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EXPONENTIAL MOMENTS OF SELF-INTERSECTION LOCAL TIMES OF
STABLE RANDOM WALKS IN SUBCRITICAL DIMENSIONS

FABIENNE CASTELL, CLEMENT LAURENT, AND CLOTHILDE MELOT

ABSTRACT. Let (X;,t > 0) be an a-stable random walk with values in Z%. Let l;(x) = fot 02(Xs)ds
be its local time. For p > 1, not necessarily integer, Iy = > I¥(x) is the so-called p-fold self-
intersection local time of the random walk. When p(d — ) < d, we derive precise logarithmic
asymptotics of the probability P[I; > r] for all scales v, > E[I;]. Our result extends previous
works by Chen, Li & Rosen 2005, Becker & Konig 2010, and Laurent 2012.

1. INTRODUCTION

Intersections of random paths have been an extensively studied topic, not only due to its funda-
mental importance in the theory of stochastic processes, but also because they play a central role
in various physical models as the "polaron problem" in quantum field theory [I8], the parabolic
Anderson model describing diffusion in random potential ([24], 32, [§]), or random polymer models
(|17, 19, 20]). Therefore, various mathematical objects have been introduced to quantify these in-
tersections: the range of a random walk, the volume of the Wiener sausage, or the self-intersection
local times, which is the main object of the present paper.

1.1. Self-intersection local times. Let (X;,¢ > 0) be a continous time random walk on Z¢, with
jump rate 1, and generator A:

Af() =" ply —2)(f(y) - f(x)),

yezd

where p denotes the law of the increments of the random walk. Throughout the paper, we assume
that p is in the domain of attraction of a stable law of index a € (0;2] and that p is symmetric.
More precise assumptions on u will be given later. For any z € Z%, let I;(z) = fot 0:(Xs) ds be the
time spent by the random walk on site z up to time ¢. For a positive real number p > 1, consider
the £, norm of [

1/p

Np(l) = | Y l(w)?

xEeZ4

Note that for p = 1, N1(l;) = t, while for p = 0, it is equal to the number of distinct sites visited
by the random walk up to time t. Moreover, since l;(z) < t for all z € Z, N,(I;) < t. If p is an
integer,

t t
It = N]];(lt) = / dtl s / dtp ]Ith:...:ti 5
0 0

is the so called p-fold intersection local time of the random walk, which measures the time spent
by the random walk on sites visited at least p times. To begin our study of the large time behavior
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of Np(ly), let us have a look at its typical behavior, which depends on the recurrence/transience
property of the random walk. We state the results in terms of I;:

e Transient case (d > «): in this case, the range of the random walk is of order ¢ and the
random walk spends a time of order 1 on each visited site, so that I; is of order ¢. In the
introduction of [23], Kesten & Spitzer proved that I/t converges a.s. to some deterministic
constant.

e Recurrent case (d < a, i.e d = 1,a > 1): the range of the random walk is now of order
t1/2 the random walk spends a time of order t1=1/¢ on each visited site, so that I; is of
order tP~=D/a More precisely, I, /tp_(p_l)/ @ converges in distribution to the L,-norm of
the stable limiting process local time (see lemme 6 in [23], or lemma 14 in [I5]).

e Critical case (d = a3 i.e d = a =1, d = a = 2): the range of the random walk is now
of order t/log(t); the random walk spends a time of order log(t) on each visited site, so
that I; is of order tlog(t)?~!. More precisely, I;/(tlog(t)?~!) converges a.s. to some explicit
deterministic constant (see [11] or lemme 4 in [10]).

To summarize, we get
==/ if d < a,
E(l;) < ( tlog(t)P~! ifd=a, (1)
t ifd>ao.

1.2. Main result. In this paper we are interested in the large deviations asymptotics of N,(l;)
when the walk produces an excess of self-intersections. More precisely, we give exact logarithmic
asymptotics of P [I; > ry] for scales t? > r, > E(I;). This problem has received a lot of attention
during the last decade, and we refer the reader to the recent monograph [12], or to the survey paper
[25] for an up-to-date picture of known results and of the various technics used in order to prove
them. Let us stress that on a heuristic level, there is a phase transition in the optimal behavior of
the random walk to produce many self-intersections:

e In the supercritical case d > aq (where ¢ is the conjugate exponent of p), this optimal

behavior is to stay confined in a ball of radius of order 1 during a time period of order rtl P«

t. This confinement happens with probability of order exp(—rt1 /p ). Rough logarithmic
asymptotics in the supercritical case were first proved in [2] (for p = a = 2) and later
refined in precise logarithmic asymptotics in [II, 26].

e In the subcritical case d < agq, the optimal behavior for the random walk is to remain up

to time ¢ in a ball whose volume is of order t7r, a/p

(_tl—(aq)/d,rt(a‘I)/(Pd))'

> 1. This confinement happens with
probability of order exp Precise logarithmic asymptotics were first
proved in d = 1 in [I4] for a = 2, and later extended in [I5] for a > 1. Very recently, the
case d > 2, = 2 was treated in [7] (with the restriction d < 2/(p — 1) < 2q), and [27].

e In the critical case d = aq, any confinement strategy in a ball of volume R?¢ € [1;tr, a/p ]
during a time period of order rtl /PRA/4 has a probability of order exp(—v"t1 /p ), so that the
intuitive picture is not clear. Nevertheless, precise logarithmic asymptotics were established
in [9] for o = 2, and later extended in [26] to other values of .

The main result of this paper is to prove logarithmic asymptotics of P [I; > r4] in the subcritical
case, for any value of a € (0,2], thus extending [I5] to d > 2 and « < 1, and [7, 27] to o < 2.
To state our result, we have to introduce some notations and make precise assumptions on u. For
p > 1, LP(R?) is the usual Sobolev space of p-integrable functions w.r.t Lebesgue measure. || || p 18

the norm on LP(R?). For any function g in L?(R?), we denote by F(g) its Fourier transform:

F(g)(w) = /Rd g(x) exp(—2im(z,w)) dx ,w € R, (2)
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Throughout the paper, we assume that
(H1): p is symmetric.
(H2): p is in the normal domain of attraction of a strictly (symmetric) stable law S, with
index « € (0,2] with characteristic function given by exp(— [¢t|*). This means that there
exists a constant ¢ such that (75 e Xst, S € [0;1]) converges in distribution when ¢ — 400, in
the space D([0, 1]) of cadlag functions, endowed with Ji-topology. Without loss of generality,
we will assume that ¢ = 27. This choice is made in order to get nice statements using (2))
as a definition of Fourier transform.
(H3): 4 is non-arithmetic, i.e {w € R, such that |}, .z exp(2im(w, z))u(x)| =1} =2
(H4): Let pi(x,y) be the transition probabilities of (X;,¢ > 0). There exists a constant s
such that for any ¢ > 0, and any z,y € Z,

1 t
pt(x7y) S R (td/a A ’1‘ _ y’d+a> ) (3)

where A y = min(x,y). When a = 2, this is true by standard Gaussian estimates. When
a < 2, assumption (H1) and the following condition on p are shown to imply (B) in [6]:
there are constants ¢;, ¢, such that for any x € Z%, x # 0,

C1 (6]
T < p(z) < P

We next define

_(a_) (aa—d d/aqf ol ([ i) @)Pa Pl =11 @
Pa,dp = ag —d d m . w g)\w W 5 lGlep = .

U a 2 _ _
Xoapi= inf § [P @ @) e, ol = ol =1 - )

R4
Note that the expression in the infimum appearing in (4) is invariant under the transformation g —
gr = AP g(X\.), so that one can reduce this infimum to functions g satisfying lgllap = llglly = 1.

