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MATRIX WEIGHTED NORM INEQUALITIES FOR
COMMUTATORS AND PARAPRODUCTS WITH
MATRIX SYMBOLS

JOSHUA ISRALOWITZ, HYUN KYOUNG KWON, AND SANDRA POTT

ABSTRACT. Let B be a locally integrable matrix function, W a
matrix A, weight with 1 < p < oo, and T be any of the Riesz
transforms. We will characterize the boundedness of the commu-
tator [T, B] on LP(W) in terms of the membership of B in a natural
matrix weighted BMO space. To do this, we will characterize the
boundedness of dyadic paraproducts on LP(WW) via a new matrix
weighted Carleson embedding theorem. Finally, we will use some of
the ideas from these proofs to (among other things) obtain quanti-
tative weighted norm inequalities for these operators and also use
them to prove sharp L? bounds for the Christ/Goldberg matrix
weighted maximal function associated with matrix Ao weights.

1. INTRODUCTION

1.1. Motivation. The L” boundedness of commutators between func-
tions and Calderén-Zygmund operators (or CZOs for short) is a clas-
sical subject that was first studied in [9] and has numerous applica-
tions to PDEs, operator theory, and complex analysis (see [9,132] for
a small sampling of these applications). Although numerous authors
have subsequently used or extended the boundedness results in [9], and
although weighted norm inequalities for CZOs have been extensively
studied for the past 40 years or so (starting with the seminal work
[16]), less attention has been paid towards weighted norm inequalities
for commutators. It is well known, however, that the commutator [T, b]
is bounded on LP(w) (where T" is a CZO and w is an A, weight) if b
is in the classical John-Nirenberg BMO space. Furthermore, it is well
known that the boundedness of [T',b] on LP(w) implies that b € BMO
when T is one of the Riesz transforms (see [1L[6] for example. Also see
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the interesting preprints [14[15] for a modern discussion and extensions
of the results in []).

On the other hand, it is well known that proving matrix weighted
norm inequalities for even CZOs is a very difficult task, and because
of this, matrix weighted norm inequalities for certain CZOs have only
recently been investigated (see [33,[34] for specific details of these diffi-
culties). In particular, if n and d are natural numbers and if W : R —
M,,(C) is positive definite a. e. (where as usual M,,(C) is the algebra
of n x n matrices with complex scalar entries), then define LP(W) for
1 < p < 0o to be the space of measurable functions f : R — C™ where

1 = /\W V@) de < .

It was proved by F. Nazarov and S. Treil, M. Goldberg, and A. Volberg,
respectively in [I3,27,34] that certain CZOs acting componentwise on
C" valued functions are bounded on LP(W) when 1 < p < oo if W is a
matrix A, weight, which means that

P
7

1 1 , P
[Wlla, = sup —/(—/HW%(x)W—%(t)np dt) de < 0o
IcRY II\ I II\ I

I is a cube
(1.1)
where p’ is the conjugate exponent of p.

Despite this, virtually nothing has been studied regarding matrix
weighted norm inequalities for operators related to CZOs that them-
selves have matrix kernels (in the case of CZOs) or matrix symbols (in
the case of operators such as commutators, paraproducts, or Haar mul-
tipliers). The purpose of this paper is to initiate such a study, and in
particular, we will characterize matrix weighted norm inequalities for
commutators [T', B] when W is a matrix A, weight, B is a locally inte-
grable matrix function, and 7" is any of the Riesz transforms (see also
the first author’s preprint [19] where the matrix weighted boundedness
of certain matrix kernelled CZOs is investigated).

1.2. Reducing operators. We will need to briefly discuss a very im-
portant reformulation of the matrix A, condition before we state our
main results. Given any norm p on C", the classical “John’s ellipsoid
theorem” (see [7]) says that there exists a reducing operator V' (i.e. a
positive definite n x n matrix V') where

p(€) <|Vel < vnp(€)
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for all € € C". Given a matrix weight W, a cube I, and some 1 <
p < oo, let V; = Vi(W,p) and V] = V/(W,p) be reducing operators
corresponding to the norms

pmm@%z(ﬁlﬁmﬁuﬁVM)%mmpwm@m:(§LAMfawaMM)

on C", respectively. Note that while these reducing operators are not

|~

P

necessarily unique, the precise reducing operator being used will not
be important. It will be important later, however, to notice that by
definition we can take Vi (W' p') = V/(W,p) and V;(W' P p/) =
Vi(W, p).

Using these reducing operators and the equivalence of the canonical
matrix norm and trace norm on M,,(C), we have for a matrix A, weight
W that

1 1 1 _1 ’ ﬁ
[Wils, = M)—/(jMWmmwww@ dr~ swp ViV
; .IcRdb (] Jr \ | Jr . .IcRdb

which also immediately gives us that W is a matrix A, weight if and
only if W' is a matrix A, weight. Furthermore, it is not difficult to
see (using Holder’s inequality and some elementary arguments involv-
ing norms and dual norms, see [13] p. 4) that

Viviel > |é] (1.2)

for any matrix (not necessarily matrix A,) weight W, any cube I, any
1< p<oo,and any € € C".

Also when p = 2, a very simple and direct computation shows that
we may take V; = (m;W)2 and V/ = (m;(W='))2 where m;W is the
average of W on I. In particular, the matrix Ay condition takes on a
particularly simple form that is very similar to the scalar A, condition.
Similarly when W(z) = w(z)ld,«, for a scalar A, weight w we can
take V; = (m]'UJ)%Iann and V} = (m;wl_p/)ﬁldnxn.

Lastly, it will be useful later in the paper to examine the relationship
between V; and V; where [ ,f are cubes with I C [ and comparable
side-lengths. In particular, for any ¢ € C" we have

1 1 1 1
vy~ o [Wi@ar s s o [ W@ ar v 1)

and a similar computation shows that

Viel” < [Viel?



4 JOSHUA ISRALOWITZ, HYUN KYOUNG KWON, AND SANDRA POTT

or equivalently

(Ve S [vy) e
On the other hand, if W is a matrix A, weight then the inequality
above combined with the the A, condition gives us that

Vel S IVIVEIPI(V) el < WL, [(Vi) el < WL, [Veel (1.4)
where the last line follows from (L.2]).

1.3. Notation and main results. Now if 1 < p < co and W is a
matrix A, weight, then let BMOY}, be the space of locally integrable
functions B : R — M,,(C) where

1 1
sup m/IHWp(x)(B(x)—mIB)VI_1||pd:E<oo if2<p< oo

ICR?
I is a cube

]_ 1 ’
Su T / W75 (@) (B (x) = my BY) (V) [P de < oo ¢ if1<p<2.
1

ICR?
I is a cube

Also, given a dyadic grid 2, we will let BMO};V,@ denote the space of
locally integrable n x n functions satisfying the condition above but
where the supremum is taken over all I € &. Note that these two
conditions should be thought of as dual to each other (in a precise sense
that will be explained later in this introduction.) The main result of
this paper is the following

Theorem 1.1. Let 1 < p < oo. If W is a matriz A, weight and T is
any of the Riesz transforms, then [T, B] is bounded on LP(W) if and
only if B € BMOy,.

