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DOUBLE ETA POLYNOMIALS AND EQUIVARIANT
GIAMBELLI FORMULAS

HARRY TAMVAKIS

ABsTrRACT. We use Young’s raising operators to introduce and study double
eta polynomials, which are an even orthogonal analogue of Wilson’s double
theta polynomials. Our double eta polynomials give Giambelli formulas which
represent the equivariant Schubert classes in the torus-equivariant cohomol-
ogy ring of even orthogonal Grassmannians, and specialize to the single eta
polynomials of Buch, Kresch, and the author.

1. INTRODUCTION

Let k be a positive integer and OG = OG(n — k,2n) be the Grassmannian
which parametrizes isotropic subspaces of dimension n — k in the vector space
C?", equipped with an orthogonal form. The eta polynomials Hy(c) of Buch,
Kresch, and the author are Giambelli polynomials which represent the
Schubert classes in the cohomology ring of OG. Our aim here is to define double
eta polynomials H(c|t) which represent the equivariant Schubert classes in the
equivariant cohomology ring H7(OG), where T is a maximal torus of the complex
even orthogonal group. The companion theory of double theta polynomials for the
symplectic and odd orthogonal Grassmannians was provided in [TW]; we refer the
reader there for more information, and to [T}, [T2] for the solution of the equivariant
Giambelli problem in general, for any isotropic partial flag variety.

The Schubert classes on OG(n —k, 2n) are parametrized by the k-Grassmannian
elements of the Weyl group W for the root system D,,. The group Wn is the
subgroup of the hyperoctahedral group consisting of all signed permutations with an
even number of sign changes We define the embedding W — Wn+1 by adjoining
the fixed point n + 1, let W o i =U Wn, and work initially in the latter group. An
element w = (wy, wa,...) of Wy, is k-Grassmannian if and only if

|wi] <we <+  <wp and  wr < Wi < -

Our Giambelli formulas require the equivalent parametrization of the Schubert
classes by the typed k-strict partitions of [BKTI|. An integer partition A =
(A1,...,Ap) s k-strict if no part A\; greater than k is repeated. A typed k-strict
partition is a pair consisting of a k-strict partition A\ together with an integer
type(A) € {0,1,2}, which is positive if and only if A; = k for some index j.

There is a bijection between the k-Grassmannian elements of Woo and typed
k-strict partitions, obtained as follows. If the element w corresponds to the typed

Date: May 24, 2016.
2010 Mathematics Subject Classification. Primary 14N15; Secondary 05E15, 14M15.
The author was supported in part by NSF Grant DMS-1303352.

1


http://arxiv.org/abs/1506.04441v2

2 HARRY TAMVAKIS

partition A, then for each j > 1,

k—1+ |wk+j| if wr4; <0,
(1) j =

#{p <k :|wp| >wry;} i wry; >0

while type(A) > 0 if and only if |wy]| > 1, and in this case type()) is equal to 1 or
2 depending on whether wy > 0 or wy < 0, respectively. Using this bijection, we
attach to any typed k-strict partition A a finite set of pairs

(2) CA)={(,j) eNxN|1<i<j and wgq;+ wrt; <0}
and a sequence 3(A) = {B;(\)};>1 defined by

Wi + 1 if wgay <0,
3) B8,(\) ::{ k-+j k+j

W+ if wr4; > 0.

For example, the 3-Grassmannian element w = (—4,6,8,—5,—2,—1,3,7) of Wg
corresponds to the 3-strict partition A = (7,4, 3,3, 1) of type 2, and we have C(\) =
{(1,2),(1,3),(1,4),(2,3)} and B(X) = (—4,-1,0,3,7).

Let t = (t1,t2,...) be a list of commuting variables and z be a formal vari-
able. For any integers j > 0 and r > 1, the elementary and complete symmetric
polynomials e;(t1,...,t,) and h;(t1,...,t,) are defined by the generating series

[[a+tiz)=> eitr,...,t)27 and [JJ(A—tiz)™ =D hjlts,... )27,
i=1 j=0 i=1 j=0

respectively. Let ef(t) := e;j(t1,...,t), hj(t) := hj(ty,...,t,), and e9(t) = hY(t) =
do,j, where g ; denotes the Kronecker delta. Furthermore, if » < 0 then define

Ri(t) == e;"(t). Let b= (bk,b1,b2,...) and ¢ = (c1,c2,...) be two further families
of commuting variables, and set cg = by = 1 and ¢, = b, = 0 for any p < 0. These
variables are related by the equations

by if p <k,
(4) p=qbe+by ifp=k,
2b, if p> k.

For any p,r € Z and for s € {0,1}, define the polynomials ¢, and a;, by

P P
1
Cp = Z cp—jhj(=t) and a = 3¢ + Zcp,j hi(—t).

=0 j=1

Moreover, define
k _ _ k
bii=br+ Y ck—j hi(—t) and Bf =Dy + Y cxj hi(—t).
j=1 j=1
An integer sequence o = (a1, g, . ..) is assumed to have finite support when it

appears as a subscript. For any integer sequences « and p, let

[e2me?)

1The condition Wit + Wiy <0in @) is equivalent to A; + A; > 2k +j — i.
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where, for each 7 > 1,

(25;C — ck)ezj:Z(—t) if p; =k —a; <0 and 7 is odd,
i =i+ 4 (2b — cp)eXi Ti(—t) if p; =k —a; < 0 and i is even,

(&2

0 otherwise.

The eta polynomials are defined using Young’s raising operators [Y]. The basic
operator R;; for ¢ < j acts on an integer sequence o by the prescription

Rij(a) = (a1,...,a; +1,...,0; —1,...).

A raising operator R is any finite monomial in the basic operators R;;. If R :=
[Li; R?j” is any raising operator and m > 1, denote by supp,,(R) the set of all
indices 7 and j such that n;; > 0 and j < m. For any typed k-strict partition A, we
consider the raising operator expression R* given by

(5) R*=T[a-Rry [ +Rjp™"

i<j (i,5)€C(X)

Definition 1. Let A be a typed k-strict partition of length ¢, let £ (A) denote
the number of parts A\; which are strictly greater than k, let m := £;(\) + 1 and
B := B(A). Let R be any raising operator appearing in the expansion of the power
series R* and set v := RA. If type(\) = 0, then define

— B . B B
Rxcy =7¢,:=7¢, ---C)t

where, for each 7 > 1,

¢l if i € supp,,(R),
¢%i  otherwise.

If type(A) > 0 and R involves any factors R;; with ¢ =m or j = m, then define
R*Eﬁ = Efll .- -Ef::ll af: cff;jill e c'fff
If R has no such factors, then define
Radh Effll . -65::11 égm CEZLI e cff if type(\) =1,
A b .. bt bg’" chmtr cfj if type(\) = 2.

V1 Vm—1 Vm 41

Define the double eta polynomial Hy(c|t) by
Hy(c|t) =27 RN iV
The single eta polynomial H)y(c) of [BKT2] is given by Hy(c) = Hx(c|0).

Table [ lists the double eta polynomials indexed by the 1-Grassmannian and
2-Grassmannian elements in Wg. In the table, the symbols e’ and h} are used to
denote e’(—t) and h%(—t), respectively. As is customary, a bar over an integer is
used to denote a negative sign.