Therefore,
oq  [aq—d 4/ (cq)
pavdvp = aq _ d d Xavdvp :

It is proved in [16] that these constants are not degenerate when d < ag. We have then the following
result.

Theorem 1. Assume (H1-4), and that p > 1, a € (0;2] and d < aq, where q is the conjugate
exponent of p (1/p+1/q=1) . Let (B¢, t > 0) be such that for large t,

-1 < B <t when d < a,

—1<<ﬁfl<<@ when d = «

-1 < B <t when for d > a.

Then for any 0 > 0,

aq

/8 /q a . 6 ag—d
tLIeroo lOgE [exp <95t p(lt)>} N Pa,d,p (6)
and
By d(p—1 a
Jim L logP (It > g ;AP >) —o/ =Dy (7)
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Remark 2. Denoting ry = tpﬂt_d(p_l), we stress the fact that the conditions on B¢ appearing in
theorem [l are equivalent to t* > r, > E(I;). Moreover, using the fact that the function 6 —
9|/ (@a=d) s essentially smooth, (@) is a straightforward consequence of (@) and the Gértner-Ellis

theorem for positive random variables large deviations principle (see Theorem 1.2.3 in [12]), and is

equivalent to a full large deviations principle for t*pﬁg(p_l)ft (see Theorem 1.2.1 in [12]).

1.3. Comments on the proof. Literature remarks. To understand the main difficulty in
obtaining Theorem [I] let us introduce for any z € R?,
_ B
Li(z) = = L([Brz]) -

Note that L; is an element of the set M;(R?) of probability measures on R?. Following Donsker-
Varadhan’s results, it is easy to check that L; satifies a weak large deviations principles on M (R%),
endowed with the weak convergence defined by duality with compactly supported continuous func-
tions (see section 5 Theorem 11). The speed of this large deviations principle is ¢/35*, while its rate
function is defined by

(0 = {fRd I |F(9)w)[* dwif du = gPde,

+00 otherwise.

Moreover ||Lt\|£ = ﬁf(pfl)t_pft. Applying the contraction principle to u € M!(R?) — Hg—g H would
P

lead to Theorem I The main problem here is that the latter function is lower semicontinuous
but not continuous in weak topology. We can therefore deduce the lower bounds in Theorem [
by contraction, but this is no more the case for the upper bounds. To circumvent this problem,
various strategies have been proposed. One can first try to smoothen L;. Given a regularizing

kernel ¢, the map u € M (R?) — |[¢ % 2—‘;

have to prove that ¢ x L[|, and [[L¢]|, are exponentially close. Typically, this can be done in
"small" dimension using the regularity of local times. Roughly speaking, this is the way followed
by Bass, Chen & Rosen in a series of works starting with the paper of Chen & Li [I4] about the
large deviations of the self-intersections (p = 2) of Brownian motion or random walk in d = 1.
Later, they studied the cases d = l,a >din [I15], p=d=a=2in 4], p=2and d > a > 2d/3
in [5]. In d = 1, they worked directly on the self-intersections of the limiting stable process, and
used the existence and the regularity of their local times, thus reducing their result to a > d.
In d > 2, they first proved large deviations results for intersections of p-independent processes or
random walks using a regularisation procedure in [I3] [16], and then transfered these results to large
deviations for self-intersections. Here the assumption p = 2 is crucial since this tranfer is done via
the bisection method introduced by Varadhan in [31], which does not work for p # 2. Becker and
Konig [7] proved Theorem M for o = 2, p < 2¢/p (< 2¢) and B; < (t/log(t))¥(@+2) using an upper
bound for the joint density of the local times of a Markov chain obtained in [3]. Unfortunately,
this upper bound is not precise enough to obtain the result in its full extent. We propose here to
use a method of proof introduced in [9] in the critical case, and successfully extended in [26] to the
supercritical case, and to the subcritical case for & = 2 in [27]. One of the main tool in the proof
is the Dynkin’s isomorphism theorem, according to which the law of the local times of a symmetric
recurrent Markov process stopped at an independent exponential time, is related to the law of the
square of a Gaussian process whose covariance function is the Green kernel of the stopped Markov
process. This allows to control the exponential moments of N,(l;) by the exponential moments of
Noy rp, (Z)* where

e Nop rp,(f) is the £5,-norm of a real valued function f defined on Tgg, the discrete torus of
radius Rf;;

is now continuous in weak topology, so that we just
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o (Zy,x € Tgp,) is a centered Gaussian process independent of (X¢,t > 0), whose covariance
function is given by the Green kernel G g, »,(z,y) of (X;,t > 0) projected on Trg,, stopped
at an independent exponential time with parameter A\; = a/3; “.

Loosely speaking, this leads to a non asymptotic upper bound
B(Np(le) > 6'713,"'") < exp(aty * (1 + o(1)P(Np.rs, (2°) > 26"/718, %),

where the first term in the right hand side comes from the stopping at an exponential time. As

soon as the median of N, rg,(Z?) is negligible with respect to tﬁ;d/q (which is equivalent to the
conditions on f;), concentration inequalities for norms of Gaussian processes yields

P(N, (1) > 0V/7t6; ) < exp(at; (1 + o(1)) exp(—0"/7t5; /%072),
where o2 is the maximal variance of the process Z viewed as an element of l5,(Tgg, ):

o’ = sup {(f.GronS)re Npy.ra,(f) = 1}
fTrp,—R
where (-,-)gg, is the scalar product on 1?(Tgg,), and Grg, \, f(z) = ZyETRBt Gra, (2, y) f(y) for
any f € [>(Tpgp,) and any = € Tgg,. Since Grg, », = (\eld — Agg,) ™ (Where Apg, is the generator
of the random walk on the torus), we get

P(N, (L) > 0718, 97) < exp(—tB;*(—a + 01787 p(a, R, 1) + o(1))), (8)
with
p(a, R,t) = inf {a/Bt_aN22,R5t(h)_ < h7AR5th >R6t7N2p,R5t(h) = 1} . (9)
h:Tngt—)R

Up to this point, the proof is the same in the critical case, the supercritical case, or the subcritical
case. We just have to use the correct scalings. It remains now to study the limit of the upper
bound (8) when ¢ goes to infinity. This is where the proofs differ. In the critical case and the
supercritical case, the limiting constant is still given by a variational formula involving functions
defined on the grid Z¢ (see [9, 26]), while on the subcritical case, the limiting constant is given
by a variational formula involving functions defined on R?. Therefore, we have to interpolate the
minimisers in p(a, R,t). When a = 2, the operator A is local, and this interpolation is done via
linear interpolation (see [27]). This proof does not work anymore when o < 2, and we use here
interpolation via Fourier transform.

The paper is organized as follows. Section 2]is a reminder of classical results in Fourier analysis.
Section [3 is devoted to the upper bound in (). It relies on Proposition [I] giving the asymptotic
behavior of p(a, R,t), and Lemma [@ about estimates of Gpg, »,(0,0) whose proofs are presented in
Section @l Finally, we prove the lower bound in ([]) in Section Bl

2. PRELIMINARIES RESULTS ON FOURIER TRANSFORMS

We gather in this section notations and well known results about Fourier transform used through-
out the paper.