As is well known, the study of such commutators is often reduced
to the study of paraproducts, and this is the approach we will take for
proving Theorem [[LTl Before we define our paraproducts, let us review
some definitions and notation regarding Haar functions in several vari-
ables. Following the notation in [25], for any dyadic grid in R and any
interval in this grid, let

_1 _1
hy = 1172xa(@),  hp(x) = 1172 (xg, (@) — x1,(2)).

Now given any dyadic grid & in R?, any cube I = I; x - - - x I, and any

e €{0,1}9, let hs = II{_ h5 . It is then easily seen that {h$}reo, -esig,

where Sig, = {0, 1}%\{1} is an orthonormal basis for L2(R%). We will

say hs is “cancellative” if ¢ # 1 since in this case [ hi=0.
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Now given a locally integrable function B : R — M,,(C), define the
dyadic paraproduct mg with respect to a dyadic grid & by

maf =Y > Bi(mif)h; (1.5)
e€Sigy I€

where Bj is the matrix of Haar coefficients of the entries of B with
respect to I and e, and m; f is the vector of averages of the entries of
f. The proof of Theorem [T will be largely based on the following

Theorem 1.2. Let 1 < p < 0o and let P be a dyadic grid. If W is a
matriz A, weight then the paraproduct mp with respect to & is bounded
on LP(W) if and only if B € BMOy, .

Note that the proofs of Theorems [L.I] and actually give us quanti-
tative bounds when p = 2. In particular, we will prove that

1 3 1
175 2wy 20wy S (log [W|a,) 2 [[WIIA, B2 (1.6)

where || B, is the canonical supremum in condition (b) of Theorem
below. Moreover, we will prove that

H[T7 B]HL2(W)—>L2(W) 5 ||QHL2(W)—>L2(W) maX{HWBHL?(W)—w?(W)a H7TB*

3 1
+ WA, log [[W|a, [ BII< } (1.7)

L2(W—1)—L2(W-1)

where T is any of the Riesz transforms and () is a first order Haar
shift (see Section [B.] for the definition.) It would be very interesting
to know if any similar commutator bounds for general scalar CZOs are
true, and this will be explored in a forthcoming paper by the first and
third authors.

Besides being extremely important for proving results regarding com-
mutators (see [141[15,25] for example), note that paraproducts are cen-
tral to the study of CZOs themselves since they allow one to decompose
an arbitrary CZO T as T' = 7y + 7. + R where R is cancellative in
the sense that R1 = R*1 = 0. In fact, the first author in [19] will em-
ploy Theorem [I.2]to prove a T1 theorem regarding the matrix weighted
boundedness of certain matrix kernelled CZOs.

The proof of Theorem [I.2] will easily follow from the following matrix
weighted Carleson embedding theorem (see the next section for details),
which is obviously of independent interest itself. Here, for a dyadic grid
2 and J € 9, we define Z(J)={l € 2:1C J}.



6 JOSHUA ISRALOWITZ, HYUN KYOUNG KWON, AND SANDRA POTT

Theorem 1.3. Let 1 < p < oo and let & be a dyadic grid. If W 1is
a matriz A, weight and A := {A7}1coccsig, 15 a sequence of matrices,
then the following are equivalent

(a) The operator 114 defined by

= > > vidgm (W kg

e€Sigy I€D

is bounded on LP(R%;C").

(b)
swp = 303 VAV <

Je7 seSzgd 1€9(J)
(¢) There exists C > 0 independent of J € & such that

Z D (A VEAS < CVF

aeSzgd Ie2(J)

if2§p<oo and

Z Z AS(VI2 (A3 < O(V))?
eeSzgd Ie9(J
ifl<p<2.

Furthermore, the operator norm in (a) and the canonical supremums in
(b) and (c) are equivalent in the sense that they are independent of the
sequence A. Finally, a matriz function B € BMOPWQ if and only if the
sequence of Haar coefficients of B satisfies any of the above equivalent
conditions.

Note that the constants in the equivalence between the operator norm
in (a) and the canonical supremums in (b) and (¢) of course depend
on the A, characteristic of W, and throughout the proof we will track
precisely the nature of this dependence (modulo constants involved in
the matrix weighted Triebel-Lizorkin imbedding theorem when p # 2,
since in this case efficient bounds are not known, see Section 2.] for

more details). Also, note that (as to be expected), we have the following
relationship between BMOy;, and BMOy, ,,

Proposition 1.4. There exists dyadic grids 2 fort =1,...,2% where

2d
BMO%, = | BMO;, ..

t=1
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Note that while the two different cases for different p in the definition
of BMOY}, might seem awkward, it will turn out that Theorem [[.1] and
duality will together prove the following

Corollary 1.5. If 1 < p < oo and W is a matriz A, weight, then
B € BM®y, if and only if both

1 1 “1yp
sup m/IHWP(x)(B(x)—mIB)VI |7 dx < oo (1.8)

ICRY
I is a cube

and the dual condition
1 -1 * * — /
sup o [V @)~ maB )V e <o (19

ICR?
I is a cube

are true.

Finally, to prove Theorem [[.1] we will need to characterize matrix
weighted norm inequalities for Haar multipliers. More precisely we will
prove the following

Proposition 1.6. Let 1 < p < oo and let W be a matriz A, weight. If
2 is any dyadic grid and A := {AT}1cg.cesiq, 5 a Sequence of matrices,

then the Haar multiplier
=D D Al

1€ €€ 8Sig,
is bounded on LP(W) if and only if

sup  [|[V7ASV Y| < oo.
1€9,e€5igy

1.4. The scalar setting. Let us now make a few comments about
these results in the scalar seting. First, it is very easy to see that a
scalar function b is in BMOY, if and only if b € BMO when W is a
matrix A, weight of the form W (x) = w(x)ld, ., for a scalar A, weight
w. In particular, for each dyadic grid 2, condition (a) in Theorem [LL3
is trivially equivalent to b € BMOg, which given Proposition [[.4] clearly
proves the claim. Furthermore, it is well known that 7, is bounded on
LP(w) if and only if b € BMO (when w is a scalar A, weight, see [2]).

Moreover, note that when p = 2, a careful tracking of the ||[W||a,
characteristic contribution from the implication (c) = ( ) in Theorem
gives us the followmg (after replacing f with W2 f and replacing
A2 with (m;W) 243 )
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Corollary 1.7. If W is a matriz Ay weight, 2 is a dyadic grid, and
{A35} is any sequence of n X n matrices satisfying

O (A4 < C’/W(m) dx
) J

e€Sigy IeP(J

for all J € 9 (where C is independent of J) then
> D A DP S CHIW IR A

c€Sigy I€D

Interestingly, note that Corollary [[.7] in the scalar d = 1 setting
appears as Lemma 5.7 in [29] for scalar A, weights and was implicitly
used in sharp form with quadratic |1V ]|, characteristic (versus cubic
above) by O. Beznosova in [2] (see (2.4) and (2.5) in [2]) to prove sharp
weighted norm inequalities for scalar paraproducts.

