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MEAN VALUE ESTIMATES FOR WEYL SUMS IN TWO
DIMENSIONS

JEAN BOURGAIN AND CIPRIAN DEMETER

ABSTRACT. We use decoupling theory to estimate the number of solutions for quadratic
and cubic Parsell-Vinogradov systems in two dimensions.

1. INTRODUCTION

k(k+3)
2

For k > 2 let M, be the two dimensional manifold in R" =R
Moy ={(t,s,¥(t, ) : (t,5) €[0,1]*}, (1)

where the entries of ¥(¢, s) consist of all the monomials t's’ with 2 <i+ j < k.
For each square R C [0, 1]? and each g : R — C define the extension operator associated
with My,

Eg)g(xl, Ce Ly Ty) = / g(t, s)e(z1t + T95 + x5t* + 145° + w55t + ... )dtds. (2)
R
In particular,

Eg)g(xl, ce,T5) = / g(t, s)e(zit + 195 + x3t* + 1457 + 155t)dtds,
R

Eg’)g(xl, N = / g(t, s)e(wit+zos+wst? +a48% a5t +a6t> +a75° a5t s+ 29t s%)dtds.
R
Here and throughout the rest of the paper we will write
e(z) =™ z € R.

For a positive weight v : R™ — [0, 00) we define

Il = ([ 1£@Po(o)dn) s

Also, for each ball B in R" centered at ¢(B) and with radius R, wp will denote the weight
1
wp(w) = (11 =100

For N > 1 and p > 2, let Dy(N,p) be the smallest constant such that
k k
IEG 29l rwny) < D) Y B 91 )"

AC[0,1)2
1(A)=N—1/k
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for each g : [0,1]* — C and each ball By C R™ with radius N, where the sum is over a
finitely overlapping cover of [0, 1]? with squares A of side length I(A) = N~V

Our main result is the following decoupling theorem for Mo, when k € {2, 3}.
Theorem 1.1. (1) (k=2) For each p > 2 we have
Dy(N,p) Sep N2757, 2 <p <38,
Da(N.p) Sep N H p 2 8.
(2) (k=3) For each2 <p <16
Ds(N,p) Sep N3G72%, 2 < p < 16. (3)

Led by the number theoretical considerations from Section 2 (see also the computation
in Section 6 from [7]), it seems reasonable to conjecture the following result.

Conjecture 1.2. For each k > 2 we have

Di(N.p) ey NEEDT, g <p < MELDERD)

Here N# is the number of squares with side length N~'/* in a finitely overlapping cover

of [0,1]2. Note that we prove this conjecture when k& = 2, but when k = 3, our estimate
at p = 16 falls short of the conjectured p = 20 threshold. The methods in this paper also
prove the above conjecture for 2 < p < k(k+3) —2 when k > 4, conditional to Conjecture
4.2 (see Section 4) which involves purely linear algebra considerations.

For future use, we record the following trivial upper bound that follows from the
Cauchy—Schwartz inequality

Di(N,p) SN0 forp> 1, k> 2, (4)

Theorem 1.1 is part of a program that has been initiated by the authors in [6], where
the sharp decoupling theory has been completed for hyper-surfaces with definite second
fundamental form, and also for the cone. The decoupling theory has since proved to
be a very successful tool for a wide variety of problems in number theory that involve
exponential sums. See [4], [5], [9], [7], [8]. This paper is no exception from the rule.
Theorem 1.1 is in part motivated by its application to Parsell-Vinogradov systems in two
dimensions, as explained in the next section. Perhaps surprisingly, our Fourier analytic
approach eliminates any appeal to number theory.

Our method also allows to replace My with certain perturbed versions, making it
suitable for other potential applications. This perspective of exploiting the decoupling
theory for more exotic manifolds has led to new estimates on the Riemann zeta function
in [4], [9]. See also the second part of Section 2 here for another application.

Theorem 1.1 can be seen as a generalization to two dimensions of our Theorem 1.4
from [7], which addresses the case d = 1 (curves). As a result, the proof here will follow
a strategy similar to the one from [7]. At the heart of the argument lies the interplay
between linear and multilinear decoupling, facilitated by the Bourgain—Guth induction
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on scales. Running this machinery produces two types of contributions, a transverse one
and a non-transverse one. To control the transverse term we need to prove a multilinear
restriction theorem for a specific two dimensional manifold in R™. Defining transversality
in a manner that makes it easy to check and achieve in our application, turns out to
be a rather delicate manner. A novelty in the current setting is that the non-transverse
contribution comes from neighborhoods of zero sets of a polynomial functions Q(¢, s) of
degree greater than one. This forces us to work with a family of multilinear estimates,
rather than just one.

In the attempt to simplify the discussion, we often run non-quantitative arguments that
rely instead on compactness. For example, in line with our previous related papers, we
never care about the exact quantitative dependence on transversality of the bound in the
multilinear restriction inequality. These considerations occupy sections 3, 4 and 5.

The key multi-scale inequality is presented in Section 6. We have decided to present it
in a greater generality, to make it easily available for potential forthcoming applications.

Acknowledgment. We thank Trevor Wooley for a few stimulating discussions and to
Jonathan Bennett for sharing the manuscript 3], which plays a crucial role in the proof of
our Theorem 4.6. We thank the referee for a careful reading of the original manuscript and
for making a few suggestions which led to the simplification of the arguments. The second
author would like to thank Mariusz Mirek and Lillian Pierce for drawing his attention to
the Vinogradov mean value theorem in higher dimensions.

2. NUMBER THEORETICAL CONSEQUENCES
Here we present two applications of Theorem 1.1.

2.1. Parsell-Vinogradov systems. For each integer s > 1, denote by J;22(N) the
number of integral solutions for the following quadratic Parsell-Vinogradov system

X1—|—...—|—XSIXS+1+...—|—X23,

Vit Yo=Y +...+ Yo

XP+.. + X=X +...+ X,

YP+ Y=Y+ Y

lei +...+ XSY; = Xs+1}/;+1 +...+ X231/ésa

with 1 < X;,Y; < N. Note that this system is naturally associated with the manifold
M. By adding four more equations which are cubic in the variables X;,Y; one gets
a system associated with My 3. A similar construction works for all My, & > 2, and
following [12], the corresponding number of solutions is denoted by Js 2.