2.1. Fourier transform on the discrete torus. Let R be an integer and let u : Tz — C be a
function defined on the discrete d-dimensional torus Ty of radius R. We denote by Fr (u) : Tp — C
its Fourier transform:

Vn € Tr, Fr (u) (n) = Z u(k) exp <—2i7r

<k,n >>
keTr

R

We have an inversion formula and a Parseval formula:
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Proposition 3. Foru:Tgr — C,

Vk € Tr,u Td Z Fg (u) (n) exp (21’7? 7

n€Tr

and Yy |Fp(u) (n)* = R* Y Ju(k)|”

TLETR k‘ETR

<k,n >>

2.2. Fourier transform on Z?. For a sequence u € l3(Z%), we denote by F(u) its Fourier trans-
form. F (u) is the 1-periodic function defined by

Vw e RY F (u) (w) = Z u(z) exp (—2im < z,w >).
2€74

There is an inversion and Parseval’s formulas:

Proposition 4.
u(z) = / F(u) (w) exp(2im < 2,0 >)dw and ||F (U)H;[q/m/z}d = N3(u)
[-1/2,1/2]¢

These two types of Fourier transforms are linked through periodization: if Vo € Tg, gr(z) =
> .ezd 9(x 4+ Rz) is the periodised version of g, then

X

Va € Tr, Fir (9r) (@) = F (9) () (10)

2.3. Fourier transform on the torus. For g a R-periodic function on R?, we consider its Fourier

coefficients:
1

i _ L ST
Vn € 2% Fr(gr)(n) = 7 /[07R]d gr(x)exp < 2im )

dx.

Denoting by |||,  the norm in L2([0, R]¢), we get the following inversion and Parseval’s formulas:

Proposition 5.

Vz € RY, gr(x Z Fr(gr)(n)exp (Qiﬂw>

and N2 (Fr(gr)) = Rd HQRH2 R
n€zZ4

2.4. Fourier transform on R% When g : R? — R is an element of L?(R?), we define its Fourier
transform F(g) : R? — C by equation (£). With this definition, Parseval’s identity and inversion
formula read

lglly = 1IF (@2 g(z / F(g)(w) exp(2im(z,w)) dw , = € RY,

To end this section, we remind the reader the following Young inequalities:
Proposition 6. let p > 2 and q be its conjugate exponent. For any u: Tgr — C,
Ny, r(u) < R™YIN, p(Fr(u)).
For any R-periodic function gr : R% — C,
lgrlly g < BY?Ny(Fr(gr)-

These inequalities are straightforward applications of the Riesz-Thorin interpolation theorem (see
Theorem 1.3.4 in [22] for example) and Parseval’s formula.
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3. EXPONENTIAL MOMENTS UPPER BOUND

This section is devoted to the proof of the upper bound in (@).
Let a > 0 and 7 be an exponential time of parameter \; = a3, © independent of (Xy,¢ > 0). Let
(Xfﬁt, s > 0) be the projection of (X¢,t > 0) on the discrete torus Tpgg,:

XEP = X, mod(Rp;).

Let lrg, +( fo xko ) ds be its local time at site « up to time t.

=Y Ba)= > Y Bx+kRp)
zezd z€TRrp, keZd
p

< Z Z li(z + kRBy) Z lrge (@) = Ny g, (Lrg t)-

JBETRBt keZd :BETRBt

Then using the fact that 7 ~ £(\;) is independent of (X, s > 0) we get for all § > 0:

E {exp <9ﬁf/q7aNp(lt)>} exp (—tA\) <E [exp (Hﬁt Np.rs. (Irs,, )) iT > t} (11)
<E [exp (08" Ny o, () ) | (12)

We are now going to use the following version of Dynkyn’s isomorphism theorem:
Theorem 7. (Eisenbaum, see for instance corollary 8.1.2 page 364 in [30]).
Let 7 ~ E(N\) independent of (Xs,s > 0), and let (Z,,x € Trp,) be a centered Gaussian process
with covariance matriz Grg, x,(x,y) = Ey [fo XRﬁt)ds} independent of T and of the random

walk (Xs,s > 0). For s # 0, consider the process Sy = lpg, +(x) + %(Zx + 5)2. Then for all
measurable and bounded function F : RTR8: — R:

E[F((Sy;z € Tgrp,))] =E [F ((%(zgg +s8)%r e TR&)> (1 + @ﬂ .

S

This theorem allows to compare the tail behavior of N, gg,(lgg,-) with the tail behavior of
Nap rs, (Z). Indeed, using that

1 p
Sp > l%ﬁt 7'( )+ (5(21 +S)2> )

and the independence of (Z,,x € Tprg,) with the random walk (X, s > 0) and the exponential time
7, we get for all € > 0, and all y > 0,

d 1
F <Np RB: (Irg,,r) = yPt¥ B, (1= p)> g (2—pN2p Rﬁt(Z +8) > tpﬁ (1-p) p)

IA

d(1—
P (Np RB: (lrg, r) + sz Rﬁt(Z +5) > tpﬁt( D) (4P + Ep))
IP(N 5,

(S)
EK”%) 1N2pRﬁ (Z+s) > 807 ”+e”)] (13)

IA

) > 7B ”’(”+6”>>



LARGE DEVIATIONS FOR STABLE RANDOM WALKS SELF INTERSECTION LOCAL TIMES. 8

where the last equality comes from Theorem [7l Moreover by Hoélder’s inequality, for all € > 0,

[ 5) 2ozt e

1/(1+€
<E ‘1+@ )/( g (14)
S

1+1/e] €/ (1+e)
] P(szm (Z +5) > 227807 (yP + &)

Combining (I3]) and (I4]), we obtain that for all a,e > 0,

—d
P (NZLRﬁt (lRﬁtﬂ') > yt/Bt /q>

1

1+1/e] T P <N2p,Rﬁt(Z + 3) > \/Q_tﬂt_d/@q) (yp n ep)l/(2p)> L
P(Nap rp,(Z + 5) > \/Q_tEﬁt_d/(Qq))

2

<E '1+—
s

(15)

Then using the fact that Var(Zy) = Gprg, »,(0,0), and Markov’s inequality, we obtain that for
all v > 0,

—d
P <Np,Rﬁt(lRﬁt,r) >yt q)

- 1/(1+e)
Grp, 1 (0,0) P <N2p7RBt(Z +5) > V25, d/(2q)(yp + Ep)l/(gp)>
<o) (14 Lm0 v e o
’ P(Nop rs,(Z + 5) > /2ty 7 1*7)
d a 1/(1+e€)
Crann(00) | B |50 (357N, s (2 + ) Loy + )/
<C(e) | 1+ —GD exp | —ytf e —— | .
) P(Nop.rsn(Z +5) = V2tes, 0 )
Therefore,

E [exp (Hﬁt Ny Rs, (ZRBt, ))}

400
— 1+ [P (N nsr) = w67 065 exp(OtyB; )iy
0

daea 1/(1+e)
Gron(0,0) ) E [exp (v fa= N22p ra(Z + S))]
<14C(e) [ 14 BB 5
s P(Nay rs, (Z + 5) > V2t 77)

400 o
/ o8, e 0 VT gy,
0

Note that the integral is finite if and only if 6 < %ﬂ In this case,

E {exp <9ﬁt /4=« Ny, Rﬁt(lRBt, ))}

d/q N2 1/(1+e)
e e )
P(Nop rs, (Z + 5) > v/2teB; V)

S

<1+ C(e0,7) <1+



LARGE DEVIATIONS FOR STABLE RANDOM WALKS SELF INTERSECTION LOCAL TIMES. 9

d
Choosing s = %, using triangle inequality and the fact that N, pg,(s) = s(RB:)?, we
R% 3
have: t

E [exp <Hﬂg/q_aNp,R5t (lRﬁt,T))]

- 1/(1+6)
d/(Qp)\/d— E v(1t+e) gd/a—a pra 7
<1+C(e,0,7) [ 1+ f FiGrox(0,0) B {eXp ( 2 i 2,1, ( ))}

V2t P (Nop s (2) > V2B, 0 (1 + 1))
(18)

Combining (I2]) and (I8)), we have thus proved that for all # > 0,e > 0, > 0 such that 0 < ILJFE,

E [exp (Gﬁf/qfa]\fp(lt))] e~oth "

_ 1/(1+e)
RYp), | B4G ks, 1, (0,0 L E|exp v(1+6)5d/q N2 . (Z)
< |14+C(e6,y) | 1+ £GRp 0,0) o teBs [ ( 2 Mt 2p, R )]

evat P (Nop, s (2) = V2EeB; VB0 (1 + vE))
(19)

We now use concentration inequalities for norms of Gaussian processes.