Also, a similar p = 2 matrix weighted Carleson embedding theorem
for positive semidefinite sequences was proved in [5] using virtually the
same argument as the one used to prove Theorem [[.3l Additionally,
note that a version of Corollary [I.7] for positive semidefinite sequences
that does not require W to be a matrix A, weight was very recently
proved in [1I]. While this result is obviously of great potential for
proving sharp matrix A, results, it is not clear whether one can prove
Corollary [T using the results in [11].

1.5. Outline of paper. We will now briefly outline the contents of
the paper. In Section 2 we will prove Theorems [[.3, [[.2] and also
prove ([LA). In Section 3 we will prove Proposition and use this in
conjunction with Theorem [[L2 to prove Theorem [[1 and (L7). Addi-
tionally, we will give short proofs of Proposition [L4 and Corollary
in Section 3. Finally, in the last section we will provide very explicit
“counterexamples” to Proposition [L.6] Theorem [[.2] and Theorem [LT]
in the sense that, as one would expect, none of these results are true
for arbitrary matrix valued symbols and matrix A, weights.

We will also prove some simple yet nonetheless interesting results
involving quantitative matrix weighted norm inequalities for objects
related to maximal functions. In particular, we will prove sharp L?
estimates for the Christ/Goldberg matrix weighted maximal function
from [8], prove weak type estimates for “the” universal p = 2 matrix
weighted maximal function for not necessarily matrix A, weights, and
give a simple “maximal function” proof of the matrix weighted bounds
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for sparse operators from [4]. While these results are not needed to
prove any of our main results, their proofs require some ideas utilized
in this paper and clearly complement (.6 and (L.7])

Finally, we will remark that well after this paper was written, the
first author in [20] has proved that in fact B € BMOY,, < (L8) < (L9),
and that a similar result holds for BMO@V’@. Furthermore, it is very
interesting to note that most of the techniques in this paper are in fact
“two weight” techniques in that slight modifications to them allow for
extensions of Theorems and [T to the LP(U) — LP(W) setting
where U, W are matrix A, weights, see [20] for more details.

2. PROOF OF THEOREM

The main goal of this section is to prove Theorem via Theo-
rem [[L3l Before we do either, however, we will need to discuss some
preliminary results.

2.1. Matrix weighted Littlewood-Paley theory. We will now need
the “matrix weighted Triebel-Lizorkin imbedding theorem” from [27,
34], which say that if W is a matrix A, weight then

4

- v, f|2
1~ [ (2 Bha@ ) @ e

I€9 ecSigy

where f_}e is the vector of Haar coefficients of the components of f Note
that these were only proved in the d = 1 setting in [27,34], though a
very simple proof that works for R? was given by the first author in
[18]. Furthermore, note that when p = 2 the above “Littlewood-Paley
expression” reduces to a matrix weighted dyadic square function, and
in this setting it is known that one has the quantitative bounds (see
[3] for d =1 and [12] for d > 1)

2
1

Yo )z S IW g (og W 1) 2 1 flleqry (22)

1€9 e€Sigy

and

N

[NIES

1fllzan) S IWIEQog [Wllan)z [ D D (W) fi* | . (2.3)

1€9 e€Sigy,
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Unfortunately, while one can attempt to track the matrix A, depen-
dence in (2I)) from the arguments in either [27], [33], or [18], when
p # 2, it is very unlikely that any of the arguments in these papers
provide efficient bounds similar to the ones in ([2.2]) or (2.3]) when p = 2.
With this in mind, it will be implicit that all inequalities involving (2.1])
when p # 2 involve matrix A, dependence and we will not further com-
ment on this.

2.2. Preliminary lemmas. Before we prove Theorem [L.3] we will need
the following three preliminary results, the first of which is from [27],
p- 49.

Lemma 2.1. Suppose that A is an n X n matriz where |Aée] > || for
any € € C". If|det A| <6 for some 6 > 0, then ||Al| < 0 where || -|| is
the canonical matriz norm on M, (C).

Lemma 2.2. If W is a matriz A, weight then
1
Vil ~ lmi (W )a
for any €€ C". In particular,
_1 > _1
Imr(W™r)el < [Viel < [[W]IZ, lmi(W™r)el.

Proof. First we show that
_1\! n
IVi (maw =) I < W1,

which will prove half of the lemma. Furthermore, note that the proof
of this inequality will in fact also complete the other half of the proof.
Since W is a matrix A, weight, Jensen’s inequality gives us that

1 1 % n—1
o |11 [l ac] < k007 e

We now prove that det VI’(mI(W_%)‘l) < ||I/V||f\p by using some
arguments in the proof of Proposition 2.2 in [34]. First, as was com-
mented in [34], det @ < II",|Q¢;| for any orthonormal basis {€;}!",
of C" and any positive definite (). Now for fixed I let {€;}I; be an
orthornormal basis of C" consisting of eigenvectors of (V})~™'. Apply-
ing (2.4)) to each ¢;, taking logarithms, summing, and using the above
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inequality gives us that

1 = 1
m/logdetW%(x) dr < Zm/IOg\W%(I)@\diﬁ
I .

< log HWHA +1og I | (V) '€l
= log HWHZ,, + logdet(Vy) ™"
or equivalently
n 1 1
log det V; <log [[W]§ + i /logdet W™r(z)dx
I

so that .
det V] < ||W||1§p exp (m; log det(W_5)>

for any I € . Combining this with the matrix Jensen inequality
(Lemma 7.2 in [27]) we have that

det V/ < W[5 detmy (W)

so that det V7 (m; (W)™ < W[} .
Moreover, note that for any ¢ € C" we have

i et < g [ et < (o [w@aran)” < via

which means that

e

1
Vi (mi(W™%)hel > |e]
for any € € C". The proof now follows immediately from Lemma 2.1l
O

Finally, we will need the following R version of the classical dyadic
Carleson Lemma from [29]. Note that the proof is almost identical to
the proof of Lemma 5.3 in [29] and will therefore be omitted.

Proposition 2.3. Let {\5: I € 9, € € Sig,} be a “Carleson sequence”
of positive numbers in the sense that

sup — J Z Z A <O < oo
Je7 | | Ie9(J) e€Sigy
Then for any positive sequence of real numbers {a;}, we have that

ZZCL[)\€<C ()

1€ e€Sigy
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where a*(x) = sup;s, ar.

2.3. Stopping time. Let us now review the surprisingly useful stop-
ping time from [I§], which is a matrix p # 2 adaption of the stopping
time from [2330]. Assume that IV is a matrix A, weight. For any cube
Ie€ 2, let #Z(I)be the collection of maximal J € Z(I) such that

IVAVEHP > M or [VEVE[lP > A (2.5)

for some A1, Ay > 1 to be specified later. Also, let . (1) be the collection
of dyadic subcubes of I not contained in any cube J € #(I), so that
clearly J € .Z(J) for any J € 2(I).

