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1 Introduction

Let ||z|| denote the distance from the real number z to the nearest integer. Given an
irrational o, we are interested in the problem of determining the values of 7 for which there
are infinitely many prime solutions, p, to the Diophantine inequality

lpall < p™. (1)

It is an easy consequence of the Generalised Riemann Hypothesis that any 7 < é is ad-
missible. This was proved unconditionally by Matomaki, [6], and is currently the strongest
result known. Progress on this problem began with Vinogradov, [§], who proved that we can
take any 7 < % Vaughan, [7], simplified the proof whilst improving the exponent to 7 < i.
In both of these works an asymptotic formula for the number of prime solutions is proved.
Harman, [2], introduced a sieve method to the problem. This only gives a lower bound for
the number of solutions but this is sufficient. He increased the size of 7 to 7 < %, improving
this in [3] to 7 < 5. These results of Harman used identical arithmetic information to the
results of Vaughan; the improvements were in the sieve method. Heath-Brown and Jia, [4],
found new arithmetic information which they were able to use to get 7 < i—g. Matomaki, by
using results on averages of Kloosterman sums, was able to extend this to handle any 7 < %

If we only require the solutions of ([]) to have at most two prime factors then the problem
is considerably easier as classical sieve methods may be used. In particular Harman, [2]
Theorem 2], states that any 7 < 0.46 is sufficient. One reason for a stronger result is that
the parity problem of sieve theory is no longer an issue. In order to circumvent the parity
problem and detect primes it is necessary to prove estimates for bilinear forms, known as
“Type I1” sums. Matomaéki, [0], describes all the estimates known for 7 < é but none of her
proofs are valid for 7 > % We will prove a Type II bound in which one may take 7 slightly
larger than % This estimate is too weak to show the existence of prime solutions to (). It
does, however, show that there are solutions which have precisely two prime factors. Hence
we can break the parity barrier for some 7 > %

We are also interested in the set Ps(b) of 3-digit palindromes in base b. We say that a
number is palindromic in base b if its digits in base b are the same when reversed. Thus

Ps(b) = {j(b* + 1) +kb:j € (0,b)NZ, k€ [0,b) NZ}.
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As we shall see in Section [0, elements in this set correspond closely to solutions of (Il) when
T = % We may therefore also conclude that P3(b) contains numbers with precisely two
prime factors provided that b is sufficiently large.

To handle both of these problems simultaneously we work with the following set. For a

natural number ¢, positive reals z, z and an integer a with (a,q) = 1 we let
A= A(x,q,2z,a) ={n € (%,x] :n=ak (mod q) for some k € [0,2) NZ}.

For a fixed constant 7 € (0, 1) we shall only consider the case when
1 1or | o1or
z e |:§q1+‘r , 2q1+‘r:|

and
2 2

1
x € |:—q1+7-7 2q1+r:| .
2
All implied constants in our results may depend on 7. Observe that zq < z.

Our aim is to estimate Type I and Type II sums for the set A and use them to prove the
following.

Theorem 1.1. Suppose T < % is fived. Let E be the set of natural numbers having precisely
2 prime factors. With the above definitions and hypotheses we have

2

#(ANE) >

log 2’
provided that q is sufficiently large in terms of T.

A result of this form for 7 < § would follow immediately from Vaughan’s work, [7]. The
key new idea to handle larger 7 is our Type II estimate, Theorem 5.1

This theorem enables us to prove the following results regarding the problems discussed
above.

Theorem 1.2. Let a be irrational. For any T < % there exist infinitely many n € E such
that

T

[nadl < n7T.

Theorem 1.3. For all sufficiently large b we have
2

#(P3(b) N &) > lobﬂ'
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2 Notation and Useful Results

2mix

We will write e(z) = ¢*™* and

vo={, e

We will use the notation n ~ N to mean N < n < 2N and similarly n < N to mean

aN < n < bN for some a,b > 0. We will also need the Fourier transform f of the function
f, defined by

fa) = / " Fte(—ta) dt.

We will write 7(n) for the number of divisors of n. It is well known that for any € > 0
we have 7(n) <, n¢. It is slightly more convenient to work with a weighted version of the
primes so we let

(n) logn n is prime
w(n) =
0 Otherwise.