We will restrict attention to k = 2,3. It was conjectured in [12] (see the top of page
1965) that for s > 1

Js,272<N) Se,s Ne(N2s 4 N48_8), <5>
and
Jo32(N) Ses NE(NZ 4 N720), (6)

Theorem 1.1 in [12] established (5) for s > 15 and (6) for s > 36. Here we will prove
the following two estimates.
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Theorem 2.1. Inequality (5) holds in the whole range s > 1. Inequality (6) holds for
1 <s<8.

Trevor Wooley has pointed out to us that there is an alternative proof for (5) at the
critical exponent s = 5, using the Siegel mass formula. This type of argument does not
work for £ > 3. When k£ > 4, our argument gives the expected estimate for J; ;o when

1 <s< @ — 1, conditional to Conjecture 4.2. This range is rather poor for large
values of k and this did not justify putting any serious effort into proving Conjecture 4.2
for k > 4.

To simplify numerology and notation, we prove the above theorem when k = 2. The
case k = 3 is treated very similarly.

Our approach will in fact prove a much more general result, see Corollary 2.3 below.
We start with the following discrete restriction estimate which follows quite easily from
our Theorem 1.1.

Theorem 2.2. For each 1 < i < N, let t;,s; be two points in (%, %] Then for each
R 2 N? > 1, each ball By with radius R in R®, each a;; € C and each p > 2 we have
] N N

(@ 5 ‘ Z Z ame(xlsi + LL’Qtj + %’38? + $4t? + S(35Sitj)|pdl’1 . dl’5)% 5
R =1 j=1
Ds(N?, p)llai ... ny2), (7)
and the implicit constant does not depend on N, R and a; ;.

Proof Given Bpg, let B be a finitely overlapping cover of B with balls By2. An elemen-
tary computation shows that

Z WBy S WBR; (8)
Bpy2€B
with the implicit constant independent of N, R. Invoking Theorem 1.1 for each By € B,
then summing up and using (8) we obtain

| Ero129M e (Br) S

Dy(N*p)( Y N Eaglsun, )M

Use this inequality with

where B; ; ; is the ball in R? centered at (sl,t ) with radius 7. Then let 7 go to 0.
]

ForNea(Zh 1 <3¢ < N consider some real ngmbers 1—1< XZ-, }7; < i We do not insist
that X;,Y; pe integers. Let Sy = {X1,..., Xy} and Sy = {Y;,...,Yyn}. Foreach s > 1,
denote by Js22(Sx, Sy) the number of solutions of the following system of inequalities

1

|X1+...+XS—(X8+1+...+X28)|SN,
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1
|Y1+---‘|'Y:s_(ys+1+...+y25)|Sﬁa

X7+ 4+ X (X2 4.+ X5 < 1,
Y7+ Y = (Y 4+ Y < L
|X1Y1 +.ooF XsY:s - (Xs—i-lyts-‘rl +...+ X2s}/25)| S 1a
with X, € Sx,Y} € Sy.
Corollary 2.3. For each integer s > 1 and each Sx, Sy as above we have that
Jo22(Sx, Sy) Ses N (N* + N*#78),
where the implicit constant does not depend on Sx, Sy .

Proof Let ¢ : R> — [0, 00) be a positive Schwartz function with positive Fourier transform

satisfying 5(5) > 1 for [£] S 1. Define ¢n(x) = ¢(5). Using the Schwartz decay, (7) with
a; ; = 1 implies that for each s > 1

N

1 1
(|B N on2(Ty, ..., \ZZ@ x15; + Tot; + 1357 +:c4t + x558;t )| *dry .. .dxs)e S

N RS =1 j5=1

Dy(N?,25)N*, (9)
whenever s;,t; € [, ). Apply (9) to s; = XW and t; = 3. Let now
x
ona(Tn, ..., 25) = ¢(]\; N’ , T3, T4, T5).

After making a change of variables and expanding the product, the term

¢N2 Tiyeee s T

Mz

e(r18; + Totj + 357 + x4t§ + x58it;) [P dxy .. . das
Ro

i=1 j=1

can be written as the sum over all X; € Sx,Y; € Sy of
N8 ¢N71(l’1, e ,1'5)6(1’1Z1 + I’QZQ + 1'323 + 1’4Z4 + ZL’5Z5)dZL’1 P d!L’5,
RS

where

Zy=X1+ ... — (Xsg1 + ...+ Xoy),

Zoy =Y + — (Yoq1 + ...+ Ya),
Zo= X+ . +X2(SH X3,
Zi=Y{+. . Y- (Y + ---+Y22;)’
Zs =X1Y1+ ..+ XY, — (X1 Y1 + .-+ XosYoy).
Each such term is equal to
NYG(NZy,NZy, Zs, Za, Zs).

Recall that this is always positive, and in fact greater than N'© at least J~572,2(S %, Sy)
times. Going back to (9), it follows by invoking Theorem 1.1 that

Jo22(Sx, Sy) < Do(N? 25)N+ <.y N(N? 4 NO=8),
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2.2. Perturbed manifolds. Theorem 1.1 with £ = 2 remains true if My is replaced
with
M= {(t,s,U'(t,s5), V(L. 5), U(t, 5))},
assuming the real-valued U* satisfy the non-degeneracy condition
\I]tlt \I]is \Il%s
det \Ilft \Ilgs \Ilt23 <t7 S) % 0.
\I]?t \Ilg’s \Il?s
We refer the reader to [8] for the details on a related scenario. Applying this to
(WH(t, ), U2(t, 5), O(t, ) = (11, 5", £5%)
for t,s ~ 1 we can prove the following result.
Corollary 2.4. The system of inequalities
Xi+... +Xy=X5+... + Xg,
Yi+..  +Yy=Ys+...+Y5
XT+. o+ X - (X +... 4+ Xg)| SN
Y+ Y - (Y YD S NV
IXPY2 + .+ XPYE — (XEY2 + .+ X3YE)| S N,
has O.(N®€) integral solutions X;,Y; ~ N.

To understand the numerology, note that there are ~ N® trivial solutions. The proof
follows considerations similar to those in the previous subsection. See also the proof of
Theorem 2.18 in [6].

3. A BRASCAMP—LIEB INEQUALITY

For 1 < j <m, let V; be n;—dimensional affine subspaces of R" and let [; : R" — V;
be surjective affine transformations. Define the multilinear functional

Mg = [ TL 0@
for f; : V; = C. Each V; will be equipped with the n;—dimensional Lebesgue measure.

We recall the following theorem from [2].