Let {ei,...,e2,} denote the standard orthogonal basis of C?* and let F; be
the subspace spanned by the first i vectors of this basis, so that F- . = F,y; for
0 <i < n. Let B,, denote the stabilizer of the flag F, in the group SO2,(C), and
let T}, be the corresponding maximal torus in the Borel subgroup B,. The T;,-
equivariant cohomology ring H7, (OG(n — k,2n),Z) is defined as the cohomology
ring of the Borel mixing space ET, x™» OG. The Schubert cells in OG are the
B,,-orbits, and are indexed by the typed k-strict partitions A whose Young diagram
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TABLE 1. Double eta polynomials for Grassmannian w € Wg

w A B H(c|t)
123 1
213 1 (1,3) b1+ hi
213 | 1 (0,3) by
23| 2 (—1,3) by + brel
312 | (1,1) (1,2) (b1 + h1)(c1 + h3) — (b2 + c1hi + h3)
312 | (1,1)' | (0,2) bi(cr 4+ h3) —bo
32| 3 (-2,2) bs + bae? + bre3
321 | (2,1) | (~1,0) (b2 + bred)br — (b + baed)
321 (2,1) | (~=1,1) (b2 + brei) (b1 + hi) — (bs + baei)
231 (37 1) (—27 0) (bg + bzei-i— b1i§)b1 — (b4 + bgei + bgeg)
231 | 3,1)" | (=2,1) | (bs+b2el +bred)(br + hi) — (ba+ bsed + baed)
132 (37 2) (—27—1) (bg —‘y—bze% +b1€§)(b2 —&—blei)
—(ba + bse? + bae3)(c1 + e1) + (bs + bael + bze3)
132 1 2 by + h3
231 2 1 by + bihi + h}
23T | 2 0 bo
32| 3 -1 bs + boel
123 4 -2 bs + bgei +526§

fits in an (n — k) x (n + k — 1) rectangle. Any such A defines a Schubert cell
X5 = X{(F,) of codimension || := . A\; by the prescription
X3 ={2eO0G[dm(ENF,) =#{jlp;(A\) <qt V1I<qg<2n}
where, for 1 < j < n — k, we have
1—-p3;(A) if B;(A) € {0,1} and n is odd,
p]()\) =n+ ]( ) ]( ) { }
Bi(N) otherwise.

The Schubert variety X is the closure of the Schubert cell X3. Since X is stable
under the action of T},, we obtain an equivariant Schubert class [X»]T* := [ET, xTn
X, in H7, (OG(n — k,2n)).

The natural inclusions W,, — ﬁ//nﬂ of the Weyl groups defined earlier induce
surjections of graded algebras

= Hp  (OG(n+1—k,2n+2)) — Hy, (OG(n — k,2n)) — -

and the stable equivariant cohomology ring of OG, denoted by Hy(OGy), is the
associated graded inverse limit

Hr(OGg) := limH7, (OG(n — k,2n)).
—

One identifies here the variables t; with the characters of the maximal tori T, in a
compatible way, as in [BH §2] and [IMNI] §10]. We then have that Hr(OGy) is a
free Z[t]-algebra with a basis of stable equivariant Schubert classes

™ = {iin[X)\]Tnu

one for every typed k-strict partition A.
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Consider the graded polynomial ring Z[b] := Z[bk, b1, ba, . ..], where the variable
b; has degree i for each i, and by, has degree k. Let J*) ¢ Z[b] be the homogeneous
ideal generated by the relations

P
(6) bpby, + Z(—l)iprricp_i =0 forp>k,
i=1
(7 biby + Z(—l)lbkﬂ'bk—i =0,
i=1

where the ¢; satisfy the relations (@), and define the quotient ring B*) := Z[b]/J*).
We call the graded polynomial ring B(*) [t] the ring of double eta polynomials.

The following result establishes the precise connection between the double eta
polynomials Hy(c|t) and the equivariant Schubert classes on OG, namely, that the
former represent the latter. We regard H7, (OG(n — k,2n)) as a Z[t]-module via
the natural projection map Z[t] — Zl[t1, ..., tn].

Theorem 1. The polynomials Hx(c|t), as X runs over all typed k-strict partitions,
form a free Z[t]-basis of B®[t]. There is an isomorphism of graded Z[t]-algebras

7 : B®[t] - Hp(0Gy)

such that Hy(c|t) is mapped to T for every typed k-strict partition A. For every
n > 1, the morphism 7 induces a surjective homomorphism of graded Z[t]-algebras

T : B®[t] — H (OG(n — k,2n))

which maps Hy(c|t) to [X\]T, if A fits inside an (n — k) x (n + k — 1) rectangle,
and to zero, otherwise.

The map 7, in Theorem [ is induced from the type D geometrization map of
[IMNTl §10] and [T2, §7] (see §41). When all the parts \; of the indexing typed
k-strict partition A are greater than k, then the equality [X)]T» = m,(Hx(c|t)) is
equivalent to the Chern class formula for even orthogonal degeneracy loci obtained
by Kazarian [Kal] in 2001. When we set ¢ = 0, Theorem [I] gives the Giambelli
formula for the ordinary Schubert classes on OG from [BKT2, Thm. 1].

Our proof of Theorem [II follows the argument of [TW], which dealt with the
analogous theory of double theta polynomials ©y(c|t) for the symplectic Grass-
mannians. Adapting the work of Tkeda and Matsumura [IM|, we showed in [TW]
§5] that the ©,(c|t) are compatible with the action of left divided difference oper-
ators on the polynomial ring Z[c, t]. In the type D framework of the present paper,
we similarly prove that the action of Wa, on B®[f] lifts to an action on Z[b, ],
and gives rise to divided differences there. In §341 we introduce a family of dou-
ble polynomials Hy(c|t) which are indexed by k-strict partitions. These specialize
to the single polynomials Hy(c) of [BKTZ, §5.2], are compatible with the divided
differences on Z[b, t], and enjoy properties entirely parallel to those of the double
theta polynomials ©(c|t). However, the double eta polynomials Hy(c|t) are more
subtle: there are instances where the compatibility with divided differences is true
for them only modulo the relation () (see Proposition Bl and Remark [Il). We con-
clude the proof Theorem [I] by using a formula for the equivariant Schubert class of
a point, which is a special case of the aforementioned result from [Kal.
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It is important to note that the double eta polynomials Hy(c|t) defined here
are new, and are not equal to the type D double Schubert polynomials of [IMNT]
indexed by the k-Grassmannian elements of the Weyl group, which represent equi-
variant Schubert classes on the complete even orthogonal flag variety. The latter
objects are really formal power series, and are expressed using a different set of
variables which are not intrinsic to the Grassmannian OG(n — k,2n). The precise
relationship between the two familes of polynomials is discussed in §4.11

Our research on this article was influenced by three prior works: Kazarian’s
paper [Ka] on degeneracy locus formulas of Pfaffian type, Wilson’s thesis [W], where
double theta polynomials were first defined and studied, and Tkeda and Matsumura’s
article [IM], which exhibited the compatibility of these polynomials with left divided
differences, and proved that they represent equivariant Schubert classes. We thank
each of these authors for their contributions. In recent work, Anderson and Fulton
[AF] have defined a family of double eta polynomials independently, and extended
them further to ‘multi-eta polynomials’, which represent (a power of 2 times) the
classes of certain degeneracy loci of even orthogonal type.