Finally, we adopt the standard convention that the value of ¢ may be different at each
occurrence. For example, we may write 2¢logz < z¢ and 2% < 2.

We require the following forms of the Poisson Summation Formula, which hold for all
compactly supported smooth functions f, all v € Ry and all u € R:

5 om0 = L2 (2) (). g

ne

Zf(%)e(%) :vZf(vm—u). (3)

nez meZ

3 Reduction of the Problem

As we only require a lower bound we may smooth the function 1 4.

Definition 3.1. Let W be a smooth function satisfying the following conditions.

3. Forallz, 0 <W(x) <1.

It is a well known fact that many functions, W, satisfying the conditions of this definition
exist. The precise choice of W does not matter but all implied constants may depend on it.
For any B € N we may integrate by parts B times to obtain the standard estimate

[w(7)| < min(1,|z|~?). (4)



Definition 3.2. Let

Lemma 3.3. If 7 <n <z then

Therefore, to prove Theorem 11l it is sufficient to prove a lower bound for

> o).

F<n<z
ne€s

Proof. This follows immediately from the definitions of A and ®. O

4 Type I Sums

The Type I estimate we prove, Theorem [4.4] has been known in essence since the work of
Vaughan, [7]. However, it is useful to prove it again to get a result which is valid in our
precise situation. In addition, Vaughan’s proof uses estimates for exponential sums whereas
we use results from the geometry of numbers. The exponential sum approach is possibly
simpler for standard Type I sums but we also need to estimate a variant of such sums,
Theorem [4.8], which is easier with the geometry of numbers.

Throughout this section M, N > 1 satisfy § < MN <4z and M < 2279 for some § > 0.
This means that

z q

All our implied constants may depend on 9.
For an integer m let

U(m) = U(m; N) =) &(mn).

n~N

We will consider ¥(m) as a counting function of points of a certain lattice, A(m).

Lemma 4.1. Let
AXm)={(j,k) €Z*: jg+ka=0 (modm)}.

The set AX(m) is a lattice in Z* with determinant m.

Proof. 1t is clear that A\(m) is a lattice. Since (a,q) = 1 we know that jq + ka takes on all
integer values as j, k vary over Z2. Thus jq + ka represents all congruence classes mod m so
the determinant of A(m) is m. O

Define b;(m) to be the shortest nonzero vector in A(m) and let R;(m) be the Euclidean
length of b;(m). We know, by Minkowski’s Theorem, that R;(m) < /m.
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Lemma 4.2. With the previous assumptions on M, N, x,z and q we have

A

NW(0)z z

Y(m)=——+4+0 ,
(m) = == 22 4 Olg)
for any m ~ M.
Proof. From the definitions of ¥ and ¢ we get
U(m) = Z O (mn)
n~N
k
=D > V()
n~N k

mn=ka (mod q)

k
-y Y wE)
n~N 7.k
mn=jq+ka

k
-y wh
z
(k) EA(m)
(jg+ka) /N

Since W is supported on (0, 1) the sum only contains points with k£ € (0, z). Let

Jjq + ka
m

f@t) = #{(, k) € A(m) : ~ N,k € (0,1]}.

Summing by parts we get
1 [~ t
Y = —= W'(=)dt.
m) == [ s Sar

Let

A(t) = {(z,y) € R? - W

~ N,y € (0,1]}.
By a standard result for counting lattice points we have

fit) = area(A(t)) N O(perimeter(A(t))

m Ry(m)

+1).

The vertices of A(t) are
(Nm/q,0),(2Nm/q,0), (Nm —ta)/q, 1), (2Nm — ta)/q, ).

Therefore
B Nmt

area(A(T)) .



and
NM t
perimeter(A(T)) < — +t + Y <o
q q

It follows that

1 [ (Nt z ,t
N [* ¢
=~ | VGt Ol

NW(0)z z

N q +O(Rl(m)

z

+1)

+1).

Since R;(m) < v/m < VM < z the result follows. O
We need a bound for the number of m for which R;(m) is unusually small.