Let #°(I) := {I} and inductively define #7(I) and #/(I) for
j>1by 7i(I):= Ujef‘jfl(I) A (J) and FI(I) = UJe/jfl(I) F (J).
Clearly the cubes in #7(I) for j > 0 are pairwise disjoint. Fur-
thermore, since J € .Z(J) for any J € 2(I), we have that 2(I) =
Uj=o #7(I). We will slightly abuse notation and write (J # (1) for the
set Uye yr) J and write [\J Z (I)] for |Ue ;5 /|- We will now show
that ¢ is a decaying stopping time in the sense of [23]. Note that
while the easy proof is from [18], we will include the details since we
will need to precisely track the A, characteristic contribution.

Lemma 2.4. Let 1 < p < oo and let W be a matriz A, weight. For
A, A2 > 1 large enough, we have that ||J _#7(1)] < 277|I| for every
le9.

Proof. By iteration, it is enough to prove the lemma for j = 1. For
I € 92, let 9(I) denote the collection of maximal J € 2(I) such that
the first inequality (but not necessarily the second inequality) in (235
holds. Then by maximality and elementary arguments involving the
definition of V; and the equivalence between the matrix and trace norm
for positive matrices, we have that

1 1 B Cq|I
| ] J| = E <+ Z /IIWP(y)VfH”dyS—l‘ |
) ) M )7 M

JeG(I JeY(I Jed(I

for some C7 > 0 only depending on n and d.

On the other hand, let I € 2, let ¥(I) denote the collection of
maximal J € Z(I) such that the second inequality (but not necessarily
the first inequality) in (2.5]) holds. Then by the matrix A, condition
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we have

l

1 CollW IIA,,

U2 X [Imweui s =
Jeg(I) Jeg?(f) 2

for some CY only depending on n and d. The proof is now completed

by setting A\; = 4C; and Ay = 4C§||W||§p. O

While we will not have a need to discuss matrix A, ., weights in

detail in this paper, note that in fact Lemma 3.1 in [34] immediately

gives us that Lemma[2.4 holds for matrix A, ., weights (with a different
Ao of course.)

2.4. Proofs. We now prove Theorem

Proof of Theorem [L3. (b) = (a): By dyadic Littlewood-Paley theory,
we need to show that

[NiS]

—

/Rd >y Im[m o)

e€Sigy I€P

[Nl

—

< [ |3y WAV R )

e€Sigy I€

—

S I

for any f € LP(R% Cn).
Now let
A= 3" N IVIATV G

e€Sigy I€9

and let

1 .
mr|[ViW ™ » f| < my My, f
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so that again by dyadic Littlewood-Paley theory

g < [ (3 o W w2 o)

RY \ cesig, Tew /]
< madty £11%
S AR My fII7

where ||A]|. is the canonical supremum from condition (b) and 74 is
the scalar dyadic paraproduct with respect to the function A.
However, it is easy to see that

_1
My Nl o e S IIWIIR,

by using some simple ideas from [I3]. Namely, it is well known (see
1 ’

[13], p. 6) that [W™#(x)e]” is a scalar A, weight for any matrix A,

weight W and € € C" with A, characteristic less than or equal to

_p
Wl - Thus, by the scalar reverse Holder inequality, the matrix A,
condition, and the equivalence of the operator and trace norms, we

_r
have for € ~ ||[W{|, ” small enough that

1 1 - p’Jrlp’e 1 1 e p’Jrlp’e
(m [ dy) _ (m [ dy)
(m / W Vil dy)

S ||W||/§p-

e

Therefore, we have

1 —»

Vil = o [ W) fdy
1+pe

1 _1 PAple P’JrlP’E - ptpe ptpe
< T/HVIW )4 dy 7 [ 1ft ay
1), I

1+pe

- p+pe ptpe
Wi ( [\ )
A\ |1

Which means that

- 1 — ptpe 1+pe

Miy f(x) < WK (M]f] 55 (z)) pbe
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(where M is the ordinary unweighted maximal function) so that by the
standard L't bounds for the ordinary maximal function when § > 0
is small, we get

/
_1
[ My [ Lr—re S EPHWHA S HWHP G W%,

which completes the proof that (b) = (a).

(a) = (b): Fixing J € 2, plugging in the test functions Fi= &
into 14 for any orthonormal basis {€; }*; of C", and using (a) combined
with dyadic Littlewood-Paley theory and the equ1valence of the matrix
norm and the Hilbert-Schmidt norm gives us that

[Nl

Vi Ay (W)
Ml 2 [ 3 AR ) | o

1€9 €8igy,

ViA [ml _% 2

e€Sigy I€2(J)

IS

which in conjunction with Lemma [2.2] says that

ViAsV P
ZLEAPD 2 T ue)

Je? e€Sigy 1€ 2(J

HVIA‘?VI’HQ
SUPU‘/ ] —xi(x) | dz

=4 c€Sig, IGJ(J

V7 ASm (W 7)|12
Siwissws [ 3 > 1w ) e

e€Sig, IeP(J

[MiS]

[Nl

Condition (b) now follows immediately from (i) <= (i) of Theorem 3.1
in [28], which (after a trivial relabeling) says that for any nonnegative
sequence {ay}res of real numbers we have that

[SIiS]
=

2

1 2| 1 aj
sup m Z a; | ~sup m/J Z m)g(x) dx

JeP 1€2(J) =4 1€2(J)

We now prove that (c) = (b) and (a) = (c) for the case 2 < p < occ.
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(c) = (b) when 2 < p < oo: Note that condition (c) is equivalent to

|Z Z IVie (A5 VAV S 1

e€Sigy Ie2(K
forany K € 2. Fix J € 2 and for each j € Nlet #7(J) and .%7(J) be

b
defined as they previously where A, ~ 1, and A ~ [[W||; are picked
so that Lemma 2.4 is true. Then (2.5) tells us that

Z Z VATV

aeSIgd Ie9(J

< J|ZZ > Z IV Vil IVie (A7) VEATV VeV |

Jj=1 e€Sigg Ke 7i-1(J) IeF (K

< [WIIE, DY XY Ve v

J=1 e€Sigg Ke gi—1(J) IeZ(K)

<||W|§—Z YK
J

J=1 Ke 7i-1(J)

2 , 2
S IIWIIZp 22_” S IWILR, -
j=1
(a) = (c) when 2 < p < oo: Fix J € Z and € € C™. Iff:W%XJé:
then condition (a), the definition of V;, and Holder’s inequality give us
that

VIAIm e
P, z [ (3 3 POl o)) a
IE.@EESlgd

b

VA
> || / ZZ)' \II Sl

e€Sigy Ie2(J

[}

> | ‘i >3 g

€Sigy I€2(J)

which proves (c), and in fact shows that (a) < (b) < (c¢) when 2 <
p < oco. We will now complete the proof when 1 < p < 2.
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(b) = (c) when 1 < p < 2: To avoid confusion in the subsequent
arguments, we will write V; = V;(W, p) to indicate which W and p the
Vi at hand is referring to. As mentioned before, it is easy to see that
W is a matrix A, weight if and only if W' is a matrix A, weight
and that we may take V;(W'™? p/') = V/(W,p) and V(W' p') =
Vi(W,p). Now if (b) is true, then the two equalities above give us that

sup Z Z V(W ) (A5 VW )|

Je? €€S1gd Ie9(J

=sup Z Z IVi(W, p) AZVE (W, p)||* < 0.

