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THE RAMSEY NUMBER OF THE CLIQUE AND THE HYPERCUBE

GONZALO FIZ PONTIVEROS, SIMON GRIFFITHS, ROBERT MORRIS, DAVID SAXTON,
AND JOZEF SKOKAN

ABSTRACT. The Ramsey number r(Kj, Q) is the smallest positive integer N such that
every red-blue colouring of the edges of the complete graph Ky on N vertices contains
either a red n-dimensional hypercube, or a blue clique on s vertices. Answering a question
of Burr and Erdés from 1983, and improving on recent results of Conlon, Fox, Lee and
Sudakov, and of the current authors, we show that r(Ky, @,) = (s—1)(2" —1) +1 for every
s € N and every sufficiently large n € N.

1. INTRODUCTION

One of the the most extensively-studied problems in Combinatorics is that of determining
the Ramsey numbers of graphs, defined as follows. Given graphs G and H, let r(G, H)
denote the minimum integer N such that every red-blue colouring of E(K ) contains either
a blue copy of G or a red copy of H. It follows from the classical theorem of Ramsey [22] that
r(G, H) is finite for every pair of (finite) graphs, but its order of magnitude is known only
in a few special cases. In this paper we answer a question of Burr and Erdds [7] from 1983
by determining r( K, @), the Ramsey number of the clique on s vertices and the hypercube
on 2" vertices, for every s € N and all sufficiently large n.

The oldest and most famous examples of Ramsey numbers are those involving cliques.
Indeed, it was proved by Erdds and Szekeres [14] and by Erdés [12] over sixty years ago that
2812 < R(k) < 4%, where we write R(k, () = r(K}, K;) and R(k) = R(k, k). Despite extensive
attempts (see, e.g., [25, 26, @]) these bounds have been improved only very slightly. More
progress has been made in the so-called ‘off-diagonal’ case, where it was proved by Ajtai,
Komlés and Szemerédi [1] and Kim [I9] that R(3,k) = ©(k*/logk) (see also [24], and the
recent improvements in [0 [15]). However, for every (fixed) s > 4, even the problem of
determining the correct exponent of k in R(s, k) is wide open.

In this paper we shall study the Ramsey numbers of cliques versus sparse graphs, where
the situation is somewhat simpler, and much more progress has been made. The systematic
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study of this problem was initiated in 1983 by Burr and Erdés [7], who conjectured that
r(Kg, H) = (s—1)(v(H) —1) +1 (1)

for every fixed s and all ‘sufficiently sparse’ connected graphs H; in particular, for all such
H with bounded average degree. The lower bound in is easy to see: simply take a blue
Turan graphﬂ7 and colour the remaining edges red. We remark that this conjecture was
partly motivated by a result of Chvatal [§], who had proved a few years earlier that (1]) holds
for every s € N and every tree H on n vertices.

The Burr-Erdés Conjecture was disproved by Brandt [6], who showed that there exist
bounded degree graphs H with r(K3, H) > c¢-v(H), for ¢ arbitrarily large. However, the
conjecture is known to hold for a large class of graphs with bounded average degree and
poor expansion properties. More precisely, Burr and Erdés [7] proved it for every graph H
of bounded bandwidthﬂ and Allen, Brightwell and Skokan [2] extended this result to graphs
of bandwidth at most o(logn/loglogn), and to bounded degree graphs of bandwidth o(n).
Moreover, Nikiforov and Rousseau [21] proved that holds for every O(1)-degenerate
graph which may be disconnected into components of size o(n) by removing at most n!'=¢
vertices; as was observed in [I1], together with the ‘separator theorem’ of Alon, Seymour
and Thomas [3] this implies that the Burr-Erdés Conjecture holds for every sufficiently large
graph H which avoids a given minor, and hence for every large planar graph. We remark
that in fact the main results of both [2] and [2I] are considerably more general than those
stated above; we refer the reader to the original papers for the exact statements.

Combining the results of [2] and [6], the situation for graphs of bounded degree is now
reasonably well-understood: roughly speaking, holds for those graphs which have poor
expansion properties, and fails otherwise. Moreover, by the results of [21], it is known that
holds for a large class of graphs with bounded average degree (but unbounded maximum
degree). In particular, the main theorem of [21] resolved all but one of the specific problems
mentioned in [7]; in this paper, we resolve the final remaining question.

We shall study the n-dimensional hypercube, i.e., the graph with vertex set {0,1}" and
edges between pairs of vertices which differ in exactly one coordinate. This important fam-
ily of graphs appears naturally in many different contexts, and its properties have been
extensively-studied, including those relating to Ramsey Theory. For example, it is a long-
standing conjecture of Burr and Erdés that r(Q,, @,) = O(2"), but the best known bounds
(see [10] and [I7]) are roughly the square of this function. We note also that @,, has average
degree roughly log N, and bandwidth roughly N/y/log N, where N = 2" and hence it is not
covered by the results of either [2] or [21].

More precisely, take a collection of s—1 disjoint red cliques, each of size n—1, and note that this colouring
contains no connected red graph on n vertices, and no blue graph G of chromatic number s.

2The bandwidth of a graph H is defined to be the minimum ¢ € N for which there exists an ordering
v1,..., vy of the vertices of H such that every edge v;v; satisfies |i — j| < £.
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The first important breakthrough in the study of the Ramsey numbers (K, Q) was
obtained only recently, by Conlon, Fox, Lee and Sudakov [I1], who gave an upper bound
which is within a constant factor (depending on s) of the trivial lower bound. We remark
that that we shall use (a modified version of) their method in Section [3, below. In [16], the
ideas of [I1] were combined with a technique (‘embedding in snakes’) which utilized the low
bandwidth of @, to determine (K3, @,,) up to a factor of 1 +o0(1) as n — oo. In this paper
we shall use a quite different method to completely resolve the problem of Burr and Erdés
for all sufficiently large n. Our main theorem is as follows.

Theorem 1.1. Let s € N. Then
r(Ks,Qn)=(s—1)(2" =1)+1 (2)
for every n = ng(s).

We remark that the proof of Theorem moreover easily generalizes to the case in which
the clique K is replaced by an arbitrary graph H of chromatic number s (assuming that
n = no(H) is sufficiently large), see Section [5| for the details. The value of ngy(s) given by our
proof grows very quickly, like a tower function of height roughly s?*. No doubt this bound
is very far from best possible, and it would be interesting to determine the smallest function
n = n(s) such that holds; note that it fails badly for n = 2, since one can easily show
that r(K,, Cy) > s%/27°0) > 5. We remind the reader that it is a famous open problem of
Erdés [13] to prove that (K, Cy) < s*°¢ for all sufficiently large s € N.

The strategy we shall use in order to prove Theorem is roughly as follows. Let G
be a two-coloured complete graph with (s — 1)(2" — 1) 4+ 1 vertices and no blue K. We
shall almost—partitionﬂ V(G) into a large number of sets which are internally dense in red,
and then attempt to join these by a large number of small, disjoint, red complete bipartite
graphs. If we find a sufficiently large component of connections of this type, then we shall
be able to find a red copy of ),,; otherwise we will be able to almost-partition the vertex set
into s — 1 red cliques. Using this ‘stability theorem’, the result then follows easily.

