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EQUILIBRIUM STATES BEYOND SPECIFICATION AND THE
BOWEN PROPERTY

VAUGHN CLIMENHAGA AND DANIEL J. THOMPSON

ABSTRACT. It is well-known that for expansive maps and continuous potential
functions, the specification property (for the map) and the Bowen property (for
the potential) together imply the existence of a unique equilibrium state. We
consider symbolic spaces that may not have specification, and potentials that
may not have the Bowen property, and give conditions under which uniqueness
of the equilibrium state can still be deduced. Our approach is to ask that the
collection of cylinders which are obstructions to the specification property or
the Bowen property is small in an appropriate quantitative sense. This al-
lows us to construct an ergodic equilibrium state with a weak Gibbs property,
which we then use to prove uniqueness. We do not use inducing schemes or the
Perron—Frobenius operator, and we strengthen some previous results obtained
using these approaches. In particular, we consider S-shifts and show that the
class of potential functions with unique equilibrium states strictly contains
the set of potentials with the Bowen property. We give applications to piece-
wise monotonic interval maps, including the family of geometric potentials for
examples which have both indifferent fixed points and a non-Markov structure.

1. INTRODUCTION

An equilibrium state for a topological dynamical system (X, f) and a potential
¢ € C(X) is an invariant measure that maximises the quantity h,(f)+ [ ¢ du. For
a symbolic space, every continuous function has at least one equilibrium state. We
establish uniqueness in a setting that improves previous results by simultaneously
relaxing the structural requirements on X and the regularity properties of .

It was shown in [Bow74] that uniqueness holds when (X, f) satisfies expansivity
and specification and ¢ satisfies the Bowen property (Definition 2:2)); in particular,
this is true if X is a mixing shift of finite type and ¢ is Holder continuous. Working
in the symbolic setting (where expansivity is automatic), we give weakened versions
of the specification property and the Bowen property that still suffice to prove
uniqueness, and verify these conditions for specific examples. In particular, we
obtain the following.

Theorem A. Let (X, f) be a 5-shift or a shift with the classical specification prop-
erty (Definition [21])). Then there is a class of potentials B C C(X), strictly con-
taining the potentials with the Bowen property, such that every ¢ € B has a unique
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equilibrium state. Furthermore, this equilibrium state has the weak Gibbs prop-
erty @) and is the weak™® limit of the periodic orbit measures

1
(1) = eSne(@)g
ZzePcrn eSne(®) Ie;rn
As an application, for any B-transformation, every Hélder continuous function has
a unique equilibrium state.

Theorem [A] summarises results from 3.1 §3.21 3.3 and §4.21 and is an appli-
cation of our more general result, Theorem [C| which gives explicit conditions on
the language of a shift space which guarantee the existence of a unique equilibrium
state. Before we explain these conditions, we further discuss our applications. The-
orem [A] generalises previously known results in two directions. On the one hand,
for B-shifts (which generically do not have specification), uniqueness of the equi-
librium state was established by Walters for Lipschitz potentials [Wal78], and by
Denker, Keller and Urbanski [DKU90] for potentials ¢ with the Bowen property,
but only when sup ¢ < P(y). In particular, Theorem [Alis the first result to estab-
lish uniqueness of equilibrium states for every Holder continuous function on the
[3-shift.

On the other hand, Theorem [A] gives new results for potentials without the
Bowen property, even for shifts with specification. We describe a new class of
potentials with unique equilibrium states, generalising a variant of the family of
grid functions defined by Markley and Paul [MP82, IT10]. This class of potentials
includes the pioneering examples on the full shift studied by Hofbauer [Hof77].
Other results on potentials which are not Hélder continuous have appeared in [PZ06,
Hu0§|. The following result is a special case of our analysis in §§3.2H3.3

Theorem B. Let X be a (-shift or a shift with the specification property, and
suppose that X contains the fized point 0 = 000---. Let k(x) be the number of
initial Os in the sequence x € X, and let ¢(x) = ¢, (z) + @o(x), where ¢, has the
Bowen property, ©o(0) = 0, and for x # 0, @o(x) = ay) for some sequence ap

satisfying limy, o0 an, = 0. If | >, <, an| = 0o, then ¢ does not have the Bowen
property. Nevertheless, if -
(2) ©(0) < P(X, )

then there exists a unique equilibrium state p, for . Furthermore, pu, has the weak
Gibbs property @) and is the weak™ limit of the periodic orbit measures ().

When X has specification, we also obtain results (Theorem B]) where ¢q de-
pends in a precise way on the structure of an arbitrary subshift ¥ C X. Thus,
the class B mentioned in Theorem [Al contains many potentials besides those in
Theorem [Bl

We apply our results to certain piecewise expanding maps of the interval. The
following example, which is studied via an application of Theorem [B] is a generali-
sation of the Manneville-Pomeau map. This example is developed rigorously in §4]
and demonstrates the efficacy of Theorem [Bl

Example 1.1. Fiz v > 0 and 0 < € < 1. Define a piecewise monotonic map of
the interval [0,1] by f(x) = z + yz'*¢ (mod 1). Consider the geometric potential
o(x) = —log|f'(x)|, which does not have the Bowen property. This system can be
modeled by a [-shift and the potential ty can be modeled by a function satisfying
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the hypotheses of Theorem [Bl whenever t < 1. As a consequence of Theorem[D, the
potential tp has a unique equilibrium state for t < 1 and hence the map t — P(ty)
is C1 in this domain.

When v = 1, we obtain the Manneville-Pomeau map, where the thermody-
namics have been thoroughly studied [PS92, [Urb96l [PW99, [Sar(1], often using
the technique of inducing. For v # 1, although a proof using inducing schemes
[You99, [PS08, [BT(O9] is likely to be possible, a number of technical hypotheses
must be verified and to the best of our knowledge, the details have never been
worked out. This example demonstrates that our techniques can be a very useful
alternative to inducing.

We now discuss the ideas behind our more general main result, Theorem [C]
which provides abstract conditions implying uniqueness of the equilibrium state for
a potential ¢ on a shift space (X, o). We develop the approach that we introduced
in [CT12]. The idea is that while specification and the Bowen property may not
hold on the entire language of the shift space, we can still ask for them to hold on
a collection of ‘good’ words; then we can require that the set of words that fail to
be good is small in an appropriate sense.

The good words can be chosen to deal with either the failure of the specification
property (e.g. for S-shifts), or the failure of the function to satisfy the Bowen
property everywhere on the space (e.g. the potentials described in Theorem [Bl on
the full shift), or both simultaneously (e.g. those same potentials on the $-shifts).
The ability to deal with both of these non-uniformities concurrently is an important
advantage of our approach.

We use a standard argument to construct an equilibrium measure as the limit of
d-measures supported on a set of orbits corresponding to words of length n, with
each orbit given a weight proportional to e»#(#) A crucial step in our argument
is to show that this measure satisfies a Gibbs property on the collection of ‘good
words’. This ensures that there is no room for any mutually singular equilibrium
measure, and combined with an ergodicity argument, this proves uniqueness.

We apply our results to expanding piecewise monotonic maps, including the (-
transformation, and also consider cases where the map is non-uniformly expanding,
as in Example [I.1]

Our techniques are well adapted to the operation of taking factors. We use results
from [CT12] to establish uniqueness of equilibrium states for symbolic spaces (X, o)
which are factors of S-shifts. In this case, we prove uniqueness of equilibrium states
for potentials ¢ which satisfy the Bowen property and the additional hypothesis
sup ¢ — inf ¢ < hyop(X).

In §2 we formulate necessary definitions and state Theorem [C] which is our
main result. In §3] we apply Theorem [C]in the symbolic setting, and state various
results that prove Theorem [Bl In §4], we apply our results to certain interval maps
and develop Example [[.T]in more detail. In §5, we prove Theorem [C] and in 6, we
prove lemmas and propositions from §§3H4l

2. DEFINITIONS AND STATEMENT OF RESULT

2.1. Notation and general definitions. A topological dynamical system is a
compact metric space X together with a continuous map f: X — X. We restrict
our attention to the case where X C AN for some finite set A, called an alphabet,
and f = o is the shift map, defined by o(z), = x,4+1. We use the notation ;" for
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the shift space {0,...,b — 1}. We use the abbreviation SFT for a shift of finite
type.