Lemma 8. Large deviations for Nap r(Z).
Let 7 and (Zy,x € Trg,) be defined as in Theorem [4, and p(a,R,t) be defined by (9). Under

assumptions of theorem [,

1) Foralla >0, R>0,t>0, p(a,R,t gaRd/qﬁd/q_“.
t
(2) Va,e,R,t >0,

d/(2q) zfl /o zfl & 1 d/q
P | N 7)) > \teB, > 1— B3 )
2p,RA(Z) = Viep, ] = ot RO (@R tep(a, R 1) exp( 2tﬁt ep(a, R,t)>

(3) Va,7,e, R,t > 0 such that v(1 + €)? < p(a, R,t) ffd/q

7(1 + E) d/q—a 2
E [eXP (T A N22P7R6t(Z)>:| < —
\/1 _ (e

p(a,Rt)

Proof. (1) Tt suffices to take f = (RB;)~%?" in (@) to obtain the result.
(2) By Holder’s inequality, for any f such that N,y gs,(f) = 1,

P [Ny (2) > Ve, V) 2B | S foz, > Vies, V)

z€TRg,

Since Y. fyZ, is a real centered Gaussian variable with variance
2€TRa,

oeri(F) =Y. Gran(@y)fely,

:B,yGTRgt
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we have:
d/(2q) 2 d/q —d/q
—d/(2 Oa,R, (f) Oa,R, (f)/Bt tﬁ €
]P HZ||2p7Rﬁt Z \/Eﬁt /( q)i| Z tQ—\/ﬂ'—tZ (1 — tT exp W
+ aRt

v

oari(f) f/(Q(I) - p1(a, R, 1), d/q o tﬂ_d/qe
V2rte te N P 20aRt(f) ’

where pi(a, R,t) = sup {ng(f),N(zpy,Rgt(f) = 1}. Taking the supremum over f we
obtain that Va, R,t,e > 0,

P [Napms(2) > VieB, ! ”q’}

RGN, )pY/ 2 p1(a, R, )37 oo - t8; e
\ 2mte te N 2,01(a, R, t) '

Then it suffices to prove that pi(a, R,t) =
On one hand, by Holder inequality,

< f, GRﬁt,)\tf >Rﬁt§ NQP,Rﬁt(GRﬁt,)\tf)a Vf such that N@p)’,RBt (f) =1.

m to have the result.

Since G}}éh)\t =M — ARg,,

< f’ GRﬁt7>\tf >Rﬁt :< G]_{ét7)\tGRﬁt,)\tf7 GRBt,Atf >Rﬁt
= )\tN22,Rﬁt (GRﬁt,)\tf)_ < ARﬁtGRﬁt,)\tf7 GRBt,)\tf >
> p(a’a Ra t)ng,RBt (GRBt,)\tf)'
Therefore, for all f such that N,y gs, (f) =1, < f,Grg,\ f >%5t§ <Cnpat>rsy Then,

pla,R,t)
taking the supremum over f, pi(a, R,t) < 1/p(a, R,t).
On the other hand, let fy achieving the infimum in the definition of p(a, R, t).

pl(aa R, t) = sup {< f7 GRﬁt)\tf >R5t}
Napyr rp, (F)=1
.S Gy x, Jos fo > Ra, _ pla, R, t)

= -1
Ny 75 Graoado) Ny s, (Griafo)

Furthermore, using the Lagrange multipliers method, we know that
N(2p)/,R5t(G]_%ét7>\tf0) = p(a, R,t). Hence pi(a,R,t) > 1/p(a, R,t), and then p;(a, R,t) =

1/p(a, R,t).
(3) Let M be a median of Ny, pg,(Z). We can easily see that

E [exp <w w4 an22p7RBt(Z)>:|

2
SE [exp <,7(1 ;_ 6) d/q a’NQp,Rﬁt M‘2>:| exp <7(12—i_ 6) ,Btd/q_aM2> (20)
€

Let us now prove that under our assumptions we have ﬁg 1= p2 = o(tB, *) which is

1/2p
equivalent to M? = o(tﬂ;d/q). Since M = (median < > Z§p>> and that for X >
xETRBt



LARGE DEVIATIONS FOR STABLE RANDOM WALKS SELF INTERSECTION LOCAL TIMES. 11

0, median(X) < 2E[X], we get:

1/p 1/p
M? = | median Z zZ2p < [2E Z 7z
2€Tpp, 2€TRg,
1/p
< ol/p Z Grp, 2, (0,0)PE [YZP} , where Y ~ N (0,1)

z€TRrg,
C(p)(RB)YPG g, 1, (0,0).

The asymptotic behavior of Ggg, »,(0,0) is given by the following lemma whose proof is
postponed in section Ml

Lemma 9. Behavior of GRra, »,(0,0).
Assume (H4), and that \y = af; * and By > 1. Then for any a, R > 0,
(a) for d < a, GRg, »,0,0) = O(8~9).
(b) for d = a, GRra, . (0,0) = O(log ).
(c) ford > o, Grg, 2 (0,0) = O(1).
Hence, for d < o, M? = O(ﬁtafd/q) = o(tﬁ;d/q) as soon as 3 < t. For d = a, M? =
O(ﬁf/p log ;) = o(tﬁ;d/q) as soon as 3¢ < @. For d > a, M? = O(ﬁd/p) o(ts, d/q) as

soon as B < t.
Let us now work on the expectation in (20)).

(14 €)? q/0—
E [exp <% t/q a’N2p,RBt_M‘2>]

+o0 2 2
Y 1+e d/g— Y 1+e d/g—
—t [T I g e (L ey ) BN (2) — M > iy

Using concentration inequalities for norms of Gaussian processes (see for instance lemma
3.1 in [29]), for all y > 0,

P (|Nop, s, (Z) = M| = /) < 2P (Y = VVypla, B 1)) . where Y ~ N(0,1).

Hence,

E |:exp <w d/q a‘N2pRﬁt M’2>:|

+00 1
§1+2/ (1 +€)2p d/q “ exp <7 + ) d/q Oéy>IP’(Y2 yp(a,R,t)) dy
0

=2E [exp ( v + ) d/q aY2>

2p(a,
2 o
< L if y(1+ )2 < pla, R, )30,

_ \/1 _ 428
p(a,R,t)

0

We now end the proof of the upper bound in (B). To begin with, we state the following lemma
about the asymptotic behavior of p(a, R,t). Its proof will be given in Section [l
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Proposition 10. For positive real numbers a, R, let us define

. 2 2| % |
pla,R) = it Qallglls z+ R 1Fr(9) ()| 5| <ll9llapr=1p- (21)
g:RC—R
R—periodic ZGZd
= inf F(g)(w)? : 22
pla) = int Sallgl}+ / I F @) @) gl = (22)
Then, under assumptions of Theorem [,
liminf 8, “?p(a, R,t) > p(a, R), and liminf p(a, R) > p(a).
t—+o00 R—+4o00

Moreover, p(a) = a'=# (@D, 1 where po.qp is defined by ().