To be a little more precise, let us consider the case s = 3. We first find an integer a,
a collection of disjoint red cliques of size 2"/logloga, and a small set X, such that every
vertex sends at most 2"72" blue edges to those vertices of G which are not covered by the
red cliques, nor by X. To do so, we simply decrease a until we find a collection with the
right properties, and note that the blue neighbourhood of any vertex is a red clique, since G
contains no blue triangle. We thus obtain an almost-partition into dense red sets. We next
choose m ~ (loglog a)®M and attempt to find disjoint red copies of K;; between the dense
red sets, where t = (m%
S6s and Turdn [20], the blue graph between the two sets must be very dense. However, if we
succeed sufficiently often, then we shall be able to find a red copy of @),,. Indeed, using the

). If we fail to do so, then by the well-known theorem of Kovari,

3We write ‘almost-partition’ to mean a partition of all but a o(1)-fraction of the vertices.
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density of the red sets, we may greedily complete our copies of K;; to red copies of Q,,. We
can then define an auxiliary two-colouring (Hg, Hg), by treating each copy of Q,, as a vertex,
and colouring a pair blue if any of the matching edges between corresponding vertices is blue.
Crucially, this colouring contains no blue clique on Rom(3) vertices, where R,.(s) denotes the
r-colour Ramsey number, and is still sufficiently dense in red. By modifying the argument
of [11]] (see also [16], where we proved a similar proposition), we can efficiently embed Q,,_,
in Hpr, which immediately gives us a red copy of @),, in the original colouring, as required.

The rest of the paper is organised as follows. In Section [2] we generalize the idea above
in order to prove a general decomposition theorem for K -free graphs, which gives us our
almost-partition of V(G) into dense red sets. In Section [3| we generalize a result from [16],
whose proof is based on the method introduced in [I1], to show that we can find a red copy
of (,, in a two-coloured complete graph on (1 —1—0(1))2” vertices, as long as the blue edges are
reasonably sparse and K, -free. It is very important here that s is allowed to go to infinity
with n, at a rate depending on the density of blue edges, since we will apply the result to
colourings with no blue clique on Rom(s) vertices. In Section {4 we prove a more general
embedding lemma, by finding a maximal collection of disjoint red copies of K, ,, as described
above. This allows us to find either an embedding of @),, into a collection of dense red sets,
or a dense blue (s — 1)-partite graph which covers almost all of V(G). Finally, in Section [j]
we put the pieces together and prove Theorem [I.1]

Notation. For convenience, we collect here some of the notation which we shall use through-

out the paper. If GG is a two-coloured complete graph, then we take the colours to be red and

blue, and write G and Gp for the graphs formed by the red and blue edge sets respectively.

We also write Ng(u) and dg(u) for the neighbourhood and degree of a vertex in Gp, and

ep(X,Y) and dp(X,Y) = ep(X,Y)/|X||Y] for the number of blue edges with one endpoint

in X and the other in Y, and for the density of the graph Gg[X,Y], and similarly for Gg.
For each d > 0 and x = (71,...,74) € {0,1}4, let

Qx = {y: (y1,Y2, -+, yn) €{0,1}" : y; = z; for each 1 éz’gd}

denote the subcube of (), consisting of points whose initial coordinates agree with x. We
call this an nitial subcube of co-dimension d. Notice that if ()x has co-dimension d, then
every vertex v € V(@) has exactly d neighbours in V(Q,,) \ V(Qx). We say that disjoint
subcubes @ and @' are adjacent if there exist vertices v € V(Q) and v € V(Q') which
are adjacent in Q,. Given two vectors x € {0,1}? and z € {0,1}%, we write x ~ z if the
subcubes @y and @), are adjacent, and note that ()x and @), are adjacent if and only if x
and z differ in precisely one coordinate in the first min{d, d'} coordinates.

Throughout the paper, log denotes log,, and log,, denotes the kth iterated logarithm, so
log(1)(n) = log(n) and log)(n) = log (log(k)(n)). We shall also omit ceiling and floor
symbols, and trust that this will cause the reader no confusion.



2. A STRUCTURAL DESCRIPTION OF K, ,-FREE GRAPHS

In this section we shall prove the following key proposition, which states that every K -free
graph can be almost-partitioned into sparse sets.

Proposition 2.1. Given ¢ > 0 and s € N, there exists K € N such that the following holds.
Let N € N, and let a(0),...,a(K) € N be a sequence of integers with a(0) = N and

a(i+1) < =-a(i) for every 0 <1 < K — 1. (3)

ool ™

Then, for every Kq-free graph G on N wvertices, there exists i € [K — 1] and a family U of
disjoint vertex sets such that:

(@) [Upey Ul = (1 =2)N.
(b) |U| = a(i) for every U € U.
(c) A(GU]) € a(i + 1) for every U € U.

We first give an overview of the proof and introduce a little more terminology. For conve-
nience, let us fix throughout the rest of the section ¢ > 0 and s € N, choose K sufficiently
large, and fix a K,-free graph G on N vertices and integers a(1), ..., a(K) satisfying (3).

One natural approach to take, already alluded to in the Introduction, would be to choose
a maximal collection of disjoint independent sets of size by, then a maximal collection of
triangle-free sets of size by in what remains, then a maximal collection of Kj-free sets of
size bz, and so on. These sets have the useful property that, inside each set B; of size b;,
all degrees are at most b;_;. Indeed, since B; is Kj-free, every neighbourhood must be
K;_;-free, and so would have been chosen at the previous step if it was sufficiently large.

We shall take roughly this approach, with two important modifications. The first is that,
since we shall in fact need the degrees inside each set to be much smaller than any of the
other sets, we will enforce a ‘degree gap’ by throwing away a small set of vertices at each
step. The second is that, instead of choosing the b;s to be a growing sequence (which seems
more natural, since the restriction on their edges is becoming weaker), we shall choose them
to be decreasing extremely quickly.

We now turn to some more formal preparation. The following definition will be useful.

Definition 2.2. Let 0 < f < 1 and let ) # I C [K] be an interval. We say that a set
W C V(G) of vertices is (3, I)-good if, whenever i,j € I with i < j, there exists a family
U =U(i,j) of disjoint subsets of W with the following properties:

(a’) | UUeL{ U‘ =B W
(0') |U| = a(i) for every U € U.
() A(G[U]) < a(j) for every U € U.



Note that Proposition [2.1]is equivalent to the statement that V(G) is (1 — ¢, I)-good for
some interval of the form I = {i,i+ 1}. In order to prove this, we shall define two sequences
of sets,

V(G):W12W222Ws and UrgWr—l\Wr fOI"’I"ZQ,...,S,
and a sequence 0 = i; < --- < i3 < K of integers such that, setting
L= {ir, .. i + BT}

for each r € {2, ..., s} and some fixed k € N defined below, we have:

(i) W, contains no K,-free set of size a(i, + k*~"*1) for every r € {2,..., s},
(i) |Ur_yUp| = (1 —€/2)N
(13i) U, is (1 —¢/2,1,)-good for every r € {2,...,s},

) 12

(1w - D I and || > 2

Having found such a pair of sequences, we easily obtain a family satisfying (a), (b) and (c)
as follows. Indeed, by (ii)-(iv), there exists a cover of all but at most e N vertices of G by
sets of size a(is) and with maximum internal degrees at most a(is + 1). The purpose of
condition () is to allow us to construct the set U,,1; in particular, note that any K, -free
subset of W, has maximum degree at most a(i, + k*~"*1).

We need one more important definition, which we shall use to choose the sets U,. Given
aset W C V(G) and a,r € N, define

f(W, a, r) = max {’ U U‘ : U is a family of disjoint K,-free subsets of W of size a},

Ueu

and say that a family U of disjoint K,-free a-subsets of W is (W, a, r)-mazimal if
‘ U U‘ = f(VV,a,r).
Ueu

We now turn to the formal proof of the proposition.