Our results (like those in [CT12]) apply equally well when X C A% but all of
the examples in this paper are one-sided, so the non-invertible case will be our
focus. We recall some basic results and establish our notation. We refer the reader
to [Wal82) Chapter 9] and [LM95] for further background information.

The language of X is the set of finite words that appear in X. We denote the
language of X by L. To each word w we associate the cylinder

w] ={r e X |w=x122--- 2y},

where |w| denotes the length of the word w. Thus, the language of X can be
characterised by w € £ < [w] # 0. Given two words v = vy -- vy, and w =
W1 -+ Wy, WE Write vw = vy« - - Vw1 - - - Wy,. Given collections of words A, B C L,
we write

AB={vwe L |ve Aw e B}.
Note that only words in £ are included in AB. Unless otherwise indicated, we use
superscripts to index collections of words, and subscripts to index the entries of a
given word. That is, if we have a collection of words {w}, then w7 is the j*" word
in the collection and w! is the i'" entry of the word w’. We write £,, for the set of
words in £ with length n. Let C(X) denote the space of continuous function on X
and given p € C(X), define a function ¢,,: £,, — R by
on(w) = sup Snp(),
re|w
where S,¢(z) = o(z)+p(0z)+- - +¢(c" 1z). Given a collection of words D C L,
we write D,, = DN L,, and we consider the quantities

A (D, @) = Z ePn(w)

weD,

The (upper capacity) pressure of ¢ on D is given by
— 1
P(D,p) = lim —logA,(D,p).
n—,oo N

When D = L, we recover the standard definition of topological pressure, and we
write P(p) or P(X, ) in place of P(L, ).

Let M?(X) denote the space of shift-invariant Borel probability measures on X.
We write h(u) for the measure-theoretic entropy of u € M?(X). The variational
principle states that

Ple) =sup {0+ [[wdu|we s},

An invariant probability measure that attains this supremum is called an equilibrium
state for ¢. We write Per,, for the collection of periodic points of period n — that is,
Per,, = {z € X | 0™(z) = x}. Observe that this differs from the notation in [CT12],
where Per,, denoted points of period at most n.

2.2. Specification properties and regularity conditions. As in [CT12], we
formulate specification properties that apply only to a subset of the language of the
space. Our definition applies to naturally defined subsets of the languages of many
examples, such as S-shifts, that do not have specification.
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Definition 2.1. Given a shift space X and its language L, consider a subset G C L.
Fixt € N; any of the following conditions defines a specification property on G with
gap size t.
(W): For allm € N and w',...,w™ € G, there exist v',... vt € L such
that x := wlvlw?v? . 0™ lw™ € L and |v*| <t for all i.
(S): Condition (W) holds, and in addition, the connecting words v* can all be
chosen to have length exactly t.
(Per): Condition (S) holds, and in addition, the cylinder [x] contains a peri-
odic point of period exactly ||+ t.
In the case G = L, (S)-specification is the well known specification property of the
shift. In this case, (S)-specification and (Per)-specification are equivalent (this is
a folklore result, which follows from the fact that shifts with (S)-specification admit
synchronizing words [Ber88] ).

We now define the regularity condition that we require, which generalises the
well known property introduced by Bowen in [Bow74].

Definition 2.2. Given n € N and G C L, let

Va(G, Snep) = sup{|Snep(2) — Snip(y)| | 2,y € [w],w € Gn}.

A potential ¢ has the Bowen property on G if sup,,cy Vo (G, Snp) < 00. Denote the
set of such potentials by Bow(G). If ¢ has the Bowen property on L, then we just
say that ¢ has the Bowen property.

Note that for shift spaces every Holder continuous potential has the Bowen prop-
erty. This is because V,, (£, Snp) < Sr_; sup{|e(x) — o(v)| | 2,y € [w],w € Ly},
and Holder continuity implies that the quantity in the sum decays exponentially in
k.

2.3. Main result. We consider decompositions of the language: collections of
words CP,G,C® C L such that CPGC®* = L. Every word in £ can be written as
a concatenation of a ‘good’ core (from G) with a prefix and a suffix (from C? and
C*). Given such a decomposition, we consider for every M € N the following
‘fattened’ set of good words

GM)={uwvwe L|uellveGwel’u <Mw <M}
Note that | J,, G(M) = L, so this gives a filtration of the language.
Theorem C. Let (X, o) be a subshift on a finite alphabet and ¢ € C(X) a potential.

Suppose there ezists collections of words C?,G,C° C L such that CPGC® = L and
the following conditions hold:

(I) G(M) has (S)-specification for every M ;
(1) ¢ € Bow(G);
(III) The collections C* and CP satisfy

(3) ZAn(CP UC®, p)e ) < oo;
n>1

Then ¢ has a unique equilibrium state p,, which satisfies the following weak Gibbs
property: there exists constants K', Ky > 0 such that for every n € N and w €
G(M),,, we have

fro([w]) /
@) Ku < Spervenm <8
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If (S)-specification is replaced with (Per)-specification in Condition (I, then

_ 1 Snip(a)
® SRS e o PV

where Per, is the collection of periodic orbits of length exactly n.
Remark 2.1. If P(CP UC?,¢) < P(p), then Condition ([II) holds.

Remark 2.2. When ¢ = 0, the conditions in the main theorem of [CT12] imply
the conditions above except with (W)-specification in place of (S)-specification in
(@). The theorem holds true if we assume (W)-specification in (l) but it leads to
some additional technicalities in the proof. The stronger assumption is made purely
out of convenience and is satisfied by all examples under consideration here.

Remark 2.3. Because we assume that G(M) satisfies (Per)-specification for every
M, we obtain a stronger result concerning the periodic orbit measures than the
corresponding result in [CT12], where we considered measures supported on periodic
points of period at most n.

Remark 2.4. The Gibbs property [@l) shows that u is fully supported on X. If X
is a non-trivial shift space (i.e. contains an infinite number of points), this shows,
by ergodicity, that p has no atoms.

Remark 2.5. Theorem[Q applies both when X is one-sided (i.e. X C AN) and two-
sided (i.e. X C A%). The role of the prefiz collection CP seems to be much more
important in the two-sided case. Indeed, for all of the examples considered in this
paper, which are one-sided, C* = (). In [CT12|, we gave many two-sided examples
(S-gap shifts and coded systems) where the prefizes are indispensable. We also note
that in the two-sided case, the notation [w] refers to the standard two-sided central
cylinder.

3. SYMBOLIC EXAMPLES

In this section, we apply Theorem [C] to symbolic systems. In §3.1] we show that
every function on a §-shift which has the Bowen property satisfies the hypotheses of
Theorem [Cl In §3.2] we prove Theorem [Bl (and more) for shifts with specification.
In §3.3] we prove Theorem [B] for 3-shifts. Combining these results yields the full
statements of Theorems [Al and [Bl

3.1. B-shifts. Fix 8 > 1, write b = [S], and let w® € {0,1,...,b — 1} be the
greedy [-expansion of 1 (see [CT12, Bla89, Par60, Mai07] for details). Then w”
satisfies

(6) dowip =1,
j=1

and has the property that o (wB ) < w? for all k > 1, where < denotes the lexico-
graphic ordering. The (-shift is defined by

(7) Yp={re{0,1,....,b—1}: o"(x) <w” forall k > 1}.
For the rest of this exposition, we assume that w? is not eventually periodic. This

happens for Lebesgue almost every [, and is the interesting case for our analysis.
Although our methods apply equally well when w? is eventually periodic, in this
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case Xg is a sofic shift, and thus the thermodynamic formalism is already well
understood.

We showed in [CTT12] that the language of ¥g can be decomposed as £ = GC*,
where C; = {wf ---wP}. We briefly review the construction, and show that G(M)
has (Per)-specification for every M.

Every [-shift can be presented by a countable state directed labeled graph I'g,
as follows (see [BHS6, [PSOT, [CT12]). Consider a countable set of vertices labeled
v1,Vg,. ... For every i > 1, we draw an edge from v; to v;+1, and label it with the
value w? . Next, whenever w? > 0, for each integer from 0 to wf —
edge from v; to v; labeled by that value.

The (-shift can be characterised as the set of sequences given by the labels of
infinite paths through the directed graph which start at v;. For our set G, we take
the collection of words labeling a path that begins and ends at the vertex vy. It is
clear that

1, we draw an

(1) such paths can be freely concatenated, and each one corresponds to a peri-
odic point — in particular, G has (Per)-specification with ¢ = 0;

(2) G(M) is the set of words labeling finite paths that begin at v; and terminate
at some vertex v; such that ¢ < M.