Let us fix 6,a, R,v, € such that (1 +¢€) < v < (1 +€)"2p(a, R) < liminf; ﬁtafd/qp(a, R,t).

By lemma [0,
t G 0,0
t——4o00 Bt t
By 3 of lemma [§],

t—+o0

1 a
lim sup ﬂ— logE [exp <W( ;6) dfa- N2p7RBt(Z)>:| <0, (23)
and by 1 and 2 of lemma [§]

timint 2 105 P (Nay s, (2) > VI V0 (14 vE)) > a1 + Va2 RYS (24)

t——+o00
Therefore, it follows from () that for 8(1 +¢) < v < (1 +¢)"2p(a, R),
lim sup ﬁ— log E [exp <95t fa=e (lt)ﬂ < a+ ey + ae(l+e)?RY, (25)
t—+o00
Letting € go to 0, we obtain that for § < v < p(a, R)
lim sup b logE {exp <9ﬁf/q7aNp(lt)>} <a. (26)
t—+o0 t
Letting R go to +o00, the same inequality is true for § < p(a). Thus, for all 6 > 0,
lim supﬁtt log E [exp (Hﬁd/q “N (lt)>] <inf{a, p(a) > 0}

t—+o0
ag

_d 0 ag—d
Pod,p

which is the desired result.

4. ASYMPTOTIC BEHAVIOR OF p(a, R,t) AND GRgg, »,(0,0).

The aim of this section is to prove Proposition [I0l and Lemma
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4.1. Proof of Lemma[9l . Let ps and pfﬁt the transition probabilities of X and xEb

+o0
Grex (0,0) =/ exp(—As)plPt(0,0)ds
0

+o0
<1 —i—/ exp(—A¢$) Z ps(0, zRp¢)ds
1

2€7Z4

By (H4), there exists C' such that

Vs > 0,Vz € Zd,ps(O,zRﬁt) <C (sd/a A $> )

|ZRﬁt|d+a
Then,
+o0
Grp,.2(0,0) <1+ C/ exp(=Aes) | s + Z s 4 Z LSRG ‘d—l—a ds
1 « «
0<2]< S 21> 2
B 400 400 Y
<140 / b " +/ exp( )\ts n C/ exp(—A¢s) exp(—Aes)
1 o 5;5 R/Bt
b exp(=A\ef37) xp(—At)
§1—{—C/ s~ ds + ¢ ! —|—C
1 Atﬁt )‘t(Rﬁt)

Remember that \; = af; *. Then for a constant C' depending on a and R, we have,

Ba
GRﬁt,)\t(OaO) <1+ C/ ‘ Sfd/ads +0 < tafd) ]
1

This inequality yields the result in the three cases a < d, & = d and a > d.

4.2. Proof of Proposition Asymptotic behavior of p(a, R,t) when ¢t — +o0.

We want to prove that liminf; .4 p(a, R,t) > p(a, R).

4.2.1. Ezxpression of p(a, R,t) in terms of Fourier transform. Let us rewrite p(a, R,t) defined by
@) in terms of Fourier transform. Let h be the function achieving the infimum in the definition of
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pla, R,t).

< h,ARrg,h >Rrg,

> h@) Y prs(y —2)(h(y) — hx))

mGTRgt yETRBt

== Nigs, () + > > h(@)ugs(y —2)h(y)

z€TRp, yETRp,

- @Nimm (h))

£YY e Y @Fm (s (@) xp (2im =222 2)

z€TRrg, yETRp, 2€TRgp, ‘ t
1
=— WNiRBt(FRﬁt (h)) + (Rﬁ NTAL ZeTZﬂ |Fra, (h) (2)* Frg, (1rs,) (2)
s 1) OF (P () =1)
<Rﬁt>d ;ﬁ e RB;
We have thus shown that
85 p(a, Rat) = afy N s () + (ﬁ_gﬂ B0 s ) AP0 F () () (2D
ZGTRBt

_d
We call af3, qNQQRBt(h) the 2-norm part and the second term in the right-hand side of (27) the
gradient part. We set for z € R?,

d/(2p Z h ,th_ )

k€TRg,

where ¢ is the RfB;-periodic function from R? to C, whose Fourier’s coefficients are

VITF W) (RE)
1 s Ay ns ma(n) 00,

Fre,(p)(n) = BT Tgg e =750
(l%;t)d otherwise,

where for any a,b € R, [a,b]¢ = [a, b]¢ (N Z°.

Note that p being a symmetric probability measure, F'(u) is real valued and |F'(u)| < 1, so that
Frg,(¢)(n) is well-defined. By definition, gr is a R-periodic function defined on R? and for all
2z €78,

Frlgr)(2) = B> Fra, () (2)Fra, (¢)(2) -

gr is our candidate to achieve the infimum in the definition (21)) of p(a, R).

4.2.2. Gradient part. The function gg was built to preserve the gradient part. Indeed,
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da

B, " )
(B ze% s () )P (1~ F (1) (55

g y I

~ ®B)° eﬂ_%%dwm (0) ()P Fra (2)(2)* (RE)™ | o

= 3 oGP [ (28)

4.2.3. 2-norm part. We work now on the 2-norm part. By Parseval’s equality,

2
z

75

lgrls r =RNZ (Fr(gr) = RT Y. B |Frs, (h) (2)]?

R R
el

Frp, ()

Rdﬁd/p Rdﬁd/p
:WNQQ,RMFR@ (h)) + W S

1—F () (&)
|Fra, (h) (2)]” !Rﬁt ~1
se[- B8t Bbia o0

Rp:

B Rd d/P
—5, d“%xm# S s () ()P

R R
SRS

«

1= F (1) () 1] |

=
Rp:

Under assumptions (H1) and (H2) F' (1) (u) = 1—]u|“4o(Ju|™) (see for instance Feller [2I], Chap-
u—

ter XVL.5). So, for any € > 0, one can find 6 > 0 such that for all |z| < 4, we have ‘% - 1‘ <e.
Then,

"5 1-F _Z_
gggt)zd Z |Frg, (h) (2)? |:(’u)(£35t) B 1]

R R
Z€H7%7%[dv z;ﬁo

Rdﬁf/p 2 - 2 <
< (RB)™ € Z |Frp, (h) ()" +6 Z |Frg, (h) (2)|" |1 = F (1) &G,
/|| <8 /9| g |<3
—d —a d z
< e VNG g () + 7RI S (P, (1) () s (D)) | o
zeZ4
—d —a —a z |«
= e VING o, () + 0TURIGT Y [ Frlon)(2) |
2€Z4
Moreover, by ([28) and (27)) it is easy to see that
d 2| % °‘< a—d/q
R (Frlgr) () |5 < 8V pla, Rot). (29)

z€74

Hence, Ve > 0, 36 > 0 such that

lgrl3 e < (1+ B, VNG g, () + (680~ (B~ pla, R,1) ) (30)
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4.2.4. 2p-norm part. We work now on the most difficult part, that is the 2p-norm. Using Fourier
inversion formula,

. <z,n>
gr(@) = 3" 3" Frg, (h) () Frs, (9)(m) exp (2im =) .
nezd
d/(2p)
< -,n>
S | Ia h 2 )
HgRHQp,R = (Rﬂt)d };Rﬂt ) Rﬁt( )(n)exp( 1T R >
nel[—=5t, =t [ 2p,R
1 . < y >
B f/@p) Z Frg, (h) (n) <}—Rﬁt(90)(”) - W) exXp <2W }: > (31)

