesis there is some A C @ such that [A| < d and
ACT T+ (A).
Let v € A, so that there exists some 79,71 € I' and € € {—1,0,1}* such that

7:70—714-26,\/\-
AeA

By the triangle inequality, for every € B we have
1= 3(@)] 1= 70(@)] + |1 = 71(2)| + dsup |1 = Aa)] < 1/2
€

It follows that

B - 1Bl < Y 1 -@) <27 |
z€B
and the conclusion follows. O

Finally, recalling Theorem (1] we see that to make use of Lemma we will
need to have good control on the spectrum of a given set. The following lemma
gives a more useful criterion to ensure this.

Lemma 5.3. If ¢ > 0 and |(B + B’)\B| < ce|B| then B’ has 2c-control of A.(B).

Proof. Choose « such that }E(v)‘ >¢|B| and z € B'. Then

L—y@B <D ) - > 1)

yEB yEB+x
<2¢'|((B+ B)\B|
< 2¢|B].
(]

We now combine all our tools thus far to prove the following efficient density
increment theorem.

Theorem 5.1. Let B, B’ C G be any sets. Let A C B with density a = |A] /|B]
and f : B" — [—1,1] with density 7 = ||f||, /|B|. Let A(z) = A(z) — aB(z) and
suppose that
~ ~ 2
S [F|[An[ =valifly 141w
gl

Then there is a finite set A C G of size
d=|A] <2L(1)(va)™t
such that if a symmetric set B" C G has (4d)~*-control of A,
|(2B"” + B)\B| < 27 '"va |B|,

and
(B" + BIB'| < 27 exp(~2'£(r) L)) | B
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then there exists x such that
(A—z)nB"| > (1+2"%)a|B"|.
Proof. Let A = Ay (f) where n = va/2. In particular,

~ —~ 2
S F0| A0 =2 vallfl AN N <27 va | £l A N.
TEA
In particular,
~ —~ 2
> | [Am)| =27 va sl 141,
yEA

We now perform a dyadic decomposition of A into A; = Azin( f), and apply The-
orem [.] to each A; with the weight function

o) = |Fn| [Aen|
and
€ = exp(—2*L(va)L(T)) < exp(—=8L(n)L(T)).
Then, if A/ is the set provided by Theorem ET] we have
22 Y |fo||[Ae| < @ X (7| [Ae)

YEA; yeA

<20/, Y- [Ae)

vEA]

‘2
‘2

Summing over all ¢ > 0 implies that
-2 2

S A =33 |A@)| z 2 valalN,

YEA' i yEA]
where A’ = U;>oA’. Furthermore, since each A/ is 2'£(7)(2n) !-covered by
A (B') it follows that A’ is d-covered by A.(B’) where

d<2"L(r)) (2'n) ! <2'°L(r)(va) .
Since B” satisfies |(B” + B’)\B'| < 2~%¢|B’| it follows from Lemmal5.3that B” has
273-control of A.(B’). Hence by Lemma 5.2 there is a A of size d < 216L(7)(va)~!
such that if B” has (4d)~!-control of A then for every v € A’ we have
B()| 2271187,
Since we also have |(2B” + B)\B| < 27 'va | B| it follows from Lemma [5.1] that
(A—z)nB"| > (1+2"%v)a|B"|
as required. (I
We now at last recall our purpose, which is to study the number of solutions to

(@) in a given set A. This count is given by {((c1 - A) x (c2 - A), (—c3 - A)). Tt is now
straightforward to use Parseval’s theorem and Theorem [5.1] to prove the following

general density increment theorem, which shows that either this count is large or
some dilation of A has increased density on some structured subset.
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Theorem 5.2. Suppose that B' C B C G and we have Ay C B’ and Ay, A3 C B
each with relative densities o;. Let o = 27 min(27° a1, o, a3) and suppose that
|(B'+ B)\B| <2 %a|B|.