Proof of Proposition [2.1. The proposition is trivial when s < 2 (since e(G) = 0), so let us
assume that s > 3. Set

k = [8—8-‘ and K =F,
£

and let iy = 0 and W, = V(G). Trivially, W, contains no K;-free set of size a(K) > 1. So let
r > 2, and suppose that we have found an integer i, € [K]| and a set W,_; C V(G) which
contains no K,_j-free set of size a(i,_1 + k*7"*2). We will show how to construct 4, € [K],
W, CW,_y and U, C W,_; \ W, with the required properties.
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Indeed, first define 7, — i,_; to be the least positive multiple of k*~"*! with the property

that N
f(erh a(ir + ksj?drl)? 7a) < f(erla a@?‘)v T) + 64_8 (4>

In words, if increasing i, by k*7"*! would cause the size of the largest family of disjoint
K,-free a(i,)-sets to increase by a positive fraction of N, then we do so; otherwise we stop.

Note that
4s

0 <ip—ipa S —- K< S RTT (5)

DN | —

since otherwise we would have increased 7, so many times that f (Wr_l, a(iy), 7") > N, which
is impossible.
Now let U, be an arbitrary (Wr—1, a(i,), r)-maximal family, and set

U= JU and L = {i.. i+
Uel,

Claim: U, is (1 —&/2, I,)-good.

Proof of claim. Let i,j € I, with ¢ < j. In order to obtain a refinement U, (i, j) of U, which
satisfies (a') (V') and (¢’), we simply (1 — £/2)-cover each U € U, by disjoint sets of size
a(i) arbitrarily. To see that this is possible, simply note that either i = 4,, in which case

|U| = a(i), or i > i,, in which case a(i) < €|U|/8 by (3. To see that
A(GIX]) < a(ivo1 +E77) < al(y)

for each X € U,(i,7), recall that each Y € U, is K,-free, and that W,_; D Y D X contains
no K, j-free set of size a(i,_y + k*7"2). Thus all internal degrees of X must be at most
a(iy—1 + k*72), as claimed. O

To complete the induction step, we need to remove a small number of additional vertices
from W,_;, since we shall not be able to control their degrees in the next step. Set W, =
W,_1\ U, and let X, C W/ be the union of a (W,f, a(i, + kS_T“),r)—maXimal family. We

claim that
eN  ¢|U,|
- 4+ =,

4s 8 (6)
Indeed, since U, can (as noted above) be (1—&/8)-covered by K,-free sets of size a(i,+k*" 1),
it follows from that

REIES

N N
X, + (1 - %) U < F(Woi,aliy + k7Y 0) < F(Wiy,a(iy),7) + 2—8 = U]+ ‘1—.
Set
W, =W\X, =W\ (U,UX,),
and observe that T, contains no K,-free set of size a(i, + k*~"*1), as required.
Finally, let us check that Us,...,Us and Is,...,I; do indeed satisfy (i)-(iv). We have
already proved (i) and (ii7) above. To see that (i7) holds, note first that |W| < eN/8, since
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G is Ks-free and a(is) < eN/8, so U, fails to cover at most this many vertices of W_;.
By (@), it follows that
venyu
r=2

S

eN 3eN £ — eN
< —= Xo| € —+ < U € —.
: +;| <= +8;| | <5

To verify (iv), simply recall that I, was defined to be {i,,...,i,_; + k*""2}, and note that,
by , the sequence i, is increasing and the sequence i, + k*"*! is decreasing. Finally,
I, = {is, ..., is_1 + k*} has cardinality at least k* — i, + 51 > k*/2 > 2, as required. O

3. AN EMBEDDING LEMMA FOR DENSE RED COLOURINGS

In this section we shall adapt the method of Conlon, Fox, Lee and Sudakov [I1] to prove
the following proposition.

Proposition 3.1. Given any ¢ > 0 and k € N, there ezists ng = no(e, k) such that the
following holds for every n > ng and every s < log(k+1)(n). If H is a two-coloured complete
graph on (1 + £)2™ vertices with no blue K, and

2TL
dp(u) < ——
10g(k) (n)

(7)

for every u € V(H), then Q,, C Hg.

We remark that the case s = 3 of Proposition was proved in [16]. As in that paper,
our strategy will be roughly as follows: for each r € [k + 1], we shall find an almost-
partition of V (H) into 24" dense red sets, for some d(r) defined below, and an assignment
of initial subcubes of @, of co-dimenson d(r) to these sets, such that there are few blue
edges between pairs of sets which correspond to adjacent subcubes. We shall find such level-
r assignments iteratively (see Lemma , refining the almost-partition at level r to obtain
that at level r + 1. Once we have found a level-(k + 1) assignment, it will be straightforward
(see Lemma to embed Q,, into Hp greedily.

In order to refine an almost-partition A = {A(x)}xeq,,, at level r, we assign a subset
C(y) C A(x) € Ato each y € Qqu41) in turn, where x = y[d(r)] is the d(r)-initial segment
of y. (Thus subcubes of a cube are assigned to subsets of the corresponding set.) We first
remove from A(x) the vertices to which a subcube has already been assigned, and the vertices
which send too many blue edges to any set to which a neighbouring cube has already been
assigned. By our degree conditions, we do not remove too many vertices in this process.
Finally, we use the fact that Hp is K-free to find a large dense red subset in what remains

of A(x) (see Lemma [3.5)).

We now turn to the details, which are straightforward but somewhat technical. Define

a(r) = (l0ggo_ryn)’ ifre{l, .. k+2},
0 otherwise,
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and note that d(r + 1) > s-d(r) and 24 *V/5 > d(r + 2)°* for every r € {0,...,k}.
As described above, after r stages we will have split @, into 2%") subcubes, each of co-
dimension d(r). Given vectors x,x" € Qq(), let

{ min {p € [r] : x[d(p)] # x'[d(p)]} if x#x,

r+1 otherwise,

where x[¢] denotes the (-initial segment of x. For convenience, let us set

3(k+2)

and fix (for the rest of this section) a two-coloured complete graph H with no blue K and

vy =

w(H) = (1+3(k+2)”y)2" (8)
where n € N is sufficiently large. Let us assume also that H satisfies .

We are now ready for an important definition.

Definition 3.2. Given r € {0,...,k + 1}, a level-r assignment of Q,, into H is a collection
A = {A(x) }xeqq,, of disjoint sets of vertices of H, satisfying the following conditions:

(a) |A(x)| = (1 + 3(1{: +2— 7“)7) 27=d(r) for every x € Qaer)-

(b) For every x,x" € Qq(y) with x = x" or x ~ x/, we have
on—d(r)

a(t(x, X,))4(k+2—r)

Note that a level-0 assignment always exists, since d(0) = 0 and we may set A(x) = V(H)
for the unique vertex x € Qo (i.e., the vector of length zero). Condition (a) holds by (§),

and Condition (b) holds by (7), since ¢(x,x) = 1 and loggyn 3> (loggy n) “**.
Using this observation, Proposition [3.1] follows easily from the next two lemmas. The first

|INp(v) NA(x)| < for all v € A(xX').

allows to inductively construct level-r assignments for r» € {1,...,k + 1}.

Lemma 3.3. Letr € {0,...,k}. If A= {A(X)}xeq,,, i a level-r assignment of Q, into H,
then there exists a level-(r + 1) assignment C = {C(y) }yeQu,,,, of @n into H, with

Cly) € A(y[d(r)])
for every y € Qag+1)-
The second lemma allows us to embed @,, into Hg via a level-(k + 1) assignment.