RBt RBt1d
ne[-=4 54 2p,.R

We want to prove that the first term is close to the 2p-norm of h, and that the second term is
negligible. We first work on the second term in (B3I]). Let d; t—+> 0 to be chosen later. We first use
— 100

inversion formula of Proposition B, Young inequality of Proposition [6l and we again cut the sum in
two parts. Denoting by (2p)’ the conjugate exponent of 2p > 2, we are led to

o/ (2p) Z Frg, (h) (n) (fRBt(SD)(n) - @) eXp <2m< 7}: >>

_ BBt RBtyd
ne[[ 2 7 92 |I 2p,R

<(RA" Ny s, (B 000 T o) (P10 - iy ) ) < T+

. 42 Loy e\ e
with 7 = (RGP (zn/,R%M\FM (1) () (Fra.(£) 1) ~ ke )| ) ,
I

o ) (2p)\ 1/ (2p)
Ty = (5 (ot [P () ) (Frs (o)) - )| )

Let us focus on the first term 77. Set e(u) = |u|7°{/2 1— F(p)(u) — 1. By our assumptions on
i, limy, 0 €(u) = 0. Using Holder inequality ((2p)’ < 2) and Parseval’s equality,

@2p)\ /()

d/(2p) 1—-F(u)(x5)
ol I S I 1
n/O<’RLBt‘S5t RB:
20\ 1/(29)
(R, CP) 1= F () (5g) '
SWNZR@(FR@ (h)) > i -1

n/O<‘RLBt‘§5t RA:

1/(2q)

2q

R4/ (2p)
:WNZRBJM Z

(7)
s

S\}_ ((5t5t)d/(2q sup |e(u ) \/ﬁa d/q pla, R, 1),

\u\<5t
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by 7). To be negligible compared to \/ﬁfhd/qp(a, R, t), we have to choose d; such that
(Beb) D sup [e(w)] 0. (32)

| <6t t—-+o0
Let us turn to the second term 7. By assumption (H3), there exists C > 0 such that for |z| < 1,

|x|a/2 < Cy/1— F(u)(x). Then, using the fact that 1

RL@‘ < 5 and Holder inequality,

opyr\ /(20

RB, )/ (2p) 1—F(n) (g5)
1B S s )
(6 E
/32| wy >
(B, 1/(2q)
Ry <P : _
<c—rY_N. F, NW1-F — /2 oq
<C (Rﬂt)d 2,Rpt < Rp: (h) ( )\/ (,U,) <Rﬂt>> (Rﬂt) Z ’n’
n/|n\>R6t5t
a/2—d/(2q)—d/2 : d—aq Y/ (29
<C(Rf) No s, | Fra () (1= F (o) (g5 ) ) ((RBedy =) 0
Using (27), we have therefore
L —a
Ty, < Cof (/a )\/p(a, R,t).
To be negligible compared to \/ﬂffd/qp(a, R,t), it is enough to choose ¢; such that

Note that conditions (32) and (33) are compatible. Indeed, set n(z) = xsupj, <, |e(u)|2q/d for
x € RT. 7is an increasing function, and (32)) and (33)) are equivalent to ;! < d; < n~'(5;!). Such
a &; can be found as soon as lim,_,on~!(z)/x = 400, which is the case since lim, .o z/n(x) = +oo0.
We have now succeeded to control the second term in (3I]) by proving that one can found wuy,
limyy 400 uy = 0 such that

| S g () () <]~'R5t(g0)(n) - R;t)d> =22 | </ o ).

R R
nel- 5t SR

2p,R
(34)
It remains to control the first term of the sum in ([BI)). Performing the change of variable x — x(;,
d/(2p)
‘7r<"n> 1 2<7T<-,n>
(Jt%ﬂt)d Z Frg, (h) (n)e*™ & = |®ay Z Frg, (h) (n)e™" 7o
ne[—L£8t Bbt[a ne[—L£8t Bbt(d
2 072 2p,R 22 2p,Rp:

For z € R?, let

1 L <z,n>
f(z) = L Z Frg, (h) (n)exp (227‘(T&> .

Note that f(x) = h(z), Vo € Tgrg,. We define an approximation of f by:
Ve e RY, f(x) = > fr Tg, ()

RBt+ RpB.
kel 5
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where Q = [k — %; k+ %[ is the unit cube centered on k, and fj, = IQk\ fQ x)dx is the mean

of f on Q. For any z € RY, we denote by |z| the unique k € Z¢ such that = € Qy. Note that
Vr € Qg, x| =k and f(LxJ) = h(k). Introducing the Rf;-periodic dunctions, f(|-|) and f(-), we
have that:

1 s = 1D s = 17 = FUDllay s, — 1 = Pl s, - (35)

The first term is exactly the 2p-norm of h. Let us consider the second one. For z € R,

3 1 i Sy i STak>
fo) M) =g X o) [ ST Y AT ag,)

ne[[_RTm’RTm[[d ﬁz—/ke[[—RTBthTm[[d
()
. Qi Stz ]>
N (RB)? Z Frg, (h) (n)e by

,L@Lﬁt[[d
2 702

:(R;t)d > Frs()(n) <C <R%t> - 1> exp (2m%>

R R
nel- 5 B

Therefore, using inversion formula of Proposition Bl Young inequality of Proposition [0l and Hoélder
inequality:

17 = FLD N3, s,
<(RB) P Ny (FRﬁt (h) () By_rsy mopa(’) (C <—5> - 1))

2 072 t

<(RB)~ ) Ny g, (FR@ (h) (')\/1 — F(p) <R—,8t> Nog | Ty rs 5sia(-)

o(+-)-1
Let us have a look at N, ( ]I[[_ RBy RB; [d(-)(m)) . A simple computation shows that

=1 T4
Combining this with the fact that 1 — F (u) () v |z|*, we have that % = O(|z|'7/?).
—F(u) (=
Moreover, by (H3), F (u)(z) = 1 < 2 € Z% Then the function = — % is uniformly
—F() (o

of==)-1
bounded for |z| < & and N, ]I[[iﬁ R[ﬁ’t[d(')M = O((RB;)¥29)). Therefore, using
2 1-F(n) (7,

(m])?

17 = FUDly s, < CV B0 8274 p(a, R, (36)
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We turn now to the third term of (BH). By Poincaré’s inequality, as the unit cube is a Lypschitz’s
domain,

f@) - @ dr= Y /|f<m>—fk\2pdx

RB: R Qk
hel=-15 5

< C Y VARG, =CIVAR s,

R R
hel-5t S

Hf f”QpRﬁt - /[_Rﬁt/Z;Rﬁt/z[d‘

where C depends only on d,p and |Q|. Hence, denoting by ¢; the j-th coordinate function v;(n) =
nj, and using inversion formula of Proposition Il Young’s and Holder’s inequalities,

- C_§ dimy(n) (o <n>
Hf - fHQp,Rﬁt < (R/Bt)d ]Z:: Z FRBt (h) (n)Tlét exp (227‘( Rﬂt )

e 2p,RA:
(RB,)" 2P 2, (-)
<C R,Bt ZN(QP <FRBt h)() RB; ][[%7%[[01('))
(Rgt)d/@p

< B Ny (P ) O 1y )

d/(2p) :
< C%sz (FRBt (h) “\/1 —FW (R_ﬂt>>

(i 0701 () o)