(3) if 7pr = max{length of shortest path from v; to vy | 0 < ¢ < M}, then G(M)
has (Per)-specification with ¢ = 75;. The ‘gap’ can be made to be exactly
T rather than at most 7p; by padding out with a string of 0’s based at v;
if necessary.

It is clear from the graph presentation of ¥ that every word in £ can be written

as a word from G followed by a word in C* = {wf ---w? | m > 1}. From the remarks
above, Condition (1)) is satisfied.

Suppose ¢ has the Bowen property; then Condition ([I)) is immediate. Thus in
order to apply Theorem [C] it remains only to show that ¢ satisfies Condition (III)).
Because C; is a singleton for all n, this amounts to checking that

(8) Z eSne(w?)—nP(Sp,9) < o0,

n>1

and thus it suffices to show that

(9) T ~5,0(w) < P(Ss,0).

n—o0o M

Proposition 3.1. Suppose ¢ € Bow(X3). Then (@) holds.

It follows from Proposition [BI] and Theorem [C] that every ¢ € Bow(Xg) has a
unique equilibrium state. In particular, every Holder continuous potential ¢ on ¥z
has a unique equilibrium state.

Remark 3.2. Fquilibrium states for B-shifts were studied by Walters [Wal7§|, who
dealt with the smaller class of Lipschitz potentials, but obtained stronger results than
we do regarding properties of the unique equilibrium states. His approach relies on
the Perron—Frobenius operator L, defined by

(Loh)(@) = Y e*Wh(y).

oy=x
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In the remarks following [Wal78|, Corollary 8], he observes that if a Hélder contin-
uous ¢ s such that there exists M > 0 with

n nP
(10) £01(z) < MemPe)

for all n > 0, then the remainder of the results in [Wal78| go through. This inequal-
ity is a corollary of a key step in the proof of our main theorem: the upper bound
in Proposition and the elementary inequality L31(z) < An(L, ) yields ([I0)
for every Holder ¢. Thus in addition to the uniqueness results proved here, we can
deduce the following result from [Wal78 Theorems 10,13,15].

Theorem 3.3. Given a Holder continuous ¢ on a [-shift X, there exists a Borel
probability measure v on X such that [ Logdy = el (%) [ gdv for all g € C(Zp),
and a positive function h € C(Xg) such that Loh = eP@h and the following are
true:

(1) pp = hv is a o-invariant probability measure and the unique equilibrium

state for ;

(2) e’”P(“’)ng converges uniformly to h [ gdv for every g € C(Xg);

(8) voo™™ — u, in the weak™® topology;

(4) Ly: C(Xp) — C(Xg) has spectral radius e ¥);

(5) the natural extension of (Xg,0, fu,) is isomorphic to a Bernoulli shift.
Moreover, given two Hélder functions ¢ and v, we have p, = py if and only if
there exists g € C(Xg) and C € R such that o —p =C+goo —yg.

3.2. Non-Bowen potentials. Let X C E;r be a shift space, and fix an arbitrary
subshift ¥ € X. We describe a class of potentials on X for which the Bowen
property fails due to a detoriation in the regularity of the potential at points close
to Y. We give conditions under which our main theorem can be applied to give a
unique equilibrium state.

Our potentials are similar in spirit to the functions considered in [Hof77, MP82]
and §7 of [IT10]. A motivating example, described fully in §I4] is when Y is the
fixed point at 0, and the function models the geometric potential for the Manneville—
Pomeau map.

In general, when Y is a non-trivial subshift, the (lack of) regularity in our class
of potentials is allowed to depend in a very precise way on the structure of Y, as
follows. Consider the set

FX,Y) :={we LX)\ L) | wy - w)|—1 € LY)},

whose elements are forbidden words of minimal length for ¥ in X. Observe that
[v] N [w] = 0 for every v,w € F(X,Y), and define a countable partition of X by

PX,Y):={w] |we F(X,Y)}U{Y}.
For example, if X = {0,1} and Y = {0}, then
P(X,Y) = {{0},[1], [01], [001], [00001], .. .}.
If X ={0,1,2}N and Y = {0,1}", then
P(X,Y)={Y,[2],[02],[12],][002],[012],.. .}.

Definition 3.1. A grid function for the partition P(X,Y) is a function o that

can be written as po = }_,,c 7(x,y) Gwliw], where {aw} are real numbers such that

limy, 00 MaxXye 7(x,y), Gw = 0.
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Let A = A(X,Y) be the set of potential functions ¢ = ¢, + o such that
@r € Bow(L(X)) (the subscript  denotes ‘regular’) and po = ), w1, is a grid
function for P(X,Y). In many cases, a function ¢ € A does not have the Bowen
property on X (see Proposition B.8)). However, given ¢ € A, there is a natural
way to choose a collection G on which ¢ has the Bowen property. This gives us a
natural setting where our main theorem may be applied.

Theorem 3.4. Suppose X C AN is a shift with specification on a finite alphabet,
and let Y C X be an arbitrary subshift. Consider the class of potentials B = {¢ €
AX,Y) | P(Y,¢) < P(X,p)}. Then every ¢ € B has a unique equilibrium state.
Furthermore, this equilibrium state has the weak Gibbs property @) and is the weak*
limit of the periodic orbit measures

1 s
eSne@)g
ZwEPern eSnap(z) mE;rn
Proof. We write down suitable collections G and C® in order to apply our general
theorem. For any ¢ > 0, we can define the collections

G ={we LX) | "~ (w) ¢ L(V)},

11
(11) C = {w e L(X) | wy---wipe € LY) for all 1 < k < [w| — £}.

For a suitably chosen ¢, we will let G = G’ and C° = C**. Given an arbitrary
w € L(X), we can decompose w as uv, where every subword of v with length ¢ is
in L(Y), and hence v € C*, while the word comprising the last ¢ symbols of u is
not in £(Y’), and hence u € G.

Lemma 3.5. ¢ € Bow(G") for every ¢ € A(X,Y) and £ > 1.

Proof. Tt suffices to show that ¢y € Bow(G*). Given w € G*, observe that for all
0 <k < |w|— ¢, @o is constant on each [0 (w)]. It follows that for every =,y € [w],
we have

N

|Sneo(@) = Supo)l < D leo(0?(2)) = wo(0? (9))] < 2¢l|oll- O
j=N—f+1

Lemma 3.6. There exists { such that P(C*¢, ¢) < P(X, ).

Proof. For ease of exposition, we break the proof into two cases.

Case 1: Y is an SFT or there exists an SFT Z such thatY = ZN X. Let F
be a finite collection of forbidden words which describes the SFT (see [LM95] for
details), and take ¢ = max{|w| | w € F}. Then C** = £L(Y) and a short calculation
combined with the assumption that ¢ € B shows that P(C** o) = P(Y,p) <
P(X, ).

Case 2:'Y is an arbitrary subshift. Let Z, be the SFT whose forbidden words
are all words of length at most ¢ in AN\ £(Y), and let Y, = Z, N X. We have
e Ye = Y. An easy generalisation of the proof of Proposition 4.4.6 of [LM95]
shows that lim,_, . P(Yz,¢) = P(Y, ). Since P(Y,¢) < P(X, ), we can choose ¢
sufficiently large so that P(Yz, ») < P(X, ). Just as in case 1 of the proof, a short
calculation shows that P(C**, ) = P(Yy, ¢). O

Remark 3.7. Up to this point, we have not used the fact that the shift has spec-
ification. In particular, Lemma [38 shows that for all subshifts Y C X and ¢ €
AX,Y), if G C G* for some £ > 1, then ¢ € Bow(G).
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Returning to the proof of Theorem B4l we let £ be as in Lemma and let
G,C*® be as in ([[I). We check the hypotheses of Theorem Since £(X) has
specification, and thus (Per)-specification, G(M) has (Per)-specification for every
M; Condition () holds by Lemma[3.5} and Condition (III)) follows from Lemma[3.0]
Thus for ¢ € B, all the hypotheses of Theorem [Cl are satisfied, so the result follows.

O

The following proposition gives necessary and sufficient conditions for ¢ to have
the Bowen property.