This paper is organized as follows. In Section 2] we define the type D divided
difference operators on Z[b, t] and establish their basic properties. Section Bl proves
the required compatibility of double eta polynomials with divided differences, and
studies the related family of polynomials H A(c|t). The proof of Theorem [I is
completed in Section F] which also describes how the polynomials Hx(c|t) are
related to the general equivariant Giambelli polynomials of [T1].

Our work on double eta polynomials was announced during the conference ‘IM-
PANGA 15’ which took place in Bedlewo, Poland. It is a pleasure to thank the
organizers for their hospitality and for making this stimulating event possible. I
also thank the referee for comments which helped to improve the exposition.

2. DIVIDED DIFFERENCE OPERATORS ON Z|[b, t]

In this section we will work exclusively in the polynomial ring Z[b, t]. We begin
by defining the action of the Weyl group WOO on Z[b, t] by ring automorphisms and
the associated family of ¢t-divided difference operators {9;};>0 on Z[b, t].

The elements of the Weyl group Wn of type D,, are represented as signed per-
mutations of the set {1,...,n} with an even number of negative entries. The group
Wn is generated by the simple transpositions s; = (i, 4+ 1) for 1 <i <n—1 and
an element so := s¥s1s¥, where sF(1) =T denotes the sign change. The action of

Wi on Z[b,t] is defined as follows. The simple reflections s; for ¢ > 0 act by inter-
changing ¢; and t;41 and leaving all the remaining variables fixed. The reflection
so maps (t1,t2) to (—te, —t1), fixes the t; for j > 3, and satisfies the equations

So(b ) — bp — 2(t1 + t2)C§71 lfp < k,
3 by = (t1 +ta)cp_y  ifp>k

and sg (Ek) = Ek — (t1 + t2)c;_,. Observe that for every p > 1, we have

p—1
so(cp) = cp = 2(t1 + o)y = cp = 2(ti+12) D (=1 | D #1t5 | cpry.

j atb=j

Il
=)
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It is useful to write this as an equation of generating series

> 1—t1u1—t2u >
8 Pl =" . p
( ) S0 (Zcpu ) 14+ tul+ tou Zcpu

p=0 p=0

where u denotes a formal variable such that s;(u) = u for each i.

One checks that, with the above definition of s; for ¢ > 0, the braid relations for
W are satisfied in Z[b, t], and so we obtain a well defined group action. Moreover,
the action of Wa on Z[b, t] induces an action on the quotient ring B [t]. Define
the divided difference operators 9; on Z[b,t] by

f—s0f f—sif
gof =100 g .= LT
of t1 +to ! tiv1 — 1t

The same equations also define operators 9; on B®*) [t]. These latter correspond to
the left divided differences §; studied in [IMNI]. The previous formulas imply that
Oo(cp) = 20271 and  8o(b) = do(by) = c2_;.

For every ¢ > 0, the operator 9; satisfies the Leibnitz rule
9i(fg) = (0:f)g + (sif)0ig.
For r < 0 we let t_, :=t,. We recall the following basic result from [TW] §1].

. ifi> 1.

Lemma 1. Suppose that p,r € Z.
(a) Assume that r > 0. Then we have

(b) Assume that r < 0. Then we have

r _ r—1 r
Cp=1¢, *+ tr_1 Cp—1-

We now prove several identities satisfied by the operators 9;, analogous to those
shown in [TW] §5]. Observe first that, for » > 1, we have

oo oo ) T 1
g S = (Lo Tl

p=0 i=0 j=1

while, for r < —1, we have
o) o] |7

(10) Zc;up = <Z ciui> H(l —tju).
p=0 i=0 j=1

Lemma 2. Suppose that i > 1. We have the identities

cp if r # +i,
si(cp) = it + tic;tll ifr=1>0,
c];“‘l — ti+1c;_“{1 fr=—-i<0
and
cp if |r] > 2,
so(c”) = cf, — tlcg_l ifr=1,
P 12) — (tl + t2)612)—1 + tthC?)_Q Zf’F = O,
11) — (tl —|— t2)c;71 —|— t1t20;72 Zf’F = —1
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Proof. Since ¢, is symmetric in (t1,...,%,), the identity s;(c;) = ¢, for r # +i
is clear. If » > 2, then we apply so to both sides of (@) and use (&) to show that
so(cy,) = ¢, for all p; the proof when 7 < —2 is similar, using (I0).

If r =i >0, then s;(c}) = 4™ + t;c)t} follows from the identity

1 1 1 t;
i = = + :
<1+ti) 14441 (1+t‘)(1+ti+1) (1+ti)(1+ti+1)
If r = —7 <0, then si(c;i) = cp —tip1c,” Z+1 follows from s;(1 —¢;) =1 — t;41.
If r =1 then equation (@) gives

p| _ L —tiu S p| _ S P
<ZC v > (1+ tau) (1 + tau) <;Cpu > = {1 —thw) (;Ciu >

0

while if r = —1, equation (I0) gives

S0 (Z C;IUQD) — (1 - t;l—l,:(ii; tQU) <Z Cpup> = (1—t1u)(1 —tQU) (Z C;’u,p> .

p=0 p=0 p=0

The displayed formulas for so(c;) and so(c, ') follow. Finally, we use equation (8)
to compute so(cp). O

Proposition 1. Suppose that p,r € Z.
(a) For alli > 1, we have

r+1 ;
c if r=4i
oic, = { p—1 ’

P 0 otherwise.
We have
e ifr=1,
e’ = 20127_1 ifr =0,
P 20;,1 —cp—1 ifr=-1,
0 if |r] > 2.
In particular, we have
(11) 80651 = 2a11)71, 81651 = 2&271, and (0o + 81)651 = 2c11)71.

(b) For all i > 1, we have

(12) Oi(cycl) = ey Tt + ¢ et

(¢) We have

(13)  do(c, ~1 ;) = 2(@1_162 —I—al 3 1), Oile, )_ 2( 1c —|—ap 3 1), and
(14) ((90 +(91)( ! 1) - 2( 1C +cp q 1)

Proof. For part (a), observe that if i > 0 and r # 44, then the result follows from
Lemma [2 immediately. If » = ¢ > 0, then we compute easily that

e’} . r+1 1
9; (pz_;) Cp“p> = (Z Cp“p+l> 11 1+ tu

from which the desired result follows. We work similarly when r = —¢ < 0.