\:v\
F(p)(x)
0 since a €]0,2]. By (H3), we deduce that the functlon x — % is uniformly bounded
: S\ /2
for |z| < 1/2. Therefore, N, (1'%_@5 (1 — F () (R_ﬁt>) ]I[[ Ro Rpy [d( )) = O((RB,)¥29)), and

using (27),

As previously, 1 — F (u) (x) ~ |z|* implies that ~ \ [1=2/2 which is bounded around

1 = Fllapms, < CV B0 8500, R, ). (37)

Combining ([B5)), [B6l), (37) and the fact that Ny, pg,(h) = 1, we have shown that

1 llap s, > 1 — O B9\ 82 p(a, R, ). (38)

Putting(31), (34), (B]) together , as a — d/q > 0, we have controlled the 2p-norm of g by:

197l > 1— /8% p(a, R, 1), (30)
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for some positive function (u,t > 0) satisfying limy—, oo uy = 0. Finally, VR > 0, Ve > 0,36 > 0
such that

B2 p(a, R, t)

_d a_d
= af, “NiRBt(h) — B, " < h,Apsh >rp,

> 2 d 2| % @ _a —« a—d/q
> [ alonl e+ B Y 1Ftam P | 5| | - @807 (8 pla R
ZGTRBt
HgRngR a —a ( pa—d/q
Z ﬁp(aa R) — 1+ 6(5&) <ﬁt pla, Rat))
1= w57 pla, R, 1) a L
> o —x 6% q )
> — pla, R) = 15 (68) 7 (87 "p(a, R,1))

We can assume that liminf; ﬁfﬁd/q,o(a,R,t) < 400. Otherwise, there is nothing to prove.
Letting first ¢ — +o00, then € — 0 in the above inequality, we obtain that for all R > 0,

lim inf ﬁf‘_d/qp(a, R,t) > p(a, R).

t—+00

4.3. Proof of Proposition 10, Asymptotic behavior of p(a, R) when R — +oc.
It remains now to prove that for any a > 0,

I = liminf > ola). 4
lim inf p(a, R) > p(a) (40)

This statement was already proved in |7, 27] for o = 2. We show it for a < 2.
We assume that I < 400, otherwise there is nothing to prove. Let then € > 0. For any Ry > 0,
let R > Ry and let gr be such that [|grlly, p =1 and

Z |«
allgllsr+ B | 5| 1Frlon)) < T+e (41)

2€Z4
Note that any translation of order 6 of gg also satisfies (dI]). Indeed, setting grp = gr(f + .), and
using that gp is periodic, we get [|grolly, p = l9rl2p ks 19R 02 8 = l19R]ls Rs FR(IR(O +.)) (1) =
exp (27 <52 ) Fr(gr)(n), and 3z | 5] 1Fr(9r) () = ez [ 1 Frlona) ().
d
Let Ep = ([0; VRJU[R - VR; R]) and Qr = [0, R]%.
1

inf / |gR9(£C)|2p dz < _d/ / |9R0($)|2p dedo — (2R71/2)d.
reQrJEn R Jgr JER ™

Therefore one can found 6 such that | B | gR7g(x)|2p dz < 3°R~%2 and we can assume without loss
of generality that gr also satisfies

/E l9r(@)|? de < 3R/ (42)
R

Let ¢ be the function from R to R, whith compact support in [0; R], equal to 1 on [0, R]\ ([0; v/ R]U
[R — V/R; R]), and which is linear on [0;+/R] and [R — V/R; R]. Let 1 : R? [0, 1] be defined by
Yr(z) = H?Zl ¢r(z;). Note that 1) has compact support in Qg, is equal to 1 on Qg \ Eg, and

that for all x € RY, ||Vog(z)|| < \/d/R.
Let take g(z) = gr(z)r(x). g is our candidate to realize the infimum defining p(a). Note that

ol = | dhlehia)dn < | ghia)do. (43

R
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lgllsh = / \gr () V2 (z) do > / lgr(z)|* do > 1 - 3¢R~/2, (44)
R QR\ER

where the last inequality comes from (42]).
Let us now estimate [pq | F(g)(w)]? |w]® dw. To begin with, note that

2
/ |F(g)(w)|? |w| dw = coq / /]Rd o d+a) dx dy , (45)

for some constant c, ¢ €]0;+00[. Indeed, using Parseval’s identity,

/Rd/Rd |z — d+a) dody = /Rd ’Z’i—ka (/Rd(g(ery)—g(y))Qdy) dz.
~ Lo

B N 4sin?(m(z;w)) s
= [ o) (/Rd—ww d)d

) 2
e—27rz(z;w) _ 1‘ ’]:(g)(w)‘Q dw> dz

Let H(w fRd 451112‘(;& ) dz. For any orthogonal matrix O of R¢, H(Ow) = H(w), so that
4sm (rz1)
H) = Hlwlen) = ol || 2T = o e,
where ¢, g €]0; 00] for o €]0;2[. This gives ([@X]). Similarly, one obtains that
—gr(z +y))?
RdZ\R\ Falon) () = coa | /e ||d+a dyda. (46)

for the same constant c, 4 as in ([@5). Now, V6 > 0,

(g(x) — g())? B [(9r(z) — grW)¥r(x) + gr (W) (Yr(z) — PrX))]
/Rd/Rdewdy—/Rd/Rd z y‘dw dz dy

IR ng dm” wR<)dd+—/Rd/Rd yrﬁff,)) do dy

gr(z) — gr(z + 2))? 1+6 — Yr(y))?
1—1—5/ /d T dz dx +— ]9 o drdy.
Qr Jr \ ! Re JR y\

But, Vz,y € R?, [Yr(z) — ¥r(y)| < min(\/% |z —y|,1)( Ig,(x)+ Lg,(y)). This leads to

/Rd /Rd yrgfi v)* dx dy

) min( \/>|z| 1)2 ) min( \/7|z| 1)2
S/ ) / ira dy+/ / gr(x + 2) RED dzdx
Qr R4 |2| r J/R?
) min( \/7\ |,1)2
=2 ( / 9r(v) dy) / e
R R 2|
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. . . min(y/421.1)?
It is easy to check that there exists a constant C' ( only depending on v and d) such that fRd L
CR~/2. Tt follows then from (@), @), @6) that 3C such that V8 > 0,
1+61+¢€

a/2
SR (47)

2z |«
Ll F@@ P a < 0+ R S 2] 1Zatom) () + CE
zeZ4

Combining ([43), (@4)), (7)), we get that 3C such that Ve > 0, VRy > 0, ,3R > Ry such that Vo > 0,

inf <allfly+ [ |wl*|IF) @) dwi[|f ]l =1
Rd

allgl3 + fpa @l 1F(9) @)|* dov

- lgll3,

< s allgrll3p+ RS ez | 5] | Frlgr) (2) oLltdl+e ROV

s (1+9) 1 —3dR—4/2 + 5§ a 1—34dR-4/2
I+e 1+6I+e R %2

<

< (1+9) 1 — 34R—d/2 + 5 a 1—34R-d/2

This ends the proof of (0] by first letting Ry go to oo, and then ¢ and e go to 0.
To see that p(a) = a'~¥@@p, ;.. use the transformation g — gy = A\/@)g(\.) (A > 0), and
optimize over A. This ends the proof of Proposition [I0l

5. EXPONENTIAL MOMENTS LOWER BOUND.

The aim of this section is to prove the lower bound in (@). This part is inspired by the proof of
Theorem 1.3 in [14]. Let us assume for a while the following theorem:

Theorem 11. For any continuous function f on R% with compact support,
bo(X
I;Lnﬁ&f B log E exp <5t / f < 3, > ds>
>sup{ [ 1(@alads = [ ol IF@)@) do lall, = 19 > 0}
It follows from I; = B¢ [pa li(|Biz])Pdx that