Lemma 3.4. If A= {A(X)}xeqq,., 18 a level-(k +1) assignment of Q,, into H, then there
exists an embedding ¢ of Q, into Hpr, such that p(Qx) C A(x) for every x € Qq(r+1)-
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Lemma follows from a straightforward greedy embedding. We shall prove it first, as a
gentle warm-up for our main task, proving Lemma [3.3]

Proof of Lemmal[3.4 Let z; ..., zsn be an arbitrary ordering of the vertices of Q,,. We claim
that for each j € [2"], there exists a vertex v(j) € A(z] [d(k +1)]) such that

Né U Na(e
yET ()
where T'(j) denotes the collection of @),,-neighbours of z; which have already been embedded.ﬂ
If such a vertex exists for each j, then setting ¢(z;) = v(j) gives the desired embedding.
To see that such a vertex v(j) exists, let y ~ z; be a (),,-neighbour of z; which has already
been embedded as ¢(y). By Condition (b) in Definition we have
2n—d(k+1)

N NA(z;|d(k+ 1 < )
‘ B(SO(Y)> ( ild( )m d(t(y[d(k—i—1)],zj[d(k~|—1)]))4

Now, simply observe that ¢ (y[d(k + 1)],2;[d(k + 1)]) € [k + 2] for every y,z; € Q,, and that
there are at most d(r) vertices y € Q,, with y ~ z; and t(y[d(k + 1)],2;[d(k + 1)]) = r for
every r € [k + 2], since y and z; differ on exactly one of the first d(r) coordinates. Hence

k+2 2n d(k+1)

> INB(e(y) NA(zld(k + 1)) Zd

Y€T(5)

where the last inequality holds since d(r) > 1 as n — oo for every r € [k + 2].

\ - 2n—d(k+1)’ (9)

Finally, since there are at least
}A(Zj [d(k‘ + 1)])‘ — 2n—d(k+1) > . 2n—d(k+1)

vertices in A(z;[d(k+1)]) which are not already in the image of ¢, there must exist a vertex
v(j) as claimed. O

We now turn to the proof of Lemma We begin with a simple but key lemma, which
follows from the fact that Hg is K,-free.

Lemma 3.5. For everyd > 0 and X C V(H), there ezists a set Y C X such that

V| >2"624X|  and |Np(v)nY|<279Y]| (10)
for everyv € Y.
Proof. Let 0 < i < s — 3, and suppose that we have found a set X; C X such that
Hgp|X;] is K,_;-free and X3 > 27X (11)

When ¢ = 0 this is clearly possible (simply set X, = X). We claim that either Y = X
satisfies (10]), or there exists a set X;11 C X; satisfying for i + 1. Indeed, if does

AThat is, T(j) = {z; : i < j and z; ~ z;}.
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not hold with Y = X, then there exists v € X; with |[Nz(v) N X;| > 279 X;|. But in that
case we can set X; .1 = Np(v) N X;, which is K,_; ;-free since Hg[X;] is K,_;-free.

Hence we obtain either a set Y as required, or a set X,_5 satisfying for i = s—2. But
in the latter case Hg[X;_o] is Ko-free, i.e., X; o is a red clique, so we may set Y = X 5. O

By choosing a random subset, we can moreover guarantee that the set Y has whatever
size we desire. We record this simple observation as the following lemma.

Lemma 3.6. Let a,d € N and X C V(H). Iflog|X] -2 < a < 276724\ X|, then there
exists a set' Y C X such that

Y|=a and INg(v) Y] < 274V (12)
for everyv € Y.

Proof. Let Y’ be the set obtained via Lemma |3.5] and let Y be a uniformly chosen random
subset of Y’ of size a. Set p = a/[Y’| and let B ~ Bin(27?Y”|,p) denote the Binomial
random variable. Using the inequalities of Pitte[’and Chernoff (see, e.g., []), it follows that
the expected number of vertices v € Y with more than 2791|Y| blue neighbours in Y is at
most

\Y’|3/2~]P>(B > 9=dHlg = Q-E[B]) < [YP2. e BBV <
since E[B] > 8log |Y'|. Hence there must exist a set Y with no such vertices, as required. [
We now show how to assign the subcubes of (),, to the dense red sets found in Lemma |3.5|

Proof of Lemma[3.9 Letr € {0, ...k}, andlet A = {A(X)}xeq,,, be alevel-r assignment of
Q. into H. Thus the A(x) are disjoint sets of vertices of H, satisfying Conditions (a) and (b)
of Definition . Our aim is to construct a level-(r 4 1) assignment C = {C(¥) tyeq,(,,,, of
Q,, into H, with

C(y) C A(yl[d(r)])

for every y € Qq(r41)-
Let y1,...,¥9a¢+1 be an arbitrary ordering of the vectors of Q4¢41). Our main task will

be to construct, one by one, disjoint sets

Cly;) € Aly;[d(r)])
satisfying the following two conditions:

(a') [C(y;)| = (1 +(Bk+1—7)+ 1)7> n=d(r+1) for every 1 < j < 240+1).

®Let m,n € N, and set p = m/n. For any property Q on [n] we have IP’(Q holds for a random m—set) <
3y/m - P(Q holds for a random p-subset of [n]).
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(b') For every i < j with y; =y; or y; ~y;, and every v € C(y;),
2n—d(r+1)
d(tlyiy) T

Once sets C(y,) satisfying (a') and (b') have been found, it will be straightforward to find
slightly smaller sets C(y;) C C(y;) satisfying the slightly stronger Condition (b).

‘NB mC(Yz) | g

In order to find sets C(y;) as described above, let j > 1 and suppose that we have
already found sets C'(y1)’,...,C(y;_1) satistying (a’) and (V). We shall find C(y;)" inside
Ul(y;) € A(y;ld(r)]), where

Uly;) = Aly;dm)\ [ J )

denotes the set of not yet occupied vertices in A(yj [d(r)]) We claim that
Uyl = 2y- 270, (13)
To see this simply note that
[{i <j:Clys) € Aly;[dn))}] = [{i < : yild(r) I < 26rrn-d),
and that
(1 +3(k+2- 7”)7) gnd(r) _ gdlr+1)=d(r) (1 +(3k+1—-1)+ 1)7) gn=d(r+1) _ 9, . gn=d(r)

The bound now follows immediately.
In order to find C(y;) C Ul(y;) satistying condition ('), we must remove from U(y;) all
vertices which have high blue degree to some already-chosen set C(y;)" with y; ~y;. Let

T() = {1<i<i=—1:yi~y;}

denote the collection of indices of already-assigned @) 4(,+1)-neighbours of y;, and for each
ieT(j), let

Dily;) = { € U(y;) : INa() N C(y)| > —2 } (14)
d(t(ys,y,)) "

We claim that
2d(r+1)7d(r) , 2nfd(r)+1

2 C(yl')l S 2 (15)
d(t(yi,y;)) d(t(yiy5))
Indeed, since y; ~ y;, it follows that either y;[d(r)] = y;[d(r)] or y;[d(r)] ~ y;[d(r)], and
hence Condition (b) in Definition [3.2] holds, with x = y;[d(r)], for every v € C(y;)’. Thus,

1Di(y;)] <
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by the definition of D;(y;) and the fact that D;(y;) C A(y;[d(r)]), we have

and(rJrl) ,
|1 Di(y;)] - T < ep(Clyi), Dily,))
and(r)
< e i) Ay;ld(r X i)'l 4(kt1—r)+4"
< es(Clys), Aly;ld(r) < |C(ya)] (o)

The first bound in follows immediately; the second follows by Condition (a').
Now, set
X =Uy)\ U Dilyy)
i€T(5)
We claim that
2nfd(r+1)

A(k+1—r)+2
d(t(yi,y;))
for every ¢ < j such that y; ~ y; and every v € X. To prove the bound on | X|, recall
from that |U(y;)| = 2y -2"4"), and observe (cf. (9)) that, by (L5), we have

r+1 2n—d(r)+1

Z |Di(y;)| < p_zld(l?) AR < - 2nmd),

i€T'(j)

|X| > - 2n0 and |Np(v) N Cly:)] < (16)

Indeed, note that t(y;,y;) € [r + 1] for every ¢ € T(j), and that there are at most d(p)

elements i € T'(j) with y; ~ y; and t(y;,y;) = p, for every p € [r +1]. Once again, the final

inequality holds since n is sufficiently large and d(p) — oo as n — oo for every p € [r + 1].