Lemma 4.3. For any € > 0, any M < 27 and any integer | we have
#{m < M : Ry(m)? =1} <. 2~

Proof. We know that R;(m)* < m < M. Thus the only case to consider is 0 < [ < M.
If Ry(m)? = [ then there exist integers j, k with j? + k? = [ and m|jq + ka. It follows
that the quantity of interest is bounded by

Z #{m :m|jq+ ka} < Z 7(jq + ka).
(j,k)€Z? (j,k)ez2
J2 k2=l J2+k2=l

For the remainder of the proof let h = jq + ka, where j2 + k? = [. We now use an argument
by contradiction to show that h # 0. If h = 0 then k # 0 since (7, k) # (0,0). Moreover |k,
whence |k| > ¢q. However

k<VI< VM =o(z) = o(q),

giving a contradiction if ¢ is large enough. We therefore conclude that h # 0. In addition
we have
h< gVl < gz < w,

so that 7(h) < z¢. Letting r(l) denote the number of ways in which [ may be written as the
sum of two squares, the cardinality of the set in the lemma is then

<r(l)z < z°,
in view of the convention on different values of e. O

We may now prove an estimate for Type I sums.



Theorem 4.4. If o, are complex numbers with |a.,,| < 1 then, with the previous assumptions
on M,N,x,z and q we have, for any A > 0

Z A ®(mn) = WON= Z U + 04 (22 (log 2)™ ).

m~Mn~N q m~M

S = Z an®(mn) = Z an VU (m

m~Mn~N m~M

Proof. Let

Applying Lemma [4.2] we get

Zam+0 ZRl( ))

m~M

Using Lemma [4.3] we deduce that

1
%Rl(m) Zf#{m M, Ry(m)* = 1}

<M
L 2 Zl_§
l<M
< M3
We conclude that .
S - NWq(O S+ O(H M)
me~M

Since M < 2279 the error term is
0(224'6—5/2).

The result follows on taking e < g. 0

Zame

m~M

Observe that if

Z'Zv

then the leading term in this estimate has size
It is also necessary to bound a Type I sum where ZnN  1s replaced by a smooth weight.

. This is larger than the error term.

Theorem 4.5. Suppose the above conditions on M, N,x,z and q hold. If a,, are complex
numbers with |a,,| < 1 then, for any A > 0, we have

Z W (3%) d(mn) = SW(0) Nz Z QO + 04 (2% (log 2)~).

q
m~M m~M



Proof. After using partial summation to remove the smooth weight W (35 ), the result follows

by an almost identical proof to that of Theorem .4l O
Define ¥y (m) by
W(0)N
W(m) = <q) © 40y (m)

We will require the following two lemmas.

Lemma 4.6. For any ¢ > 0 and any M, N,x,q and z satisfying the previous assumptions
we have

Z Uy (m)? <, 22
mx=xM
Proof. From Lemma we have

By Lemma (.3 we get

%m < Y %#{m = M, Ry(m)* =1}

<M

<<E € Z l_l

l<M
<, =5

The result follows. U

Lemma 4.7. Under the same assumptions as the last lemma we have

N 3
Z U(m)? <« iy
m=M q

Proof. We have

S wmp = 3 A0y 2

< Z N222 n Z W1 (m)?

<Le

<<E 4 22+E.

Since N > —L; the first term is larger if we take a small enough e. O
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We may now estimate a variant of a Type I sum which will be useful later.

Theorem 4.8. Suppose that the above assumptions on M, N,xz,z and q hold. In addition,
assume that N < 227°. Then, for any complex numbers B, bounded by 1 and any A > 0,

—A
S B W (3%) O (mny ) ®(mny) = 3NMW Z B+ Op (2108 Z) 2188 )
" J;LNN n~N
Proof. Let
Z B, W (3%) O (mny)P(mns) Z B W ( ) O (mn)¥(m).
nl,fngN
Writing
U(m) = W(qu 0 (m)

we get a contribution from W of

@ ; B, W (3%) ®(mn).

This sum is in a form which can be estimated by Theorem [4.5] with m,n interchanged. All
the conditions needed for that theorem are satisfied since N < 227%. The main term is thus

3W(0)3N M 22 23(log 2) AN
WU 5 o o,
n~N

On writing N < 37 the error here is

OA(Z4(1OJ%/[,Z)‘ )

The contribution from Wy (m) is
m
; B,W (3—M) O(mn) W, (m).
n~N

Trivially estimating the (,, by 1 this is majorised by

Zw(gM) m)| W (m)].