Theorem 3.1. Given a vector p= (p1,... ,pm) with p; > 1, we have that

sup |A(f17 7fm)‘ < 00 (10)

permwy Lz 1fillees

if and only if
- (11)

n:
j=1 Pi



MEAN VALUE ESTIMATES FOR WEYL SUMS 7

and the following transversality condition is satisfied

dim(V) < Z w, for every subspace V- C R". (12)
j=1 J

When all p; are equal to some p, an equivalent way to write (10) is

m 1
“ I(TT521 95 0 L) || s

m 1
ger2(vy)  (ITZ Ngjllzz)™

o0, (13)

where ¢ = 2,5"”“_.
j=1"

We will be interested in the special case when V; are linear subspaces, |; = m; are
orthogonal projections and n; = 2. For future use, we reformulate the theorem in this

case.

Theorem 3.2. The quantity
m S
(T2 (g5 0 7)) 7 [ Lo )

1

su — T
serrvy) (T2 Ngillzaqy)

is finite if and only if

dim(V) < 2i Z dim(7;(V')), for every linear subspace V" C R". (14)
m
j=1
Remark 6.2 will show the relevance of the space L™ from Theorem 3.2.

4. TRANSVERSALITY

For k > 2 recall the definition (1) of the two dimensional manifold Ms in R™ =R
Denote by

k(k+3)
2 .

ni(t,s) = (1,0,...)
na(t,s) = (0,1,...)
the canonical tangent vectors to Moy at (t,s, ¥(t, s)).

In this section we introduce a quantitative form of transversality for My as well as
Conjecture 4.2, which we prove for k = 2, 3. The key result in this section, that we prove
conditional to Conjecture 4.2 is a multilinear Kakeya-type inequality. This will then lead
to the proof of the multilinear restriction Theorem 5.1 in Section 5.

. o k(e+3) . .
Given two vectors vy, v, in R~ 2, define the polynomial function on R?

Quy o (T, 5) = det

Note that its degree is at most 2k — 2. The following lemma will be relevant for our
discussion of the cases k = 2 and k = 3.

nl(t, S) U1 nl(t, S) * Vo
n2(t7 S) " U1 n2(t7 S) * U2

Lemma 4.1. (a) (k =2) There does not exist a three dimensional space V in R® so that
Quvw =0 for each v,w e V.

(b) (k = 3) There does not exist a five dimensional space V in R? so that Q,., = 0 for
each v,w € V.
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Proof We first prove (a). Assume for contradiction such a V' exists. The requirement
Quv,w = 0 means

v + 203t + vss Wy + 2wst + wss| 0 (15)

et | ot 20y +vst Wy + 2w + wat| —

for each t,s. In particular, by taking into account only the coefficients of the terms of
order < 1 we get

V1We — VW1 = 0, (16)
VW5 — V5w + 203w — 209ws = 0, (17)
VsWy — VaWs + 201w4 — 204w, = 0. (18)

Adding these up we get
’Ul(U)Q + ws + 2’(1]4) + Ug(—wl — 211)3 — ’UJ5) + 2’03’(1]2 — 2’U4U)1 + ’05(—’(1]1 + U)Q) = 0.
Since this holds for all v,w € V, this leads to the inclusion
W cvt,
where
Tl(w) = (U)Q —+ Ws -+ 2U)4, —wp — 211)3 — Ws, 2’(1]2, —2’(1]1, —wW1 + wg).
Since 3 = dim(V) > dim(V+) = 2, by the Rank-Nullity Theorem, it follows that the
kernel of 7Ty restricted to V must be nontrivial. But the kernel of 73 on R® is the one
dimensional space spanned by (0,0, 1,1, —2), which forces (0,0, 1,1, —2) € V. Using this
n (15) we find that for each w € V
(t — s)(wy + wy + t(2wz + ws) + s(2wy + ws)) =0,
or
w1 + wy = 2ws3 + ws = 2wy + ws = 0.
This shows that dim (V') < 2, leading to a contradiction.

The proof of (b) is very similar. Assume for contradiction that such a V' exists. The
requirement ), ,, = 0 means
U1 + 2ust 4 U5 + 3vgt? + 2ugst + V952w + 2wst + wss + Swet? + 2wsst + wgs?

det Vg + 2045 + st + 3u78% + vgt? + 2095t Wy + 2wys + wst + 3wrs® + wst? + 2wgst (ng

for each t,s. By taking into account the coefficients of the terms of order < 1 we get
that (16), (17) and (18) continue to hold in this case, too. Moreover, by considering the
coefficients of t* and s* we also get

VgWg — VgWg = 0, (20)
V7Wg9 — VgW7 = 0. (21)
Adding up (16), (17), (18), (20) and (21) we get
TV c V-,

where

Tr(w) = (wa + ws + 2wy, —wy — 2ws — Ws, 2wz, —2wW1, —Wy + Wa, Ws, Wy, —We, —Wr).
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A similar argument as before finishes the proof, once we notice that the kernel of 75 on
R is the one dimensional space spanned by (0,0,1,1,—2,0,0,0,0). [ ]

We will denote by [z] the integer part of . It seems plausible to conjecture the following
extension to higher dimensions.

Conjecture 4.2. Letn = k(k;g) , k > 2. Then there does not ezist a [“51]+1—dimensional

space V' in R"™ such that Q. =0 for each v,w € V.

Given a polynomial function Q(t, s) of any degree deg(Q), denote by ||Q]| the [* norm
of its coefficients.

Definition 4.3. Letn = @ A collection consisting of m > n sets Si,... , S, C [0, 1)

is said to be v—transverse for My, if the following requirement is satisfied:

Foreachlgil#ig...%i[m]ﬂSmwehcwe

inf inf t,s)| > . 22
deg(‘%r“lgjllcfz IS]‘I;lﬁ%ii]-i-l (t,Sl)nesij |Q( 7S>| ZV ( )

Note that transverse sets are not necessarily pairwise disjoint. Requirement (22) says
that [%] +1 points in different sets S; do not come ”close “ to belonging to the zero set of a
polynomial function ) of degree < 2k —2. This is a rather weak form of transversality, but
it is easily seen to have the two attributes that we need. First, large enough collections
of squares will contain a transverse subcollection, as shown in Theorem 4.5. Second,
transverse squares will satisfy the requirement needed for the application of the Brascamp—
Lieb inequality, as shown in the following result.

