arXiv:1409.4576v3 [math.AG] 29 May 2016

COBORDISM INVARIANTS OF THE MODULI SPACE OF STABLE
PAIRS

JUNLIANG SHEN

ABSTRACT. For a quasi-projective scheme M which carries a perfect obstruction the-
ory, we construct the virtual cobordism class of M which is the universal virtual
fundamental class. If M is projective, we prove that the corresponding Chern num-
bers of the virtual cobordism class are given by integrals of the Chern classes of the
virtual tangent bundle. Further, we study cobordism invariants of the moduli space
of stable pairs introduced by Pandharipande-Thomas. Rationality of the partition
function is conjectured together with a functional equation, which can be regarded as
a generalization of the rationality and ¢~ ! <+ ¢ symmetry of the Calabi—Yau case. We
prove rationality for nonsingular projective toric 3-folds by the theory of descendents.
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0. INTRODUCTION

0.1. Algebraic cobordism and virtual classes. Let M be a quasi-projective scheme
which carries a perfect obstruction theory. The virtual fundamental class [M]'" can be
constructed in the expected Chow group Ayir qim(M) by the methods of Li-Tian [I4] and
Behrend-Fantechi [3], [2]. Virtual fundamental classes play crucial roles in the study of
enumerative geometry.

Our first result (Theorem [[T)) in this paper is to construct the virtual fundamental
class in algebraic cobordism, the universal oriented Borel-Moore homology theory [12],
[13]. More precisely, if a quasi-projective scheme M carries a perfect obstruction theory,
there exists a cobordism class [M ]}’2““ € Quir.dim(M). Moreover, this universal virtual class
yields virtual fundamental classes in other oriented BM homology theories (for example,
the virtual cycle in Chow theory and the virtual structure sheaf in K-theory [I1]).

0.2. Chern numbers. It is well known that cobordism classes over one point are gov-
erned by Chern numbers. Fixing d > 0, one can choose a basis {vr} of Qq(pt)g =
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Q4(pt) ® Q such that the class [X — pt] can be expressed as

/ c1(X)ea(X)™ - cg(X)' -y,
I=(ir yiz,..via) * X
>, kip=d
where X is nonsingular and of dimension d. For any class in 2, (pt)g, Chern numbers are
defined to be the coefficients of such vj.
Now assume M is projective. We can push forward the virtual cobordism class [M ]}’z‘r
along the projection 7y : M — pt. The following theorem concerns the Chern numbers of

TUM [M]VH S Qvur dlm(pt)
vir

Theorem 0.1. The Chern numbers of the cobordism class war, [M]" are given by the
virtual Chern numbers

/ e (Tvir)ilc2 (Tvir)i2 . Cvir.dim(TVir)iVirldim .
(i

Here [M]'" € Ayiy aim(M) is the (Chow) virtual fundamental class and TV € K°(M) is
the virtual tangent bundle obtained from the perfect obstruction theory.

In [5] Theorem 4.6.4, Ciocan-Fontanine and Kapranov proved that the virtual Chern
numbers of a ]-manifold can be realized as the Chern numbers of a (Z-coefficient)
cobordism classE Our results show that this class actually is obtained from the virtual
cobordism class we constructed. This gives an algebro-geometric interpretation of their
results. Lowery and Schiirg [I5] constructed fundamental classes in cobordism for quasi-
smooth derived schemes, which are expected to give the same classes as ours when the
perfect obstruction theory is from the quasi-smooth structure.

A review of perfect obstruction theories, Chow virtual classes and the precise definition
of virtual tangent bundles can be found in Section 1.

0.3. Moduli space of stable pairs and descendents. Let X be a nonsingular projec-
tive 3-fold, and let 8 € H2(X,Z) be a nonzero class. We study here the moduli space of
stable pairs

[Ox % F] € Pu(X. B)
where F' is a pure sheaf supported on a Cohen—-Macaulay subcurve of X, s is a morphism
with 0-dimensional cokernel, and

X(F) =n,[F] = 8.
The projective scheme P, (X, 8) carries a perfect obstruction theory obtained from the de-

formation theory of complexes in the derived category and the virtual dimension (vir.dim.)
is equal to | 5c1(X). See [24] for details.

Since P, (X, B) is a fine moduli space, there exists a universal sheaf
F — X x Py(X, B).
For a stable pair [Ox — F| € P,(X, /), the restriction of F to the fiber
X x[0x - F]C X x P,(X, )
is canonically isomorphic to F. Let
mx : X x P,(X,8) = X,

LOver a point, the algebraic cobordism ring Q2 (pt) is canonically isomorphic to the complex cobordism
ring.
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7p: X x P (X,8) = P,(X, )

be the projections onto the first and second factors. Since F has a finite resolution by
locally free sheaves, the Chern character of the universal sheaf F is well-defined.

The descendents 7;(y) with v € H*(X,Z) are defined to be the operators on the
homology of P, (X, )

TP (T (7) - chai(F) Np( ) « Hu(Po(X, 8), Q) = Hu(Po(X, 8), Q).

For nonzero € Ho(X,Z) and arbitrary v, € H*(X,Z), define the stable pairs descen-
dent invariants by

<ﬁf@(%)>i :/ Xmm_l;[m %)
/ TT ()12 (X, B,

n (X.B)] =1

Then the partition function of descendents is

zy (f[ E > <f[ m>>;qn.

Descendent invariants of stable pairs have been studied in [19], [21], [22]. We have the
following theorem relating virtual Chern numbers to descendent invariants.