The second inequality in (16| follows directly from the definitions of X, D;(y;) and T'(j).
Finally, we apply Lem to X, with a = 2"~4"+U+1 and d = d(r 4 1) /s, to obtain a

set Y C X with

2n—d(r+1)

d(t(y;, y;)) -
for every v € Y. To see that these values of a and d are compatible, simply note that

Y[ =204+ and  [Np(w)nY| < (17)
’Y’ _ and(r+1)+1 < - and(r)f(sz)d(T+1)/s < 27(372)d|X”
since d(r + 1)/s > d(r). To obtain the bound on |Ng(v) NY|, observe that

2n—d(r+1) 2n—d(r+1)

Aht1—r)12 4(kt1—r)+2
d(r + 21y, )

|Np(v) Y| < 27y | <«

since 240+D/s > d(r 4 2)°*. We may now choose C(y;)’ to be an arbitrary subset of Y of
the correct size, since every such set automatically satisfies conditions (a) and ().

We have now constructed sets C(y;)’ satisfying conditions (a’) and (b'); it only remains to
find subsets C(y;) C C(y,) satisfying conditions (a) and (b). For each ¢ < j with y; ~ y;,



14

condition (b) implies that every vertex in C(y;)’ sends few blue edges to C(y;)’. However
there may be vertices in C(y;)’ that send many blue edges to C(y;)’, which we must remove.
The proof that there are few such vertices is an easy exercise in double-counting, exactly as
above. To spell it out, let

~

() = {j+1<i<20 yiny,)

denote the collection of indices of (Q4(,41)-neighbours of y; which were assigned later in the
process than y;, and for each ¢ € T(j), let

D) = {ve cl) : NaInCl)] > A -
d(t(ysy,)) """

We claim that
‘C(yi),| gn—d(r+1)+1
<

2 S 2
d(“)’mb’y’)) d(t(yz‘,YJ))
Indeed, by (18], Condition ('), and the fact that ﬁi(yj) C C(y;)', we have

. 2n7d(r+l) , A
Di()’j)‘ : d(t(y y-))“kﬂ*r) < e (C(}’z') 7Di<yj>)
9 J

< es(C(y), Cyy)) < |Cv)]-

(19)

1Di(y;)] <

2n—d(r+1)

d(t(y“ y])) 4(k+1—r)+2°

as claimed. Finally, note that

. r+l 2n—d(r+1)+1 d(r1)
> Dilyy)] < ZCKP)'W Syt
i€T(j) p=1

since there are at most d(p) elements i € T(]) with y; ~ y; and t(y;,y;) = p.
Using Condition (@), it follows that

\cw\ U Duy)

i€T(j)

> (1 +3(k+1— r)7> on—d(r+1)

Hence, taking C(y;) to be any subset of the correct size, and repeating the above for each
1 < j <24+ in turn, we obtain a level-(r + 1) assignment, as required. 0

We can now easily deduce Proposition [3.1] from Lemmas and

Proof of Proposition [3.1. As noted earlier, our assumptions on H trivially imply that {V(H)}
is a level-0 assignment of @, into H, provided n is sufficiently large. Now, applying
Lemma for each r € {0,...,k} in turn, we obtain a level-(k + 1) assignment of @,
into H. Finally, by Lemma [3.4] it follows that Q,, C Hg, as required. O
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4. EMBEDDING WITH MATCHINGS

In the previous section, we showed how to efficiently embed the hypercube @,, in a dense
red colouring H which is blue K -free. In this section we will strengthen Proposition [3.1] in
the following way. We shall show that if V(H) may be partitioned into a reasonably small
family of sets such that Hp is dense on each, then either we can still efficiently embed the
hypercube, or H contains a large and dense blue r-partite graph.

More precisely, we shall prove the following proposition.

Proposition 4.1. Given any C,e > 0 and s,k € N, there ezists ng = no(C, e, s, k) € N such
that the following holds whenever n > ng. Set p =log 4 (n) and q = log(n).

Let G be a two-coloured complete graph on at most C - 2™ wvertices with no blue K, and
let U be a collection of disjoint sets of vertices such that:

(a) U] = 2"7P for every U € U.

(b) |Ap(U)| < 2" for every U € U.
Then either there exists a partition U =Uy U ---UU, and a set X C V(G) such that

(1) |X] <2 and Y0, Ul < (1+€)2" for every i € [r], and

(i1) dp(U; \ X,U; \ X) < 1/n® for every U; € U; and U; € U; with i,j € [r] and i # j,
or Q, C Gp.

In order to motivate the proof of Proposition [4.1] let us begin by discussing the following
special case. Let [U| = 2, and suppose moreover that U; and U, each have size (1 +¢)2" L.
Suppose that there exists a perfect red matching M between U; and U,, and consider the
two-colouring of F(K| ) obtained by identifying the endpoints of M and taking the union
of the blue graphs. Since G contains no blue K, this colouring contains no blue Kgy),
where R(s) denotes the Ramsey number of s. Hence, by Proposition , it contains a
red @Q,—1, which (using M to join the two sides) corresponds to a red copy of @, in the
original colouring. We thus obtain the following result.

Example 4.2. Let G be a two-coloured complete graph with no blue K, as in Proposition[. 1],
and suppose that U = {Uy,Us}, and that |Uy|,|Us| = (1 +¢)2" 1. If G contains a perfect
matching of red edges between Uy and Us, then Q),, C Gg.

In order to prove Proposition (.1, we shall generalize this idea by decomposing @, as
Qm X Qn_m (instead of Q1 X @,_1), and by allowing the copies of @, to span several dense
red sets, rather than just two. In order to find such copies of @),,, it will be sufficient to find
many red copies of K;;, where ¢ > (m772) ﬂ We next give another example, again in the case
|U| = 2, to illustrate this crucial observation.

6We remind the reader of the well-known fact that a graph which contains no copy of K ; must necessarily
be rather sparse, see Theorem below.
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Example 4.3. Let G be as in Ezample [4.3. If Gg[Uy,Us] contains at least (1 + )2"~™

disjoint copies of K, where t = (m%) and m = o(log log q), then @, C Gg.

Proof. We first attempt to greedily extend each copy of K;;, one by one, to a (disjoint) red
copy of @, with one half in U; and the other in Us. By assumption (b), at most m2"~7 < 2"
vertices are forbidden at each step, and so we will succeed in covering all but o(2") vertices
of Uy UU,. Next we define a two-colouring H of the complete graph on M = (1 + ¢)2"~™
vertices by identifying all points in the same copy of @),,, and colouring an edge blue if any
of the corresponding 2™ matching edgesﬂ were blue in G. Note that every vertex has blue
degree at most 2"t in H, and moreover it contains no blue clique on Ram(s) vertices,
where R,.(s) denotes the r-colour Ramsey number of s. Since R,.(s) < 7" for every r, s > 2,
it follows by Proposition and our choice of m that H contains a red copy of Q,,_,,, which
corresponds to a red copy of ), in GG, as required. O

In order to prove Proposition 4.1} we shall need to perform a similar embedding into a large
string of sets, not necessarily all the same size, which are connected by many vertex-disjoint
copies of K;;. The following definition will be useful.

Definition 4.4. Let ) be a collection of disjoint sets of vertices of a two-coloured complete
graph G, let n,m € N and set t = (m"/bg). We say that V is an m-path in G for n if there
exists an ordering (V1, ..., V) of the members of V such that, for every 1 < i < ¢, the graph
GRr|Vi, Vit] contains (1 4 €)2"™ vertex-disjoint copies of Ky ,.

The following embedding lemma is the key step in the proof of Proposition {4.1|

Lemma 4.5. Given any e > 0 and s,k € N, there exists ng = ng(g, s,k) € N such that the
following holds whenever n = ng. Let p =log ., 4)(n), ¢ =logyy(n) and 2% < m < 2*.