TE7 17N cesig, rea ()

However, repeating word for word the proofs of (b) = (a) = (c) for
the case 2 < p < oo (where W' replaces W and A* := {(A3)*
I € 9, ¢ €€ Sig,} replaces the sequence A) gives us that there exists
C>0 Where

012X AV )AL < OGN )R

e€Sigy I€P(J)

which proves (c) when 1 < p < 2.

(¢) = (b) when 1 < p < 2: This follows immediately by again
replacing W with W'=7' replacing A with A* := {(A9)*}1e9 cesig,, and
using the proof of (¢) = (b) when 2 < p < co. Since (a) < (b) was
shown for all 1 < p < oo, we therefore have that (a) < (b) < (c) for
all 1 < p < oco. The proof is now completed. 0

We can now prove

Proof of Theorem Note that (2.1]), standard dyadic Littlewood-
Paley theory, and the definition of 7 gives us that

—

(Vi Bim (W f)? :
o5 Al =~ [ | 30 X @) | o nafl,

e€Sig, I€P

where I1p is the operator in (a) of [[.3] with respect to the Haar coeffi-
cient sequence {B7}re, cesig,- Thus, the LP(W) boundedness of 75 is
equivalent to the LP boundedness of I1g. Thanks to Theorem [L3] the
proof will be completed by showing that B € BMOY,, if and only if IIp
is bounded on LP.
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To that end, if again {€;}, is any orthonormal basis of C", then
IIp being bounded on L? in conjunction with (2.I]) gives us that

sup / W (2)(B() — my B)V; P da
seo |J]

NZS |W z)xs(x)(B(x) — m;B)V; &P dx
GJ |J| R<

p

%ZSEBU\/ >y WP o

e€Sigy Ie9(J

ViBsm (W5 { WV, L&} 2
SZSEBM/ 2. 2 W

Ie9(J) e€Sigy

SZSUPIJI T, WV,

= 1J
S Mg |17

by the definition of V;, which means that the first condition of the
definition of BMOY, is true for all 1 < p < co. Similarly, the validity
of the second condition of the definition of BMOY, for all 1 < p < co
if I is bounded follows by the above arguments in conjunction with
the arguments used to prove (b) = (¢) when 1 < p < 2 (that is, taking
adjoints in condition (b) and using the fact that W is a matrix A,
weight if and only if W' is a matrix A, weight.

Now if 2 < p < oo and B € BMOY;, then as before ([2.1) gives us
that for any € € C"

1 1
sup —/|WP(:)3)(B(93) —myB)V; el dx
sez | J;

e/ —1+2
A sup U|/ |VIBI}/|J d xi(x)de | dx

Je7 e€Sig,; Ie9(J

S

> sup 7] Z Z ViBiV; e

[
Je7 c€Sigy I1€2(J)

since £ > 1, which says that condition (c) (when 2 < p < 00) is true if
B e BMO@V. The same argument using (2.I)) for the space LP' (W1~

x1(z)

s

dx
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also shows that condition (¢) (when 1 < p < 2) is true if B € BMOY,
since in this case p’ > 2. The proof is now completed. O

We now prove ([L.6))

Proof of (LG). By (Z3)) and the proof of (b) = (a) we have

1z 1 1 = 2 1 1
ImsW 2 fll 2wy S (WA, (log [Wllan) 2 ITs flr2 S (WX, (log [[W|a,)2 (| BIZ.

L.

We will end this section with an important comment. Note that the

proof of (b) = (¢) when 1 < p < 2 immediately says that B € BMOY),

if and only if B* € BMO};W - Thus, we have B € BMOY, if and only

if 75+ is bounded on LP(W'~?) if and only if (7p-)* is bounded on

LP(W). We will record this as a corollary since we will need this fact
when we prove sufficiency in the proof of Theorem [T

Corollary 2.5. If W is a matriz A, weight then B € BMOY, if and
only if (mp~)* is bounded on LP(W).

3. PROOF oF THEOREM [I.1]

3.1. Preliminaries. Before we prove Theorem [[.T] we will need some
preliminary results, including Proposition

Proof of Proposition [LG. If M = supjeg .cqi, IVIATVI|| < 0o, then
two applications of (ZI)) and (I3) give us that

i Vi AS f 1P
HTAf||I£p(W) ~ /]Rd Z Z ! ‘]I| Lxr () dx

1€9 ecSigy

[M4S]

[Nl

VAsv—l 2 V re|2
S/Rd Z Z V1 A3 1|[|H Vi fil w@) | de

1€9 e€Sigy

<M / Y H/Ifl dr

1€9 e€8Sigy,

~ M| 17 -

For the other direction, let ¢(.J) denote the side-length of the cube J.
Fix some Jy € Z and ¢ € Sig,, and let J§ € 2(Jy) with £(J)) = $0(Jo).



20 JOSHUA ISRALOWITZ, HYUN KYOUNG KWON, AND SANDRA POTT

Again by (2.]) we have that

NS

—

/ vy i |[|pf>lxl($) eIt 6D

1€9 ecSigy

Plugging f := x g€ for any € € C" into (B.I) and noticing that
1 / _d 1 1
(W hx )5 = £2-H ol by (WHE)
gives us (in conjunction with Lemma [2.2]) that
/ n / _1 n
Vi AT Vil S IWIE Ve ATymay (W) S IIWIIR N Tall oo

Using the definition of V’(,) and summing over all of the 27 first genera-
tion children Jj of Jy in conjunction with (I3)) finally (after taking the
supremum over Jy € &) gives us that

sup  [[VyASVHN S sup  [VoASVII < WA I Tall oo ro
Je, e€8Sig, JeD, e€8Sig,
as desired. O
To prove both necessity in Theorem [Tl and Proposition [L4] we will
need the following lemma. While the simple proof is very similar to the
proof of Lemma 6.2 in [21], we will nevertheless provide the details.

Lemma 3.1. Let B be a locally integrable M,,(C) valued function on
R, W a matriz A, weight, and Q a cube. Then

(ﬁ /Q W () (B(x) = mgB)Vg " dx)é

<A+ |WI) inf (ﬁ/@|W%(:c)(B(:c)—A)VQ_1|pd:c);.

AeMy(C)

Proof. By the triangle inequality,

(i1 [ @iee) - mamv 'pdx)l < (g [ wiwme —avg'par)

N (ﬁ /Q W (2)(A — mgB)Vg' d:)s)

(3.2)

Al

==
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However,

W7 (2)(A — mgB)Vg' |

“J oo -t

W ()W 5 (1)) W7 (y) (Bly) — AV dy

p

p

‘\QI

< (@/QHW%(x) )P dy) (|Q‘/|W A |de)

Plugging this into (3.2]) and using (I.1]) completes the proof.
U

The proof strategy for sufficiency in Theorem [Tl will follow the
simple arguments in [25], though of course more care must be taken in
our situation due to noncommutativity. As in [25] the starting point is
the fact that any of the Riesz transforms are in the L? SOT convex hull
of the so called “first order Haar shifts” (or for short, “Haar shifts”)
which are defined by

_ o)
Qohi = hy 5

and where (slightly abusing notation in the obvious way) o : ¥ xSig,; —
2 x Sig, satisfies 20(o(I)) = ¢(I) and o(I) C I for each I € Z (see
[17] for the definition of general Haar shifts, which are used to study
general CZ0Os). Fixing o and letting () = @, it is then enough to get
an LP(W) bound on each [B, Q]. Before we do this, however, we will
need to prove that first of all @) is bounded on LP(W) if W is a matrix
A, weight. Note that this was in fact done for p = 2 in [12].