Then either
(5) (Aq % Ay, A3) > 27201003 | B| | B'|
or there is a finite set A C G of size
d=|A <2¥L(a)a?
such that if a symmetric set B" has (4d)~t-control of A,
((2B” + B)\B| <27 "a|B],
and
(B" + B)\B'| <27 exp(-2°L(e)?)) | B'|

then there exists x € G and i € {2,3} such that

(A4 —2)NB"| > (1+2 %)y | B"|.
Proof. Let A; = A; — ;B for i =2,3 and A; = A; — a1 B’. We have

Z Ay x Ag(z)As(x) = Z Ay x Ag(x)As () — o Z Az x AT (x)

reB

—Qs3 Z Al * AQ(I) + a0 Z B * Al(I)

z€eB zeB
Observe that if A’ is supported on B’ and A is supported on B then

DA Ax) - |A[|A]

reB

<|AI(B"+B\B| <277 |A'| |4].

In particular,

ZAl * Ag(2)As(x) < ZAl * Ap(2)Az(z) — 2 ' anas | B| | B .

By the triangle inequality either (&) is true or

S| 40)| |&:0)] |As()] = 272 arasas Bl B V.
S
Applying the Cauchy-Schwarz inequality it follows that
— 2 — 2
(Z\Am)] 450 ) (Z\Am)] A5 ) > 27" |41 o303 B N2,
B! B!
It follows that for some ¢ € {2,3} we have
— 2
S Ao |&e)| =272 40 BN
B!

and the conclusion then follows from Theorem [5.11 O
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6. POLYNOMIAL RINGS

For the first demonstration of this method we choose G = Fy[t]/(p(t)), where
p(t) is some prime of degree n, so that N = ¢”, and ¢ is some odd prime power.
We denote this group by . This group is rich enough to mirror the behaviour of
the integers, while it has the significant technical advantage of finite characteristic.

We fix some coefficients c1, ¢z, cs € Fq[t]\{0} such that ¢; +c2+c3 = 0, and some
finite set A C 2Any. We suppose that N is large enough so that these coefficients
are coprime to p(t), and hence each acts faithfully on 2. We wish to study the
function that counts solutions to ¢y + coxo + c3x3 = 0 with x; € A, denoted by

(6) Te(A) = ((c1- A) x (c2- A), (—c3 - A)).
We note that Tc(A) is invariant under dilations and translations of A.
We recall that both 2 and 2y are F,-vector spaces of dimension n. Further-

more, any a € Ay acts on Ay by letting (ay)(z) = ~v(az). The Bohr space of
I’ C Ay is defined as

BI)={zeAn:vy(x)=1forallyeT}.
If B is a Bohr space then the frequency set of B is
[B] = {y € Ay : y(x) = 1 for all z € B},
and we define the rank of B as the F,-dimension of [B].

Lemma 6.1. Every Bohr space is an Fg-subspace of UAn, and conversely, every
Fg-subspace of An is a Bohr space. Furthermore if B is a Bohr space then

(7) |B] = ¢ PN,
Proof. We first claim that if V' is a F,-subspace of Ay then |V||[V]| = N. Since

V is closed under addition it is easy to check that if v & [V] then V() = 0, and if
v € [V] then V() = |V, and hence by Parseval’s identity,

~ 2 ~ 2
VIN=|Ve[ = 3 [Po| =Ivinve
gl velV]
which proves our initial claim. The rest of the lemma follows easily. ([l

Corollary 6.1. If B is a Bohr space and ¢ € An\{0} then c¢ - B is also a Bohr
space and
rk(c- B) = rk(B).

Since Bohr spaces are closed under addition our density increment tool, Theo-
rem [5.2] takes the following particularly simple form in this setting.

Theorem 6.1. Suppose that B C Ay is a Bohr space and we have Ay, Ay, A3 C B
with relative densities o; = |A;| /|B|. Let o = min(ay, ag, a3). Then either

(A} % Ag, A3) > aranas | B
or there is a Bohr space B' C B of rank
rk(B’) <1k(B) + O(L(a)a™)
such that there exists © € An and i € {2,3} such that
|(A; —2) N B') > (1+Q(1))a; |B'.
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We may then iterate this density increment in the usual fashion to obtain a lower
bound on T¢(A4), from which Theorem [[4] follows easily.