Theorem 0.2. For any nonsingular projective 3-fold X, the integral
/ e (Tvir)il o (Tvir)ig . Cd(Tvir)id
[P (X,B)]Vi

can be expressed in terms of descendent invariants. Here d is equal to the virtual dimension

f@cl(X)

Hence we can express the Chern numbers of 7, [P, (X, )] in terms of descendents.

Note that the same proof shows that this statement holds for Donaldson-Thomas
theory. In Gromov—Witten theory, the virtual tangent bundle is closely related to the
Hodge bundle on the moduli space of stable maps, and expressions of the Chern classes
of the virtual tangent bundle in terms of descendents were studied in [7] and [@].

0.4. Cobordism invariants. Let = : P,(X,3) — pt be the projection and d be the
virtual dimension | 5 ¢1(X). We obtain the cobordism invariant [P, ] by pushing forward
the cobordism virtual fundamental class, i.e.

[Pn,B] 1= [P (X, B)]S: € Qa(pt).

By Theorem [P, g] are deformation invariants. Note that when X is a Calabi-Yau
3-fold, we have d = 0. Then the invariants [P, g] € Z are just the degree of the Chow
virtual cycle, which are known as the Pandharipande—-Thomas invariants, see Definition
2.16 of [24].

Now we define the partition function of cobordism invariants of stable pairs to be

ZE, 5(a) = [Paslg" € u(pt) @ Q((q)).

n
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If we choose a basis {vr} of Q4(pt)g, the partition function can be written as
(0.1) Z5 5@ = fr(q) -vr.
I

Here f1(q) € Q((¢)) is a Laurent series in g. It is clear that the right-hand side is a finite
sum.

Conjecture 0.3. The partition function Zé(* 5(q) satisfies the following properties:

(1) (Rationality) Zé(* 5(q) is a rational function in q. More precisely, in the expres-
sion of (O1]), each function fr(q) is the Laurent expansion of a rational function

m q.
(2) (Functional equation) The rational function Zg, 5(q) satisfies the functional
equation

X -1 —d X
Zm,ﬁ(q ) =q Zm,ﬁ(‘l),
i.e., each function f1(q) satisfies this functional equation.

When X is Calabi—Yau, it is clear that our conjectures specialize to Conjecture 3.2 of
[24] which has been proven in [4] (Theorem 1.1). This is part of the conjectures equating
Gromov—Witten theory with sheaf counting theory for Calabi-Yau 3-folds [16] [24]. See
also [17], [18], [26], [23], [20], [29], [30], and [28] for related works. However, contrary to
the case of Calabi—Yau 3-folds, calculations by computer show that the simplest form of
DT /Pairs correspondence

(D 1Pusla”) (Do acla™) = Yl sla”

doesn’t hold for any nonsingular projective 3-fold X in cobordism. Here [I,, 0] € Z and
[In.8] € Q.(pt) are the corresponding invariants obtained from the Donaldson-Thomas
moduli spaces I,,(X, 8). It would be interesting to find out the correct form of the cobor-
dism DT /Pairs correspondence (if it exists).

Specializations of the cobordism class like the virtual elliptic genus, the virtual x_,
genus and the virtual Euler characteristic were studied in [§]. All these invariants for
stable pairs theory are expected to satisfy Conjecture [0.3]

The rationality of toric cases is proven in this paper.

Theorem 0.4. Conjecture[0.3 (1) is true if X is a nonsingular projective toric 3-fold.

0.5. Plan of the paper. We start with a review of perfect obstruction theories and the
deformation to the normal cone in Section 1. The construction of the virtual cobordism
class is given in Section 1.3. In Section 2, we introduce twisted Chow theory. The
isomorphism between algebraic cobordism and twisted Chow theory gives formulas for
the Chern numbers of the virtual cobordism class. Hence Theorem is proved. In
Section 3 and 4, we study cobordism invariants of the moduli space of stable pairs. By a
Grothendieck—Riemann—Roch calculation, we express the Chern characters of the virtual
tangent bundle in terms of descendents in Section 3, which proves Theorem As a
consequence, we prove Theorem [I.4]in Section 4 by the rationality of descendents. Finally
we calculate several examples via localization to support Conjecture [0.3 (2).

0.6. Notation. We work over the field C. All schemes in this paper are assumed to be
quasi-projective. We use pt to denote the scheme Spec(C). The functors of Chow theory
and algebraic cobordism theory are denoted by A, and .. We work with Z-coefficients
unless stated otherwise. For a nonsingular scheme X, the cobordism fundamental class



COBORDISM INVARIANTS OF THE MODULI SPACE OF STABLE PAIRS 5

(X N X1 € Qdim(x)(X) is denoted by 1x. When E is a vector bundle (or coherent sheaf)
on X, we use the notation E|y to denote the pull back of F to the subscheme U of X.
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of communications with Marc Levine about algebraic cobordism was very helpful. Dis-
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1. VIRTUAL FUNDAMENTAL CLASS IN ALGEBRAIC COBORDISM

1.1. Perfect obstruction theory. We work on a quasi-projective scheme M and assume
it is globally embedded into a nonsingular scheme Y with the corresponding ideal sheaf
1. A perfect obstruction theory on M consists of the following data:

(1) A two term complex of locally free sheaves E®* = [E~! — E°] on M.

(2) A morphism ¢ : E* — L}, in the derived category of coherent sheaves to the
cotangent complex L}, satisfying that ¢ induces an isomorphism in cohomology
in degree 0 and a surjection in cohomology in degree -1.

Clearly, only the information of the truncated complex L;wzfl(z [L71/Im(L~2) —
L% — -..]) is used in the data of a perfect obstruction theory. Hence we can use the
explicit representative

L3 =1/ = Qy|u).