Proposition 4.4. Assume Conjecture 4.2 holds for some k > 2. Consider m > n points
(t;,s;) € [0,1]* such that the sets S; = {(t;,s;)} are v—transverse for My, for some
v > 0. Then the m planes V;, 1 < j < m spanned by the vectors ni(t;,s;) and ny(t;, s;)
in R™ satisfy requirement (14).

Proof It suffices to check (14) for linear subspaces V' with dimension between one and
n — 1, as the case of dimension zero or n is trivial.

Note that given any nonzero vector v, at least one of v-ny(t,s) =0 and v -na(t,s) =0
represents a nontrivial polynomial function () with degree < 2k —2. The first observation
is that a one dimensional subspace can not be orthogonal to [%] + 1 distinct Vj. If this
were to be the case, the [%] + 1 planes V; would be forced to belong to a hyperplane in
R"™, with normal vector v. But then the [%] +1 corresponding points (¢}, s;) would belong
to both v - ny(t,s) = 0 and v - ny(t,s) = 0, contradicting (22). This observation shows
that (14) is satisfied if dim(V) < [251], as dim(7;(V)) > 1 for at least m — [2Z] > mn=l)

2 — n
values of j.
Consider now the case of V' with ["T_l} +1 <dim(V) <n—1. Let V' be an arbitrary
subspace of V' with dim(V’) = ["T_l] + 1 and basis vy, ... SUE T We will argue that
2

there can be at most [2] planes V; with dim(m;(V)) < 1. This immediately implies (14),
as

T ;dim(ﬁj(x/)) > 25 (m— |]) = n—1 = dim(V).
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Assume now for contradiction that dim(r;(V)) < 1 for [2] + 1 values of j, that is to say
1 <j < [2] + 1. Obviously dim(m;(V’)) < 1, too. By the Rank-Nullity Theorem, the
rank of the matrix

nl(tj,sj) U ... nl(tj,sj) 'U[nl]_,’_ll

is at most one. In particular
. m
Quius(tj,55) =0, 1< j < [ﬁ] +1

for each uy,uy € V'. Using Conjecture 4.2, we can pick uj,us € V' so that Qy, 4, is
nontrivial, and this contradicts (22), as deg(Qu, u,) < 2k — 2.
[ ]

A K —square will be a closed square in [0, 1)> with side length % When K = 2! for
[ € N, the collection of all dyadic K —squares will be denoted by Colg. Since Coly is
finite, the various constants throughout the rest of the argument can be made uniform
over the choice of squares.

The relevance of the following simple result will be clear in the proof of Proposition
8.3.

Theorem 4.5. There exists A = A, > 0 such that for each K > 1 there ewists v =
Vi > 0 so that any AK or more squares in Coly are vg—transverse for Myy.

Proof Let d > 1. By the main theorem in [13] it follows that the 12—neighborhood in
[0, 1] of the zero set of any polynomial of degree < d in two variables will intersect at
most CyK squares in Colg. The quantity

VK = min inf  max inf |Q(¢,s)]
ColCColg  deg(Q)<2k-2, RECol (t,5)€ R
|Col|>(Cap_z+1)K Q=1

is easily seen to be positive, via a compactness argument. We can take Ay = (Cop_o + 1)
[ ]

For £k > 2 let n = @ and A = Aj,. Let Cx = Cgy denote the collection of all
AK—tuples (Vi,...,Vak) of planes spanned by the vectors ny(t;,s;), na(t;,s;) in R”
with (¢;, s;) arbitrary points belonging to distinct squares' R; € Colk.

Given R € Colg, the collection Tr(0) consists of the § neighborhoods 7' of planes
parallel to the plane spanned by nq(t, s), na(t, s), for some arbitrary (¢, s) € R.

We can now prove the following multilinear Kakeya-type inequality.

Theorem 4.6. Assume Conjecture 4.2 holds for some k > 2. Then there exists a constant
O < oo depending on K so that for each 0 < 6 < 1, for each pairwise distinct R; € Colk
and for each finite subsets Tg (0) C Tr,(5) we have

AK AK

ITTC D 1) N erney Se Ok (T[T, (D).

j=1 T€T} (3) j=1

LA point can of course belong to as many as four squares. We only ask for the existence of a choice of
distinct squares to which the points belong
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Proof The proof will rely on a few well-known observations, as well as on a recent result
from [3]. The Grassmannian Gr(2,R") is the collection of all (two dimensional) planes
containing the origin in R™. It is a compact metric space when equipped with the metric

darern) (X, Y) = ||Px — Py,
where Py, Py are the associated projections, and their difference is measured in the op-
erator norm. Consider the function
F:Gr(2,RMHM — C
defined by
AK 1
(T2 (g5 © 7)) 5% || 1 ey
A o

g; €L2(V)) (Hji{l ||9jHL2(Vj))AK

Theorems 3.2 and 4.5 combined with Proposition 4.4 show that F(Vi,...,Vag) < 00
if (Vl, - ,VAK) € Ck.

Theorem 1.2 in (3] proves that if FI(Vi,...,Vig) < oo then there exist Oy,
and vy, ... v,x) S0 that the inequality

F(Wi,...,Vak) =

yeee 7VAK) <0

AK AK
ITTCY S )™ iy Se O v (LT ITF @)D
J=1 TeT/(5) j=1
holds for each finite collections 7/(d) consisting of d neighborhoods of planes V}, so
that, up to translation, (V/,... , Vi) is within distance vy, . v,,) from (Vi,... ,Vak) in
Gr(2,R").

It is rather immediate that Cx is closed in Gr(2,R")*X (each square R € Colg is
closed), hence compact. The previous observation produces an open cover of Cx, which
will necessarily contain a finite subcover. The theorem now follows.

[ ]

5. THE MULTILINEAR RESTRICTION THEOREM

Recall the manifold My from (1). For each S C [0,1]* and each 0 < 6 < 1, let
Nss = Nj.ss be the 6—neighborhood of

Mk,S = {(t, S, \If<t, S)) S M27k : (t, S) € S}

The key result recorded in this section is the multilinear restriction Theorem 5.1. This
is a close relative of the multilinear restriction theorem of Bennett, Carbery and Tao [1],
which has been recently generalized in [3] by Bennett, Bez, Flock and Lee. Recall the
definition of A = A, from Theorem 4.5.