DOUBLE ETA POLYNOMIALS AND EQUIVARIANT GIAMBELLI FORMULAS 9

To evaluate the divided difference 0y, note, for instance, that

t1 +to)u >
clup — s cuP ) = (ta c,uf
=~ 0 Z T (1 + tiu) (1 + tau) pz_: P

=0

and the computation of 80(0117) follows. The rest are evaluated similarly, but we pay
special attention to the third case. We compute using the Leibnitz rule that

80(01?1) = 80(Cp — tlcpfl) = 2612)_1 Cp—1+ 2t26p 9-

However, for any p, we have

p—1 p—1
Chttacy | = Cp+zCpflfj(hiﬂ(—t)+t2h?(—t)) = Cp+chflfjh}+1(—t) =c.
=0 =0

It follows that do(c,') = 2¢), | —cp—1 = 2a,_;. Since di(c, ') = ¢p—1 = 2a)_;, the

equations ([I) follow.
For part (b), use the Leibnitz rule and Lemmas [[l and 2] to compute

&(c_icf]) = 0;(c _i)ci + si(c_i)az—(cf])

P
_ —H—l z +( —i+1 tH_lc—H-l)cH-l

p—1>

Cp— q—1
_ H—l —1+1 H—l
=Cp1 (C _tlJrlC )+C Cq—1
_ =i+l z+1 —1+1 z+1
=Cp-1 +c Cq-1-

We finally establish the equations (I3) and (Id]). An application of (I2)) gives
81(01;10(11)—017 1c + ¢pc q L =2(a? ap_1C, +a0 3 1)
The Leibnitz rule implies that
do(c, )— 2ap 1C4 +50( 1)02_1
= 2(1 (c + tgcq 1)+ (c}o —(t1 + tQ)Céil + t1t20;72)6371
=2a, ¢+ (c) —ticy_y +ta(cp 1 — cpo1 +t1cy_o))Ch 4
(ap

= 2ap,1cq + (QCP - cp)ci1 2 ez )

1c—|—aq1.

where we employed the identity ¢; = ¢? +t2c2_; and, in the second to last equation,
the identity czl) =cp— tlc;k1 twice. This completes the proof. O

We will require certain variations of the previous identities. Set a, := a = 2cp

for each integer p. Let fi be a variable of degree k, which will be equal to by, b,
or ay, depending on the context. For s € {0,1}, define

k
fi=fet D o hi(—1),
j=1
set fi, := cx — fr, and f,j i= ¢ — 2fx + fi. For any p,r € Z, define ¢}, by

{(ka — ck)egiﬂ—t) ifr=k-p<0,

0 otherwise.



10 HARRY TAMVAKIS

Lemma 3. Suppose that i > 1. We then have the identities

c, if r # +i,
si(Cp) = S &t + et ifr=1i>0,
/C\Z:iJrl — tiJrl/C;i—{l ZfT =—1<0.

Moreover, if |r| > 2, then so(c),) = ¢,

Proof. If p > k, then we have that

ehP = kP (2 — en)el (1),

p
Since s;((2fx —cx)e),_ k( t)) = (2fr —cr)si(e], ( t)) the identity s;(ch~ k) = 'c?;;_k
for p — k # +i is clear. If p—k = —i, then sl( 9 = —t1+1c H’ follows from

the corresponding 1dent1ty of Lemma [2] and the calculatlon
si(ep_i(—1)) = e, ) (~t) — tz+16; Tkt
We have ¢ Ak’p = ck*p +(=1)PR 2 — )ty - tp—k. If p—Fk > 2, then s¢ leaves all

terms on the rlght hand side invariant, and hence SQ(/\k P) = E’;_p . The remaining

equalities follow from Lemma O
Proposition 2. Suppose that p € Z. and p > k.
(a) For alli > 1, we have

ot ifi=p—k>2,
e =< 2, ifi=p—k=1,
0 otherwise.
We have ~
P 0 ifk—p<—1

In particular, we have

(15) Bocriy = 2fL, 00t =2fu. and (9o +01)G ), = 2c}.
(b) For all i > 2, we have

(16) 9i(C, ) =, et + e, et

(¢) We have

(17) 00 (@ trcq) = 2(fhcs + aha i),

(18) 81(ck+1cq) = 2(fkcq + akch,l), and

(19) (0o + 81)(81;-&10;) = 2(011902 + Ci+103_1)-

Proof. Recall that
E’;_p = cI;_p + 2fk — Ck)Eg:Z(—t).
For part (a), observe that if p — k # ¢ > 1, then the result follows from Lemma
If i =p—k > 2, then we compute that

0 (2 = r)eh=h(=1)) = @S = e)dieh i (~1) = 2k — e)esh_(~1)
from which the desired result follows. For p = k + 1, we have

/C\;;_,’l_l = CI;-iI-I + tl(ck — ka)
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and we compute that
01 (Cty) = cr — (e — 2fr) = 2
The fact that 80'5’;”’ =0 for k —p < —1 follows immediately from Lemma[3l Since
Proposition [I{a) gives 80(0,;11) = 2¢t — cx, we deduce that
(20) B0(Co) = 26, = 2fi = 23
This completes the proof of part (a).

Part (b) follows from the Leibnitz rule and Lemmas [[l and [B] exactly as in the
proof of (IZ). For part (c), use (I3) to compute that

O (ckJrl q) 81(ck+1c + (ex — 2fk)tlc;)
=0 (ckch) + (cx — 2f;€)81(tlc;)
= (k€2 + cry162_y) — (cx — 2fx)c2
= 2fkc§ + ck+1c§_1.

We similarly have

do (Ck+1 q) 60(0k+1 + (e — 2fk)tlc¢11)
= ao(ckﬂc(l]) + (cx — 2fk)80(tlc;)
= 2(a,1€c§ + a,1€+1cg_1) + (ex — 2fk)c§
= (2c,1C — 2fk)c§ + 2a,1€+1c§71

O
Proposition 3. Suppose that p,q € Z. We have
(21) 80(0;1(12) = 2(0717_103 + azl)cg_l) — Za;_la;
(22) 3o(c;1fz?) = 2(a,_ ¢} + apci_y) = 2a, 1 fi
(23) 0o (Cptrad) = 2(&03 +apyicoq) - 2]‘2(1;, and
(24) 0@ i1 ) = 2(fict + abacis) — 2001
We also have
(25) Oi(c, a ! 1) = (ag 102 + agcg_l) —2ap_104
(26) On(e, f}) = 2(ap 1 + ageh 1) — 21
(27) O (G iraq) = 2(fRe; + aR1¢h_1) — 2fraq, and

(28) O (Cup i) =2(fRch + ad k) — 2 fi fie

Proof. To prove equation (2I]), we use (3], the Leibnitz rule, and the observation
that dy(a)) = 0, to compute

80(c;1a2) = 80(0 ) (e _1a1) =2(a’ a, 1c —l—ap q 1) — 2(1]1071@(11.
Since 9y (fL) = dolck — fr) = _, — &, = 0, we similarly have that

30(@5%) = do(c, "ep) = Doley  fi) = 2(ap_16% + ayci_y) — 2a5_4 fi-
We compute using (7)) that

80(Ck+1a) 30(Ck+1 q) 80(ck+1a) 2(fkc +ak+1cq 1) — 2flia¢11
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We similarly have

D (Eir i) = 0o(@ctr6) = DolErgr fi) = 2Fick + by ckr) — 200 i
The proof of equations (25)—(28) is analogous, applying ([3)) and (I8]). O

3. DOUBLE ETA POLYNOMIALS

3.1. A basis theorem. For the rest of this paper, we will sometimes write equali-
ties that hold only in the ring B®*)[t], where we have imposed the relations () and
(@ on the generators b,. Whenever these relations are needed, we will emphasize
this by noting that the equalities are true in B*)[t] rather than in Z[b, t].