A morphism ¢* : E®* — [I/I? — Qy|y] in the derived category means there exists
a two term complex [G~' — G°] of coherent sheaves such that G* 2% E*® and G* 2%
[I/1? — Qy|p] are both morphisms of complexes with ¢; being a quasi-isomorphism and
o inducing an isomorphism in the cohomology h° and epimorphism in A~'. Since M is
quasi-projective, any coherent sheaf on M can be written as the quotient of a locally free
sheaf. It implies that we may choose both G® and G~! to be locally free. Hence we can
use the following data as a perfect obstruction theory on a quasi-projective scheme M:

E71 ; EO

(1.1) l l

I/IQ —_— Qy|M

where h%(¢) is an isomorphism and h~1(¢) is an epimorphism.
Equivalently, such data can also be written in the language of abelian cones (or linear
spaces in the sense of [27])

(I). : [Ty|M — NM/y] — [EQ — El]

where E; = (E7")Y(i = 0,1) and Ny y = Spec(Sym(I/I?)) is the corresponding normal
sheaf. The morphism ®, induces an isomorphism on the cohomology H® and a closed
embedding on H'.
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Hence we get the following short exact sequence of abelian cones from (L)
(12) O—>Ty|M—>Ny/M XMEQ%C(Q)—)O

where C'(Q) is a closed sub-abelian cone of Ej.

The normal cone Chry = Spec(@,,~oI™"/I"*!) is a sub-cone of the normal sheaf
Nyrjy, and the cone Cpy xm Ep is a Ty |p-invariant sub-cone of the abelian cone
Ny xn Eo. Moreover, Ty | acts on Chyyy X s Eg freely and fiberwise (see [3]). Hence
the quotient cone

puir . Gy xar Eo
Ty |m
is a closed subscheme of the vector bundle E;. It is easily checked that dim(DV") = rk(Ejp).
The Chow virtual class defined in [14] and [3] is exactly the refined intersection of DVit
with the zero section of the vector bundle Ej, i.e.

[M]"™ = 0, [D'™] € Auq(io) k() (M)
Finally we define the virtual tangent bundle to be the K-theory class
TYF .= [Eo] — [E1] € K°(M).

It is clear that TYI* only depends on the perfect obstruction theoryE The virtual dimension
is equal to rk(Fy) — rk(E1).

1.2. Deformation to the normal cone. With the assumption and notation above, we
will construct a morphism

by the technique of deformation to the normal cone (see Chapter 5 of [9], 3.2.1 and 6.5.2
of [12]). Then from this map we obtain a canonical class o(1y) € Qqim(y)(Carr/y) which
can serve as the fundamental class of the normal cone Cy/y, although Cj;/y may not be
smooth generally. The idea is to construct a family of embeddings M < Y; parametrized
by t € P!, such that for ¢ # 0, the embedding is the given embedding of M in Y, and
for t = 0 one has the zero section embedding of M in Cj;/y. We review the construction
below.

Consider the embedding of M in Y x P! which is the composition of M — Y and the
embedding of Y in Y x P! at 0 € P'. Define

W =Bl oy (Y x P).
There is a projection
7 W — P!
such that
(1) 7=1(t) =Y when t # 0;
(2) 71(0) = Bla (Y) U P(Caryy @ Onr).
Here P(Ch/y ©Oar) denotes the projective cone associated to the affine cone Cyr/y @O .

Now we denote by W° the open subset of W obtained by removing the component Bl (N)
from the fiber over 0. Therefore the fiber over 0 in W¢ is Cyy )y

2Lt is independent of the choice of global resolution of the tangent-obstruction bundles E*°.
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Consider the following diagram

Qi1 (Carpy) —L— Qi (W°) —— Qg (Y x A) —— 0

(1'3) j*l pr*T

Q(Crryy) ———— Qx(Y).

The top row is the localization exact sequence (Theorem 3.2.7 of [12]). Since the divisor
Chryy moves in W, the composition map j*j. is zero. So we get the following map

o Qk(Y) =~ Qg1 (Y x Al) — Qk(CM/y).

1.3. Virtual class in Qqi;.4im(M). Recall that since Ty |y acts on Cyr/y X x Ep freely
and DV is the quotient cone, the cone C) /v X Eo is a p*(Ty | pr)-principal homogeneous
space over DV'| where p : DV* — M. By the homotopy invariance property (Theorem
3.6.3 of [12]), there is an isomorphism:

Q.(DY") 2 Q4 gim(v) (Crryy X1 Eo).

Hence we get the following chain of maps

Q(Y) 5 %(Cryy) — Qtri(me) (Corryy ¥ ar Eo) 2 Quirie(Bo)—dim(y) (D)

!

€x E
— Qs ik (Bo)—dim(v) (B1) — Qujrk(Bo)—rk(B)—dim(v) (M).
Here e, is induced by the closed embedding e : DV — E;.

Theorem 1.1. Let M be a scheme which is embedded into a nonsingular scheme Y .
Given a perfect obstruction theory E® = [E~! — E°] — L%, on M, there is a morphism
of algebraic cobordism groups

(1.4) oy (YY) = Qugri(Bo)—rk(E1) —dim(y) (M)

Moreover, the image o)y (1y) € Qui(By)—rk(Ey) (M) is independent of the choice of em-
bedding M — Y, and representative of the perfect obstruction theory.

The map oy is just given by the chain above. We will prove the independence below.
Note that in the Q-coefficient cobordism group, the independence is a direct conclusion of
Theorem 2.2] (see Remark 2.3]). The following part is to treat the Z-coefficient case which
may be skippedE

Now we prove the independence. Since two different embeddings are dominated by the
diagonal embedding, we only need to treat the following case.

