arXiv:1311.0401v1l [math.DS] 2 Nov 2013

Topological Conjugacy of Real Projective Flows

V. Ayala* C. Kawan'

August 16, 2018

We dedicate this paper to Fritz Colonius and Wolfgang Kliemann

Abstract

In this paper we prove the following topological classification result for
flows on real projective space induced by linear flows on Euclidean space:
Two flows on the projective space P(V') of a finite-dimensional real vector
space V, induced by endomorphisms A and B of V, are topologically
conjugate if and only if the Jordan structures of A and B coincide except
for the real parts of the eigenvalues whose values may differ but whose
order and multiplicities must agree. Our proof is mainly based on ideas
of Kuiper who considered the discrete-time analogue of this classification
problem. We also correct a mistake in Kuiper’s proof.
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1 Introduction

The topological classification of linear dynamical systems or, more general, lin-
ear group actions has a long history. In fact, it goes back to Poincaré [21]
who knew that orthogonal matrices in dimension 2 are topologically conju-
gate if and only if they are linearly conjugate. De Rham [9] conjectured that
this equivalence is true in arbitrary finite dimensions. The first counterex-
amples to his conjecture were given by Cappell and Shaneson [3], who also
proved that the conjecture holds up to dimension five. We refer to the articles
[3, 4, B 6, @) 10, 12 14, 18, 23, 24] for more information about this thread
of research. In particular, we recommend the introduction of Cruz [§] for a
more detailed historical account. There are two special cases of linear actions
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which are much easier to handle than the general case, namely, hyperbolic ac-
tions and continuous-time linear flows. For instance, Strelcyn [24] proved that
two hyperbolic linear operators on a complex Banach space are topologically
conjugate if and only if the dimensions of the stable and unstable subspaces
coincide. Kuiper [I6] and independently Ladis [19] provided a complete clas-
sification of linear flows in finite dimensions. Also equivalence by Holder or
Lipschitz maps has been considered for linear flows and complete classification
results are available, see [15] 20].

Another thread of research concerns actions on compact manifolds induced by
linear actions. Naturally, every automorphism of a finite-dimensional vector
space V induces a diffeomorphism on the corresponding projective space, or
more general, on the Grassmann manifold of k-dimensional subspaces of V', and
the flag manifolds whose elements are the flags Vi C --- C V,. of linear subspaces
Vi C V of fixed dimensions. In Batterson [2], one finds a characterization of the
structurally stable diffeomorphisms of this kind on the Grassmann manifolds.
In Ayala, Colonius and Kliemann [I], the Lyapunov forms of matrices are char-
acterized topologically by studying Morse decompositions of their induced flows
on the Grassmann and flag manifolds.

A special case of such induced systems has been treated by Kuiper [I7], who
considered the discrete-time dynamical system on a real projective space in-
duced by a linear automorphism. He provided an almost complete topological
classification of such systems saying that two projective transformations induced
by invertible matrices A and B are topologically conjugate if A and B can be
written in the form

A = MNo1 PP A\op,
B = o1 @@ purok,

where \;y > -+ > A > 0, 1 > g > -+ > pr > 0, and each o; is an auto-
morphism all of whose eigenvalues have absolute value one, and the converse
statement holds under some restrictive condition on the periods of the periodic
points of the projective maps. The problem which leads to this restriction is
directly related to the problem of the classification of linear transformations
on Euclidean space described in the first paragraph. However, for projective
flows no such restrictions are necessary, since the complete classification of lin-
ear flows by Kuiper and Ladis is available. Combining this classification result
with the ideas of [17], we prove the following classification result for projective
flows: Two projective flows induced by linear flows e4* and e??, where A and
B are endomorphisms of the finite-dimensional real vector space V, are topo-
logically conjugate if and only if we can write (with respect to individual linear
coordinates)

A = (Mid4o1)® (Aeid402) ® - B (Mg id +op),

B = (;J,l id401) @ (p2id+02) @ -+ & (ke id-i-Uk),
with real numbers Ay > Ao > .-+ > A and g1 > pg > -+ > pg, and en-
domorphisms o1, ..., 0% all of whose eigenvalues are located on the imaginary
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axis.