Proposition 3.2. Fach of the Haar shifts QQ are bounded on LP(W) if
W is a matriz A, weight.

Proof. The proof follows easily from two applications of ([2Z1]). In par-
ticular, note that

= > > fnl)

'eSig, I'€P



22 JOSHUA ISRALOWITZ, HYUN KYOUNG KWON, AND SANDRA POTT

If I denotes the parent of I € Z then (ZI)) in conjunction with (I3)
gives us that

vV, e
||Qf||Lp(W /R;i Z Z | If dx

) €’€Sig,
< /
~Y
Rd

—

S ANz

IS

NS

\Vf

Ieo(2) e'eSigy

W)
0

3.2. Proof of sufficiency. We now prove sufficiency in Theorem [L.1]

Proof of Sufficiency. First write

B=Y" N Bihi, f=>Y fik

I'€P £'€Sigy 1€9 e€8igy,
so that
B.QII =Y Y (BFien - QB)fi)
1€ e€8igy,

= > S (Bh@u)T - Bi@nsh) )

1,I'c9 e ,e'e8Sigy

= Z Z B?( I he)ff-

1,I'c9 e ,e'e8Sigy

Clearly there is no contribution if 7 N I’ = () and otherwise we have
that

0 Icr
oo imlﬂm@ Qhhs) I=T
[h1’7 Q]hl = ha I _1/2h£’(5’1) I/ - I (33)
o(I) a(.r) et 1] o2(I) =o(I)
h5.Q(hs) — Q(hSh) I'CTand I' # o(I).
Note that we can disregard sign changes thanks to the unconditional-
ity of Theorem [[.3] (2.1]), and Proposition[L.6, and we will not comment
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on this further in the proof. When I = I’ we need to bound the two
sums

Z Z B fi|1)” 1/2ha(a and Q Z Z B;’ﬁ|]|—1/2h}p5/(e)

1€9 ee'eSigy 1€ ¢,e'eSigy,
(3.4)

where 1. (g) is the signature defined by

hy = |12 hihi

which is cancellative if and only if ¢ # &'.

However, if B € BMOY, then condition (b) in Theorem [LJ tells us
that for €, ¢ fixed and J being the parent of J € &

21 Nt r—
sup [|[V;(|7]7 2BV S sup V(1|72 BV Y| < oo
Jeo () Jea ()

so that the first sum in (3.4]) can be estimated in a manner that is very
similar to the proof of sufficiency in Proposition [I.0 (that is, using (2.1))
twice).

Note that the second sum of ([B.4]) when ¢ # ¢’ is also “Haar multiplier
like” and can be estimated in exactly the same way as the first sum in
(34). On the other hand, when € = ¢ the second sum of (3.4) becomes

> > Bifig | = Qe

Ie9 e€8igy

However, by Corollary we have that B € BMOY, if and only if
(mp«)* is bounded on LP(WV).

We now look at the case when I’ = ¢(I) which clearly gives us two
sums corresponding to the two terms in (3.3)). For the first term, we
obtain the sum

Z Z Ba(l cr(l UEJ?IE Z Z B"(6 fl XUU)|

1€9 e,e'eSigy, Ie9 ecSigy

+Z Z 1|72 B; 0(1 hfu(o fi.

1€ ¢,e'eSig,
e'#o(e)
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However, a simple computation gives us

Z Z fI |XJ(I | = (WB*>*Q.]?

1€ e€8igy,

which is bounded on LP(W). Also, the second sum is again “Haar
multiplier like” and can be estimated in easily in a manner that is
similar to the proof of sufficiency for Proposition [L.Gl

Furthermore, for the second sum in the two terms when I’ = o(I),
we need to bound

S ST Bl PRI f

1c9 e,e'eSigy

which yet again is “Haar multiplier like” and can be estimated in a

manner that is similar to the proof of sufficiency for Proposition
To finally finish the proof of sufficiency we bound the triangular

terms. First, if I D I’ then obviously hj is constant on I’. Thus,

D> D Brewshfi=Y] Y BiQUhi) Y] Y fiks

I'e? 121 e,e'eSigy, I'e9 €'eSigy, 121" e€8Sigy,
/ ’ g
== E E Bath?m[/f
I'e ¢/ cSig,
=Qmpf.
/ .
Now clearly h3,Q(h5) = 0 if I'No(I) = (). Furthermore, since I 2 I’

and I' # o(I), we must have o(I) 2 I’ so that

D> D BikiQUifi=>_ > Bihi p3 > W

I'eZ 121 €,e’€Sigy, 1I'e9 €'€Sigy 121’ e€Sigy
1'e €'€Sigy
=mpQf

which is obviously bounded on LP(W). The proof of sufficiency is now
complete. .
We now prove ([L.7]).

Proof of (IL7). Note that the simple arguments used to prove suffi-
ciency in Proposition [[L6] combined with (2.2)) and (2.3) shows that (as
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was noticed in [3[12])

1€, e€Sig,

3
| Tall2ovy—r2ovy S [IWIR, log [[W]|as < sup II‘/}A%—lII) :

Also a careful reading of the proof of sufficiency in Theorem [I.1]
reveals that

||[T> B]||L2(W)—>L2(W) S ||Q||L2(W)—>L2(W) maX{||7TB||L2(W)—>L2(W)> ||7TB* LZ(Wfl)—>L2(W*1)}

3 1
+ W, log [[W]|a, || BIIZ

where again || B||, is the canonical supremum in condition (b) of The-
orem [[.3] .

3.3. Proof of necessity. For the proof of necessity in Theorem [L.T] we
will use some simple ideas from [22]. We will in fact prove the following
more general result for commutators with kernels considered in [22].

Theorem 3.3. Let K : RN\{0} — R be not identically zero, be ho-
mogenous of degree —d, have mean zero over the unit sphere OB, and
satisfy K € C*(0By) (so in particular K could be any of the Riesz
kernels). If T is the (convolution) CZO associated to K, then we have
that [T, B] being bounded on LP(W) implies that B € BMOY;.