We begin this section with a basis theorem for the Z[t]-algebra B*)[t]. For any
typed k-strict partition A of length ¢, with m := £5()\) + 1, we define by € Z[b] as
follows. If type(A) = 0, then set ¢y := cy, - - - ¢y, while if type(A) > 0, define

o= Cap " Chpy Dk Crpyy -0, O type(A) = 1,
Cap " Chpy bk Crpyy -0, I type(X) = 2.

Finally, define by := 2—tk(N) ¢y

Proposition 4. The monomials by, the single eta polynomials Hy(c), and the
double eta polynomials Hy(c|t) form three Z[t]-bases of B¥)[t], as X runs over all
typed k-strict partitions.

Proof. Tt follows from [BKTI, Thm. 3.2] that the elements by and the single eta
polynomials H)(c) for \ a typed k-strict partition form two Z-bases of B®*). We
deduce that these two families are also Z[t]-bases of B(*)[t]. By expanding the
raising operator definition of Hy(c|t), we obtain that

Hi(c[t) =ba +Zakubu
o

where ay, € Z[t] and the sum is over typed k-strict partitions p with p > X in
dominance order or |u| < |A|. Therefore, the Hx(c|t) for A typed and k-strict form
another Z[t]-basis of B*)[t]. O

3.2. The left weak Bruhat order on ﬁ//oo. The length of an element w in Woo
is denoted by ¢(w). It follows, for example, from [BBl p. 253] that

bw) = #{i <j | w; >w;}+ Z (Jwi| — 1)

itw; <0
for each w € WOO. We deduce the following lemma.
Lemma 4. Suppose that w is a k-Grassmannian element of Woo
(a) We have £(sow) < £(w) if and only if w = (---2---).

(b) Assume that i > 1. We have {(s;w) < £(w) if and only if w has one of the
following four forms:




DOUBLE ETA POLYNOMIALS AND EQUIVARIANT GIAMBELLI FORMULAS 13

Let A and g be two typed k-strict partitions, set w := wy, W' := w,,, B := B(N),
B’ := B(un), and assume that w = s;w’ holds for some simple reflection s; € Weo.
It follows that p C A, so u is obtained by removing a single box from A, and hence
tp = Ap — 1 for some p > 1 and p; = A; for all j # p. Moreover, we must have
type(A) + type(n) # 3.

Using Lemma [ we distinguish seven possible cases for w, discussed below. In
each case, the properties listed follow immediately from equations (D), (@), and @]).
First, we consider the four cases with i > 1:

(a) w = (-++i+1---i---). In this case C(\) = C(u), Bp =i, B, = i + 1, while
B; = B; for all j # p.
(b) w=(--+i---i+1---). In this case C(\) = C(u), Bp = —i, B, = —i+ 1, and
B; = Bj for all j # p.
(c)w=(i---i+1---). In this case w1 = i, type(\) = 2 if i > 2, C(\) = C(u),
Bp = —i, B, = —i+1, and B; = 8} for all j # p.
(d)w=_(-i4+1---i---). We distinguish two subcases here: Case (d1): w; #
t+ 1. Then C(\) = C(un) U{(p,q)}, where wi4p = ¢+ 1 and wiyq = ¢. It follows
that 8, = —i, 8y =i, B, = =i+ 1= B, +1,and B, =i+ 1= 3, +1, while 3; = 3]
for all j ¢ {p,q}. Case (d2): w; = i+ 1 and we have w=1(i) > k. In this case
type()‘) = 2) C()‘) = C(M)a B;D = ia ﬁ;) =1+ 1; and ﬁj = B_; for all j 7é p.

Next, we consider the three cases where ¢ = 0.

() w= (1---2---). In this case C(\) = C(), B, = —1, and B, = 0 if w; = 1,
while 3, = 1 if w; = 1. We also have 8; = 3} for all j # p.

=

(f) w=(2---1---). In this case C(\) = C(u), B, = 2, and B, = 0 if wyy) =
while 8, = 1 if wg4, = 1. We also have 8; = 3} for all j # p.

(g) w=(---21--+), with |w;| > 2. In this case C(\) = C(u) U {(p,p + 1)}, where
Witp = 2 and wyypr1 = L. It follows that A, = k+1, \py1 =k, Bp = —1, Bpy1 =0,
while pp = pp1 =k, B, =1, 8,1 =2, and g; = 3} for all j ¢ {p,p+1}.

3.3. Double eta polynomials and divided differences. We are now ready to

establish the fundamental result about the compatibility of the polynomials Hy (¢ | t)
with left divided differences.

Proposition 5. Let A and p be typed k-strict partitions such that |\| = |u|+1 and
wy = s;w,, for some simple reflection s; € Wo,. Then we have

OiHr(c| ) = Hy(c| 1
in B®)[t].
Proof. Let w = wy and w’ = w,,, where A and p are typed and such that w = s;w’
holds. We are in the situation of §3.21 hence pu, = A, — 1 for some p > 1 and

w; = Aj for all j # p. Set 8 = B(N). Let ¢; denote the j-th standard basis vector
in Z‘. We now distinguish the following cases.

Case 1. type(\) = type(u) = 0.

Note that we have |wq| = |w]| = 1, and hence ¢ > 2 and £, (\) = £(n). We
must be in one among cases (a), (b), or (d1) of §821 In cases (a) or (b), it follows
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from Propositions [Il and 2] and the Leibnitz rule that for any integer sequence
a = (aq,...,qp), we have

5{0\2()‘ — (BrBp1) ((9 (/ﬁp)/‘(ﬁerl »»»»» Be) +si(6ﬁp)ai(€(ﬁp*l ..... Be) ))

C
(011, HQp—1) O‘p (pt1,--e) (pt1,--)

~(B1seBp—1) (Aﬁp+1/~(5p+1 ----- Be) ( ) 0) /\(51 »»»»» Bp+1,....8¢) _/cﬁ(#)

(a1,eyap—1) Cap,—1€¢ (Qpt1,eees0r) +silc (a1 ..... ap—1,.,0p) T Ta—€p’

Since A — €, = p, it follows that if R is any raising operator, then
0B ) = 0,(el0) = L, = Ru)
As R = R*, we deduce that
OiH(c|t) = 27N (R* % a]V) = 25 Rr 4 28 = |, (¢ 1),
In case (d1), for any integer sequence o = (a1, ..., a), we compute that

a A)iaA(ﬂl, sty Be)

C(a ..... QpyenyQgyenny ayg)

7461, =it 1, i 7,315)_'_'\(,317 . z‘+1,...,i+1,...,6e),5ﬂ(u) +¢ ~B(n)

ar,map—1yagmar) 1 Kar,nap,nag—1.,ap) . Ca—e a—eq"
This follows from the Leibnitz rule, as in the proof of Proposition [Ii(b). If R is
any raising operator, then since ¢ > 2 we must have ¢ > ¢;()\) and hence ¢ ¢
supp,, (RRpq), where m = £ (1) + 1. As A — €, = p1, we deduce that
0i(R*5™N) = 0u(chs)) = eh) . + 7). = Rx o) + RRpg w00,
Since R* + R R, = R*, it follows that 9; Hx(c|t) = H,(c|t).
Case 2. type(\) = 0 and type(p) > 0.