Let : M - Y and i/ : M — Y’ be two embeddings with a smooth map 7 : Y’ — Y
such that i = mo4’. Assume there are two representatives of a perfect obstruction theory:
[Ty|M — NM/Y] — [EO — El] and [Ty/|M — NM/Y’] — [FO — Fl]. Then there is a two
term complex of vector bundles [Gyp — G1] such that Eq — Go and Fy — G, are both
quasi-isomorphisms. It suffices to show:

(1) the representatives [Ty |nr — Nag/y| — Eo and [Ty |n — Nagyyr] — Eo yield the
same virtual class;

(2) the representatives [Ty+|ar — Narjyr] — Fo and [Tyr[nr — Nagyyr] — Go yield
the same virtual class.

3Readers can jump to Definition [[L3] directly.
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To simplify the proof, we introduce here an equivalent description of the map oy y
which was used in [I0]. Consider the following Cartesian diagrams (see [10] Section 3,

(12))

Ty|M —_— CM/Y X M E()

! !

M Dvir
q] |
0p,
M — Fy.

It is easy to see that o7 y can be obtained by the following chain of maps

Qu(Y) -2 Qu(Chrryy) — Qurri(mo) (Crryy Xmr Bo) —

03
Qitrk(Bo)—rk (1) (T | ) —= Qo prk(Bo)—rk(E1) —dim(y) (M),

Assume the image o(1y) (resp. o(1yv)) is denoted by sy (resp. apr/ys). And
assume 7' : Cpy/yr — Chyyy is the map induced by the smooth map 7 : Y’ — Y.

Lemma 1.2. The following diagram commutes

QLY) ——— Q%(Cuy)

Q*Jrr (Y/) L Q*Jrr(OM/Y’)a
where 1 is the rank of the relative tangent bundle Ty )y . In particular, we have ™" capr/y =
QMY

Proof of Lemma L2 Suppose Wy (resp. Wy,) is the total space of the deformation to
the normal cone constructed by the embedding ¢ (resp. i’). The map 7 : Y’ — Y extends
to a smooth morphism 7y : Wg., — Wy inducing the natural map Cyy/y+ — Cpy/y. Take
an element

(Y)Y x A,
and let & € Q.1 (Wy) be a lifting of { (from (L3])). By the Cartesian diagram

Y/ x Al —— W,
ﬂ-Xidl ﬂwl
Y x Al —— Wy
the class 7}, &’ is a lifting of 7*¢. Hence
oy () =7 (e, )
= (ﬂ—?jVé-/MCM/Y/
= oy/(7"¢)

where {'|¢,,,, means the pull back of ¢ by the embedding Cyy/y+ — Wy,. O

Now we turn to prove (1) and (2).
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Proof of (1). We have the following Cartesian diagrams:

Tyl — Cayyr xu By —2— Chryyr
1| d ”|

Tyl —— Cuyy xm Bo —2— Cayy
Y — E.

According to the second description of 0,7,y above, it suffices to prove

1 PN
O'EIPTOZM/Y/ = f'O'ElpzaM/Y-

In fact, by Lemma[[.2 and intersection theory of algebraic cobordism (Chapter 6 of [12]),
we have

! ! *
O'ElpTQM/y/ = O'ElpTW/ O[M/y
! * sk
= 0g, 9" Paan/y
*n!
= f*0p,p30n)y- O

Proof of (2). Consider the following Cartesian diagrams:

Ty/\mv — Cuyyr xu Bo —— Chryyr % Go

! | |

M 0rs FEy % Gl.

Here both 0p, and j are local complete intersection (l.c.i.) morphisms, therefore (j o
0p,)' = 0',j' (Theorem 6.6.6 of [12]).

Assume the projections Cpr/yr Xn Eo — Cpyyyr and Cpyyyr Xp Go — Chyyyr are
denoted by pg and pg. Then it suffices to prove

3 PEan Y = Py
It holds since
dox g % *
JPgam/yr =7 PaOM/Y’ = PEAM/Y’- (|
Definition 1.3. With the same notation as above, we define
[M]S" = oar/y (1y) € Quir.dim (M)

to be the virtual cobordism class of M with respect to the perfect obstruction theory
E* — L5,.

Remark 1.4. By definition, the virtual cobordism class we construct yields the virtual
fundamental class in Chow theory and the virtual structure sheaf in K-theory by the
universality of the functor €,.
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2. TwiSTED CHOW THEORY AND CHERN NUMBERS

2.1. Todd classes and twisted Chow theory. In order to obtain the formulas for
Chern numbers of 7, [M]G" (Theorem [ILT), we introduce here twisted Chow theory. We
briefly review the construction. More details can be found in 4.1 and 7.4 of [12].

Let Z[t] := Z[t1,t2,...,tn,...] be the graded ring of polynomials with integral coeffi-
cients in the variables ;(i > 0) of degree i. Starting with Chow theory A., we consider
the oriented Borel-Moore homology theory S — A.(S) ®z Z[t] by extension of scalars.

Define the universal inverse Todd class operator of a line bundle L — S to be the
operator on A, (S)[t] given by

Td; (L) = Z c1 (L)t + Au(S)[t] = AL (S)[t].

=0

Note that by the definition of the first Chern class operator, there are only finitely many
non-zero terms in this power series. We can extend such operators to all vector bundles,
i.e. there is a homomorphism

Tdy' : KO(S) — Aut(A,(9)[t).

Let E be any vector bundle over S, then Td; ' (E) can be expanded as

(2.1) Td; (E) = > cr(B)th .. th ..