Theorem 6.2. Suppose that ¢ € (Fy[t]\{0})? is such that ¢; + ca + c3 =0 and N
is sufficiently large, depending only on c. For any A C UAn

Te(A) > exp, (—Oc(L()*a ")) N2
Proof. Let { = maxj<;<3 degc;. Let K be maximal such that there exists a sequence
of Bohr spaces

An = By D B1 D --- D Bk,
and a sequence of sets A; C B; with density o; = |4;] /| B;| such that, for 0 < i < K,
there exists A; 41 of size O(L(a)a; ') and a; € An\{0} such that there exist T'; with
Bi = B(Fl) and
(8) Tiy1 C (ai-{1,..., 8%} Ti) Uiy
and for some absolute constant ¢ > 0 we have
aiy1 > (1+¢) oy,
and furthermore Y¢(A4;41) < Te(4;). In particular,
1>ax > (l—l—c)Ka,

and hence K <« L(«). Furthermore it follows from (8) and induction that for
1< J <K, if Ag = {0}, there exist a; € 2x\{0} for 0 < j < J such that

J—1
Ty CA;ulJd)- {1, ) Ay,
j=0
and so in particular
K K—1 ‘
(9) rk(Br) <o K Y |A] < KL(a)a™ D (14¢)7" <4 L(a)®a™".
=0 i=0
We will demonstrate that
(10) Te(Ar) > o |Bk|?

and the theorem follows from (@) and ([@)).
Let B’ = B({1,...,t3}.T'x). We observe that a- B’ C B for all a € F,[t] with
dega < 3¢ and if B” is a Bohr space of the shape a - B’ and a # 0 then

[B"] ca™t-{1,...,t3} T'k.
Consider B” = ¢ycocs - B and B® = cl-_1 .B" for 1 < i < 3. Since B c By for
1<:<3
> (Ag * W + Age # BP) 4+ A % ) (2) = 3| Ak,
r€Bg
and so for some x € By
Agc B (2) + A % P (@) + A+ B (2) = 3ak.

If for some 1 < i < 3 we have Ag * B0 () > ax(1 + ¢) then this contradicts
the maximality of K, letting By = B® and Ag11 = Ag — x. Otherwise, for
1<i<3,

Ag + 8D (z) > (1 — 4c)ak.
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If we let A, = ¢; - ((Ax — ) N B”) then we have satisfied the hypotheses required
to apply Theorem It follows that either (I0) holds or we may choose Bx 1 to
be the sub-Bohr set of Bx with control of A and Ag 1 to be a translation of some
AL, Since
Al = O(aj' L(a))
and
agt1 > (1+ Q)1 —4c)arx > 1+ c)ax

if we choose ¢ sufficiently small, this contradicts the maximality of K and thus
concludes the proof. O

7. INTEGERS

We now prove Theorem[I.3] by applying these methods to the case G = Zy, where
N is some large prime. Analogously to the case G = 2y we fix some coefficients
1, c2,c3 € Z\{0}, all coprime to N, such that ¢; +¢ca +¢3 = 0 and for A C Zn
define T¢(A) asin ([@). For I" C Zy and p: ' — [0, 2] we define the Bohr set B,(I")
as

{n€Zn:r(n) —1[ <p(7)}.

We call T' the frequency set of B and p the width, and define the rank of B to
be the size of I'. In fact, when we speak of a Bohr set we implicitly refer to the
triple (I, p, B,(T")), since the set B,(I") does not uniquely determine the frequency
set or the width. Furthermore, if p : T' — [0,2] and p’ : TV — [0, 2] then we define
pAp :TUTY = [0,2] by

p(7) if vy € I\I

(AP =40 (7) if v € I"\T', and
min(p(y),p'(v)) ifyeI'nl”.

We no longer have the convenient property of Bohr sets being closed under
addition, but Bourgain [1999] observed that certain Bohr sets have a weak version
of this property suitable for our applications. A Bohr set B,(I') of rank d is regular
if for all |x| < 276d~! we have

|| Bo(n) (D) = 1B, (D)]| < 2%d]s] | B,(I)].

If B = B,(I") then we write B(\) for the Bohr set By, (I"). For further discussion of
Bohr sets and proofs of the following basic lemmas see, for example, [Tao and Vu,
2006, Chapter 4].

Lemma 7.1. For any Bohr set B there exists A € [1/2,1] such that B(\) is regular.
Lemma 7.2. If p' : TV — [0, 2] then
|Bory (CUT)| = TT ('(3)/4) IB,(T)] -
yeI
Furthermore, if B is a Bohr set of rank d then |B(\)| > 9@ |B].