In this case, we have |wi| = 1 and |wi| > 1, so i € {0,1}. We must be in one
of cases (b), (c), or (e) of §32 hence C(A) = C(u). We also have A\, = k+ 1 and
Api1 < by 50 (904 1) € CO), Bp() = ~1, By() € (0,1}, and €(A) = L) + 1

Observe that, for any integer sequence o = (a1, ..., ay), we have

908N — /C\Eﬁl ----- Bp—1) (5 (Ml)/\(ﬁpﬂ »»»»» Be) + (e )5 (/\(5p+1 ----- 5/5)))

tra QL yeensQp—1) ap (Otp+17 ) (Olp+1, Q)

_ AB1,--Bp—1) 6.(/»1)/~(ﬁp+1 ----- Be)

(a1,p—1) 7" Cay C(Otp+17~~~,0ttz)'

We now compute using Propositions [[l and Pl(a) that
gt = 2aq1 ifg#£k+1
2 fr ifg=k+1
Proposition [[{a) and equation (20) give
205, ifq#k+1
800 .
2 fk ifg=k+ 1.
The rest is straightforward from the definitions, arguing as in Case 1.
Case 3. type(A) > 0 and type(u) = 0.

We have |wy| > 1 and |w]| =1, s04 € {0,1}, and we are in one of cases (a), (d2),
or (f) of §3:21 hence C(\) = C(p). We also have A\, =k, 5,(\) € {0,1}, Bp(p) = 2,



DOUBLE ETA POLYNOMIALS AND EQUIVARIANT GIAMBELLI FORMULAS 15

and £,(\) = €4 (u). Recall that & = ¢/ whenever p < k, b}, = cf — by, bl = cf — by,
and af) = cf) — %cp. We deduce the calculations

80bk = (905k = (911711C = 815,1€ = Ci_l

0 _ 1_ .2
(%ap = 81% =c,_

.
As in the previous cases, it follows that 0, Hx(c|t) = H,(c|t).
Case 4. type(\) = type(u) > 0.

We have |wy] > 1 and |wj| > 1. If ¢ > 2, then we must be in one of cases (a),
(b), (c), or (d1) of §8:2 and the result is proved by arguing as in Case 1. It remains
to study (i) case (d1) with w = (---21---) and i = 1, or (ii) case (g) with w =
(-+-21---) and i = 0. In both of these subcases, we have C(\) = C(n) U{(p,p+1)},
C(N) = () + 1, A =k + 1, A1 = pp = pip1 = k, Bp(A) = =1, Bpya(p) =2,
and B;(A\) = B;(u) for all j ¢ {p,p+ 1}. In subcase (i), we have 8,41(A) =1 and
Bp(p) = 0, while in subcase (ii), we have Sp+1(A) =0 and S,(u) = 1.

To deal with subcase (i), we argue as in Case 1 (d1), this time applying the
identities (2B)—(28). There is now an added complication: we must show that the
total contribution from the four residual terms that appear with a negative sign
in equations (25)—(28)) vanishes. To prove this, we may assume that A has length
p + 1, and consider the effect of the raising operators R in the expansion of R*
which involve only basic operators R;; with i =por j =p+ 1.

An integer sequence a = (a1, ..., ) is a composition if a; > 0 for all i. For any
composition a, let [a] := . o; and #a denote the number of non-zero components
«;. The relevant raising operator expression is

-1 -1
_— ”H 1 - R ”H 1= Ripi1\ 1—Rppi1
. 1+ Ry 1+ Ript1 ) 1+ Rppt1

i=1 i=1
p—1
— ‘| +lal+d "and @ pai d
— Z (_1)\a [+lal+d 9# (e’ a.d) (H Rip R'L'O:p+1> RE
o’ a,d>0 =1
where the sum is over all compositions o/ = (aj,...,0,_1), @ = (1,...,0p-1),
and integers d > 0. If v = (11, ...,v,_1) is a fixed integer vector, then (—1/2) times
the total residual term in the expansion of 9; (¥ EEE 1k+1ﬂ ,f)“)) is equal to

(29) Syi= Y (—1)liHleltdg#eled) A At d T o) —a-
a’,a,d>0

The two factors @, in each summand of [29)) are equal to aq, f, or fk, according to
the equations (25)—(28) and depending on the choice of &', «, and d, as in Definition
[ We now make a change of variables in the sum (29) by setting p := o/ + a and
r:= |a| + d, to obtain

k
(30) S, =Y (=0l Y (e )

p=>0 r=0
where the first sum is over all compositions p and
T(p,r) = (1) Ty g s Y (—D)l0] 2 00r =l

0<a<p
<7
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We compute that
k

k k
ZT(O, r) = fife +2 Z(—l)%kw&kw = bibi, + Z(_]‘)Tblvf*’r‘bkf?“ e J®.
r=0

r=1 r=1
It follows that the sum of the terms in (B0) with p = 0 vanishes in B®)[t]. We
claim that the sum of all the remaining terms in (30) is identically zero.

Lemma 5. Let p be a non-zero composition. If r > |p|, then T'(p,r) = 0, while if
0<r <|p|, then T(p,r)+T(p,|p|—1) =0.

Proof. The argument is based on the elementary identity

S

(31) D (=1)iertT =5 .

i=0
By multiplying together a finite number of equations of the form (3II), we obtain
) S (Celznn) =g,

0<a<p

for any composition p, where the sum is over all compositions a with o < p.
Assume now that p # 0. If r > |p|, then using (32)) gives

T(ﬂv T) = (_1)T ak*\P\JrT Afg—p * 2 Z (_1)‘0" 2#(;7*04,01) =0.

0<a<p
If 0 <7 < |p|, then
(33) T(p,r) = (1) applr ah—r »_ (=11 2#Pmeer=lal)
0<a<p
fal <r

and the substitution o/ := p — « gives

(34) T(p, |p| _ ’I”) _ (—1)Tak7r Q|| 4+ Z (_1)|o/\ 2#(P*a’,a’7|a’\*’r)_
0<a’<p
ol |27

Adding B3) to (B4) and applying B2) gives T'(p,r) + T(p,|p| —r) = 0.
Finally, we have

T(p,0) = 27 ay_ |, fi
while

T(p, |p|) — (_1)\P\akak7|p| Z (_1)|a\ 2#(P—a,a,\ﬁ\—\a|)

0<a<p
= o#p fka’k—|p| + 2akak_‘p‘ Z (_1)|p|*|a\ o#t(p—a,a)
0<a<p
aFp

Since fi + fr = 2ax, adding the previous equations and applying B2)) again shows
that T'(p,0) + T (p, |p|) = 0. O

Using Lemma [ in equation (B0) proves the claim, and completes the argument
in subcase (i). The proof for subcase (ii) is similar, this time using the equations

(2I)—(@24) and the relation

k
AR 42 (-D)apy a0, =0

r=1
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in B®¥[t], which is easily checked. O

Remark 1. The proof of Proposition [l establishes that the equality 0; Hx(c|t) =
H,(c|t) holds in Z[b,t] in all cases of §3.2 except case (d1) with ¢ = 1 or case (g)
with 4 = 0. In each of the latter two cases, we need to use the relation (@) exactly
once. The basic example that illustrates this is the equality

(35) OiH (11, (c[t) = Hiy (¢ 1),
where i € {0,1} and both of the indexing partitions have the same (positive) type.
Equation (B8] is true in B®)[t], but fails in Zb, t].