Theorem 5.1. Assume Conjecture 4.2 holds for some k > 2. Then, for each pairwise
distinct squares Ry, ... , Ryx € Colk, each f; :NRJ_% — C, each € > 0 and each ball By

k(k+3)

m R*"=R™ =2 with radius N > 1 we have

1

)) AK (23)

AK X AK
=L e—n=2
I 53 o) Sere N7 (] ] 13l e,

j=1 7j=1

2~
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The implicit constant in (23) will depend on € and on the quantity ©x from Theorem
4.6. The derivation of this theorem from the related multilinear Kakeya-type inequality
follows the argument from [1], [3]. We omit the details and refer the interested reader to
these papers.

6. THE MAIN INEQUALITY

In this section we present the key result to our induction on scales-based approach,
Proposition 6.5. To make this strategy easily accessible for future applications, we chose
to present it in a greater generality, allowing for arbitrary manifolds of arbitrary dimension
d. Our approach is somewhat abstract. There will be no explicit mention or use of
transversality, but this will be implicitly contained in Assumption 6.1.

Let M be a manifold in R™ which is the graph (u, ¥(u)) of a C* function ¥ : [0, 1]¢
R"=?. For each S C [0,1]¢ and each § > 0, let Ns;s be the §—neighborhood of

Mg = {(u,V(u)): ueS}

Define also the extension operator associated with M
Esg(x) = /g(u)e(u 2+ U (u) - Z)du, x = (2%,2) € R? x R"™.
s

Throughout the remainder of the section we fix M, as well as the positive integer
m > 1, the d dimensional squares Ry, ..., R, C [0,1]¢ and the real number r > 2, and
we assume that the following holds.

Assumption 6.1. For each f; supported on ./\/'Rj%, each € > 0 and each ball By in R"
with radius N > 1 we have

I 77 ey < DEONTZ (T £l 2w

j=1 Jj=1
with I'(e) = T'(Ry, ..., R, €) depending on € but not on N, By and f;.
Remark 6.2. [t is rather immediate that

N o 1 1
I T 57 ey < (T 1Fillzoe @)™ S N H 1fill 2o, 1))
j=1

"N

N (24)

L
1N

Thus, if (24) holds, then in fact

m
_n—d 1
I /) £ le(sy) Srow N° H||fj||L2 _L)"‘
7j=1

"N

holds for each p > r.

It is worth observing that (24) can not hold for r < 27" . Indeed, use f] = ¢r,, where ¢,
is a single wave-packet. We can arrange for the intersection of the plates T; to contain a
ball of radius ~ N2. Then (24) yields

N2r Sreo NE__(N%Nn_d)1/2,

which amounts to r > 27".
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Typically, (24) can be ensured to be true under appropriate transversality requirements
for the sets R;. These requirements are fairly easy to state whend =n—1 andd =1, and
have led to multilinear theorems in [1] and [7], forr = 2. In Section 5 we proved a similar
result when d = 2, namely Theorem 5.1, for the particular manifold Moy, k = 2,3.

We will now derive various consequences of Assumption 6.1. It is important to realize
that all implicit constants will depend on I'(¢). We start with the following reformulation,
which we will prefer in our applications.

Theorem 6.3. If Assumption 6.1 holds true, then for each g; : R; — C, each ball
By C R™ with radius N > 1 and each € > 0 we have

- 1 € s L
1T Er 957 iy Srco N T N9l 220m,)

j=1
To see that Assumption 6.1 implies Theorem 6.3, choose a positive Schwartz function
n on R™ such that

1
1oy <7, and supp 7 C B(0, 100)
and let
x — c(By)
o () = (TSP, (25)

Then, for g; as in Theorem 6.3,

m i m N
I Er,9)7 ) < I H ((Er,9;)n8y))™

j=1 j=1

LT(BN)

It suffices to note that the Fourier transform of (Eg,g;)np, is supported in N, Ry L and
that its L? norm is O(N_nTﬂngng).

We have the following consequence of Theorem 6.3.

Corollary 6.4. If Assumption 6.1 holds true, then for each r < p < oo, € > 0, each ball
By C R™ with radius N > 1 and g; : R; — C we have

1 r(n d)6 1
H Z \EAgi\2)2m||Lp(wBN)§r(s) +H Z ||EAgi||2Lsz( ))2’”-

WB N
l(A) N—1/2 = l(A) N—1/2 (26)

Proof Consider the function 7, introduced earlier. Note that for each 7 the functions
((Eagi)nBy)a are almost orthogonal in the L? sense. Combining this with Assumption
6.1 we get the following local inequality

m " nea m o
I T 1B gD ™ lerwny) Sro N2 (T D0 1Bagilliap,,) ™

i=1 =1 ayon—1/2

A randomization argument further leads to the inequality

1 gt 1
I |Eagil®) 2 | e wpy) Sreo + 1Bagill T2 )2
N

=1 Ay on—1/2 =1 Ay on—1/2
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It now suffices to interpolate this with the trivial inequality

1 1
IQL > 1BagiP) ™ llcwny < T D 1Bagill e, )™

=1 1(A)=N—1/2 =1 1(A)=N—1/2

We refer the reader to [6] for how this type of interpolation is performed. [ ]

For p > r define «, such that

r 1=k, K
» 2 p
in other words,
_b—r
Kp = P
As observed earlier, the case r = 27” is an endpoint, so it will naturally produce the

strongest applications. In this case, we get the following key inequality.

Proposition 6.5. If Assumption 6.1 holds true with

2n

E

then for each ball Br in R" with radius R > N > 1, p>r, e >0, k, <k <1 and
gi : R; — C we have

r =

T > [Eal)e

=1 y=n-1/2

NEH(H Z |Eagil®) 27” L(wB H Z ||ETgi||2LP(wBR))%'

=1 a)=n—1 =1, —n—1/2

LP(wpy) ST

Remark 6.6. A simple computation using g; = 1,,, with 7; an arbitrary d dimensional
square with (1) = N~Y2, shows that the inequality is false for k < k,. This is the main
restriction that prevents us from getting a better range in Theorem 1.1, as will become
apparent throughout the computations done in the last section of the paper.