The following lemma follows easily from the observation that if ¢ € Zn\{0} then
¢-B,(I') = B,(c-T).

Lemma 7.3. For any Bohr set B and ¢ € Z}; the set c¢- B is also a Bohr set of
rank tk(B), and furthermore for any X\ > 0

¢ (BQ) = (¢- B)(N).
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The notion of regularity allows us to exert the required amount of additive
control, and our density increment tool, Theorem [5.2], becomes the following.

Theorem 7.1. There exists an absolute constant ¢ > 0 such that the following
holds. Let B C Zy be a regular Bohr set of rank d where d < exp(cL(a)?). Let
Ay, As C B and A3 C B(9), each with relative densities ;. Let o = min(c, ayq, e, a3)
and suppose that B(4) is also reqular and cd~'a/4 < § < cd~'a. Then either

(11) (A1 x Ag, As) > anasag |B||B(9)]
or there is a reqular Bohr set B’ of rank
rk(B') < d+ O(L(a)a™)

and size
(12) B 2 exp(—O(L(a)2(d + L(a)a~1))) | B]
such that there exists x € Zn and i € {1,2} with

|(A; —z)NB'| > (1+c)a; |B'].
Proof. We first observe that since B is regular we have that
(13) (B(6) + B)\B| < ds|B| < 2% |B],

provided ¢ is sufficiently small. The hypotheses ofA Theorem are now met, so
that either (1) holds or there is a finite set A C G of size | = O(L(a)a™t) such
that if a symmetric set B’ has (41)~!-control of A,

(14) |(2B" + B)\B| < 27"« /|B],
and
(15) [(B" + B(6))\B(5)| < 27" exp(—2°L()?)) | B(6)|

then there exists © € Zy and i € {1,2} such that
|(Ai —2)NB'| > (1+27"%)a; | B'|.

Let p' : A — [0,2] be defined as p’(A\) = 1/41 for all A € A. If B = B,(I") then let
B* = Bspnp (TUA), and let B’ = B*(¢’) for some ¢’ to be chosen later, but chosen
such that B’ is regular. Clearly, B’ is a regular Bohr set of rank d + O(L(a)a™1)
with (47) ~!-control of A by choice of p’. Provided §' < 1/2 we have that 2B” C B(J),
and hence (I4)) is satisfied, arguing as for (I3)). Furthermore, since B(d) is regular
and B’ C B(4¢') it follows that

(B’ + BE\BE) < db' B0,

and hence ([IH) is satisfied for some &’ > exp(—O(L()?)))d~". Finally, by Lemmal[l.2
we have

|B/| > (6/)O(l+d) |B*| > lfO(l)(sd((s/)O(ler) |B| ,
and (I2) follows from our bounds on §, §’ and [, and the proof is complete. O

This density increment lemma may then be iterated in the standard fashion to
yield a lower bound for Y¢(A).

Theorem 7.2. Let c € (Z\{0})? be such that c1 + c2 + c3 = 0. For any prime N
sufficiently large, depending only on c, and any A C Zn we have

Tc(A) > exp (—Oc (L(a)*a™")) N>
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Theorem follows by embedding {1,..., N} into a suitable subinterval I of
Zn:, where N’ <. N is some prime large enough such that if z1, 20,23 € I is a
solution to ¢y + caxe + cgzz = 0 in Zy- then it is also a solution in {1,..., N}.

Proof. Let K be maximal such that there exists a sequence of regular Bohr sets
Zny =By D> By D--- D By,

each with frequency set I';, rank d;, width p; and a sequence of sets A; C B; with
density «; = |4;] /| Bi| such that, for 0 < i < K we have

div1 < di + O(L(@)a; ) < exp(O(L()?)),

(16) |Bisa| > exp(=O(L(a)*(di + L(e)a; 1)) |Bil,

Qit1 > (1 + C) [a78
and furthermore Y¢(A4;41) < Te(A;). In particular, this will follow provided A;11
is a subset of a dilation of a translation of 4;. We observe that
1>ax>1+0)%a,

and hence K <« L(«). Furthermore, for 0 < j < K we have the estimate d; <«
L(a)a™!, and so

K
|Bk| > exp <—Oc (E(a)2 Zdi>> N > exp(—O(L(a)*a™))N.