3.4. The polynomials fAI,\ (c|t). In this subsection we define and study a closely
related family of polynomials H A(c|t) indexed by k-strict partitions A. The poly-
nomials Hy(c) := Hx(c|0) were studied in [BKT2, §5.2]. As explained in op.
cit., H A(c) represents the cohomology class of a certain Zariski closed subset Yy
of OG(n — k,2n), which is either a Schubert variety or a union of two Schubert
varieties. The double polynomials H A(c|t) similarly represent the T,-equivariant
cohomology class [YA]?" in H}, (OG), under the geometrization map 7, defined in
§4.T} this follows immediately from their definition below and Theorem [I1
If A is any k-strict partition, define the finite set of pairs

C(/\) = {(Z,j)GNXN | 1<i<j and /\z+/\g 22]{34—]—1}
and the sequence 3(A) = {B;(\)};>1 by

1 if A <k
0 if X\ >k,

We have C(\) = C(A\) and B(\) = B()), where X denotes the unique typed k-strict
partition which has the same shape as A, and with the property that 3;(\) # 0, for
each j > 1. For comparison with [BKT?2], we note that Bj (A) = p;(A) —n, where
P;(A) is the function defined in the introduction of op. cit.

If \; = k for some index ¢, then we agree that Hy(c|t) and H}(c|t) denote
the double eta polynomials indexed by A of type 1 and 2, respectively; otherwise,
H(c|t) denotes the associated double eta polynomial indexed by A of type zero.
We define the raising operator expression R* by equation (), as before.

BiA) =k =X +#{i<j| (i,j)géC()\)}—i-{ for all j > 1.

Definition 2. For any k-strict partition A, let m := £, (\) + 1 and 3 := B(\). If
R is any raising operator appearing in the expansion of the power series R* and
v := R\, define a

RxyN =20 ...l

where for each ¢ > 1,

b

Cy;

B i ifie supp,, (R),
otherwise.

The polynomial H,(c|t) is defined by

H s Hy(c|t)+ Hi(c|t) if A =k f :
Hy(c|t) := 20N gA *’c\f()‘) = aelt) + A(C| ) if A ' or some 1,
Hy(c|[t) otherwise.

Table [2] lists the double eta hat polynomials associated to the Grassmannian
elements in W3. We have retained the negative powers of 2 in this table for clarity.
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TABLE 2. Double eta hat polynomials for Grassmannian w € Wg

w A B Hy(c|t)
123 1
213, 213 1 (1,3) 1+ hi
123 2 (-1,3) 1(ca + 2brel)
312,312 | (1,1) | (1,2) (c1 + hi)(c1 + hi) — (ca + cihi + h3)
132 3 (—2,2) (cs + caei + 2by€3)
321,321 | (2,1) | (—1,1) 1((cz + 2brel)(c1 + hi) — 2(cs + cael))
231,231 | (3,1) | (=2,1) | 1((cs + cze? + 2b1e3)(c1 + hl) — 2(ca + csef + c2e3))
132 ] (3,2) | (-2,-1) 1((cs + cae? + 2b1€3) (c2 + 2b1ed)
—2(cs + czef + c2e3)(c1 +e1) + 2(cs + cael + cze3))
132 1 2 c1 + hi
231,231 | 2 1 ca + cihi + hl
132 3 -1 1(cs + 2bael)
123 4 -2 %(04 + cze? + 2526%)

Proposition 6. Let A and p be two k-strict partitions with |A| = |u| + 1. Assume
that there exist a simple reflection s; € Woo and a choice of type assigned to \ and
w such that wx = s;w,, in Ws. Then the following assertions hold in Z[b,t].

(1) If type(X\) = type(p) = 0, then i > 2 and
O Hy(c|t) = Hy(c|t).
(ii) If type(A) = 0 and type(p) > 0, then i € {0,1} and
(8o + 01)Hy(c|t) = H,(c|t).
(iii) If type(N) > 0 and type(u) =0, then i € {0,1} and
OuHx(c|t) = D Ha(c|t) = Hy(c|1).
(iv) If type(\) = type(u) > 0, then
O Hx(c|t) = Hu(clt),
if1>2, and
(G0 + 01)Ha(c|t) = Hyu(c| 1),
if i € {0,1}.
Proof. We will only give the outline of the proof of claims (i)—(iv) here, as the
argument is very similar to the proof of Proposition Bl only easier, because the
relation (7)) is never used. Recall the seven possible cases (a)—(g) for wy from §3.2
For claim (i), or claim (iv) when ¢ > 2, we must be in one among cases (a), (b),
(c), or (d1) of §3:2) and the proof is exactly as in Proposition Bl We are left with
examining the claims (ii), (iii), and (iv) when ¢ € {0,1}. For claim (ii), we must be
in one of cases (b), (¢), or (e), and we use equations ([I]) and (IH). For claim (iii),

we are in one of cases (a), (d2), or (f), and use the computation

1_ 1_ 2
(%cp = 8lcp =cp_q-

Finally, for claim (iv) we must be in case (d1) with w = (---21---) and i = 1, or
in case (g) with w = (---21---) and 4 = 0. The result follows as in claim (i), case
(d1), but now using equations (I4]) and (I9)). O
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4. THE PROOF OF THEOREM [I]

4.1. The geometrization map. Let
0—-FE —-FE—E"=0

denote the universal exact sequence of vector bundles over OG(n — k,2n), with £
the trivial bundle of rank 2n and E’ the tautological subbundle of rank n — k. For
0 < j < 2n, define the subbundles F; of F as in the introduction. Let OM,, :=
ET,, x™ OG denote the Borel mixing space for the action of the torus 7, on OG.
The T,,-equivariant vector bundles E', E, E”, F; over OG induce vector bundles over
OM,,, and their equivariant Chern classes in H*(OM,,,Z) = H7, (OG(n — k,2n))
are denoted by ¢l (E'), cI'(E), ¢L(E"), and ¢ (F}).

The class cg(E — E' — F;) for p > 0 is defined by the total Chern class equation

(B = E - Fy) = ¢ (B)T (B) T (Fy) .

Let t; :== —cf (Foy1-i/Fn_s) for 1 <i < n. Following [IMNT] §10] and [T2, §7], we
define the geometrization map m, as the Z[t]-algebra homomorphism

T : BP[t] — H (OG(n — K, 2n))

determined by setting

T ! :
r(by) = c,(E—E —F,) ifp<k,
c'(E-FE —F,) ifp>k,

T (bk) := §(C£(E —E' — F,) = c; (B, — E)),

() t; if 1 <i<mn,
T (t;) i=
0 ifi>n.

Here E, denotes a maximal isotropic subbundle of the (pullback of) E to the
complete flag variety, which is in the same family as F),. Note that the images of
the elements b, by, ¢, in the ring of type D Billey-Haiman Schubert polynomials
[BH| are given in [BKT2| §5] by the power series n,(z; y), m.(x; y), dp(x; y),
respectively, and, using this, the equations defining 7, are derived in [T2| §7.4].
For more information on the image of the double eta polynomials Hy(c|t) in the
ring of type D double Schubert polynomials of [IMN1], see T3], §4.5].