Since W (z) < 1 for all x we may remove the factor W (53;) and apply Cauchy’s inequality

to get a bound of
(D Um)) (Y Wi(m)?)' 2,
m=M m=M

Applying the previous two lemmas this is

<, NV255/2+e-1/2 « &
VM

Since M < 2279 the error here is

e/ M - Z4+e—5/2

M - M
The result follows on taking e < g. O
Observe that if
S =
n~N

then the main term in this last theorem has size
N2Mz? 24

—~

e M

5 Type II Sums

We will prove the following Type II result.
Theorem 5.1. Let vy, be complex numbers bounded by 1. Suppose that 3 < MN < 4z and

q 1_g
max(z, —21—5) < N < 2T
for some > 0. Then, for every A > 0, we have

Z o (w(n) — 1)®(mn) < 2%(log 2)™4,

where the implied constant depends on both A and ¢.

Observe that the restrictions on M, N in this theorem imply that
M < 2*7°,

The hypothesis that N > z is only used once in our argument, in the proof of Lemma [5.8
When 7 > % this assumption is weaker than

N>-L

Zl—5
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Let
S = Z QB @ (mn),
m~Mn~N
where
Bn =w(n) — 1.

We wish to show that S = O(22(logz)~*). Our arguments can be modified to handle
arbitrary 3,, although the range of N is then much smaller. However, this introduces some
additional technicalities. Since our Type II estimate does not cover a sufficiently large
range of N to detect primes we have chosen to give the details only for the specific choice
fn =w(n)— 1.

Vaughan, [7], used exponential sum methods to establish Type II estimates which are
only valid when 2™ < N < x!7?7. This range is empty when 7 > % Heath-Brown and
Jia, [4], introduced a new method which reduces the problem to the estimation of certain
Kloosterman sums. Matomaéki, [6], used the same reduction but then used stronger bounds
on the resulting averages of Kloosterman sums and was thus able to get enough Type II
information to detect primes for any 7 < % The range of N in the Type II bounds found
by Heath-Brown, Jia and Matoméki remains nonempty as 7 — % However, it is not valid
for 7 > % as the reduction to Kloosterman sums gives an error which is too large in this
case. Our method is essentially an extension of that of Heath-Brown and Jia which avoids
this problem.

Lemma 5.2. We have S = O(v/MS}) where
m
Sl = Z 5n1ﬁn2 Z w <3—M) ‘P(mnl)@(mng)

ni,no~N
It follows that a bound of
2*(log 2)~4
5, = o2l f/ )
will be sufficient.

Proof. Applying Cauchy’s inequality gives

$7< Y Janl 3 (3 B0 (mn)).

By definition of the function W we know that W (sﬁM) = 1 when m ~ M. Therefore

$* < MY W (535) (O Bu(mm))?

n~N
= M Z &ﬁmz (3%) O (mny)P(mns)
ni,na~N m
- MSl
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On putting 3, = w(n) — 1 into S; we will get three sums all of which must be evaluated
asymptotically. However, on combining the sums, all the main terms will cancel and we will
get the required result. Specifically let

S1 =511 252+ 513

where
Sii= Y w(nl)w(nz)ZW(gﬁM) ®(mny )®(mny),
Sio = Z w(ny) ZW (3%) O (mnq)P(mns)
and

Sa= Y ZW(BEM) O (mny ) B (mns).

ni,no~N m

We begin by dealing with the sums 5 2 and S 3.
Lemma 5.3. With our assumptions on M, N, x,q and z we have, for i = 2,3 that
_ 3N2 MW (0)322 Y (z4(log z)‘A) ‘

S1
1, e Vi

Proof. We have
16_5 P
N < z137% < 2%7°

We may therefore use Theorem A8 with 3, = w(n) or 8, = 1. These coefficients are only
bounded by logn but this can be absorbed into the error term. In either case we have

> By=N+O0(N(log N)™*)

so the result follows. O
Next we deal with the contribution to S; ; from pairs with n; = ny. This is