Let G be a two-coloured complete graph with no blue K, and let V be a collection of disjoint
sets of vertices of G satisfying the following conditions:

(a) Y ovey V] = (14 3¢)2.

(b) V| = 2773 for every V € V.

(c) |Ap(V)| <29 for every V € V.

(d) V is an m-path in Gg for n.
Then Q,, C Gg.

Given m € N and 0 < a < b < m, let us write

Qmla,b] = {XEQm:a< x| Sb}

for the subgraph of the hypercube @, induced by the layers corresponding to sets of size
between a and b. We shall embed into each set V' € V a copy of Q.,[a,b] X Qp—m, where a

"That is, the edges required between the two copies of @, to create a copy of Q41.
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and b are chosen so that v(Q[a,b]) is proportional to |[V|. With this notation in hand, we
are ready to prove the embedding lemma.

Proof of Lemmal[{.5 Let ¢ > 0 and s,k € N be arbitrary, let m,n,p,q € N be as described
in the statement of the lemma, and let G be a two-coloured complete graph with no blue K.
Let V be a collection of disjoint vertex sets satisfying conditions (a), (b), (¢) and (d) of
the lemma, and let (V4,...,V}) be an ordering of the elements of V such that Gg[V;, Vi 1]
contains at least M = (1 + ¢)2"~™ vertex-disjoint copies of K, for every 1 < i < /.

The first step is to choose an ¢/ < ¢ and a sequence of integers

<
0<b(l)<---<b(l) =
such that, if we set a(1) =0 and a(i) = b(i — 1) + 1 for each 2 < i < ¢, then

Vi = (1+2)2" ™ - U(Qm[a(i),b(i)]) (20)
for every i € [¢']. We do so greedily, by choosing b(i) to be maximal such that holds.
To see that this works, simply note that,

D Vil = (1+3e)2" > (1+2e)2nm(QM+£- (m%))

i€[f]

by property (a). The second inequality above holds since we may assume that ¢ < /m;
indeed, this follows from property (b), and our assumption that 2% < /m.
Next, for each 1 < i < ¢, choose from G[V;, Vi11] a collection of M disjoint copies of the

complete bipartite graph with part sizes (b’zz)) and ( ) and note that we may do so by

(i+1)/7
our assumption, together with the fact that (j) t for every j € [m]. Let us write

SZ-(l), . Si(M) cV and T(l), o ,Ti(M) C Vi

7

for the vertex sets of these complete bipartite graphs.

We now greedily extend, for each j € [M], the graph induced (in Gg) by Uf;l SZ-(j U Ti(j )
to a red copy of Q,,, which we shall call Q%). To do so, simply note that by condition (b),
every vertex sends at most 2" ¢ blue edges into its own part, and hence we will run out of
space only when all but m2"~% = o(|V|) vertices of some set V' € V have already been used.
By , this will not happen before we have completed all M copies of Q),,.

Finally, consider the two-colouring H of Kj; obtained by identifying the vertices of each
copy of @),,, and placing a blue edge between two vertices if any of the corresponding 2™
matching edges of G were blue. To be precise, set V(H) = {Q%), e ,Q%m} and

E(Hy) = {{Q,Q9} : xVx1) € B(Gp) for every x € Qu },

where x( denotes the vertex of Q,(f;,) corresponding to x. The crucial observation is that H
contains no blue clique on Ran(s) vertices, since Gg is K,-free. Indeed, we may colour each
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blue edge of H by an arbitrary element x € @,,, such that x®xU) € E(Gp); it is easy to see
that a monochromatic s-clique in this colouring corresponds to a blue copy of K in G.

It only remains to check that H satisfies the conditions of Proposition (3.1} To see this,
recall that R,.(s) < 7™ (this follows by a simple induction), and observe every vertex in
H has blue degree at most 2”77 in H. Moreover, since m = o(loglogq), it follows that
Rom(s) < q. Hence, by Proposition [3.1], the two-colouring H contains a red copy of Qp_m,
which corresponds to a red copy of @), in GG, as required. 0

We shall next use Lemma to find a red copy of @), in a slightly more general structure.
Note that the disjoint copies of K, in the proof above only covered a small proportion of
the vertices of each set V' € V. This motivates the following definition.

Definition 4.6. Let G be a two-coloured complete graph. For each m € N and v > 0, we
say that a pair {Uy, Us} of disjoint sets of vertices of G is (m,y)-good if

GRr[X1, Xs] contains a copy of K;;, where t = ( m )
’ m/2
for every X; C Uy and X, C U, with | X;| > (1 —7)|U;| for each i € {1,2}.
Given m € N, v > 0 and a collection U of disjoint sets of vertices in a two-coloured

complete graph G, we say that U is (m,~)-connected in Gp if the graph on vertex set U

whose edges are the (m,~y)-good pairs in (Z) is connected.

Lemma 4.7. Given ¢ > 0 and s,k € N, there exists ng = no(g, s, k) such that the following
holds whenever n > ng. Let p = logg 4y(n), ¢ = logg(n), 2% < m < 2% and v > m~"/*.

Let G be a two-coloured complete graph with no blue K, and let U be a collection of
disjoint sets of vertices of G satisfying the following conditions:

(@) >peu Ul = (1+3¢)2".

(b) |U| = 2"P for every U € U.

(c) |Ap(U)| < 2" for every U € U.

(d) U is (m,)-connected in Gg.
Then @Q,, C Gg.

Lemma [4.7] will follow easily from Lemma [4.5 once we have refined the partition U so as
to produce an m-path V. The following straightforward lemma performs this refinement.

Lemma 4.8. Let G be a two-coloured complete graph, let m € N and v > 0, and let U be a
collection of disjoint sets of vertices which is (m,~y)-connected in Gg. If

Wm-|U] > 2" U] (21)
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for every U € U, then there exists a refinement YV of U, satisfying

U]
2[u|
for each VeV withV C U € U, such that V is an m-path in Gg.

V=

Proof. Set uw = |U| — 1, and let (W, ..., Ws,) be a closed walk on vertex set U that visits
every U € U at least once, and such that (W;, W;,1) is (m,~y)-good for each 0 < i < 2u.
We claim that there exists a collection K of disjoint red copies of K;;, where ¢t = (m"/LZ),
such that each graph Gr[W;, W; 1] contains exactly (1 + £)2"~™ elements of K. Indeed, by
Definition we can simply find the elements of I greedily, noting that, by , we use up
at most

(14+e)2" ™ t-|U| < v|U]
elements of each set U € U in the process.

Now, for each 0 < ¢ < 2u, let V/ € W; and V;” C W, denote the vertices in W; of the
elements of K in Gg[W;_1, W;] and Gg[W;, W,;11] respectively (noting that Vy = Vj! = 0),
and let V = {V;,..., Vo, } be an arbitrary refinement of & such that:

(a) VIOV CV; CW, for each 0 < i < 2u.