5—t log E exp (Hﬁd/q “N p(lt)> = % log E exp <95§la (/Rd lt(LﬁtxJ)pdx> p) . (48)

Let f be a continuous function with compact support such that || f|| , = 1. By Holder inequality we

have that:
</Rd lt(LﬁtxJ)pdx> Up > /Rdf(:c)lt(wtxj)dx

o | f<5t>m )dz
:ﬁt_dzlt(x)/xa:-f—l f<ﬁt>

reZd [

[ /\
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As f is uniformly continuous and g; — 400,

</Rdlt(mtxj)pdx>l/p>ﬁt > () < ( >+o(1)>

xC€Z4

:ﬁ{d</tf<)ﬁi>d8+0( )- (49)
Combining (@8) and (@),

%logEexp (Hﬂd/q *N, ,,(zt)> > ﬁt—talogEexp (ﬁ (/ 0f<ﬂt>ds+o( )>>

Then taking the limit over ¢ and using Theorem [I1]

hmlnfﬂ—logEexp <9ﬁt /amap (lt)>

t—+o0

2sup{ e dx—/ Wl | F(9)(w)[? dw, |yg”2_1g>o}

We take the supremum over all functions f with compact support such that || f|] 4 = 1 and exchange
the two supremum. This immediately leads to

ot 7 tog Bexp (95 N,(10) = sup {8113, ~ [ 1ol” 17w sl = 1.9 > 0}
R
(50)
Note that by {@H), [ga |w|*|F(9)(w)]*dw > [u|w|* [F(g])(w)|* dw, so that we can remove the
constraint g > 0 in the supremum in (G0). All that remains to show now is

sup {0118, — [ ol" PGP lgly =1} = ()™ (51)
ot~ | Ml

Pa,d,p

Using the tranformation g — A%2g(\.) (A > 0) and optimizing over A yields

sup {0lalB, — [ ol* 7)) de. Lol =1}

d d
ag—d [ d \e—d _aq o / o 9 T ag—d
= —_— 90 —d a= d :1 .
(L) e sup{ug||2 ([l F @ ar) ™ .

The expression in the supremum above is invariant under the transformation g — A%2g(\.). We
can therefore freely add the constraint ||g|[,, = 1. This gives (5I) and ends the proof of the lower
bound in (@)

It remains to prove Theorem [I11
Proof of Theorem [T
We first split the time interval [0,¢] into interval of length |55 |. We set v, = Lﬁj
t

o [ (X ., [ X,
Eexp(ﬁt /Of<E>d8>ZeXp(—QHfHoo)EeXP (ﬁt /m f<ﬁt>ds>-
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Let us introduce the two following operators. For any ¢ in ¢2(Z%) and for any = € Z:

¢ (x) = E, [eXp <5ta/owj f (%) dé’) §(X| gJ)]
Ti(x) = B, [exp <ﬁt / g @i ) ds> €(x ﬂ

(X, t > 0) being symmetric, T; is self-adjoint and the Markov property implies that Ttm - II,. It
follows that II; is also self-adjoint. Now, let us introduce a non negative function g € CSO(Rd), the
set of infinitely differentiable function with compact support, such that ||g|l, = 1. We assume that

the support of g is included in [~ M, M]? and define & by &(z) = 3, d/2 (%) .

LB¢ e X
e (0 ()
B/ x,
= Z P(X | gs) = 2)Ey [eXP <5t / ! <E> dS)]

xE€Z4
1 Y 18] (ve—1) X,
megd P(X|ga) = )&t (2)Ey [eXP <5t /0 / (ﬁt) ) §(X |80 | (7o — 1))]
erd
yt—1
SuZp \g — x%d e = )& (@)L ()
xC€Z4

According to the local limit theorem (Remark page 661 of Le Gall and Rosen [2§]),

BIP(X o) = z) — p1 (%)' =0,

where p; is the transition density of the limit process. Since & is supported by [—M 3;, M 3;]%, we
only sum over this box. Moreover, there exists § > 0 such that p;(z) > § for all z € [-M, M]?. &
being non negative, we get for any § > 0 and any ¢ sufficiently large:

LB Jve X, - 1 - .
ol 8 b -

t EZd

lim sup
t——+oo ze7d

Using the spectral representation of the operator II;, there exists a probability measure j¢, such
that (&, 11;&) = fo Adpg, . It follows then from Jensen’s inequality that

400 400 ye—1
emrte = [ ([ i) = eme

We have thus proved:

lim inf — 504 logE [exp <5 /t f <&> d5>] > ltim+inf log (&, 11:&;).
0 —+o0

t—+o0 /Bt
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Now, remember that (X;,¢ > 0) is in the domain of a stable process (U, t > 0), i.e: tl%(th, s €
[0;1]) — (Us, s € [0;1]) in the Skorokhod’s J1 topology.

=
(L) = > &(2)E, [exp (ﬁ{“/o f (%) dS) §t(Xm,?J)]

xC€Z4

_ x Lo X Xiga) +
=0t S o) e ([ 1 (55 ) ) o (K5

xE€7Z4
v /Rd 9(z)Eo [eXp (/01 f(U + :c)ds) g(Uy + :c)} dz

- [ sE, [exp ( / 1 f(Us)d8> g(Uﬂ} dz.

Let us justify the convergence over t above. Let F' be the functional, defined for any function j by:

1
FG) = ([ 7oieas) g0 it
We have to prove that

/Rdg(x)E[F((US—i—x,se[Ol )] dx— Btdz < ) [ </81t< J—i—xse[O 1]>>}t_:>000.

x€Z

Introducing [ g(z)E [F (éXs 1pe) +,8 € [0, 1])} dz in the previous sum, we can apply the dom-

inate convergence to obtain:

/ g()E[F ((Us + z,s € [0,1]))] dx —/
Rd

R4

oo (3

Indeed, on one hand F' is continuous in the Skorokhod’s J1 topology because f and g are continuous,
and on the other hand F' is bounded since f and g are bounded. Moreover we can see that

/Rdg(x)E[F<XsﬂLf?J+m,se[O 1>]dx 543 g ( ) [ (%’SE[O’HH —

y€eZd

XSW?J +x,8¢€ [0, 1]>:| dr — O.

t—-+o0

Indeed, f and g being continuous with compact support, the function z € R% — F < Ly x,s €0, 1])

is uniformly continuous, and its modulus of continuity does not depend of t.
At this point, we have proved that

liminf = Bl oe B [exp <ﬁt /tf @i > ds>] > log /Rd 9(2)E, [exp </01 f(Us)ds> g(Ul)] da.

= log(g, S19)

where S; is the semigroup of operators defined on L2(R?) by:

Sih(z) = B, [exp < /0 t f(Us)ds> h(Ut)} .

This semigroup is self-adjoint due to the symmetry of the process (U, t > 0). Thus, its infinitesimal
operator A is also self-adjoint. Therefore, using the spectral representation of A and Jensen’s
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inequality, we obtain:

(9,519 = (g, exp(A)g) = /R exp(\)dpig(N)

> exp [ My () = explg. Ag) = exp ( | f@d @i [ ol \fg(w)lzdw> .

Hence,

ot t
it L toge [exp (52 [ 1 (52) as)| = [ s@atoras - [ ol iF@ @) o

for any non negative function g € C3°(R?). We now take the supremum over non negative functions
g € C*(R%). Using representation (@5]) and boundedness of f, one can easily see that this is the
same as taking the supremum over non negative functions in L?(R?), and this ends the proof of

Theorem [I1] O
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