Proof The inequality is immediate for Kk = 1 via a combination of Hélder’s and Minkowski’s
inequalities. It thus suffices to prove it for kK = k.
Let B be an arbitrary ball of radius N in R™. We start by recalling that (26) on B

gives

i 1 (n 4 4 e 1
T S0 B0 lwsws) Sra N7 7 H 3 ||Efgz||L2p/r(wB>m.(
2

=1 _N—1/2 =1 n—1/2 7)

Write using Holder’s inequality

1 1—rp £p
C > Bl Torwn)? <C D MBgilTown) = € D 1EegillEogun) 2(- |
28

I(r)=N—1/2 I(r)=N—1/2 I(r)=N—1/2
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The key element in our argument is the almost orthogonality specific to L%, which will
allow us to pass from scale N~Y2 to scale N~'. Indeed, since (Eagi)wp are almost
orthogonal for [(A) = N™!, we have

C > Bl o) S C D 1EagillFows)” (29)
I(r)=N—1/2 1(A)=N—1

We can now rely on the fact that |Eag;| is essentially constant on balls B’ of radius N to
argue that

1 1
(Y MEagilliem)? ~ B2 ) [Bagi(@)]*)?, forz € B

(A)=N—1 (A)=N—1

and thus

- L i 1 - L
II X 1BagilZwe) > SIBEFIAL D 1Eagl) o llisws.  (30)

i=1 i=1

(A)=N—1 I(A)=N—1
Combining (27), (28), (29), (30) with the fact that
1 1.r—2 n—d 2n
- - h -
n(2 p)p—2 r T when r = —,
we get
1
H > B | rtws) Srew
L yrn=n—1/2
€ 1—kyp kp
Ne|( H S 1BaaP e TT D0 1Bl ) >
=1 jay=n-1 =1y y=n-1/2

Summing this up over a finitely overlapping family of balls B C Bpg of radius IV, we get
the desired inequality, upon invoking the inequalities of Holder and Minkowski. [ ]

We close this section with specializing the result of Proposition 6.5 to the manifold
M = My . Recall the notation for the extension operator EW®) defined by Mo .
Corollary 6.7. Assume Conjecture 4.2 holds for some k > 2 and let n = k(k;g). Then
for each K > 2, p > n and € > 0 there exists a constant C, i . such that for each pairwise
distinct squares Ry, ..., Ryag € Colg, each ball Bg in R™ with radius R > N > 1 and
each g; : R; — C we have

1
H > IE® ) | g, <

z(T) N—1/2
AK
1 rp
Cprc.eN°I( H > 1B g 2AK||LPH£B (AT Yo 1ERgiliegun,) <,
=1 ya)=n—1 =1 =n-1/2
where
p—n
l{p =
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Proof Theorem 5.1 shows that Assumption 6.1 is satisfied with M = My, m = KA and
r = n, for each pairwise distinct squares Ry,..., Ryx € Colg. Moreover, the constant
['(€) in (24) will depend on K. |

7. RESCALING

A crucial feature of our argument is the fact that the manifold My has a certain

invariance under rescaling. Recall the definition (2) of the extension operator E®*) defined
by the manifold My .
Assume R = [a,a + 6] x [b,b+ 6]. The affine change of variables

(t,s)€R|—>(t',s'):n(t,s):(t;a,sgb)

€ [0,1]?
shows that
k ab/~
B g(2)| = 0% By 2™"(3)]

where

g*P (', s") = g(8t' +a, 85 +b),
and the relation between = = (z1,... ,x,) and T = (Z1,... ,T,) is

71 = 0(r1 + 2ax3 + brs + ... ),

i’2:5($2+2b$4+a$5+...),

Ty =0%(x3+...), Ta=0(xa+ ... ), Tn=0"(zpn+...).

One of the key applications of this invariance is given by the following result.

Proposition 7.1. For each p > 1, each square R = [a,a + 6] X [b,b+ ] with side length

k(k+3)

d=N7 p< % and each ball By in R®" =R 2 we have
k _
1B gl o) S DR p) D0 R gl ) (31)
ACR
(A)=N—1/k

Proof It suffices to prove that

k _
1B gl S DN 00 % NER 1 )

ACR
(A)=N—1/k

where the left hand side has no weight. Note that Z is the image of x under a shear
transformation S. Call Cy = S(By) the image of the ball By under this transformation.
This is essentially a

ON x 6N x 6°N x ... x 6* N — cylinder.

Cover C'y with a family F of balls By with O(1) overlap, so that
Loy (2) S (Y wp, )(S7) Swpy(x), xR (32)
ngNe}—

After a change of variables, write

k(k+1)(k+2)

k 2—
1EY gllio(By) = 0 1B 129" | Lo -
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The right hand side is bounded by

g k(kt1)(k+2)

(> B s, )P <

ngNe}—
g klkt1)(kt2) 1—k (k) _abyp 1/p
o DN p)( ) ) 1B 9 i )P =
By EF 1 o
s* NS (RY=5-1N"F
2— M 1— kp (k) _abp 1/p
DN B s, )
I(R)=5—1N"%

Changing back to the original variables and using (32), we can dominate the above by

DN p) (Y |IER gllewB )2,

ACR
(A)=N—1/k

as desired. -

The proof shows why one can not replace [(A) = N~'/* with anything smaller in (31).
The other application of rescaling will appear in the proof of Proposition 8.4.

8. LINEAR VERSUS MULTILINEAR DECOUPLING

Various implicit constants will be allowed to depend on the parameter k, but we will
not record this dependence.

For 2 <p < oo and N > 1, recall that D(N,p) is the smallest constant such that the
decoupling

k
|Egipdllrws,) < DENp) (D 1B 9N, )"
(A)=N-1/k

holds true for all g : [0,1]> — C and all balls By of radius N in R* =R

We now introduce a family of multilinear versions of Dy (N, p). Recall the definition of
A = Ay, from Theorem 4.5. Given N > K > 1, let Dy (N, p) be the smallest constant
such that the inequality

1
|HHER 91l 7% | r(wny) < Diic(N H Z 1ES Gill s ) T

i=1 = 1l(A —1/k

k(k+3)
2 .

holds true for all distinct squares Ry,...,Rax € COlK, all g; : R; — C and all balls
By C R™ with radius N.

Theorem 4.5 shows that for fixed K, any distinct squares Rq,...,Rax € Colg are
transverse for Mo, in a uniform way. It is thus expected that Dy (N, p) will be easier
to control than Dy(N,p). And indeed, as will be seen in the proof of Corollary 8.5, the
expected bound for Dy (N, p) in the range 2 < p < n is an immediate consequence of
the multilinear Theorem 5.1.