Y wm)?yw (3%) O(mn)?.

n~N

All the terms are positive and @ takes values in [0, 1] so this is at most

Y wm)?yw <3£M> O(mn).

n~N
Using Theorem we may bound this Type I sum by O(z%?log N). Since M < 2279 this is
4 —A
O(z (loi[z) )

The remaining terms in S;; have n; # ny. Since the coeflicients w(n) are supported on
primes all such pairs actually satisfy (n1,m2) = 1. We therefore consider

Sy = Z w(ny)w(ng) ZW (3%) O (mny)P(mns).

ni,n2~N
(n1,n2)=1
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5.1 Harmonic Analysis of the Sum S,
- T = Z w (ﬂ) O (mny )P (mns).
— 3M
Since (a,q) = 1 there exists an @ satisfying
aa =1 (mod q).

Lemma 5.4. We have

. 3M2z2 > W(@)m@)zw <3M (m_ alkim +k2n2))) |

q q q q

k1,ko m

Proof. The definition of ® gives

o) = > w

k
k=na (mod q)
_ Z W <qm + na) .
- z
Applying the Poisson Summation Formula in the form (2) we therefore get

o= (). (%).

22 A (]{712) IS (]{722) m (ma(/ﬁnl —|—k2n2))
T=5 3 W () (22w () e .
1,~2
We can now use the Poisson Summation Formula (3]) to obtain

m m&(klnl + k’gng) . A SMG(klnl + k’gng)
;W(BM)e( y )—BM;I/I/'(BMm— ; .

so that

The result follows on substituting this into the above expression for 7T'. O

Let S3 be the subsum of Sy coming from terms with kin; + kong = 0. Since (ny,ng) =1
any solution of this may be written uniquely as k; = nyh and ks = —noh for some h € Z.
Therefore

3M 22 « nohz  ~. —nmihz .+
S3="— > @wm)w(n) Y W(—=—)W(——)W(BMm).
q ni,no~N h,m q q
(n1,m2)=1
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Lemma 5.5. For any A > 0 we have, under the previous assumptions on M, N, xz,q and z,
that
ZA(log z)™4

3MN222W(0)3
= i )

q2

Proof. Our assumptions imply that for n; ~ N we have

S3

+OA(

niz _ Nz 5
>>7>>Z

and that
M>> 2°.

It follows, using the bound (), that the contribution to S3 from terms with h # 0 or m # 0
is negligible. Specifically, for any B € N we have

3Mz2W(0)3 _
S3 = T() g w(ny)w(ny) + Op(z~ 7).
ni,na~N
(n1,m2)=1

Observe that
A

M 2? MNz%log N 3log N ‘(log 2)~

z Zw(n)2<< 2% log <? g <<Az( g2z) ’
7 q M

n~N

where the last inequality uses that M < 227 < ¢z'7%. We deduce that

24 og z —A
> wlamin) +0a(1ELD)

ni,na~N

 3M22W(0)?

S3
q2

The result follows on applying the Prime Number Theorem to the sum

Z w(n).

O

Let Sy be the sum of the remaining terms from Sy, those with kin; + kong # 0. Thus

Si= Y @(n)m(n)Ti,

ni,no~N
(n1,n2)=1

T — 3Mzz2 Z W(@)W(@)ZW (3M (m_ a(king +/€2n2))) .

q

k1,ko m
kini+kana#0



For any integers m, ki, ko there exists a unique integer k£ such that

E(/ﬁnl + k2n2) k
m — = —.
q q
There is then a unique integer j such that
k1n1 + k2n2 = jq — ka.

Writing ¢ = jq — ka it follows that

3MZ2 ~ ]{;12 ~ ]{722 -~ 3MEk
T = 2= Y. WEDWE)W(—).
q 7.k, k1,k2 4 9 ¢
k1ni+kona=c#0
If we let L k
R Z s z
F(nl,n2;c) = Z W(L)W(i)
k1,ke ¢ ¢
kini+kane=c
then a1 22 Mk
Z ~
Si="5-> W(E—=) Y @(m)w(ng)F(ni,ns;c).
q gk q ni,na~N
c£0 (n1,n2)=1

5.2 Transforming the Function F'

To deal with the sum S; we begin by applying Poisson Summation to the function F'.