The paper is organized as follows. In Section Bl we prove the direction of
the classification result, which involves the construction of a topological conju-
gacy. Here we follow the lines of Kuiper’s proof and adapt his arguments to
the continuous-time case. One of the main ideas of this proof consists in the
definition of a function on projective space which increases along certain tra-
jectories and allows to define fundamental domains for the corresponding flows.
Then the fundamental domain method can be applied to construct the topo-
logical conjugacy. In Section [l several dynamical invariants of the projective
flows are described in algebraic terms in order to prove the missing direction of
the classification result, namely the finest Morse decomposition, the recurrent
set, and the dimensions of the stable manifolds. Here we correct a mistake in
Kuiper’s proof whose formulas for the dimensions of the stable manifolds (in
the discrete-time case) are not correct. In the final Section Bl we explain how
the main result follows from the partial results of the preceding sections.

2 Preliminaries

Let 1 : Rx X — X and ¢2 : R x Y — Y be continuous flows on topological
spaces X and Y. A homeomorphism h : X — Y is called a topological conjugacy
from ¢p to ¢o if

h(p1(t,x)) = ¢a(t, h(z)) forallt eR, z € X.

If such h exists, we say that ¢; and ¢2 are topologically conjugate.

By End(V) we denote the space of all endomorphisms of a finite-dimensional
real vector space V. Every A € End(V) induces a linear flow on V' by

oalt,z) =ez, s RxV V.
By P(V) we denote the projective space of V, that is, the quotient space of
V* := V\{0} with respect to the equivalence relation v ~ w if and only if w = awv
for some nonzero a € R. Hence, the elements of P(V') are the lines through the
origin in V' (minus the origin itself). Since each time-t-map @4 (t,-) maps such
lines onto such lines, the flow ¢4 induces a flow ¥4 on P(V) which we call
the projective flow associated with A. The natural projection P : V* — P(V),
x +— Pz =[], is a continuous surjection which satisfies

Ya(t,Px) = Pet'z forallt e R, z € V*.

If two projective flows 14 and ¥ p are topologically conjugate, we write A =p B.

If W is a linear subspace of the vector space V, then PW := {Pz : x € W*}
is called a projective subspace of P(V). More general, we use the notation
PA = {Px: 2 € A\{0}} for any subset A C V.



3 Construction of Conjugacies

In this section, we prove the following theorem:
3.1 Theorem: Assume that A, B € End(V') can be written in the form

A = (/\1 id+01) @ (Aeid4o2)® - @ ()\k id+4oy),
B (;J,l id401) @ (p2id+02) @ -+ & (ke id-i-Uk),

with real numbers Ay > Ao >+ -+ > A\, g1 > po > - -+ > ug, and endomorphisms
o1,...,0, with eigenvalues lying on the imaginary axis. Then A =p B.

We will conclude this theorem from the following lemma:
3.2 Lemma: Let Ay > Ao > - > N\, j € {1,...,k}, and v € R with
Y+A > At (1)

Then there exists a topological conjugacy from the projective flow corresponding
to the endomorphism

A:=(\id4+0o1) @ ® (N id4ok)
to the projective flow corresponding to

B:=((y+M)id+o1) @ - @ ((v+X;)id+o;)
D ()\j+1id+0'j+1)@"'@(Akid—FUk).