I=(n1, ,ng, )

The ¢;(FE) are the Conner—Floyed Chern class operators. By the splitting principle, it can
be checked easily that the Q-vector space generated by c¢;(FE) (|I| = Xkn, = m) is same
as the Q-vector space generated by [[;_,,, .., c(E)" ([I| =m).
Now we can twist the oriented Borel-Moore homology theory A.[t] by the universal
inverse Todd class operator to get a new theory A, [t] (t). The construction is the following:
(1) AL(9)[t]® := A,(S)[t] for any scheme S.
2) £ =f..

(3) For any l.c.i. morphism f : S; — Sa, choose a factorization of f as f = qoi
with ¢ : S — P a regular embedding and ¢ : P — S a smooth morphism. The
virtual normal bundle Ny is defined to be the K-theory class [N;] — [i*T,] which
is independent of the choice of the factorization. A Then

floy = Tdg ' ([Ng]) o f*.

The new theory A.[t] (t) is still an oriented Borel-Moore homology theory. The following
theorem linking algebraic cobordism theory €2, and twisted Chow theory A, [t]® is crucial.

Theorem 2.1 ([I2]). There is a canonical morphism
0:Q, — Aft]®

which induces an isomorphism after tensoring with Q.

4N; is the normal bundle of i and T, is the relative tangent bundle of p.
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2.2. Virtual class in A*(M)[t]g). We turn back to the virtual class and keep the same

notation as in Section 1. By Theorem 2] we identify Q.(S)g with A.(S) [t]g) for any
scheme S.

If M is a nonsingular (or l.c.i.) scheme, we have the following formula for the funda-

mental class under the isomorphism between Q.. (M)g and A, (M )[t]g )

(2.2) 1y = Tdg H(—[Tu])[M].

It is obtained immediately by pulling back the fundamental class 1, along the projection
M — pt. We have a more general formula which can be regarded as the virtual version

of 22).

Theorem 2.2. Let M be a scheme, and E® = [E~1 — EY] — L%, be a perfect obstruction

theory. Then under the isomorphism between Q, @ Q and A, [t]g), the following holds:
[M]&! = Tdy ' (—[Ty ) M

Here [M]'™" € Ayir.aim(M) is the Chow virtual class obtained by the same perfect obstruc-
tion theory.

Remark 2.3. It is seen easily that the cobordism virtual class in Q, ® Q does not rely
on the choice of embedding and representative of the perfect obstruction theory from
Theorem [2.2] since the Chow virtual class does not.

The strategy of the proof is to chase the chain of maps from which we defined the
virtual cobordism class:

Q*(Y)Q L} Q*(CM/Y)Q i> Q*+rk(Eo)(CM/Y XM EO)Q ~ Q*+rk(Eo)fdim(Y)(DVir)Q

0%
— Qutrk(Bo)—dim(v) (B1)0 = Quprk(Bo)—rk(Er)—dim(y) (M) -

The proof is devided by 5 steps as follows.

Step 1. Let m1 : Cpryy — M be the projection. We claim that

anyy = Tdg (=77 Ty M) [Cuyyv] € Qu(Crryy )o(= A*(CM/Y)[t]é))'

Proof. Consider
mw : W =Blyx (o1 (Y x P') = V.

We restrict the vector bundle 7j;, Ty on W to the open subset W° = W \ Bly/(Y"). For
convenience, this vector bundle is also denoted by 7};,;7y. Now we have the following
diagram

Qaim(v)+1(Cmyv)a s Qaim(r)+1(W°)g —— Qdim)+1(Y x Al)g —— 0
.| o]
Qaimv)(Crmyy)o T Qaimv)(Y)o-
By [22), we have 1y = Tdg '(—[Ty])[Y] € Qaim(v)(Y)g. Then
Lyn = prly = Td;  (~[prTy))[Y x A,
Consider the class

6 :=Td; " (~[miy Ty ])[W°] € Qaimy)+1 (W)
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It is clear that w(f) = 1y «a1. Hence
anyy = o(ly) = j0 = T (~[(miy Tv)|cr e DICwy v,
and obviously (73, Ty )|c,,,, = ™1 (Ty|m). O
Step 2. Let ma : Chryy XM Eo — Chy/y be the projection. We have

B(:=myanyy) = Tdy (= [Ty] — [Eo))[Cayy X ar Eol.

(Note that we still use Ty and Ej to represent the corresponding bundles pulled back
from M for notational convenience, and we will use such convention in Steps 3,4,5 below.)

Proof. Tt follows from the definition of pull back in A, [t]g), since [Np,] = —[Tx,] =
_[EQ] S KO(CM/Y X EQ) [l

Step 3. Let 3 : Chryy Xm Eo — DV be the quotient map. Since
5t (D) = Qi dimy) (Caryy Xar Eo)
induces an isomorphism, there exists v € Q. (g,) (DVir) such that 73~y = 8. We claim that
v = Tdg " (~[Eo])[D™] € Qui() (D)
Proof. Since 7} induces an isomorphism, it suffices to prove
3 (Tdy ™ (~[Eo])[D*]) = 6.
In fact, we have [Ng,] = —[Ty] € K°(Chr/y X Ep) by the definition of D¥'*. Therefore
73 (Td; (= [Eo)[D™]) = Td;  (~[Ty))Td; * (~ [Eo))m3 D] = 5. 0
Step 4. Pushing forward along the embedding i : DV'" — Ey, we get
7' (:=iwy) = Tdg  (~[Eo])[DY"] € Quic(z) (E1)-
Step 5. We finish the proof of Theorem 2.2 i.e.,
[M]G" = Tdg ([Er] = [Eo])[M]™ € Qui(ig) k(i) (M)a-
Proof. Let w4 : E1 — M be the projection. It suffices to prove that
w3 (Tdg ' ([En] — [Eo])[M]¥™) ="
Actually we have

T3 (Tdg ' ([Br] = [Eo))[M]Y™) = Tdg ' (= [Ea))Tdg *([En] — [Eo))mi [M]™
= Tdg ' (—[Eo])[D""]. O
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2.3. Chern numbers. The cobordism group 2. (pt) has the structure of a graded ring.
The morphism in Theorem 2] induces an isomorphism between the rings Q. (pt)g and
Q[t]. Hence every class can be expressed in terms of homogeneous polynomials in the
variables t1,...,tg,....