Proposition 3.8. Consider ¢ € A and let o = ) ay1p,) be the associated grid
function. Then ¢ € Bow(L(X)) if and only if there is V < oo such that for every
w e L(Y) and x € [w], we have |S)y,po(x)| < V.

Corollary 3.9. If Y = {0} and ¢ = ¢, + po € A with w9 = Y w1y, then
¢ € Bow(L(X)) if and only if 3, aon. converges for every z € A\ {0}.

We briefly mention a condition under which it is easy to apply Theorem (3.4
Observe that whenever X has specification and ¢ = ¢, + ¢y € A(X,Y) for some
subshift Y C X, the unique equilibrium state of ¢, is fully supported on X. Thus
we often have P(Y,¢,) < P(X,¢,); for example, this holds whenever ¢, |y has a
unique equilibrium state on Y. In this case there is a gap between the two pressures,
and we put a condition on g that guarantees the persistence of this gap for .

Corollary 3.10. Let X have specification and let Y C X be an arbitrary subshift.
Suppose ¢ = @, + o € A(X,Y) satisfies

(12) —infpy < P(X, @) = P(Y, or).

Then ¢ has a unique equilibrium state.

Proof. Write @5 = min(0, ¢o). Using the fact that the pressure function is mono-
tonic [Wal82, Theorem 9.7] and the variational principle, we see that

= P(X,¢,) +inf oo > P(Y,¢;) = P(Y, ),
where the last inequality uses (IZ). Thus Theorem B4 applies. O

Remark 3.11. If ¢, =0 and Y is a single periodic orbit, then [I2) follows from
the familiar condition that sup ¢ — inf ¢ < hiop(X).

3.3. Non-Bowen potentials for 3-shifts. We extend Theorem [3.4to the setting
when X is a S-shift and Y = {0}. This will complete the proof of Theorem [Bl

Theorem 3.12. Let p € A(X3,{0}) be such that the numbers a,, in Definition[31]
depend only on the length of w. If P(X3,¢) > ¢(0), then ¢ has a unique equilibrium
state. Furthermore, this measure has the weak Gibbs property @) and is the weak*-
limit of the periodic orbit measures ().

For the proof of Theorem B.12] we define collections G and C* in order to deal
with both the non-Markov structure of ¥z and the failure of the Bowen property
for ¢ simultaneously so that we can apply Theorem [Cl Recall the presentation of
3 via a graph on a countable vertex set. Let G be the collection of words w which
label a path that either: (1) begins and ends at the base vertex vy and has the
additional property that wj,| # 0; or (2) begins at v; and ends at vs.
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For the suffix set, take C® = C*1 U C%2 U C*3, where
ot = {whuwl - wl |m>1}-A-{0° | £ >0},
Co? = {whuwl --wl |m>2}-A-{0°]£>0},
c*? = {0 ¢ >0},
It is clear that every word in £ can be written as a word in G followed by a word
in C*. Tt follows from our earlier analysis of the S-shift that G(M) has (Per)-

specification for every M. To prove Theorem [B.12] we need only verify that C*
satisfies Condition ([II) of Theorem [Cl This is the content of §6.31

3.4. Factors of (-shifts. Let X be a subshift factor of a S-shift. In [CT12], we
proved that there is a natural way to write £(X) = GC®, which is inherited from
the (B-shift. An easy variation of the argument in [CT12] shows that G(M) has
(Per)-specification and P(C*,0) = 0. The following theorem is a corollary of this
fact and our main theorem.

Theorem 3.13. Let X be a subshift factor of a B-shift, and let L(X) = GC* be the
decomposition inherited from the B-shift. Suppose @ € Bow(G) and sup ¢ — inf ¢ <
hiop(X). Then ¢ has a unique equilibrium state.

Proof. We just need to check that P(C*,p) < P(X, ). Since #CZ grows subexpo-
nentially, we have P(C®, ) < sup ¢. By the variational principle,

P(X,¢) > hiop(X) +inf o
Z htop(X) - (Sup@ - Hlf(/)) + P(Csv</7)
> P(C*, ). 0

4. INTERVAL MAPS

We prove uniqueness of equilibrium states for systems that can be well coded by
shift spaces meeting the hypotheses of our main theorem.

4.1. Piecewise monotonic interval maps. We consider maps on the interval
(perhaps discontinuous) which admit a finite partition such that the map is contin-
uous and monotonic when restricted to the interior of any partition element. That
is, let T = [0,1] be the unit interval, and let f: I — I be such that there exists
p>2and 0 =ap < a1 < ... < ap = 1 such that writing I; = (a;,a;j41), the
restriction f[z; is a continuous, monotonic map for every j.

Let S = {ao,...,ap} and I’ = I\ U;»o f~'S. We code (I, f) by the alphabet
A=/{0,...,p—1}; the symbolic dynamics of (I, f) is defined by the natural coding
map i: I’ — AN which is given by i(x), = j if f¥(2) € I;. We make the assumption
that i is well defined and injective on I’. This is clearly true when f is C' and
satisfies | f'(z)| > a > 1 for all z. When f is assumed only to be increasing on each
1;, a sufficient condition for i to be well defined and injective is that f is transitive
[FP09, [Par64].

Definition 4.1. We say that a piecewise monotonic map admits symbolic dynamics
if the natural coding map i: I' — AN is injective. The symbolic dynamics of (I, f)
is the symbolic space Sy C AN given by ¥ =i(I").

We define 7: ¥y — I by m(z) = (3o [~ *Ls,, and recall the following important
facts.
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(1) (I, f) is a topological factor of (X, o), with 7 as a factor map.

(2) = is injective away from a countable set.

(3) Since any measure whose support is contained in a countable set is periodic,
7 can be used to give a measure theoretic isomorphism between (X ¢, o) and
(I, f) for any measure which has no atoms.

(4) Hence, to prove that ¢ has a unique equilibrium state on (I, f), it suffices
to show that ¢ o 7w has a unique equilibrium state which has no atoms.

There is a natural identification between words w in ¥y and ‘cylinder sets’ m(w) C I,
where 7(w) = ﬂlﬂal f~*T,,.. Consider the class of functions C'(I) = {¢: I = R |

@om € C(Xf)}. For a function ¢ € C(I), we define a Bowen property which is
adapted to the symbolic dynamics. For any G C L(X[), define

VoI, G, Snip) = sup{|Snp(z) — Snp()| | 7,y € m(w),w € Gu}.

We define Bow(G) = {p € C(I) | sup,, Vu(I,G, Snp) < c0}. For w € L(Xf), we
define

on(m(w)) = guF )S’ncp(x).

Given a collection of words D C L(Xy), we write D, = DN L, and we consider
the quantities

A(I,D,p) = Y epn(m(w),
weD,

We define
1
P(SD) = lim — IOgAn(Iu ‘C(Ef)v 90)

n—oo n,
Theorem 4.1. Let f be a piecewise monotonic interval map which admits symbolic
dynamics, and ¢ € C(I) be a potential. Suppose there exist collections of words

CP,G.C° C L(Xy) such that CPGC® = L(X) and the following conditions hold:
(I) G(M) has (S)-specification for every M ;
(II) ¢ € Bow;(G);
() 32,51 An(I,CP UCH, )e " P(#) < o
Then ¢ has a unique equilibrium state u,. Furthermore, p, is fully supported and
satisfies the weak Gibbs property @). If each G(M) has (Per)-specification, fi, is
the weak™® limit of the periodic orbit measures

1 Sne(z)
ZmEPer eSnkp(I) Z o 6m

x€Per,,

(13)

Proof. The hypotheses of the theorem show that the function ¢ o 7™ on (X¢,0)
satisfies the hypotheses on Theorem [Cl Thus, ¢ o w has a unique equilibrium state
on Yy. We see from Remark 2.4 that this equilibrium state has no atoms, and
therefore, the discussion above yields a unique equilibrium state for ¢ on (I, f). O

We show how to verify these hypotheses for natural classes of functions on some
special classes of piecewise monotonic interval maps.
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4.2. p-transformations and F-transformation. Let F': I — R be an increasing
C! map such that F(0) = 0, and suppose that there exists o > 1 such that F'(x) >
a>1forallzel. Let f:[0,1) = [0,1) be the map given by

f(z) = F(z) (mod1).

Following [Wal78| [Sch95], we call such a map an F-transformation (in [Hof87], these
are called monotonic mod 1 transformations). When F(x) = Sz for some § > 1,
we recover the definition of the g-transformation.