Proof. First note that it is enough to prove that B satisfies the first
condition in the definition of BMOY;, when 2 < p < oo and [T, B] is
bounded on LP(W) since

1 1 1 1

(WHT, BW ™) = =W 3{T, B
which will allow us to immediately conclude that the second condition
in the definition of BMO@V is true when 1 < p < 2 as WP is a matrix
A, weight and 2 < p’ < co. Now by assumption, there exists zy # 0

and 0 > 0 where ﬁ is smooth on | — 2| < v/d§, and thus can be
expressed as an absolutely convergent Fourier series

1 TUn T
K@)~ 2=

for |z — 2| < V/dS§ (where the exact nature of the vectors v, is ir-
relevant.) Set z; = 6 'z. Thus, if |z — 2| < V/d, then we have by
homogeneity




26  JOSHUA ISRALOWITZ, HYUN KYOUNG KWON, AND SANDRA POTT

1 54 ; .
— _ 5= ivn-(0x)
K@) ~ Koo ° D ane .

Now for any cube @ = Q(xg,7) of side length r and center xg, let
Yo = x9 —rz1 and Q' = Q(yo, ) so that x € @ and y € @' implies that

93;?/_21 < Df—TIo +'y;y0 S\/E-
Let
VoY (B (x) — mg B )W ()
Sa(@) = xo(r)—2 ;
O A (B (@) — me BYWH (2]
so that
! K (o —
| [ e - sowe i seenem a9
1 . (W (2)(B(z) — mgB)V,)* H
= (SL’)—d W (z)(B(x) — B(y))V, T - d
Y| e P W @)(B) — ma BV, |
o ‘W%@:)(B(z) — mg BV, (W (2)(B(x) — mgB)Vy )"
W3 ()(B(x) — mgB)Vy'|

= Xo(@)[W# (@) (B(x) = mg:B)Vy".
However,
@3 < 3 loal [ W5 0) [ (Blo) = BODE G = e Vg ) dy ) Sofa)e
= > laal |W? @)(IT, Blga) (@) ()|

<> faul | W @)T, Blga(a)|

where

ga(y) = IV oY), fale) = Sola)elron®

and where the last inequality follows from the fact that || f,(z)| < 1
for a.e. x € R%

But as |z — yo| = 7012y, we can pick some C' > 1 only depending
on K where Q = Q(xy, Cr) satisfies Q U Q' C Q. Combining this with
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the previous estimates, we have from the absolute summability of the
al s and the boundedness of [T, B] that

1 _ % 1
( /Q IIWP(I)(B(I)—meB)VQlllpda:) <3l [WHT, Blg, s
1 _1 1
< S lan IWHT, BIW (Whg,)
< sup [ W gallun
1y,—1
< Ixo WV o
1 1
N ||W||1§p||XQW”VQ1HLP
1 1
<1QE WL

where the second to last inequality is due to (L4)). The proof is now
complete thanks to Lemma 3.1 O

Lastly in this section we will give quick proofs of Corollary and
Proposition L4l

Proof of Corollary L5l If B € BMOY), then from the proof of Theo-
rem we have
1 1
= JIW@)(B@) — miB)V; P de < .
I

ICR?
I is a cube

On the other hand, again since
1 _1 _1 1
(We[T,BlW™»)" = —-W™» [T, B*|Wp»
we can again use the proof of Theorem B.3]to get that the dual condition

1 -1 * * N — /
o m/HW P () (B (x) — myBY)(V}) P da < oo
I

ICR?
I is a cube

is true since W1 is a matrix A, weight. The proof is now complete.
O

Proof of Proposition [L4l Tt is well known (see [24]) that if 2" =
{270, )T+ m + (=1)*t) : k € Z,m € Z}, then for any cube I there
exists 1 <t < 2% and I; € 2" such that I C I, and (1) < 64(Q).
Thus, Lemma [B.1] gives us
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1 . ) ' ; _
m /I |[W# (2)(B(x) — TTUB)V[ 1HP dr < m /I W (2)(B(z) — mItB)VI 1||p dr
1 l B
S o/, W= (z)(B(z) — mr, B)V; P da
which completes the proof. O

4. COUNTEREXAMPLES AND OTHER QUANTITATIVE ESTIMATES

In this last section we will produce the counterexamples mentioned in
the introduction and additionally prove quantitative matrix weighted
bounds for maximal functions and sparse operators.

4.1. Counterexamples. For the rest of this section let

(01 . |z« 0
A.-(l 0) and W.—( 0 |:)3|‘°‘)

for z € R, where 0 < o < 1 so that W is trivially a matrix A, weight
on R since W is diagonal. Also in this section let ¥ be the standard
dyadic grid on R.

Proposition 4.1. There exists a sequence {Ar}icqy where Ty is not
bounded on L*(W).

Proof. We will in fact prove that there exists a constant sequence
{A;}1c9 with the above property, and in particular let {A;};cs be
the constant sequence A; = A. For Iy = [0,27") we have

i | (mp, W)ZA(my, W) 2| > T {|(mp, W2 A(m, W)

2aN

ST e =

(NI

An application of Proposition now says that 7'y is not bounded on
L2(W). 0

We will now show that B € BMO and W being a matrix A, weight
is not sufficient for 7 with respect to 2 to be bounded on L*(W).

Proposition 4.2. There exists a matriz function B with scalar BMO
entries where g is not bounded on L*(W), and consequently [T, B] is
not bounded on L*(W) where T is any of the Riesz transforms.
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Proof. Let B(x) := (log|z|)A and let Jy = [27¥7127V) for N € N.
Now assume that N € N is in fact large enough where

1 1
B > bl > 5 Iblevo.
N rea(y)

Let fN = XJNW‘%éwhere

@y

I
VR
O =
~~

By (21)) we have
lmsW 2 ey 2 > 1(mW)2 Brmy (W) AgP?

I1€9(JIn)
= D b lmaW) 2 Ama (W
Ie2(Jn)
> ||bHBM023aN
However,
IFuli = [ IWter a
JN
~ 2aN
which shows that 7 can not be bounded on L?(R;C?). O

4.2. Maximal function and sparse operator bounds. We will end
this paper with some quantitative weighted norm inequalities that were
mentioned earlier in the paper Now let

My (o) =sup o [ 1V ) 44 )l dy

I>x
and
My fla) = swp o [ W@ W) flo dy
I>x |I |

where the supremum is over dyadic cubes I taken from some fixed
dyadic grid. Note that the proofs of the next three results are slight
modifications to the corresponding ones in [§] (which is where My, and
a slight variation of My, were first defined).

Lemma 4.3. M{, is bounded on L* and in particular

1My 1o S W |-
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Proof. By the (scalar) reverse Holder inequality, as before, we can pick

e~ ||[W|x) where
< (o 1m0y

(i 1= maor =y 2H2+Edy)
wflo) < su (o [Iw =@ eov--ea) ™ (4 171 a)

Thus by Holder’s inequality we have
< (M(|J17) (@) 35

where M is the standard maximal function with respect to cubes.