=0
We will demonstrate that
Te(Ag) > exp(—O(dx L£()?)) | Bx|?

and the theorem follows.

For brevity, let B’ = Bg(p'), B” = B'(p') = Bk (p'p"), and B"” = B"(p"") =
Br (p'p"p"), where p/, p” and p”" will be chosen later, but chosen such that all
Bohr sets considered are regular. Let

BW = ¢ye3- B", B® =¢j¢3- B”, and B®) = ¢yc5 - B”

so that in particular if p” < 1/c1cocs we have B® ¢ B for 1 <i < 3, and hence
by the regularity of Bg

> Ak B9(x) — |Ak|| < [(B' + Bk)\Bx| < dp' | Bx| .

r€Bg
In particular for any € > 0 we may choose p’ >, d~tak such that
D (A # BY 4+ Ag B + Age x B () > (3 - ) |Ak],
x€EBg

and hence, for some x € B,
Ag * BV (2) + A + 8P () + Ak * B3 (2) > (3 — e)ak.

If A+ B0 (x) > a(l +¢) for some 1 < i < 3 then this contradicts the maximality
of K, letting Bg+1 = B®W and Ag, 1 = (Ag — ) N Bg41. In particular note that
B also has rank dx and

|BO| = 1B = exp(~O(dic £(o's" ")) | B
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and we shall see that our choices for the p parameters give the lower bound (Ig]).
Otherwise, for 1 < ¢ < 3, if we choose € sufficiently small depending on ¢, then for
1<i<3

Ak * 89(z) > (1 — ¢)axk.
Let A; =¢; - (A —2)N¢; - B, and observe that
s - B®) = ¢ieaes - B" C (e1eaes - B")(p"),

and hence there exists p”’ > dy'af such that we are in a position to apply Theo-

rem [Il In particular, either
Ye(Ax) > af |B"||B"| > exp(-O(dk L(a)*)) | Bk |*
or there is a regular Bohr set B of rank
d* <d+O(L(a)ag")
and size
B > exp(—O(£(0)* (d+ L(@)ai) |B| > exp(~O(L(@)* (d+L(@)ai))) |Bx]
and 7 € {1,2} such that
[(Ai —2) N B > (1+Q(1))(1 - c)ak |B*| > (1 + c)ax |B,

if we choose ¢ sufficiently small, which contradicts the maximality of K. This
concludes the proof. O

8. ARITHMETIC PROGRESSIONS IN SUMSETS

In this section we sketch how our improved structural result for spectra may be
combined with the methods of |Sanderd [2008] to prove Theorem The differ-
ence lies in an improvement of the iteration lemma, Lemma 6.4 of [Sanders |2008§].
In particular, Theorem follows immediately from the proof of [Sanderd [2008],
replacing the use of its Lemma 6.4 by the following quantitatively superior version.

Lemma 8.1. Let B C Zy be a reqular Bohr set and Ay, Ay C B with densities o
and ay respectively. For any o € (0,1] either

(1) there is a regular Bohr set B’ = B(p) such that Ay + As contains at least
a proportion 1 — o of B’ and &' > o?d™", or
(2) there is a regular Bohr set B C B of rank

tk(B") < tk(B) + O(a™'L(0))
and width
p(B") > p(B)(rk(B)) ™" exp(~=O(L(0)L(e)))
such that for some absolute constant ¢ > 0
[ A1 B[l o [[A2 % 87 = a1aa(l +¢).

Proof. Let A; = A; — aB, and B’ = B(p) for some suitable p > a*d~"! such that
B’ is regular. Arguing as in the proof of Lemma 6.4 in [Sanders [2008] we see that
either the first case holds or there is some S C B’ and 1 < ¢ < 2 such that

> &) [360)] > asfai 131 .
YELN
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It follows from Theorem [5.1] that if we choose our Bohr set B” C B’ such that it
has Q(I~!)-control of A, where A is a set of size | < a; '£(c) and

[(B" + B')\B'| < exp(—L(0)L(e:)) |B|

then || 4; x 8”|| > (1 + ¢)a;. The proof is then completed as in the proof of Lemma
6.4 in [Sanderd [2008]. O
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