As described in [FP09], it can be shown that writing b = [F(1)], the space
Yy C E;r has a lexicographically maximal element w, and ¥y can be characterised
as

Sr={zeXf|0=<0"z < wforalln >0}
In other words, the symbolic dynamics of (I, f) is a S-shift. Since f is uniformly
expanding, it is easy to check that if ¢ € C(I) is Holder, then ¢ € Bow;(I) and
thus ¢ o m € Bow(X ). Proposition Bl shows that Condition (III) of Theorem [C]
holds for g o, and thus @ o has a unique equilibrium state (which has no atoms).
Thus, by the comments above, ¢ has a unique equilibrium state. In summary, we
obtain

Theorem 4.2. Let f : [0,1) = [0,1) be an F-transformation and ¢ € C(I) have
the Bowen property. Then ¢ has a unique equilibrium state . Furthermore, ji, s
fully supported and satisfies the weak Gibbs property [); it is also the weak™® limit
of the periodic orbit measures ([I3)).

4.3. A generalisation of the Manneville-Pomeau maps. We explain how
Theorem E.1] can be applied to the maps in Example [ Recall, we fix v > 0
and € € (0,1) and define

(14) f(z) =24~z (mod 1).

When v = 1, f is the well-known Manneville-Pomeau map. More generally, f is an
F-transformation, albeit with only non-uniform expansion. The characterisation
of the symbolic dynamics for F-transformations holds true in this case, and we see
that there exists 8 > 1 such that the symbolic dynamics of (I, f) is Xp.

Consider the geometric potential ¢(x) = —log|f/(z)|. When ¢ < 1, we show
that tp o 7 is a function on Xz of the type studied in §3.2

Theorem 4.3. Fiz v > 0 and 0 < € < 1, and let f be the piecewise monotonic
interval map defined in ([[d)). Let o(x) = —log|f'(x)| be the geometric potential.
Then the following are true.

(1) For each t < 1, the potential t¢ has a unique equilibrium state u;. The
measures py have the weak Gibbs property @) and are the weak™ limit of
the periodic orbit measures

1 o
EmEPern((fn)/(I))ft Z ((fn) (x)) 51

x€Per,,

On (—o0, 1), the pressure function t — P(ty) is C1 and strictly positive.
(2) Att =1, the function t — P(tp) is not differentiable, and there are at least
two distinct ergodic equilibrium states for .
(3) Fort > 1, we have P(ty) = 0, and the §-measure at 0 is an equilibrium
state.
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Proof. We show that ¢ o € A(X3,{0}), and it immediately follows that tp o €
A(X3,{0}) for all t. For ¢t < 1, we then verify the hypotheses of Theorem
to establish uniqueness of equilibrium states. The second and third parts of the
theorem follow directly from the inequality h,(f) < [log|f’(x)|du for all ergodic
f-invariant measures, which holds for this family of maps by [Hof91l Theorem 1]
(see also [BBJL12, Theorem 7.1]).

Let x¢ be the solution of z + yz'*® = 1, and let z,, be the unique number
with 0 < 2, < zp and z,—1 = f(z,). Note that if Iy is the first interval of
monotonicity of (I, f), then Iy = (0,20). Note also that for any n > 1 and z # 0,
that 7(0"2) € [z, zn—1]. Using the notation conventions of §3.2, we find functions
o and ¢, so that o om = ¢, + 9. With X = ¥3 and ¥ = {0}, we have
F(X,Y) ={0"% | n > 0,c e {1,...,b— 1}}. Define a grid function ¢y as in
Definition B1] using the values agne. = @(xy,), so that

vo(z) = @(x,) whenever 7(z) € (Tni1,Tn),
and o (0) = 0. Let ¢, = ¢ om — ¢y. The following lemma is proved in §6.41

Lemma 4.4. The potential ¢, has the Bowen property, while the potential ¢ o
does not.

Remark 4.5. The first part of Lemmal[{.4) is immediate if ¢ has the Bowen prop-
erty with respect to the countable partition {(xg, 1], (z1, 0], (x2,21],...}, and this
is essentially what we prove. For the Manneville-Pomeau map, this was shown
by Sarig in [Sar01l, Claim 2]. Our proof relies on elegant elementary distortion
estimates proved by Young [You99, §6].

We now assume that ¢ < 1 and verify that P(tp) > 0. A key ingredient is the
following lemma, whose proof was communicated to us by D. Dolgopyat.

Lemma 4.6. Let Zy = {z € I | lim 1 log(f")'(x) = 0}. Then Leb Z; = 0.
This is the key tool in deriving the following estimate.

Lemma 4.7. For the geometric potential ¢ = —log f’, there exists X\ > 1 such that
P(tp) > (1 —t)logA >0 for allt < 1.
Applying Theorem [B.12] this shows that tp has a unique equilibrium state for

every t < 1. Because the entropy map is upper semi-continuous, this implies that
the pressure function is C. (|

Remark 4.8. The assumption that 0 < € < 1 is only used in the proofs of Lemmas
{0 and [} If the inequality P(te) > 0 fort < 1 can be established by other means,
then Theorem [{.3 follows even if ¢ > 1.

5. PROOF OoF THEOREM [C]

5.1. Estimates of partition sums.

Lemma 5.1. For every M > 0, there exists Dpy > 0 such that A, (G(M),¢) <
Dye™P) for all n.

Proof. Using Condition (Il), there is a map m: G(M)% — Ly(n11,,) such that 7 (&) =
wlolw? - wko¥ for some v¢ € Ly,,. Let Vs = sup,, Vo (G(M), Sn¢p), and observe
that

Vi < 4AM]|o| + szp Vi(G, Skp) < o0,



EQUILIBRIUM STATES BEYOND SPECIFICATION 15

using the fact that ¢ € Bow(G). Furthermore,

Phintia) (T(@)) > Z on(w) = k(Var + tar) | oll-

Thus we have

Z 6(2?:1san(wj))*k(Vzv1+tMllsoll)
weG(M)k
= (A (G(M), sp)e_(VM'f‘tHV’H))k7

Ak(n-{-tM) (‘Ca 90) >

whence
Vi + tullell
n+ity

log Ap (g(M)v <P) < ) log Ak(n-l—tM) (ﬁ, <P) +

n+ty T kin+ty

Sending k — oo gives

1 n+ty LM"rtMHgDH
— /\4 < P - o .
nlOgAn(g( )¢) < n ( () + n+ty B

Proposition 5.2. Suppose D C L and C; > 0 are such that A, (D, @) > Cre"F(#)
for every n € N. Then for every § > 0, there exists M € N such that A, (D N
G(M), ) > (1 - )An(D, ) for every n € N,

Proof. Let a; = A;(CPUC®, )e™P(¥) 50 3" a; < oo by Condition ([II). Every word
y € D,, has the form uvw for some u E CZ ,v € Gj,andw € Cf, where i+j+k =n. If
iVk < M, then y € G(M); thus using the inequality v, (y) < ¢;(u)+¢; (V) +pr(w),
we have

An(Dv ) (D N g Z A (g (P)Ak (Csv QD)

i+j+k=n
iVk>M

nP(p)

Multiplying both sides by e~ and using the result of Lemma 5.1} we obtain

An(D,@)e @) < A (DN G(M), 0)e " F@) + Y™ ajaxDy.
iVk>M
Because Y a; < 0o, we can choose M such that
Z aiapDy < 6Cy < 6A, (D, p)e "),
iVEk>M
and so we have

(1= 8)An(D,p)e "P@) < AL (DNG(M),p)e P @), O

Proposition 5.3. There exists Co > 0 such that e"P(#) < An (L) < CoenP (@)
for all n.

Proof. Define a map n: |J;°, L£; — Ly, by m(w) = w1 ... wy. Then

Pnk(w) < Z Pn(m w))7

which gives

Ank(Ly9) < ) eXim el < A (£, o),

weﬂnk
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Thus # log Ank (L, @) < % log A (L, ), and sending k — oo gives the first inequal-
ity in the statement of the proposition.