If M is a nonsingular projective scheme, we consider the expression of [M — pt| as
homogeneous polynomials. By pushing forward the fundamental class of M to one point
and formula [2.2)), we get

(2.3) [M — pt] = > ( /[M] cr(—[Twr)))t!,

>k kng=dim(M)

where I = (ni,...,nq,...) and t/ = ¢7*...th¢.... (recall that c; are the Conner—
Floyed Chern class operators. See (ZI)).) Actually, formula (23)) explains the reason that
cobordism classes over one point are governed by Chern numbers.

In general, when M is a projective scheme carrying a perfect obstruction theory, simi-
larly we push forward the virtual cobordism class along the projection wy; : M — pt. By
Theorem 2.2, we have

e (M5 = > (/ (=T D)t
>, kng=vir.dim [M]vir

where I = (n1,...,nq,...) and t/ =¢]*...¢}? . ... This gives the proof of Theorem [0.1]

3. STABLE PAIRS: DESCENDENTS, GENERALIZED DESCENDENTS AND CHERN
CHARACTERS

We use the same notation as in Section 0.3 and 0.4. For notational convenience, some-
times we just write P(X) to denote the moduli space P, (X, f).

3.1. Descendents and generalized descendents. Similar to the descendents defined
in Section 0.3, we define the generalized descendents 7; ;(y) as the following operators

7P (Tx (7) - choyi(F) - choyj(F) N7p( ) + Ho(P(X),Q) — H.(P(X),Q).
Since mp : P(X) x X — P(X) is an l.c.i and proper morphism, we have the Gysin
homomorphism
TP H'(P(X) x X) — H" °(P(X)).

(Actually in our case, the push forward is just given by the Kiinneth decomposition.)
Hence descendents and generalized descendents lie in H*(P(X)), i.e.,

7i(7) = wpi(mx Y - chayi(F)) € H* (P(X)),

7,5 (7) = TP (Tx 7 - chayi(F) - chay(F)) € H*(P(X)).

We show that generalized descendents can be expressed in terms of descendents.

Consider the diagonal embedding 6 : X — X x X. For v € H*(X), the class d.v
has Kiinneth decomposition Zl u; @ v; where u;,v; € H*(X). In other words, let ¢; :
X x X — X be the projection onto the i-th factor (i=1,2), then .y = >, ¢ju; - g3v;.

We look at the space P(X) x X x X. From the two projections p; : P(X) x X x X —
P(X) x X (i=1,2), we obtain two sheaves Fi, Fo on P(X) x X x X by pulling back the
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universal sheaf F via p;. We have the following commutative diagram:

PX)xX —2 5 P(X)x X x X —~— P(X)
(31) Trxl 71'X><Xl

X %, XxX

Lemma 3.1. The following formula holds

7i,i(7) = T (T x (647 - chai(F1) - chay(Fa))
where v € H*(X).
Proof. The strategy here is to use the projection formula. By definition

Tij (V) = T A (A% (cho4i(F1) - chayj(F2)) - mx)
= My (choyi(F1) - choyj(F2) - Aumxy)
= My (choti(F1) - choyj (F2) - 7, x (047))-

Proposition 3.2. With the notation as above, we have

Tk, k2 (FY) = ZTkl (ul) " Tka (vl)

Proof. We have the following commutative diagram

P(X)xX —2 5 P(X)x X x X —2 P(X)x X

.| -

PX)xx X.

Again, we use the projective formula. By the diagram above and Lemma [B.I], we have

Tk1,k2 (7) =T1 *pl*(TG(XX((S*’Y) ’ pIChQJrkl (F) ’ p;Ch2+k2 (F))

= 7Tl*pl*((z PTWTW : Pgw;vi) : pTCh2+7€1 (F) ’ p;Ch2+k2 (F))

3

= Z T1.D1, (PT (77U - choyg, (F)) - p3 (7305 - chayg, (F)))
= (e cha i (B) - pr.p (o - chas ()
= 3 - el () -7 (- i, ()
= 3 ey (F) o i - b, (F)

= ZTkl (ul) * Thko (vl)

This shows that generalized descendents can be written in terms of descendents.
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3.2. Virtual tangent bundle. We study the virtual tangent bundle TV of P, (X, 3).
See [24] for more details. Let

I* = [OP(X)XX — ]

be the universal stable pair on P(X) x X. There is a perfect obstruction theory on P(X)
such that the tangent-obstruction spaces at a pair I®* € P(X) are then given by the
traceless extension groups Ext!(I®,I*)o and Ext?(I®, I®)g, i.e.,

Tpyey = Ext' (1%, 1%)o — Ext?(I°,1°)o.
The element Rrp,RHom(I*,1%)y in the bounded derived category of coherent sheaves

DP(P(X)) represents a class in K°(P(X)) which is denoted by [Rmp,RHom(I®,1%)o].
Then by the description above, we have

(3.2) — T = [By] — [Bo] = [Rrp, RHom(I*, 1*)g] € K°(P(X)).