Hoélder’s inequality shows that Dy (N, p) < Dg(N,p). The rest of the section will be
devoted to proving some sort of reverse inequality. This will follow from a variant of the
Bourgain—Guth induction on scales in [10]. More precisely, we prove the following result.
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Theorem 8.1. For each K > 2 and p > 2 there exists Qg ,, > 0 and S(K,p) > 0 with
lim B(K,p) =0, for each p,
K—o0

such that for each N > K

2 l_l 201_1
< NPEPIRGT + Queplogye N max | ()02 Dex(Mp)| - (39)

and ,

Dy, (M, p) Sex MFGTHT
Thus, if the second inequality holds, then the first one will hold, too, by invoking (33) and
choosing K large enough so that 5(K, p) is as small as desired. This relationship between
Dy(N,p) and Dy x(N,p) will be exploited in Section 9, via a delicate bootstrapping
argument.

The first step in the proof of Theorem 8.1 is the following “trivial” decoupling from [8],
that we will use to bound the non transverse contribution in the Bourgain—Guth induction
on scales. For completeness, we reproduce the proof from [§].

Lemma 8.2. Let Ry, ..., Ry be pairwise disjoint squares in [0, 1]* with side length K.
Then for each 2 < p < 00

k
HZER 9l Lrtun,) Sp M ZHEﬁz 9%, )7

Proof The key observation is the fact that if f,..., fyr : R — C are such that j?z is
supported on a ball B; and the dilated balls (2B;)M, are pairwise disjoint, then

1ot o+ Furllzoey Sp MY lelelm )7 (34)

In fact more is true. If T} is a smooth Fourier multlpher adapted to 2B; and equal to 1
on B;, then the inequality

1

I3 (f2) + - o+ Tar(far) lpoemy Sp M7 Z||fz||Lp Rn))?

'G

for arbitrary f; € LP(R™) follows by interpolating the 1mmed1ate L? and L™ estimates.
Inequality (34) is the best one can say in general, if no further assumption is made on the

Fourier supports of f;. Indeed, if ]?Z = 1p, with B; equidistant balls of radius one with
collinear centers, then the reverse inequality will hold.
Let now np, be as in (25). It suffices to note that the Fourier supports of the functions

fi = nBy Eg? ¢ have bounded overlap. u

The key step in proving Theorem 8.1 is the following inequality.
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Proposition 8.3. For 2 < p < co and K > 2 there is a constant C, independent of K
so that for each g : [0,1]> = C and N > K > 1 we have

||E ngLp(wBN) <

" Y B 9Ny + Co B P Di (Nl > 1B
ReColg AeCol
N

E

The exponent 10AKp in K%M is not important and could easily be improved, but the
exponent p — 2 in K2 is sharp and will play a critical role in the rest of the argument.

Proof Following the standard formalism from [10], we may assume that |E}(%k)g(a7)| is
essentially constant on each ball By of radius K, and we will denote by cg 4(Bgk) this
value. Write for each z

[0 1]29 Z ER g (35)
ReColg

Fix Bg. Let R* € Colg be a square which maximizes the value of cg 4(Bg). Let Colj
be those squares R € Colg such that

CR,g(BK> Z K_2CR*79(BK).
We distinguish two cases.
First, if Col}, contains at least AK squares Ri,. .., Rax, using (35) and the triangle

inequality we can write
AK

EW 90| < K*([] es(Bx)) %, € By

=1

Otherwise, if Colp, contains at most AK squares, we can write using the triangle
inequality

|E01]29( z)| < 2cpe4( Z EWg(z)|, =€ Byg.

RGCOI*
Next, invoking Lemma 8.2 we get

_2
1B 20l e wn,) Sp 1ER gl otws,) + (AK) 72 (> || EY I )7 <
RECO]}}

_2
S KO IER gl )Y

ReColg
To summarize, in either case we can write

k
EG 20l oo, ) S

AK
E) [\ -2
Kt max (L IER D5 v, + K770 D0 1ER 0l )7 <
R i=1 ReColg
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_2
(> | H\ER Iy, )7+ KON NER 9l )

Ri,...,RAK =1 ReColg
Raising to the power p and summing over By in a finitely overlapping cover of By, leads
to the desired conclusion. [ ]

Using rescaling as in the proof of Proposition 7.1, the result in Proposition 8.3 leads to
the following general result.

Proposition 8.4. Let R C [0,1]? be a square with side length 5. Then for each 2 < p <
00,g:R—=C, K>1and N > 6§ *K we have

k
1ER 91 ) <

_ k k
7 S ER g 0+ G M D (N8 0 S BRI,

R'CR ACR
R’€Col g AgCol |
3 NE

where Cy, 1s the constant from Proposition 8.5.

We are now in position to prove Theorem 8.1. By iterating Proposition 8.4 [ times we
get

k) _
(L (e ‘e L SN 125 ]
ReColgn
-1
+C, KM N B g||Lp(wB > (CLKPY Dy x(NK™H p)P.

AECOINl/k 7=0
Applying this with n such that K' = N% we get
||E[071}29||Lp(w3 ) S

N ONEET S B gl g, )+
AECOINl/k

kj
NK~ J) (1

Bl
m\»—t

P

CmeKAZ )DkK(NK kj )( Z ||E QHLP(wB )l/p‘
AeCol, 1y

The proof of Theorem 8.1 is now complete, by taking
1
B(Kap) = %logK CP
and

1
Quep = 2 CpPETE

Let us now see a rather immediate application of the technology we have developed so
far. Recall that n = (k; 3)
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Corollary 8.5. If Conjecture 4.2 holds true for some k > 2 then

D(N,p) Se N¥GT3)e (36)
for each 2 < p <mn.

Proof Using Theorem 5.1 and the fact that ng)gi is essentially constant on By, we
easily get that

AK AK
T ER 997 ety Sere N0 S0 1B gl ) ™)
=1 =1 Z(A):N*I

holds true for all pairwise distinct R; € Colg, each g; : R; — C and all balls By or
radius N in R™. This is a multilinear decoupling into smaller squares with I[(A) ~ N~1.
Interpolating with the trivial L? result we get

AK AK

k L 1_1y4, k 1
I B 907 gy Serco N2 IIC D0 1BL il ) 7) 7
i=1 i=1 |(A)=N-1

for each 2 < p <n.
By summing up over balls By we also get the inequality

AK AK

k 1 1_ 1y, k 1
ITT B 95 v ) Serep NCTVITC D00 1B 0l )7
i=1 i=1 [(A)=N-1

for each ball By with radius N*. This can be read as Dy x (M, p) Scx,p MFGE=p)F for
M > K. The result now follows from Theorem 8.1. [ |

9. THE PROOF OF THEOREM 1.1

In this section we finish the proof of Theorem 1.1. In fact we will prove the following
more general result.