For the second inequality, we apply Proposition[ 5.2 with D = L to see that there
exists M such that A, (G(M),¢) > $A.(L,¢) for all n € N. An application of
Lemma [5.I] completes the argument. ([l

Given p € M(X) and Dy, C Ly, we write u(Dy) = (U, ep, [W])-

Proposition 5.4. For every v > 0, there exist M € N and Cy > 0 such that if v is
an equilibrium state for o, then every collection D,, C L,, with v(D,) > ~ satisfies

(15) An(DNG(M),p) > Cre"Pe).
Proof. Recall that the entropy of v is given by
1
h(v) = inf — Z —v(w) log v(w),
weLy
and so for the pressure P(y) )+ [pdv, we get
nP(p) = ( / S dl/> < Z v(w)(pn(w) —logv(w)).
weLy

Observe that

> v(w)(en(w) — logv(w))

weD,

=v(D,) Z VU((;;)> (gon(w) —log VV((;J")) — log I/(Dn)>

< v(Dp)log An(D, @) — v(D,) logv(Dy,),

where we use the fact that if a; > 0, >, a; = 1, and p; € R, then
Z ai(p; —loga;) < logz ePi.
Now writing DS = L,, \ Dy, the above estimates give
nP(p) < v(Dn)log An(D, ¢) + v(Dy) log An (D%, ¢) + H,
where H = sup;¢g 1)(—tlogt — (1 —t)log(1 —¢)). Using the fact that A, (D¢, ) <
An(L, @), we see from Proposition 53] that
nP(p) < v(Dn)log An(D; ¢) + (1 = v(Dn))(nP(p) +log Ca) + H
=v(Dy)(log An(D, ) — nP(p) —log Ca) + nP(p) +log Cy + H.
Now since v(D,,) > v, we have
logCy + H S _logCy + H
v(Dn) v ’

which shows that there exists C; > 0 such that A, (D, ) > Cre™? (#). An applica-
tion of Proposition completes the proof. O

log An (D, ) —nP(p) —logCy > —
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5.2. A Gibbs property. We build an equilibrium state y as a limit of j-measures
pin distributed on n-cylinders according to the weights given by e®»(*). To be
precise, for each w € £, fix a point x(w) € [w]; then consider the measures defined
by

n—1
1 1
Un = ewn(w)ém w)» Hn = — (0.*)}%1/”,
R 2z >

and let pu be a weak™® limit of the sequence p,. It is shown in [Wal82 Theorem
9.10] that h(p) + [ @dp = P(yp), so it remains to show that there can be no other
equilibrium states.

Proposition 5.5. For sufficiently large M, there exists a constant Kpr such that
for every n € N and w € G(M), we have p([w]) > Kpre P (@) +en(w),

Proof. Combining Propositions and 0.3 we see that for large enough M there
exists C' = C(M) > 0 such that A, (G(M), ) > Ce™P®) for all n.

Fix w € G(M),,. We estimate y,, (w) for large m by first estimating v,,, (o =% (w)).
Let tpr be the gap size in the specification property, and let ¢; = k — tj; and
ly =m — k —tpr —n. From Condition (I)), for every v* € G(M),, there exist words
ul,u? € Ly, such that v'ulwu?v? € L,,. Since different choices of v! v? give
different words in £,,, this defines an injective map 7: G(M)g, X G(M)p, — L.
Note that

om (T(0",0?)) = @, (V1) + on (W) + @1, (v2) — 2t — 3V,
and this allows us to estimate that

T 'ul,'u2
Zvleg(M)el,vzeg(M)ez ePm(m( )

v (0" (w)) 2

Am (L, )
S Ao (G(M), @)e?n (W Ay (G(M), p)e~ BV +2tullell)
- Am (L, @) '

Using the lower bound given above for Ay, (G(M),p) together with the result of
Proposition 5.3, we have

21 +02)P(0) o (w) o~ (3V +2tar [ 01])
Czemp(@)
— 205 e BV 2ol 2t P(9) g ~nP(9)+on (w),

v (0" ([w])) =

Since this holds for all k¥ and m, we are done. O

The Gibbs property above shows that if y is ergodic (which we will verify shortly),
then p is not atomic.

Lemma 5.6. There exists C's > 0 such that for everyn € N and w € L,,, we have
M(w) S Cse_np(ﬁa)'i"pn(w)'

Proof. Fix m > n and k < m —n. Using Proposition [5.3] we have

_ Ap(L,0)e? Ny, i (L, 0)
V(07" ([w])) < No(L0)

CZe(m=n)P() gon(w)

3

emP(</’)
and the result follows upon passing to the limit. O
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Using the Gibbs property, we show that p is concentrated on cylinders from
G(M) in the following sense.

Lemma 5.7. Let §; > 0. There exists M such that for all n, any subset D,, C L,
satisfies u(Dy, NG(M)) > u(Dy) — 61.
Proof. By Proposition [5.2] there exists M such that for all n,
An(G(M)*,0) < (51057 Cy AL, ).

Together with Proposition 5.3 and Lemma [5.6] this gives

uG(M)%) < CsAn(G(M)", p)e™ "9 < (8,057 Cy 1) C50n = b1,
and the result follows. O
5.3. Ergodicity of u.
Proposition 5.8. If two measurable sets P, C X both have positive p-measure,

then lim,, 0o (P N o™ "Q) > 0.

Proof. We start by considering the case where P and @) are cylinders corresponding
to words in G(M).

Lemma 5.9. For all sufficiently large M, there exists Epy > 0 such that if u,v €
G(M), then lim,,_,_ p([u] N o~"[v]) > Earpu(u)p(v).

Proof. As in the proof of Proposition 5.5 we take M and C = C(M) such that
An(G(M), @) > Ce™P#) for all n. Now fix u,v € G(M), let m € N be large and fix
k < m. We estimate

(vm 0 0[] Vo~ "[o]) = (0] 1 o~ ).

Write ¢4 = k — tar, b = n — |u| — 2tp, and €3 = m —n — k — |v| — ¢t and
notice that 1 + lo + €3 —m = —(4tp + |u| + |v]). Using Condition (), for every
(w, w? w?) € Gy, x Gu, X Gy, there exist zt, 22 23, 2 € L;,, such that

wlzluz?w?aPvatw® € L,,.

As in Proposition 5.5 it follows that
(m 00 F)([u] No™"[v])
o A (GAM), @)e?11 M Ay, (GM), @)e?1"1 ) Ay, (G(M), p)e™ BV HAtarlil)
N Am(£7 90)
O3 elitlatL3)P(9) ppju| (u) oo (V) o= (BV+4tum | o]])
>
= Che™P(¥)
> 0302*16—\UIP(<P)+90W\(U)e—lv\P(sa)er\v\(v)e—4tMP(<ﬂ)e—(3V+4tM||</7||)

> CgCgle’MMP(“’)e’(w*“M”“"”)M(u)u(v),

where the last inequality follows from Lemma This holds for all k& and m,
whence we have the desired result. ([

Given P C G(M ), let [P] = U, cplw]. Then for P,Q C G(M),,, we have
p(Plne @)= > pllw]no ")),

wePw €Q



EQUILIBRIUM STATES BEYOND SPECIFICATION 19

and using Lemma [5.9] we see that

(16) lim p([PINo™"[Q]) = Expu(P)u(Q)-

n—r oo

To complete the proof of Proposition B8 we let P,Q C X be any measurable
sets with positive p-measure, and take 0 < &1 < p(P) A pu(Q). Let M be as in
Lemma 5.7

Fix € > 0 and choose sets U, V that are unions of cylinders of the same length,
say m, and for which u(U A P) < e and u(VA Q) <e. Let U = U N [G(M)n]
and V! = VN [G(M)y]; then by Lemma B.7 we have u(U’) > u(U) — d; and
w(V') > u(V) — é;. Furthermore, using (I0]), we see that

lim pU' No (V') = Exypu(U)p(V'),

whence
(17) HIL_H;O (U Ne™™(V)) = Ex(u(U) = 61)(u(V) = 61).
Finally, we observe that
WU Ne™(V)) —p(Pno (@) < p((UNo (V) A(PNo~"(Q)))
Sp(UAP)Ne ™ (VAQ)) <e
for every n, which together with (7)) implies
HE_IEOM(P No™"(Q)) = Ex(u(P) = 01)(1(Q) — 61) —&.