The above equations imply that 7,(c,) = ¢} (E — E' — F,) for all p > 0. Since
t1...,t. are the (equivariant) Chern roots of F,,/F, for 1 < r < n, it follows
that

P
(36) m(ch) = cf (B —E' = Fy)hj(—t) = ¢} (B — E' = Foy,)

§=0
for —n < r < n. Equation (3] can be extended to any r € Z if we set F; = Fy, = E
for j > 2n and F; = 0 for j < 0. Moreover, for s :=p —k > 0, we have

(G, %) = malc, ™ + (2fi — cr)ei(—t)) = ¢ (B — B — Foy) £ e’ (B, Fo—y),
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where the sign depends on the choice of f, € {bk,gk}, as above, and the equivariant
Euler class eT(E’, F,,_) is given by

e (B, Fues) == cL(En/E' + Fy/F—s) = ¢} (En — E')cl (F — Fuzs).
The embedding of Wn into Wn+1 defined in the introduction induces maps of
equivariant cohomology rings Hy, , (OG(n+1—k,2n+2)) — Hf, (OG(n —k,2n))

which are compatible with the morphisms 7,. We therefore obtain an induced
Z[t]-algebra homomorphism

7 : B®[t] - Hp(OGy).
The above map 7 is the one that appears in Theorem [I, and we proceed to show
that it has the properties listed there.
4.2. Proof of Theorem [Il The argument is similar to the one found in [TW]
§6.3], but we include the details here for completeness. Fix a rank n and let
Mi=n+k—1n+k—2,...,2k)

be the typed k-strict partition associated to the k-Grassmannian element of maxi-
mal length in W,,. Definition [ gives

(37) Hy,(c|t) = gk—n R:\LO—k *cg\lofn,an ..... —k)
where
1— Ry
R:;(Lk = H ] .
I<icjn—k T i

Using (37) and the equations of §4.1] one checks that m,(H),(c|t)) agrees with a
known formula of Kazarian [Ka] for the cohomology class of the degeneracy locus
which correponds to [X,]7". Although the final result in [Kal, App. D] is expressed
as a Pfaffian, this is not required for the application here. (The equivalence of the
two formulas is a consequence of some formal Pfaffian algebra from [Kal [Knl; for a
detailed discussion of this, see [AF, App. A]). It follows that

(38) (g (e[ 1)) = [Xa )™

We have shown in Proposition [l that the Hy(c|t) for A a typed k-strict partition

form a Z[t]-basis of B®[t]. Let P(k, n) denote the set of all typed k-strict partitions
whose diagrams fit inside a rectangle of size (n — k) x (n + k — 1). The elements

of ’ﬁ(k,n) correspond to the k-Grassmannian elements of W, under the bijection

described in the introduction. Let w) denote the element of Wn associated to A\
under this bijection. B
Following [TW], §6.3], for any typed k-strict partition A € P(k, n), write wywy, =

Sa; " Sa, as a product of simple reflections s,, in W,,, with r = [Xg| — |A|. Since
wio = 1, Proposition Bl implies that
(39) Hy(¢[t) = 8ay 0+ 0 0a, (Ho(c 1))

holds in B® [t].
The left divided differences §; on H7, (OG(n — k,2n)) from [IMNI, §2.5] corre-

spond to the operators d; on B*) [t], and are compatible with the geometrization
map 7, : BO[t] — H; (OG(n — k,2n)). Moreover, it is known by [IMNI], Prop.



DOUBLE ETA POLYNOMIALS AND EQUIVARIANT GIAMBELLI FORMULAS 21

2.3] that §;([X»]T") = [X,]T" whenever |\| = |u|+1 and wy = s;w,, for some simple
reflection s;. It follows from this and equations (B8] and ([39) that

T (Ha(c] 1) = [X3]".

The vanishing property for equivariant Schubert classes (see, for example, [IMNI]
Prop. 7.7]) now implies that 7, (Hx(c|t)) = 0 whenever A ¢ P(k, n) (or equivalently
wy ¢ Wy). The induced map 7 : B®[t] — Hp(OGy) satisfies m(Hy(c|t)) = 7
for all typed k-strict partitions A, and is a Z[t]-algebra isomorphism because the
Hy(c|t) and 7y for A k-strict and typed form Z[t]-bases of the respective algebras.

4.3. A splitting theorem for Hy(c|t). In this subsection, following [TW] Cor.
2], we apply Theorem [l to compare the double eta polynomials Hy(c|t) of the
present paper with the general degeneracy locus formulas of [Tl §6].

The symmetric group S, is the subgroup of ﬁ//n generated by the transpositions
sifor 1 <i<n-—1; welet Sy := U,S, be the corresponding subgroup of W,.
For every permutation u € S, let &,(t) denote the type A Schubert polynomial
of Lascoux and Schiitzenberger [LS] indexed by u (our notation follows [T2] §5]).
The &,(t) for u € So form a free Z-basis of the polynomial Z[t]. We deduce from
Proposition@that the products H,,(c)&, (—t) where p ranges over all typed k-strict
partitions and u € S, form a free Z-basis of B*)[t]. The following result gives the
unique expansion of (the class of) the double eta polynomial Hy(c|t) in B®)[t] as
a Z-linear combination of this product basis.

We say that a factorization wy = uv in W is reduced if £(wy) = £(u) + £(v).
In any such factorization, the right factor v = w, is also k-Grassmannian for some
typed k-strict partition pu.

Corollary 1. Let X\ be any typed k-strict partition. Then we have

(40) Hy(c[t)= Y Hu(0)S,1(-1)

UW =W )

in the ring BWF)[t], where the sum is over all reduced factorizations uw,, = wy with
U E Sy

Proof. As a special case of the splitting and degeneracy locus formulas of [T1l §6],
we deduce that the polynomial on right hand side of ({@0) represents the stable
equivariant Schubert class 7 in Hp(OGg) under the geometrization map 7. The
result is therefore a direct consequence of Theorem [l ([l

It is tempting to view Corollary [I] as a separation of the variables b and ¢ in
Hy(c|t). However equation (@0) does not hold in the polynomial ring Z[b, ] for a
general ), as it depends on the relations (@) and (7)) among the b,.

4.4. The Grassmannian OG(n,2n). We conclude this paper with a short dis-
cussion of the situation when k& = 0, so that OG = OG(n,2n) parametrizes one
connected component of the space of all isotropic subspaces of C?" of maximal
dimension n. One knows that this variety is isomorphic (in fact, projectively equiv-
alent) to the odd orthogonal Grassmannian OG(n — 1,2n — 1). Moreover, one can
arrange that this isomorphism is torus-equivariant, and hence induces an isomor-
phism of equivariant cohomology rings (see e.g. [IMN2| §3.5]). It follows that the
double theta polynomials ©(c|t) of [TW] times the appropriate negative power of
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2, which represent the equivariant Schubert classes on OG(n —1,2n — 1), also serve
as equivariant Giambelli polynomials for OG(n,2n) (compare with [IMN2]).
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