And clearly by definition

(3.3) [Rrp, RHom(I®,1°)0] = [Rrp, RHom(I*,1°)] — [Rmp,Op(x)x x]-

3.3. Chern characters. Applying the Grothendieck—Riemann—Roch theorem, we show
that the Chern class ¢, (T"") can be expressed in terms of generalized descendents. Then

combining with Proposition [B.2] we finish the proof of Theorem
Equivalently, we prove the following proposition.

Proposition 3.3. The Chern character chy,(=T"™) can be expressed in terms of general-
1zed descendents.

Proof. By (32) and (3.3]), we have
chi(=TV") = chy,([Rrp, RHom(I°,1°)]) — chi([Rp.Op(x)x x))
= Chk([RTrP*(H. ®L (H.)v)]) — Chk([RTrp*Op(X)Xx]).

Here ®% means the tensor product in the derived category.
By applying the Grothendieck—Riemann—Roch formula (see [I]) to the morphism

7p: P(X) x X = P(X),
we get
ch([Rrp, (I* @ (I*)")]) = wp.(ch(I* @ (I*)Y) - Td(rx Tx))
= 7p.(ch(I*) - ch((I*)") - 7x Td(Tx))-
Take the degree k part (k > 0), we see that chy([Rmp, (I* @F (I*)¥)]) can be expressed as

(34) Z Qij - WP*(Chi(F) . Chj (F) . W;(’}/ij)
2i42j+deg(vij)=2k+6
where a;; € Q and 7,;; € H*(X). Similarly, we have
Ch(Rﬂp*Op(X)XX) = Wp*(W;(Td(Tx)).

Note that chy(R7p.Op(x)xx) = 0if k > 0 for dimension reasons. Hence chy,(—T") can
be represented as in ([34) when & > 0. O
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4. COBORDISM INVARIANTS: RATIONALITY AND FUNCTIONAL EQUATION

4.1. Rationality of the partition functions of descendents. The rationality of the
partition functions of descendents was conjectured by Pandharipande-Thomas [25] and
proved for nonsingular toric 3-folds in [21].

Conjecture 4.1 ([28]). The partition function Zé((]_[;nzl 7i,(7;)) is the Laurent expan-
sion of a rational function in q.

Theorem 4.2 ([21]). Conjecture[{-1] is true for all nonsingular projective toric 3-folds.

Actually, a stronger statement is proved in [2I]. They showed that the rationality holds
even for the T-equivariant partition function of descendents, where T is a 3-dimensional
algebraic torus acting on the nonsingular toric 3-fold X (X need not be compact). See
Theorem 1 of [21].

4.2. Proof of Theorem [0.4l We choose the basis v; as in Section 0.2. Then under this
basis, the functions fr(q) (see ([Il)) are just the partition functions of Chern numbers,
i.€.,

fr@)=>chq"
n
where
cl = / e (TV) ey (TVI)2 e (TVEYin T = (i, 19, ... ).
[Pn (X,8)]V1
Hence it is clear that Theorem [0.4]is a consequence of Theorem and Theorem

Remark 4.3. We should mention here that although the virtual Chern numbers can be ex-
pressed in terms of descendent invariants, it is still a mystery why the functional equations
hold. From the point of view of the Gromov—Witten/Pairs correspondence [23] [20], the
partitions function of descendents in Gromov—-Witten theory and stable pairs are related
by the following equation
m m
(0225 (T] 7 () , = (=23 (T[] 7,05))
e P o aw

under the variable change ¢ = —e*. Here the correspondence rule

[I7 00 = 1700
j=1 j=1

is given by a matrix with coefficients in C (see [20] Section 0.3). When the virtual di-
mension d is even, the condition that Z é( ( HT:l i (”yj)) - satisfy the functional equation

f(1/q) = ¢~ %f(q) implies zZ¥ (H;nzl i (w)) € Q((u)), which is not true in general.
aw

When d is odd, even the invariants of primary field insertions do not satisfy our func-

tional equationﬁ Hence properties of normal stable pairs invariants (primary fields and

descendents) may not explain why Conjecture [I3] (2) holds.

5The partition functions of primary fields satisfy the functional equation f(1/q) = (—q)®f(q) by the
GW /Pairs correspondence. The computation in Section 4.4 (b) provides evidence for the functional
equation we conjectured when d is odd.
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4.3. Toric calculation. For a nonsingular toric 3-fold X acted upon by a 3-dimensional
complex torus T, the T-character of the virtual tangent bundle TV'" can be written ex-
plicitly (Theorem 2 of [25]). For convenience, we consider the case that the fixed loci of
the torus action are isolated points on P, (X, 3). Then by [10] we have

0711 — / e (Tvir)il o (Tvir)ig . 'Cn(TVir)i"
[Pn(X,B8)]V

_ Z cp (TVir) i gy (TVIN)iz . .. ¢, (TVIT)in
e(TViI‘)

fixed point Q

Here TV is the T-character of TV"|g (the details of the localization formula of the
virtual class [P, (X, 8)]'"" can be found in Section 4 of [25]). This gives us a concrete
way to compute c. term by term. We will use this method and computer to calculate
a few terms of the series Y. cl¢™ and see how the rational function looks like. We
will also check that these rational functions we obtain satisfy the functional equation we
conjectured. This provides the numerical evidence for Conjecture (.3l

However, it should be mentioned that we get these rational functions experimentally.
Complete proofs of the close formulas have not yet been shown for most cases

4.4. Irreducible curve class. First we give examples when X is a nonsingular projective
3-fold and S is a line.

(a). X =Pt x P2, 3= [P!] x pt. So we have d(= vir.dim) = 2.
(1). 1=(2),
ZCI"~ ) (1+4q+30q + 4¢° —I—q)

(2). I=(0,1),
Zc ~ q) (1+4q+42q + 4¢° —I—q)

Both rational functlons satlsfy the functional equation

f(/q) =q*f(q).