Since € > 0 was arbitrary, this completes the proof. (I

5.4. Uniqueness of pu. Let p be the ergodic equilibrium state constructed in the
previous sections, and suppose that some ergodic measure v L p is also an equilib-
rium state. Let D be a collection of words such that u(D,) — 0 and v(D,,) — 1.
Applying Proposition 5.4l we may assume that M and C; > 0 are such that

An(DNG(M), ) > CremP(#)
for every n. Using the Gibbs property from Proposition 5.5 we have

WD) 2 pDan G 2 Y Kyge P
weD, NG (M)

= Kpye PN (DNG(M),p) > KyCi >0,

which contradicts the fact that p(D,) — 0. This contradiction implies that every
equilibrium state v for ¢ is absolutely continuous with respect to u, and since p is
ergodic, this in turn implies that v = p, which completes the proof of Theorem

5.5. Characterisation of p. We claim that if G(M) has (Per)-specification for
all M, then p can be characterised by the equation (B). The argument is simi-
lar to the one described in more detail in §5.6 of [CT12]. The key point is that
ZwePernJﬂ- e%n¢(@) can be controlled from below by A, (G(M), ), where T is the
gap size in the specification property of G(M). This can be used to show that any
limit measure of the sequence of measures in (@) is an equilibrium measure for ¢.
By uniqueness of the equilibrium measure, this establishes (&).
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6. PROOFS OF RESULTS FROM SECTIONS [3] AND [4]

6.1. Proof of Proposition 3.1l Let ¥ C X3 be an SFT containing 0. This is
possible by fixing N € N and taking the shift space defined by all the paths on the
graph presentation of ¥z which never leave the first IV vertices of the graph. Then
there is a unique equilibrium state ' for ¢|s, and g’ is fully supported on . In
particular, u’ is non-atomic, and so

P(S5,0) 2 P(E¢) = b (D) + [ i’ > 2(0)
Let V' = max{sup,, V5.(L, Sne), |||l }, and fix 6 > 0 such that

(18) 0(0) + 85V < P(S4, ).

Fixn>1 and let w = wf ---w! be the unique word in C3. Let a,, be the number

of non-zero entries in w; that is, a, = #{i € {1,...n} | w; # 0}. For every
0 <k < ay, let A be the set of words obtained by changing precisely k of those
entries to 0. Observe that Ay, C £,, (this follows from the characterisation of ¥ in
terms of the lexicographic ordering). Furthermore, for each v € Ay, we have
w = w1x1w2x2 o 'IkwkH,
v =w'0w?0--- Owk‘H,
where w' € £ and z; € A. (Recall that A is the alphabet of the shift.) Writing
D(u) = <p|u‘(u) = SUP,cly] S|u‘<p(33) for u € L, we have
|B(w) — (®(w!) + B(21) + P(w?) + B(22) + - - + P(wh))
|®(v) — (B(w') + ®(0) + ®(w?) + B(0) + - - + B(w"))

< (2k+1)V,
< (2k+1)V,

and so
k

B(v) — ®(w)| < (4 +2)V + D |®(z;) — (0)] < (5k +2)V.
=1

We use the bound |®(v) — ®(w)| < 7kV. There are () distinct words in Ay, and

SO
Z e®0) > (‘Zz) e P(W)=TkV
vEA

Summing over all k gives

An(£7 90) 2 Z (al:) eq)(’w)e—'TkV _ G(I)(w)(l + €_7V)a"_
k=0
In particular, if a,, > én, then we have

(19) L log An(L,0) > Lo (w) + Slog(1 + ™).
n n

On the other hand, if a,, < dn, then we can use a similar argument to compare
©n(w) and ne(0), obtaining

on(w) < np(0) + 76nV.
Using (18], this gives

1
ﬁ@n(w) < p(0) + 70V < P(Xg,p) — 6V,
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which together with (I9]) shows that

T 2 S,0() < P(S,0) — Smin{V log(1 + ¢ 7)) < P(Ss,0),
establishing (@) and hence (§]).
6.2. Proof of Proposition [3.8 and Corollary

of Proposition [3.8. Tt suffices to restrict our attention to the grid functions ¢g. Fix
w € L(X)n and let
m = min{k | o"(w) € L(Y)}.
Then for all 0 < k < m, we have o*(w) € L(X) \ L(Y), whence g is constant on
[o* (w)]-
Now suppose that V' exists such that the bound in the hypothesis holds. We see
that for every z,y € [w] we have

1Sveo(x) = Sneo(y)| = 1SN -meo(0™(x)) = Sn—mpo(a™ (y))| < 2V.
For the converse, fix V' € R and take w € £(Y)n and x € [w] such that |[Sygo(x)| >
V. Take y € Y N [w], and note that ¢o(c*(y)) = 0 for all k > 0. Consequently, we
have
VN(L(X), Sneo) 2 [Snepo(z) — Sneo(y)] > V.
Since V' was arbitrary, this shows that ¢o ¢ Bow(L(X)). O

of Corollary 39 In this case, F(X,Y) ={0"z | n >0,z € A\ {0}}. If x € [0"2],
then o(x) € [0"12], so for z € [0Vz] we have Snpo(x) = 25:1 apn,. IfV =
max{| >, ~qaon:| | 2 € A\ {0}} < oo, it follows from Proposition B.8 that g
has the Bowen property. Conversely, if V = oo, it is clear that S Npo(x) can be

arbitrarily large. (|

6.3. Proof of Theorem Let G and C® be as in the discussion following
the statement of Theorem BI21 We show that P(C®,¢) < P(¢p) in order to apply
Theorem [Cl Because #C: grows subexponentially, it will suffice to show that there
exists ¢’ > 0 such that

(20) ~Suplw) < Plp)

for every sufficiently large n and every x € [w] for w € C2. The proof of [20) is
similar to the proof of Proposition 3.1l but greater care must be taken since ¢ does
not have the Bowen property. We write ¢ = ¢, 4+ g, where the following properties
hold:

(1) there exists V' > 0 such that V,, (£, Spp,) <V for all n;

(2) ¢o = D ys0aeljgea+] for some sequence a tending monotonically to 0,

where AT = A\ {0}.
Write s, = Zﬁ:o laj|; then sp = |Spr1¢0(x)| for all x € [0°AT]. Observe that
because a; converges monotonically to 0, so does the sequence %Sg. In particular,
using the assumption that ¢(0) < P(y), there exists L such that
1

(21) #(0) + 751 < Pp)-
Fix 6 > 0 such that

1
(22) @(0) + 751 + 83V +dsp, < P(g),
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and fix v > 0 such that

)
(23) § = —Zwlogw—v(ﬂ/—i—sL) > 0.

Fix n large enough such that % logn < §', where C' > 0 is a constant which, from
Stirling’s approximation formula, satisfies
(24) [logm! — (mlogm —m)| < Clogm
for all m. We fix w € £,, and show that (20) holds for every x € [w]. Write
w = Oe“xl()llxz cee asze’“
for some z; € AT and ¢; > 0; then for every z € [w],
(25) Snpo(x) = £(50y + Se, + -+ 80,_1) + S po(0% - ™ (2)),

where the choice of sign depends only on whether the sequence a,, takes positive or
negative values. Consider the set of indices

Q={1<i<k|4 <L}
Lemma 6.1. If #Q < én, then @20)) holds for every x € [w)].

Proof. By the argument in the proof of Proposition Bl we have

(26) Snor(z) < nip(0) 4 760V,
so we must estimate S, po(x). We see from (25]) that
kg )
Snpo(x) < sgy + Sg, + - + 50, < Onsp + ; ZZSL < dnsg, + ngsL,

where the second inequality uses the fact that if £; > L, then é%_Sgi < %s - Together
with (26) and (22), this completes the proof of the lemma. O

Thanks to Lemma [6.T] it only remains to consider the case where w € L,, is such
that #Q > dn. Writing Q = {i1,42,...,ix0}, where i; < iz < ---, consider the
subset Q" = {i1,i3,15,...} C Q. Then we have #Q' > 1dn and |j — i| > 2 for all
i,j€Q.

Given P C @', let w’ be the word obtained from w by changing z; to 0 whenever
i € P. It follows from the characterisation (7)) of X5 that w' € L.