Theorem 9.1. If Conjecture 4.2 holds true for some k > 2 then

D(N,p) Se N¥G3)*e (37)
for each 2 <p < k(k+3) —2.

Recall that we have verified Conjecture 4.2 for k = 2,3 in Section 4. In particular,
Theorem 1.1 will follow.

For the rest of this section fix k > 2. Let Ry, ..., Rax be arbitrary distinct squares in
Colgk. Here and in the following,
p—n k(k+3)
Kp = n=——=.

p—2’ 2
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Corollary 6.7 and the Hoélder inequality imply that for each ¢; : R; — C, each [ > 2
and each k, <k <1 we have

AK
_r_(L_1y,.
H(H Z |E7('k)gi|2)ﬁ||Lp(wBN) < CP,K,ENZZ71(2 p)+ X

=1y m=n-2-1

H o 1B g, H Yo IEWG g, ) (38)

L ay=n—2-t+1 L my=n—2-1

The value k = k), suffices for proving (37) at the endpoint p = k(k + 3) — 2, while use
of Kk > k, will be made in order to prove (37) for 2 < p < k(k + 3) — 2. While the
conjectured values of Dy (N, p) exhibit an affine dependence on %, we are not aware of any
interpolation argument when k > 3, that recovers (37) for 2 < p < k(k + 3) — 2, from the
correct estimates for Dy (N, 2) and Dy (N, k(k + 3) — 2). This is because we decompose
into curved regions that, when k& > 3, are no longer straight tubes. There is however an
interpolation available for k = 2, see for example [6].

We will find useful the following immediate consequence of the Cauchy—-Schwartz in-
equality. While the exponent 27% in N2 " can be improved by making use of transversality,
the following trivial estimate will suffice for our purposes.

Lemma 9.2. Consider AK squares Ry, ..., Ry € Coli. Assume g; is supported on R;.
Then for 1 < p < oo and s > 2

1
H ST B GDE a.

Lig=n—2-2

AK
k L s
T 1R 9:) 5% | Lous, ) < N*

i=1

Proof [of Theorem 9.1]

Fix k > 2 so that Conjecture 4.2 holds true. Because of (36), we can restrict attention
ton <p<k(k+3)—2.

Fix e > 0, K > 2, to be chosen later.

Let Ry, ..., Ryx € Colg be arbitrary squares and assume g; is supported on R;. Define
m to be the smallest integer so that 27 < %

Start with Lemma 9.2, continue with iterating (38) s — m + 1 times, and invoke (31)
at each step to write for each p > n and each x, <k <1

1
H Y. B AE |rug,) <

Lyrg=n-272

HIER gD % [[o(my) < N*°

N2 (C e N H N T G5 o

l=m

(k) ' 1 H)s m—+1
H S EYg T

l()N21m
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1
AK s AK

ITIIC > 1B, )

i=1 |l=m (ry=N—2""

AK
- €)s—m k) 1-(-m)s=mHl
SN (Coee NPT Y IES Gl ) X

i=1 (A)=N—1/k

s 1 1 M o
NG EESRS— o ||( H > IBRg)me|g T x
Lymy=n—2t-m

m

Dk(Nl—k2*5’p)nDk(Nl—IQ*s“’p)ﬁ(l—n) . Dk(Nl—szm’p)n(l—n)S*
Note that the inequality

k 1
IC D> 1B a2 ey S NOOC Y0 1EL gl )

1(a)y=N—21"m 1(a)y=N—1/k

(39)

is a consequence of Minkowski’s inequality and standard truncation arguments. The
precise value of the exponent is not relevant, all that matters is that it is O,(1). Applying
Holder’s inequality leads to

AK AK
k _1 1
ITIC Y 1B e 2% sy < N> 3 1BL 6l 0y )™

=1 Z(A):Nleim =1 l(A):Nfl/k

Using this and maximizing over all choices of R;, (39) has the following consequence,
forall N > K

17[2(17:1)]577”+1

Dy (N, p) < (Cp,K,eNE)S_lNTSN2H”(%_%)W><

Dk(Nl—k2*S’p)chk(Nl—IQ*S“’p)li(l—li) . Dk(Nl—krm’p)n(l—n)S*mNop((l—n)s).
(40)
Let 7y, be the unique positive number such that
]\}I_I;I;OW —0, fOI' each5 >0
and
Dy(N
lim sup 16(7_’6]9) = 00, for each 6 > 0. (41)

N—oo N

The existence of such +, is guaranteed by (4). By using the fact that Dy(N,p) S5 N»*0
n (40), it follows that for each §,e > 0 and K,s > 2
Dk,K(N7 p)

h]{[nj;p N < 00 (42)
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where

1— (1 _ K)s—m+1 B k2—sl _ [2(1 _ K,)]s—m+1

Vp,b,s,.6,k — 6(3 - 1) +27° + Ii(”)/p + 5)( - 2 — 1

1 1.1—[2(1—g)sm*t
oL _ L= (1= )
2 p 2k — 1

Recall that our goal is to prove that for each n < p < k(k+3) — 2

( )- (44)

+ O0,((1 — K)%). (43)

T <

o
N | —
=

Assume for contradiction that this is not true, for some p. Then, for k larger than but
close enough to % we have

22k—1 1 1
> — - — —). 45
> e 5= ) (45)
Note that (42) holds for this k, as k, < % < k. A simple computation using that

2(1 — k) < 1 and (45) shows that for s large enough and for €, § small enough we have

Vp,5,s,e.6 < Vp- (46>
This follows by noticing that (43) implies

28(/7]),5,8,6,/{ - 7;1)) = 06,6,8(1) +1+

Fix such €, 4, s, k.
Now, (33) shows that for N > K

(47)

We argue that v, 55.ex < %(% — %) If this were not true, we could choose K large enough
so that
2.1 1
K 22 _ 2
BK,p)+ (3 p
Combining this with (42) and (47) leads to
Dk(N, p) < (QKJ, lOgK N + 1).]\7%”5’3’6”i .

This of course contradicts (46) and (41).

Using now that v, < 2(5 — %) together with (42), we can rewrite (47) as follows

) S Vp,8,s.€,K

1

Dk(N,p) < NB(K,I?)‘F%(%—%) + QK,p logK NN%(%_E)

By choosing K as large as needed and using the definition of +,, this forces v, < %(% — %)

contradicting our original assumption that (44) is false. |

Y
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