(b). X =P! x P2, B3 = pt x [L], where [L] is a line in P2. Then d = 3.
(1). I=(3),

Z L~ 7) (9 +47q + 73¢% + 550¢° + 73¢* + 47¢° + 9q6).

24
Zc g~ 7‘1)(1 46+ 124 + T4g° + 12¢* + 6¢° +q6).
I

6For the special case when f is a line in the nonsingular toric 3-fold X, we may give the strict proof
as follows. First, we can bound the degree of the denominator and numerator of each partition function
of descendents by the degree one vertex (Section 6.4 of [24] ). Since for fixed X and f, there are only
finite cases of descendent invariants by dimension reasons, the degree of the denominator and numerator
of each partition function of Chern numbers are also bounded. Hence a few terms determine the whole
function.
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(3). 1=(0,0,1),
zj:c{lq” ~ (146—7(1(])5(1 4 5q + 7¢2 + 86¢° + T¢* + 5¢° +q6).
All rational functions satisfy the functional equation

f(/a)=q*f(q).

(c). X =P3, B3 =[L] € P?, where L is a line. Then d = 4.

(1). I=(4),

64
Z clg® ~ a +‘(’J)6 (8 +49q + 12442 4 3¢% + 1040¢* + 3¢° + 124¢° + 49¢"7 + 8q8).
(2). I=(2,1),

n 16(] 2 3
S Ty aF (14 1 91q + 2564 + 129¢

=[]
Q
S~
Q

+2300¢" + 129¢° + 256¢° + 9147 + 14q8).

2q (

I n 2 3
c ~ 49 4 352q + 1132¢° + 1184
> cha L q q q

+10310¢* + 1184¢° + 113245 + 3524 + 49q8).

16
Z g ~ +sz - (3 +19qg 4+ 49¢% — 7¢° + 720¢* — 7¢° + 49¢° + 19¢" + 3q8).
I

(5). 1=(0,0,0 1)

ZI"~ ) (3+32q+92q — 32¢% + 1410¢* — 32¢° + 92¢° + 3247 +3q)
All rational functions satisfy the functional equation
f/a)=a"*f(a).

4.5. More complicated cases. We study examples when § is not irreducible. The
following two cases are typical.

9¢>
2"~ T s g

— 423032¢" + 258841¢% — 63414¢° — 24861¢'° + 10716¢*! — 535¢'2 + 22¢*2 + 27q14).

:N

(27+ 22q—535¢% +10716¢> — 24861¢* — 63414¢° +258841¢°
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(2). I=(2,1),

18q2 (
E I n 2 3 4 5 6

—106672¢" + 64775¢° — 15246¢° — 6321¢'° + 2520¢' — 95¢*2 + 144" + 9q14).

(3). 1=(0,2),

AT TR

— 53788¢" 4 32423¢% — 7323¢° — 3219¢'° 4+ 1182¢" — 25¢'2 + 11¢"3 + 5q14).

1842
> el . S (5 +11q — 25¢% + 1182¢° — 3219¢* — 7323¢° + 3242345

(4). 1=(1,0,1),

18(]2 (
E I n 2 3 4 5 6

— 35504¢" + 21569¢% — 5124¢° — 2077¢'° + 856¢*" — 39¢'? + 4¢*% + 3q14).

(5). 1=(0,0,0,1),

9¢> (

I n 2 3 4 5 6
Cnq" ~ ————=|1+4qg—53q" +488¢” — 935q™ — 2820¢° + 10715
En e T q—53q q q q q

— 17360¢" 4+ 10715¢° — 2820¢° — 935¢'° + 488¢'" — 53¢'% + 44" + q14).

All rational functions satisfy the functional equation

f(/q) =qa*f(q).

(e). X =Pl x P! x P!, B = [P'] x pt x pt + pt x [P}] x pt. Then d = 4.
(1). I=(4),

128
S et~ c (4 +32¢ + 113¢% — 624° + 515¢*
I

(1+q)?®

+3052¢° + 515¢° — 62¢7 + 113¢5 + 32¢° + 4q10).

I n 2 3 4
E Cnd (1 q)g q q q q

+6838¢° + 1529¢° + 10¢" + 224¢% + 59¢° + 7q10).

I n 2 3 4

+ 25444 + 691¢° + 54¢7 + T5¢5 + 18¢° + 2q10).
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(4). I=(1,0,1),

8¢q (

I n 2 3 4
E c ~———= 7462+ 271g" + 68¢° + 2298

. nd 1+ q)F q q q q

195004 + 229845 + 68¢7 + 271¢5 + 62¢° + 7q10).
(5). 1=(0,0,0,1),

8¢q (

I n 2 3 4
+q" ~ ————= 14 8q+67¢° + 32¢° + 540

Encq T q+67q q q

+2288¢° + 540¢° + 3247 + 67¢° + 8¢° + qu).

All rational functions satisfy the functional equation
f/a)=a*f(a).

4.6. Denominators. According to the numerical data above, we also conjecture the fol-
lowing statement about the poles of the rational functions.

Conjecture 4.4. For a nonsingular projective 3-fold X and nonzero 8 € Hy(X,7Z), all
the partition functions of Chern numbers

> end”
n
are the Laurent expansion of rational functions which have the same poles.

Note that similarly as Conjecture (2) (see Remark [L.3]), Conjecture 4 is only
expected to hold for virtual Chern numbers (not for descendents). We still do not know
how to attack these problems from the property of descendents by Theorem New
approaches might be needed.
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