Lemma 5.6. Let 7y be an inverse of ny modulo ny, which exists since (ny,ne) = 1. We have

1 ) M1l
F(ny,ng) = — §<—;n1,n270)6<ﬂ) ;
Mo ; (%) no

glt;ny,mg, ) = W (t_z) W (m)

q nagq
and g is the Fourier transform of g with respect to the single variable t.

where

Proof. We are interested in pairs kq, ko satisfying the equation
]{?1711 + k‘gng = C.
For a given k; this has at most 1 solution which exists if and only if

king =c¢  (mod ny).

15



Since (ny,n9) = 1 this condition is equivalent to
ki =cny  (mod ny).

If this congruence holds then the corresponding ks is given by

py = CT P
T2
We therefore have
< (k2 - (c—k:nl)z)
F(ni,ng) = wWl—|W[—].
(P, m2) 2 (q) < nag

k=cn1 (mod n2)

gt 1, s ¢) = W (t—z) W <w) ,

q na2g
then by the Poisson Summation Formula, (2]), we get

1 “ ) Cﬁll
F(n17n2) = n—229 (n_z) € (n—2) .

l

Now, if we let

Applying this lemma to the sum S; we deduce that

3M 22 ~ 3MEk 1 l cnql
S, = BIE==S N ~a (L by
4 PR ( p ) w(nl)w(ng)n2g <n2,n1,n270) € ( o )
Jikl ni,na~N
c#0 (n1,m2)=1

The sums considered by Heath-Brown and Jia, as well as by Matomaki, are essentially just
the k£ = 0 terms of S,.

5.3 Terms with [ =0

We will need the following result concerning the function g.

Lemma 5.7. For all t and all ny,ny ~ N we have §(t) < 1. Furthermore, if |t| > %Z then
g(t) = 0.
Proof. Recall that
~ (T2 - c—1tny)z
ot = (2) i (L5205 e
q n24
say. It follows that

o0

3(t) = (1% Gu)(t) = / (@)t — ) dz.

—00
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We have

SO

ai(t) = TW(~tq/2).

ga(t) = W (w)

Nagq

We also have

SO
au(t) = 2w (L)1),
Therefore, for all ¢t we deduce that .
a0 < 4
Furthermore, if || > 2?2, then
9i(t) = 0.

It follows that for all ¢ we have

g(t) = /°° 91(2)ge(t — z) dx < / (q/2)*dx < ¢

—0o0 |m|<k z
—q

In addition, if [¢t| > 472 then for any z either

2z
[ > —
q
or
2z
|t — x| > —.
q
It follows that g(¢) = 0. O

Let S5 be the subsum of S, containing the terms with [ = 0, that is

3M 22 .~ 3Mk 1.
S5 = - ZW( ) Z w(n1)W(n2)n—29(O;n1,n2,C).

2
q 7.k 4 ni,na~N
c#0 (n1,m2)=1

It is convenient to reinstate the terms with ¢ = 0. These correspond to pairs (j, k) with
k = hq,j = ha so their contribution is

3M 22
e

SWeMn Y w(nl)w(m)n%g(o;nl,ng,()).

ni,na~N
(n1,m2)=1
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From the estimate (@) we may deduce that for any B € N the contribution to this from
terms with i # 0 is Op(27?). Using the estimate for § given in Lemma 5.7 we may bound
the h = 0 terms by
MNz N 24(logz)=4
7 AR i ,
since M < 2279, It is therefore enough to bound

3M Z* - 3Mk 1.
Sg = z jzl;W(—) Z w(nl)w(ng)n—zg(o;nl,m,c).