Given z € [w] and y € [w'] we have as in Proposition B.] that

Changing x; to 0 results in a block of 0s of length ¢;_; +¢; + 1 (using the fact that P
does not contain two consecutive integers). Using (28], this gives us the following
estimate for ¢p:

(28) |Sn<p0(iE) - Sn%(y)| < Z |Sei—1+£i+1 — S0, — S,
i€P

Furthermore, we have

Litl £;+1

|Séi—1+€i+1 — St T sz" = Z (|aj| - |a€i71+j|) < Z |a’j| = Sti+1,
Jj=1 j=1
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whence ([28) yields

|Sneo(2) = Supo ()l <Y seir1 < (#P)se.
i€P

Together with (27)) and the observation that there are (#"?,) ways to choose P with
#P =m for 0 < m < #Q’, we see that

/
(29) An(L, @) > <#Q >65n@(m)m(7V+SL)'
m
An elementary calculation shows that for all m and N, [24)) yields

N m m
>N (——log—) — .
(30) log <m) >N ( I log N) 3Clog N

Taking logarithms in (29)) and applying (B0) yields
L

#Q' T HQ
for every 0 < m < #Q'. Using the inequality %571 < #Q' < n and choosing m such
that v#Q' < m < 2v#Q’, we obtain

log A (L, 0) > #Q ( ) —3Clog #Q/ + Sup(w) — m(TV + 51)

1
(31) log An(L, ) > §6n(—710g v) —3Clogn + Spp(x) — 29n(7V + sp).
In particular, applying ([23) gives
1 1 1 3C
—log An(L, ) 2 —Snp(x) + 50(—ylogy) = 2y(TV + 51) — —~logn
1
= —Spp(x) + 28 — 3¢ log n.
n n
Thus all sufficiently large values of n satisfy
1 1
—log An(L, ) = —Snep(z) + 0,
n n
and (20) follows.

6.4. Proofs of lemmas used in Theorem For any v > 0, the behaviour of
the map f near the fixed point 0 is described by the discussion in [You99, §6]. The
following lemma, which is proved by an elegant elementary argument is crucial for
our analysis.

Lemma 6.2 (([You99, Lemma 5))). There exists L > 0 such that for all i,n with
0<i<mn and for all x,y € [Xp11, %], we have

[flo— Syl
|Tn—i — Tn—it1]

|log(f*) (x) —log(f*)'y| < L

In the remarks preceding that lemma, Young shows that there exists E; > 0
such that
(32) Ty — Tl < Eyn~+1/e),

Lemma[6.2 and ([B2) are the only two results we use from [You99]; in particular, we
do not use any of the results that rely on building towers.



24 VAUGHN CLIMENHAGA AND DANIEL J. THOMPSON

of Lemma[{4 We start by estimating the variation on words of the form 0"z,
where z € {1,...,b— 1}. Suppose z,y € 7(0™2); then by Lemma [6.2]

|Snp(®) = Sne)| < Ll f"z — fyl,

where Ly = L|zg — x1|~!. Furthermore, since f"z, f"y € m(z), and f is uniformly
C? on each 7(2) with 2 # 0, there exists Ly so that

(33) |Snt160(2) = Sns19(y)] < La|f" o — fHyl.
Note also that since g is constant on 7(0"z), we have
|Snor(2) = Sner(y)| = [Snp(@) — Sne(y)l.

Now we consider more general words. Take A > 1 such that f expands distances
by a factor of at least A on each interval I; with j # 0. Thus given any word
w € L(Xg) with k non-zero entries, we have

(34) diam(7(w)) < A7,
Fix w € L(Zp)n and write
w = 0412104222 s zm()ém“,

where ¢; > 0 and z; € {1,...,b — 1} for every j. Let x,y € m(w). Then, letting
ki=0and k; =(j—1)+ Zj-_ll ¢;, and using [B3) and (B4)), we have

1=

|SN*fm+1<PT($) - SN*Zm+1<PT(y)| < Z |S£j+1<p(fij) - Sij+1</7(fkjy>|
=1

<Ly Z |fkj+1x - fkj+ly| <L Zdiam(w(oeﬂl Zip1e Zm0€m+1)>

j=1 j=1
<L Y AT < L1 - AT = L,
j=1

Now let ' = fN=fm+ig and ¢ = fN~fm+1y. Then a/,y" € 7(0VN~¢m+1). Suppose
2’ € (0™ z;) and y' € w(0™223) for some 21, 22 > 0. Then, applying Lemma [6.2]

|Szm+1907“(x/)| = |S£m+190(x/) - S£m+190(xn1*1>| <L,

and similarly for 3’. We conclude that

ISner(z) = Sner(y)| < Lz + |Se,,, o0 ()| 4+ S0, 00 (¥')| < Ls + 2L,

which shows that ¢, has the Bowen property. To see that ¢ itself is not Bowen, it
suffices to show that

sup{|Snp(@) — Sue(w)] | 2,y € 7(0"),m € N} < |3 (an)

This follows quickly from the observation that

> plan)
k=1

= Q.

= (") (@n) = 27" — 0. O
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of Lemma[f-6 To prove Lemma 6] we use an argument communicated to us
by Dmitry Dolgopyat. Lemma shows that ¢ € Bow(G), and thus there exists
V > 0 such that |S,(log f')(z) — S, (log f')(y)| <V whenever z,y € m(w) for some

w € G,. Using properties of logs and exponentiating gives the following bounded

distortion result, where we write Ey = eV:

1 _ ("))
35 — < ——+< < Ej.
%) B = () =
Given x € Xg, let £; = {;(x) > 0 and z; € A\ {0} be such that

T = 0€1210€222 cee

Because f is uniformly expanding away from 0, it is easy to see that 7(z) € I\ Zy
whenever lim %En(x) < 00. Thus it suffices to show that there exists L < oo such

that Z = {r(z) | lim 2¢,,(z) > L} has zero Lebesgue measure.
To this end, consider the set

Q(ma,ma,...,my) ={m(x) | {j(x) =m; for all 1 <j < n}.

It follows from (32) that

(36) LebQ(m) < Eym~(+1/¢)

for every m; we claim that there is a constant F5 such that

(37) Leb(Q(m1, ma, ..., my)) < EY(my ---my)~ 1+,

Using the bounded distortion estimate (B3] and the observation that
Leb(fm™ Mt (Qmy, .. m,)))

is uniformly bounded below, we conclude that there are constants Es, F4 such that

Leb chnlJr"'Jr7nn+nQ(7’)’L17 vy My, anrl)
T T
< By LebQ(mpy1).

Using ([36) and iterating gives (B7]).
Choose N such that 00 Fom~(+1/9) < 1 and let X; be i.i.d. N-valued

random variables such that P(X; = m) = Eym~(+1/9) for every m > N, and
PX;=N)=1-> Eoym~A+1/¢)  Then we have

LebQ(ma, ..., My, Mpi1)
Leb Q(my,...,my,)

< E3

m>N

LebQ(my,...,my,) §E§Hm;(1+1/€) < H P(X; =m;)
j=1 m;>N
= P(X; =m, for all j such that m; > N),

and in particular, for L > N we have
1 n
L _ .
eb {w(x) } - Zﬁj(x) > L}
j=1
< Z P(X; = m,; for all j such that m; > N)

mi+-+mp>nl
< P(X1+-+ X, >n(L—N)).
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By the law of large numbers, this goes to 0 as n — oo provided we take

L-N>Y mP(X;=m)=NP(X;=N)+ Y Em '/,
m>1 m>N
which we can do since the sum converges. This completes the proof of Lemma
O

of Lemma[{.7. We begin with the observation that

An(Ltp) = > sup (f)(x)”
weLn zem(w)
As a consequence of Lemma 4.6 there exists a set Z+ C I, an integer N € N, and a
number A > 1 such that (f™)'(z) > A" for every x € Z* and n > N, and moreover
LebZt > 0. Let D={w e L | n(w) N ZT # 0}, and for each w € D fix a point
Ty € m(w) N Zt. Thus for every n > N, we have

An(L,t9) > A(Dotp) = Y (") (w) " fe™ V(£S5 (E2)

weD,

Z (fn)/(ww)71)\n(17t)67Vn(£,Sn(tap))_

weD,
Furthermore, we have

—1
Leb(w(w))éLeb(f"w(w»)( ot <f">'<w>) < (f7) () eV (509,

zem(w)
and so

An(Lytp) > 37 Leb(n(w)) A0 (I (£:5ne)
weDy,

2 Leb(z-‘r))\n(l—t)e—(l+\t|)Vn([’,Sn¥3)'
This yields

——Va(L, She),

llogA (L,tp) > (1 —t)log A\ + — logL b(ZT) - il
n n

and since ¢ is continuous the final term goes to 0 as n — 0o, whence
(38) P(L,tp) > (1 —t)logA >0
for every t < 1. (]
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