(b) If W; = W, then ||V;| — |Vj]| < 1.
Since each set U € U appears at most [U| = u + 1 times in the multi-set {W7, ..., Wa,}, it
follows that |V| > [|U|/(u+1)| = |U|/2|U| for every V € V with V C U € U. Moreover,
since the graph Gg[V;, Vi;1] contains at least (1 + €)2" ™ vertex-disjoint copies of K4, it
follows that V is an m-path in G, as claimed. 0

We can now easily deduce Lemma 4.7]

Proof of Lemmal[{.7]. Let U be a family of disjoint vertex sets as described in the lemma,
and note that (by considering a sub-tree if necessary) we may assume that || < 227!, We
have

ym - |U| > 2"t > on |y
for every U € U, and thus, by Lemma [4.8] there exists a refinement V of U, satisfying

U] -3
Viz— >2"%"
for each V' € V, such that V is an m-path in Gx. By Lemmal[d.5] it follows immediately that
@, C G, as required. O

We are almost ready to deduce Proposition from Lemma The final tool we shall
need is the following theorem of Kévéri, Sés and Turdn [20], which implies that if a pair
{U,V'} is not m-good, then the red bipartite subgraph Gg[U, V] has very few edges.
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Theorem 4.9 (Kovari, Sés and Turdn [20]). If G is an N x N bipartite graph that does not
contain Ky as a subgraph, then

e(G) < O(N*U1),
We can now prove Proposition

Proof of Proposition[f.1. Let C,e > 0 and s,k € N be arbitrary, and let n,p,q € N be as
described in the statement of the lemma. Let G be a two-coloured complete graph on at
most C' - 2" vertices with no blue K, and no red @),,, and let U be a collection of disjoint sets
of vertices such that (a) and (b) hold. Set m = 2% and v = 27%, and let

U=uu---ul,

be a partition of U into (m, 7)—componentsE|

Suppose first that there exists j € [r] such that } o, [U] 2 (143¢)2". Since U; is (m,7)-
connected in Gy, it follows by Lemma that @), C Gg, which contradicts our choice of G.
Thus we have 3 g, [U] < (14 3¢)2" for each j € [r].

We claim that there exists a set X satisfying conditions (7) and (iz) of the proposition. In
order to prove this, we shall define, for each pair of sets U, W € U which are not in the same
(m, y)-component, sets Xy (U) C U and Xy (W) C W such that the graph

GIUN\ Xw (U), W\ Xy(W)]

is dense in blue. To do so, observe first that the pair (U, W) is not (m,~y)-good, since
otherwise U and W would be in the same (m,y)-component. By Definition it follows
that there exist sets Yy (U) C U and Yy (W) C W, with

Yw(U) = (L=7)[Ul  and  [Yy(W)] > (1-7)[W], (22)

such that Gg[Yw(U), Yy (W)] does not contain a copy of K;;. By the Kovari-Sés-Turan
bound (Theorem , and since |U| = 2"7P > 2"/2 for every U € U, it follows that

m 1
dr (Y (U), Yo(W)) < 27V <« 277/2"" « =

Set Xy (U) = U\ Y (U) for each such pair U and W, and for each i € [r] and U € U;, define
X)) = J Xxw).

Wel\l;
Noting that [U| < C'- 27 (by (a) and our bound on v(G)), and using (22)), it follows that
(X)) < AWUI- Ul < AU]-C- 20 < |U, (23)

for each U € U, and hence X := o, X (U) satisfies conditions (i) and (i), as required. [

8That is, let {Us,...,U,} be the collection of its maximal (m, 7)-connected sets.
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5. THE PROOF OF THEOREM [L.1]

Combining the results of Sections [2] and [4] it is now easy to deduce Theorem [I.I We
begin by proving a stability theorem.

Theorem 5.1. For every ¢ > 0 and s € N, there exists 6 = §(s) > 0 and ng = no(e,s) € N
such that the following holds for everyn >n

Let G be a two-coloured complete graph on N = (1 —9)(s — 1)2" vertices with no blue Kj.
Then either there exists a partition of V(G) = Sy U Sy U---USs_ 1 such that:

(a) |So| < 2™ and |S;] < (1 +¢€)2" for every j € [s — 1],
) G
(¢) dr(S;, Sj) < 1/n? for every 1 <i<j<s—1,
(d) |Ng(v) NS;| < |S;]/n? for every v € Sy and some j = j(v) € [r],
or Q, C Gg.

| is a red clique for every 1 < j < s—1,
R[S;] q y 1<

Proof. Set § = 1/2s and assume, without loss of generality, that € > 0 is sufficiently small.
Note that we may assume also that N < (s -1+ 55) 2™ since if N is at least this large then
the theorem states that @), C Gg, and so we may restrict our attention to a subset of the
vertices. Let K = K (g%, s) be the constant given by Proposition

We first claim that there exists £ < 4K — 3 and a collection U of disjoint vertex sets of G
such that, writing p = log;,4)(n) and ¢ = log(n), we have

(i) IUpa Ul = (1= 2)v(G).
(i7) |U| = 2"P for every U € U.
(1i1) A(Gg[U]) < 279 for every U € U.
To see this, set a(0) = N and

27’L
a(K —i) = ——
10%(4@(”)
for each 1 < i < K — 1, and note that a(i + 1) < (¢/8)a(i) for every 0 < i < K — 2,

since n > ng. By Proposition [2.1] it follows that there exists i € [K — 1] and a collection U
of disjoint vertex sets of G satlsfying (i), (1) and (¢ii), with k = 4i + 1, as claimed.

We next apply Proposition to the collection Y. Assuming that @, ¢ Gg, it follows
that there exists a partition U =U; U --- UU, and a set X C V(G) such that

(iv) |X| <e2mVand Y, U] < (1+¢)2" for every i € [r].

(v) dg(U\ X, W\ X) < 1/n® for every U € U; and W € U; with i, j € [r] and i # j.
By (i) and (iv), and the pigeonhole principle, it follows that » > s — 1. We claim that in fact
r = s — 1, and that each set UUGL& U contains a very large clique; both facts will follow by

essentially the same argument. In brief, if either property fails to hold then we shall remove
vertices of high red degree and use the greedy algorithm to find a blue copy of Kj.
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Indeed, for each pair of disjoint vertex sets S,T C V(G), let
Yr(S) = {v €S |Ng(v)NT| > ]T]/n3}
denote the ‘vertices of high red degree’ in S with respect to T" and, for each U € U;, let
YW) = J Ymx(U\X)
Wel\U;

denote the vertices of U \ X which send many red edges to some set in a different part. We
claim that

U]
n

Y (U)] < (24)

for every U € U. Indeed, it follows from property (iz) and our assumption that N = O(s-2")
that [U| = O(s - 2?) < n, and from property (v) that |Yurx(U \ X)| < |U|/n* for every
Uel; and W € U; with 4,5 € [r] and i # j.

Now, suppose that r > s. Let Uy € Uy, ...,Us € Us, and choose vertices

v € U\ <X UY(U;) U Ng(vy) U+ - U NR@j_l)) (25)

for each j € [s]. To see that this is possible, recall that |Ng(v;) N U;| < |U;|/n? for every
i < j, which holds since v; € Y (U;), and by (24), and note that moreover | X NU| < |U]
for each U € U, by . (Alternatively, we can simply throw out (into Sp) all sets U which
have a too-large intersection with X.) Clearly the vertices {vy,...,vs} span a blue copy of
K, in GG, which contradicts our assumption that G'p is K-free.

Hence we may assume that r = s — 1. Set

S; = U(U\(XUY(U))) (26)

for each j € [s — 1], and suppose that there is a blue edge {v1,v2} in the set S;, say. Then,
by exactly the same argument as before, we can choose vertices

Vit € i\ (NR(vl) U---UNR(UJ-)> (27)

for 2 < 7 < s — 1, and once again the vertices {vy,...,vs} span a blue copy of K, in G.
Hence property (b) holds, and (c) follows easily from (v), together with and (26).
Finally, let us set
So = V(G)\ (S1U---USs), (28)

and check that the conditions (a) and (d) hold. Indeed, by and since |U| = O(s-2P) < n,
and using properties (i) and (iv), we have

[So < 20(G) +1X|+ Y _IY(U)] < e2°
veu

and |S;| < (1 +¢)2" for every j € [s — 1]. Moreover, if there exists a vertex v € Sy with
|Ng(v) N S;| > |S;|/n? for every j € [r], then we can choose vertices vy € S, ..., vs € S5_1,
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as in , so that {v, v, ..., vs} spans a blue K, which is a contradiction. This completes
the proof of the stability theorem. OJ

In order to deduce Theorem [I.1]from Theorem we shall need the following easy lemma.