2
q q ni,nao~N
(n1,m2)=1

We may move the sum over j inside the other summations to transform this to

3Mz? - 3Mk 1 .
Se = 7 ZW(T) Z w(nl)w(ng)n—2 Zg(();nl,ng,c).
k j

ni,no~N
(n1,n2)=1

Inserting the definition of § and reordering we see that

2
q q 11 119 N —oc0

(n1,m2)=1

Lemma 5.8. Forallt € R, N > z and ny,ns ~ N we have

S (7@ - t;”) o,

J

Proof. The sum is

Nag

J
We may apply the Poisson Summation Formula, (2), to obtain
79 n2jJ .
2 W(=2L
. ; (=)e(rd),

for a v which depends on all the outer variables.
Since N > z we have

e, Ny
z z
However, W is supported on [i, %] and thus for all n € N we have
Tomn
W(—)=0.
(")
O
It follows from this that Sg = 0 and therefore that
A (logz)~4
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5.4 The Remaining Terms

Let S; be the subsum of S; containing all the remaining terms, that is to say, all those with
[ # 0. Thus

3M 22 -~ 3MEk 1 /1 il
Sy = Z W(—) Z w(nl)w(nz)n—zg <n—2;n1,n2,c) e (n_Q) ,

2
T A
c#0,l7#0 (n1,m2)=1

We now truncate the sums over j, k, [ to finite ranges.

Lemma 5.9. Suppose n > 0. The contribution to Sy from (j, k,l) for which any of

or

hold is Op (27 %) for any B € N.

Proof. From Lemma [5.7] we know that if |t| > 47: then g(t) = 0. It follows that terms with

8N
1| > ===
make no contribution to the sum.
Let R be the set of (7, k) for which
qz"
k|l > =—
ML
or
] > Nz

To complete the proof it is sufficient to give a bound of Op(2~F) for

~ 3Mk. . [ 1
5 [ (L)
T2

(j,k)ER q

By definition of ¢ this is at most

[ 2 e () w (=g e

(J,k)ER
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We make repeated use of the estimate ({]). This shows that any part of the above where W
is evaluated at a point  with |z| > 2”7 may be bounded by Op(2~7). From the factor T (%)
we see that such a bound holds when

4q
===
and from the factor W(%) it holds when
qz"
k| > —.
K> 2
Finally we assume that
q
It <
and .
qz
k|l < —.
W< 2
In this case we have
| > N27HE

For sufficiently large ¢ these assumptions imply that

(jq — ka — tnl)z

Nag

> 20,

A bound of Og(275) therefore holds for all parts of the sum. O

Let Sg be the sum S; with the following ranges of summation:

8N
0<|l < Z,

q

qz"

k| < —

W < L

and

] < Nz~

The last lemma shows that, for a fixed n > 0, we only need to bound Ss. We ignore any
potential cancellation in the outer sums so we write

Mz?log N
58 < (]27]\7 Z Sg
M

c#0

G1<Nz=1420, k| <92] o< i|<3N=

where

N l Cﬁll
Sy = Z | Z @(n1)g <n—2;n1>n2,0) e <n—2) -

no~N ni~N
(n1,m2)=1
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Let h(nq,ny) be the weight in this sum:

o=+ (2) - [0 (S ()

Lemma 5.10. The function h depends smoothly on ny and ny. For ny,ny ~ N and the
same n as above, we have

h(ng,ng) < g

and q

By (01, m2) <y N
Proof. Since W is smooth, it follows that g depends smoothly on ni,ny, and therefore so
does g and hence so does h. The bound for h follows from that for § given in Lemma [B.7]

Differentiating we get
< [t —12 —1 tl
o, (1, 12) — / W (_) 1 g (Q) (-Lyar
S q /) N2q nagq U>)

The contribution to the integral from |¢| > =L can be shown to be sufficiently small. The
remainder of the integral is then bounded by

tz /2 q
—dt < —dt K .
/lts «  Ng — /lts e N Nzt=n

21—n/2 z1—n/2

O

We may now use partial summation to remove the weight h(ny, ns) from Sy. We deduce
that

q
S <y ﬁSm

cml

ne~N N<ni<N’
(n1,m2)=1

where

We will estimate Sj¢ using our bound, [5, Theorem 1.3]. For any € > 0 this gives

1
Cl 2 —Q—¢€
Sio <Ko (1 + LV—J> N? ,

with the specific value a = %. Since

0 < |c| < N222

we deduce that
510 <<E ZnNz_OH_E.