Finally, as before, the usual L'*% — L'*% maximal function bound
given by the Marcinkewicz interpolation theorem gives us that

;P — 24¢ 2+2e _ -
Rdlef(x)Fle < /Rd(M(|f|1+€)(x))2+e de S e | fIZ:

which completes the proof as €™ a ||| a,. O

Lemma 4.4. If Q is a cube and

D=

No(z) = sup |[W3(x)(mp(W™1))

z€RCQ

then

/Q (No(@))? dz < |QIIW |,

Proof. We truncate W as in [3] p. 1733. More precisely, write

T) = Z Aj(z) P

where the Aj(x)’s are the eigenvalues of W (x) with corresponding
eigenspaces E;(x) and Pg,(,) is the orthogonal projection onto Fj(x).
Now for n € N, let E}(z), E}(z), and E¥(x) be the span of the
eigenspaces corresponding to the eigenvalues \;j(z) < n™', n™! <
Aj(xz) < n, and A\j(x) > n, respectively. Finally, define the trunca-
tion W,, as

Wo(x) = n"" Pep) + Pap@)W (€) Pep(o) + nPrp ).

N
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It is then easy to see that W, — W and W, ! — W~! pointwise a.e.,
IWalla, S |[W]|a, for each n, and W, Wt < nldgxg (see [3]). If

N

Ny(w) = sup [ ()(ma(1V; ")

1

then ||(mer(W; )2 — (mr(W=1))"z|| = 0 as n — oo by the domi-
nated convergence theorem since clearly

Wt =W < W+ I < 2maxd1, [

Thus, we have that

/Q(NQ(x))2 dr < /(lim inf Ng(x))2 dr < lim inf/Q(Ng(x))2 dx.

Q n—o0 n—o0

Obviously Ng(x) < n” so trivially there exists B, such that

/ (N3(2))? dx < B.IQ|
Q

Putting this all together, it is enough to show that B < ||W||a, if
we assume that

| (Nole)?dz 5 BlG)
Q

(or in other words we show in fact that B, < ||[IW]|a,.) To that end,
let {R;} be maximal subcubes of () satisfying

[(ma(W=1))"2 (ma,(W1)z|| > C

for some large C' independent of W to be determined.

Note that if x € Q\ U; R; then for any dyadic cube x € R C @ we
have

=

W2 (2)(me(W 1) 2| < W2 (2)(ma(W1))2 ||| (mo(W 1)) "2 (me(W 1))
< C|[W2 (2)(mo(W 1)z |].

so that

| ola)?de <€ [ [WHa)mo(W )P de < CW s, @l
Q\U; R; Q
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On the other hand,
11 ERTRT
C* N R < D IR [[(moW ) 72 (mg, (W)
J J

S [ W@ mew )R dr 5 Q.

Thus for C' large enough independent of W we have >, |R;| < 11Q).
Clearly by the definition of R; and their maximality we can as-

sume for each x € R; that Ng(x) = Ng, () since otherwise Ng(z) <

C||W%(x)(mQ(W_1))% ||. Thus without loss of generality

/UJRJ dx—Z/ dx<BZ|R\< B\Q|

Finally this implies that there exists C' independent of W where B <
1B + C||W||a, which completes the proof. O

Theorem 4.5. My, is bounded on L? and in fact
[ My |22 S W |4,

Proof. For each z € R? pick (and fix) some dyadic cube R, such that

< WA (@) (ma, (W) (

W3 ()W 2 (y) f(y)] dy (4.1)

_1 _1 >
[l (V)W) <y>|dy) |
For x € R? pick j € Z where

2 < | e, W) TEW ) fly)ldy <2 (42)
Ra
and let S; be the collection of all cubes R = R, for all z € R9 that are
maximal and satisfy ([42) (note that the Cauchy Schwarz inequality
implies that such a maximal cube exists). We therefore have that for
every € R, x € R, C S for some S € S; where j = j, € Z. Note
that if R, satisfies (£.2) for j € Z then

] e V) )y < [ onsv =yt )

since otherwise trivially (£.2]) is violated.
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Now if z € R? then pick j = j, as before and pick S € S; with

R, CSeS;so

—

My (f)(@) < 2([W? (@) (mp, (W)?]| <|R| ; |(mp, (W) 2 W™

<4N5 <|S|/\m5

< 427 Ng ()

by >f<y>|dy)

so that finally the previous two lemmas give us that

|M z)|?dx < Z / (Ng(x))* dx

JEZ, SES;

SIWla, > 2% | ] S

JEZ SESj

< [Wllas Y 2%|{x s My fla) > 27}

JEZ
~ W ol M5y £172
S IWIR Az

which completes the proof.

1

D=

(y)

U

Interestingly, note that Lemma [.3] is sharp with respect to ||[IW]|a,
since otherwise we could get a better ||W||a, bound for || My | 12_ 12
(which is known to be sharp in the scalar setting, and thus the matrix
setting). Despite this, the following simple result says that we can
legitimately consider Mj;, to be “the” universal p = 2 matrix weighted

maximal function corresponding to W1

Proposition 4.6. M],, is weak (2,2) for any (not necessarily As) ma-

triz weight W'.

Proof. Let A > 0 and let {I;} be the collection of maximal dyadic cubes

such that

1 1 1 -
7/, [(m, W) "2W =2 (y) f(y)| dy >
J J

(

y)| dy)
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—

so as usual {x : My, f(x) > A} = ]; [;. Then

- —~ ||

O

Note that very similar maximal functions can be defined when p # 2
and similar weighted norm inequalities can be proved for these maximal
functions (see [21] for proofs, where in fact fractional matrix weighted
maximal functions are studied in detail and are applied to the study of
matrix weighted norm inequalities for fractional integral operators and
related matrix weighted Poincare and Sobolev inequalities.)

Lastly we will give a very simple “maximal function” proof of the
matrix weighted norm inequalities from [4] for sparse operators, which
provides a simpler proof that avoids the Carleson embedding theorem
and that is similar to the by now classical proof from [10]. Also, note
that in the scalar weighted case, the L?(TW) bound of sparse operators
(see the definition below) has linear ||w|| 5, dependence (see [10] for the
very easy maximal function proof in the scalar setting).

Finally, despite it’s relative ease, note that this proof clearly high-
lights one of the severe challenges in using maximal functions (in any
way, shape, or form) to prove sharp matrix weighted norm inequalities:
the absence of L? bounds independent of W for the universal matrix
weighted maximal function makes scalar arguments much less efficient
in the matrix weighted setting.

Let G C 2 be a “sparse” collection in the sense that for any I € G
we have

1
PORFEEN

Jechg (I)
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where chg(I) are the children of I that are also members of G. Fur-
thermore, define the sparse operator S = Sg by

Sf: ZmIfXL

Ieg

Proposition 4.7. If W is a matriz Ay weight and S is a sparse oper-
ator then

3
1] 2wy 2wy S W1 2,-
Proof. Let f,§ € L% For any I € G let E; be defined by
Er=I\| |J J
Jechg (1)

so that clearly {E;}cg is a disjoint collection of measurable sets satis-
fying (by the sparseness condition) 2|E;| > |I| . Then

(wiswr-ia),
- (i),
< S U (ma W3 ) ma(Eg))

Ieg
< IWIZ, D2 11 (mal ma (W)W 1) (mal(mav 3~ H (W Eg))
Ieg
< 2AWIZ, Yo 1E (mal(ma (W) WA (mal(ma3) =5 (W) )
Ieg
<2, Y My fle)Miy (o) do
Ieg

3 -
S AIWIR A 22191l 2
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