Lemma 5.2. Let G be a two-coloured complete graph, and let X, Y C V(G) be disjoint
verter sets with | X| + |Y| = 2" and |Y| < 2"73. Suppose that Gr[X] is a clique, and that

[Np(v) N X| < |X|/n?
for everyv € Y. Then @, C Gg.

Proof. We construct an embedding ¢ of (),, into G by embedding the lowermost even layers
of @), into Y, and then embedding the remaining vertices into X, as follows:

1. Let 0 < ¢ < n/4 be such that

G ‘i

; (21) sIVl< ; (21)
and embed the first ¢ even layers of the hypercube arbitrarily into Y. If some vertices
of Y remain unused, embed part of the (¢ + 1)st even layer into them.

2. For each x € @, with p(x) € Y and ||x|| < 20 + 1 < n/2, select an unused vertex of
X which avoids the blue neighbourhoods (in G) of its neighbours in @,,. That is,

p(x) € X\ [ Na(e(y)).
y~xX
where y ranges over the (),-neighbours of x which have already been embedded.

Since x has at most n such neighbours, and each has at most | X|/n? blue neighbours
in X, it follows that we will never run out of vertices.

3. Embed the remaining elements of @),, into the remaining elements of X arbitrarily.

It is easy to see that this gives an embedding of ),, into Gy, as required. U
We are finally ready to determine the Ramsey number r(K;, Q).

Proof of Theorem[1.1. Let G be a two-coloured complete graph on (s—1)(2" —1)+1 vertices
that does not contain a blue K,; we claim that ),, C Gr. By Theorem either Q,, C G
or there exists a partition of V(G) = Sy U Sy U --- U S, satisfying properties (a)-(d) of
that theorem. By property (d), we may assign each vertex v € Sy to a set S; such that
|Ng(v) N S| <|S;|/n? We thus obtain a partition

V(@) =T U---UT,

such that 7} is the union of a red clique S; and a set with low blue degree into that clique.
By the pigeonhole principle, we must have |T;| > 2" for some j € [s — 1]. By Lemma[5.2] it
follows that @, C Gg[1}], as required. O
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We end the paper by noting that our proof can easily be modified to prove the following
generalization of Theorem [I.1] Given a graph H with chromatic number s, let o(H) denote
the size of the smallest colour class in any s-colouring of H.

Theorem 5.3. Let H be a graph. Then
r(H,Qn) = (x(H) = 1)(2" = 1) + o(H) (29)
for every n = no(H).

Note that the lower bound in (29) is trivial, since a blue complete s-partite graph with
s — 1 parts of size 2" — 1 and one part of size o(H) — 1 contains no blue copy of H, and no
red copy of @),,. In order to prove Theorem we have two tasks: we must prove a version
of Theorem for blue H-free colourings, and we must prove a corresponding embedding
lemma. We begin by stating the generalized stability theorem.

Theorem 5.4. For every ¢ > 0 and C' > 2, and every graph H with chromatic number s,
there exist § > 0 and ng = no(C,e, H) € N such that the following holds for every n > ng

Let G be a two-coloured complete graph on N > (1—9§)(s —1)2" vertices with no blue copy
of H. Then either there exists a partition of V(G) = SoU S;U---U Ss_1 such that:

(a) |So| < 2™ and |S;] < (1 +¢€)2" for every j € [s — 1],

(b) Ag(S;) < 1/n% for every 1 < j < s—1,

(¢) dr(Si,S;) < 1/n% for every 1 <i<j<s—1,

(d) |Np(v)NS;| = |S;]/n? for every j € [r] for at most n® wvertices v € Sy,
or Q, C Gp.

The proof of Theorem is very similar to that of Theorem [5.1] Indeed, since an H-free
graph is obviously K, g)-free, we may still apply Propositions and to the blue graph
and the collection U, respectively. Moreover, using the greedy algorithm exactly as in ,
if 7 > s then one easily obtains a copy of H, simply by choosing v(H) vertices at each step
instead of only one. Similarly, if S; contains a blue complete bipartite graph with v(H)
vertices in each part, then we can again find a blue copy of H, as in . It follows, by
Theorem , that dp(S;) < 1/n% for every 1 < j < s — 1, as required.

We thus obtain properties (a), (b) and (c), as before. In order to prove property (d),
we need the following claim, which follows via a simple application of dependent random

choice (see [I§] for an excellent survey of this technique). Let G be as in the statement of
Theorem , let Sp, ..., 51 be the sets defined as in (26)) and (28)), and set

= {v e Sy: |Np(v)NS;| >2"/n’ foreveryje[s—l]}

The claim says that either A is small, or there exists a subset of A of size o(H) with
sufficiently large common blue neighbourhood in each set S; that we can find a blue copy of
H using the greedy algorithm. Let us assume, as we may, that C' is sufficiently large.
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Claim. Either |A| < n®, or there exists a set X C A with |X| = o(H) such that

M No(@) 18| > —

P
nC-1
veX

(30)

for every j € [s — 1].

Proof. With foresight, set ¢t = |(log|A|)/(2slogn)], and choose t elements of each set S;
uniformly at random, with repetition. Let X’ be the common blue neighbourhood of these
vertices in A. We claim that, with positive probability, there exists a set X C X’ with the
required properties.

To see this, let us first calculate the expected size of X’. By our choice of ¢, it is

ST (P08 e s o),
veA j=1 ‘Sl

assuming that |A| > n®. Next, let us write Y for the collection of subsets of X’ of size o(H)
which have at most 2" /n“~! common neighbours in some S;. We easily see that

EHYH < |A| 1 ! < |A|U(H)n70t/2 <1
S \o(H)) \nc-1t) =

if |A] = n®, again by our choice of ¢. Thus E[|X'| — |Y|] > o(H), and it follows that
| X'| — Y| > o(H) holds with positive probability. Finally, given such a set X', we simply

choose any o(H)-subset X C X’ which avoids at least one element of each member of Y. [

It is easy to see that, using the greedy algorithm exactly as before, if there is a set X C A

¢ as claimed. This

as in the claim, then H C Gp. Hence we may assume that |A| < n
completes the proof of Theorem [5.4]

In order to deduce Theorem [5.3] first let T, C A denote the set of vertices of Sy which have
red degree at most 2" into every set S;. Note that if |Ty| > o(H) then these vertices form
a set X satisfying (assuming e was chosen sufficiently small), in which case H C Gp, as
noted above. Now, by the definition of A, we may partition the vertices of Sy\ A according to
the set S; into which they send at most 2" /n? blue edges, and the vertices of A\ T} according

to the set S into which they send at least 2" red edges. We thus obtain a partition
V(G)=TouThU---UTs 4

where |Tp| < o(H) — 1, and for each j we have T; = S; U Z; U A;, where Z; C Sy \ A and
A; C A\ T, are the parts of the partitions described above corresponding to ;.

By the pigeonhole principle, some set 7; must contain at least 2" elements; it only remains
to show that @, C Gg[T;]. We embed greedily, first placing the (at most n®) vertices of A;
into even layers at pairwise distance at least three from one another, then embedding the
vertices of Z;, and finally those of S; (embedding neighbours of p(A;) first, then neighbours
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of ¢(Z;), then the rest), as in Lemma The fact that S; is no longer a red clique (but
rather a very dense red set) can be dealt with by a standard ‘vertex-switching’ argument, first
introduced in [23], and used (for example) in [2, Lemma 21]. Briefly, given any embedding
of @, into V(G), and any blue edge of G corresponding to an edge of @, we can find two
vertices of G such that, if we swap their pre-images, then we obtain an embedding with fewer
blue edges. This completes the proof of Theorem [5.3]
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