We will eventually choose 1 in such a way that the factor 27 in this bound has no effect on
the quality of our final result. It is the value of a which determines the size of the admissible
range for NV and hence the limitation on 7.
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Lemma 5.11. Under the previous assumptions on M, N, x,q and z we have
Z4(logz)™4

St<a— 3

for any fized A > 0.

Proof. We deduce from our bound for Sjy that

q 2—a+te

and therefore that
N3—a Zl+5n+5

By assumption we have

It follows that
MNS—azl-i-Sn—i-e

q
< N2—az2+517+e
< Z4—6(2—oe)+577+5 )

MS8 <<5

We can choose ¢, n sufficiently small so that
n+e<i(2—a),

whence
2*(log 2)=4

Sg <5 i

The bound for S7 follows.
Recall that we are assuming N > —%;. Observe that

q 2

= < 2%
z
if and only if
e
q< z2a
We note that
4 —aol—rT
2—al+T

if and only if 7 < 1= = .

that our range for N is nonempty.

22
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It should be noted that in this section we have made nontrivial use of the fact that our
coefficients are the indicator function of the primes. If we want to estimate a general Type
IT sum with coefficients ,, then different bounds must be used. Specifically, if we use Duke,
Friedlander and Iwaniec’s result, [I, Theorem 2], then we can take o = 55. This is much
worse than the value é which we have for our special coefficients; although even that is

considerably weaker than o = %, which we conjecture should be best possible.

5.5 Completing the Proof of Theorem [5.1]

The result follows on combining all the above estimates. We have

S = S11—2512+ 513

_ 5 3N2M;ﬁ;(0)3z2 Lo, (24(10]%4 z)—A)

_ 5 3N2M(I]/I;/(0)3z2 Lo, (z4(loj\g4 z)‘A)
545, — 3N2M(I]/Z/(0)3z2 vy <z4(lo];g;)‘A)
= S;+04 <7Z4(10§;)_A)

= S5+ S:+04 (%)

— 0Oy (%) ‘

It follows that
S = 0a(z*(log 2)™),

as required.

6 Proof of the Theorems

6.1 Proof of Theorem [1.1]

Suppose MN = 7 and M < 2279 for some § > 0. For any A > 0 we have
> @(m) =M + Oa(M(log M)™*).
m~ M

It follows by Theorem 4] that

S wmbmn) = 212 1 0, (2 (0g 2) ).

4
m~Mn~N
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the fact that w(n) is only bounded by logn does not matter as this factor can be absorbed
into the error term.
Suppose, in addition, that

max(z, %) <N 21879,

It follows from Theorem .1l that for any A > 0 we have
Z w(m)(w(n) — 1)®(mn) <a4 2%(log2)~ .
m~Mn~N

Combining these two estimates we immediately deduce that

Z w(m)w(n)®(mn) = W)

4
m~Mn~N

22+ 0a5(2%(log 2)™).

If m and n are prime then w(m)w(n) < (logz)%. It follows that for sufficiently large ¢ we

have

22

d(mn) > ——.
mNMZmNN (mn) (log 2)?
mne&s

For 7 < £ there are exponents a(7) < b(7) such that the above bound holds for any range
(M,2M] C (2% 2], There are therefore >, log 2 dyadic ranges available. Theorem [L1]
follows.

6.2 Proof of Theorem

Suppose « is irrational and 7 < 28—3. By replacing 7 by 7 + € for a sufficiently small € > 0 it
is enough to show that there are infinitely many n € & with

|nal| < n™".

Let 2 be a convergent in the continued fraction expansion of o with a sufficiently large
denominator. We therefore have

- Sl <5
q q

If we let x = qHLT, z= % and a = ¢ then any n € A satisfies
an =k (mod q) for some k € [0, 2].

We therefore have
an z
[— < -.
q q
It follows that
c an .
[nall < [(a - g)nll + H;II <n

Since there are infinitely many convergents to « it is thus sufficient to show that A contains
members of £. This follows from Theorem [L.1]
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6.3 Proof of Theorem 1.3

Recall that
Ps(b) = {j(b* +1) +kb:j€ (0,b)NZ, Kk €[0,b)NZ}.

We take 7 =%, =0 +1, 2 =b, z = b* and a = b. The set A is then contained in Ps(b) so
the result follows from Theorem [l
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