Indeed, assume that Lemma [32]is true. Then Theorem [BIlis proved as follows.
Proof:[of Theorem [B.1] Define real numbers ~1, ...,y recursively by

k
M1 = Al + ZFYZ;
=1

k
M2 = AQ + Z Yis
1=2

Hh—1 = =1+ Ye—1 + V%,
HE = A+,

or briefly,

k
/1‘]_)‘]22717 .7:177k
i=j



Then Lemma implies

(Mid + o) @@ (A id+og)
& (e +A)id+01) @ & ((vk + M) id +o)
= ((p+A\)id+o1) @ @ (v + Me—1) id +0x—1) @ (ux id +oy,)
Zp (-1 + % +A)id+01) - (-1 + W + Ak—1) id +0k—1)
&(pk id +0%,)
= (o1 +m+M)id+0o1) @ & (up—1id +or_1) ® (ux id +0)

k
~p ((Zvi—i—)\l) id+01> @(Mgid-f—ag)@"'@(ukid-i-dk)

i=1
= (uid+o1) & - @ (pup id 4op).

Note that condition () is satisfied, which here reads

k k
Vit | D AN | = DA = > g
i=j+1 i=j
and holds by assumption. ([

In order to prove Lemma [3.2] we also use the following lemma.

3.3 Lemma: Let A be as in Lemma and j € {1,...,k}. Then for each
0 > 0 there exists a norm || - |4 on V which satisfies

lll% = loalld + -+ ol

where x1,...,x, are the components of x with respect to the decomposition
o1 @ - ® oy, and such that

e_[st”xiHAu = 17-'-7j7
ot s __ s
€ ||$Z||Aa Z_.]+17"'5k7

le” zilla >
<

le7 ;]| a
for allt > 0 and x; in the invariant subspace V; corresponding to o;.

Proof: Let || - || be a fixed Euclidean norm on V. Since e”:! has polynomial
growth, for each ¢ € {j +1,...,k} there exists a constant ¢; = ¢;(4) > 0 with

HQ(M id+ai)t$iH < Cie(’\#%‘s)tHxiH for all z; € V;, t > 0.

(=Xi—

Multiplication by e 39t gives

45 ) _2
“e(7§51d+‘7’)twi" < e 3‘5t||9ci|| for all z; € V;, t > 0.



There exists an adapted norm || - ||.4; on V; such that (cf. Robinson [22])

45 ) _1
He(_55‘d+‘“)txiHA <e 35t||xi||A,i for all z; € V;, t > 0.
J4

Multiplication by e3% now yields
He"itxiHA)i < e ail|las forall z; € Vi, t>0.
Analogously, for ¢ € {1,...,;} there is a constant ¢; > 0 with
He*()‘i id+"i)t33iH < ;NI || for all z; € Vi, ¢ > 0.

(Ai—%9)

Multiplication by e ¢ yields

He(*%‘“d *"i)t:ziH < cie*%5t||:1:i|| for all z; € V;, t > 0.
Again, there is an adapted norm || - || 4,; on V; satisfying

agi_ _1
He(_é‘s‘d _al)t!EiHA <e 35t||:1ci||,4,i for all z; € V;, t > 0.

)

¢ and replacing z; by e?i‘z; leads to

Multiplication by e3°
le%iaillas > e % |zilla; forall z; € V;, ¢t > 0.

Now it is easy to see that the desired norm is given by

& 1/2
z[la = (Z ||I1||,241> forall z € V.
i=1

This finishes the proof. O
Proof:[of Lemma [B:2] The proof proceeds in four steps.

Step 1. We make some definitions: Let z1,...,z denote the components of a
vector x € V* with respect to the decomposition ;1 @ --- @ 0. Let § > 0 be
chosen small enough such that

max {Aj+1 —Aj +20,Aj41 — (v + Aj) +20} <O0. (2)

This is possible, since A\; > Aj41 and v+ A; > Ajy1. For the chosen 6, let || - || a
be a corresponding adapted norm as in Lemma [3.3] and define a function

k 2
©
a:P(V) = [0, 00], p:PxHM_
J 2
i1 llwall%
It is easy to see that « is well-defined and continuous. We further define

B:P(V) = [—o0,00], p = Ina(p).
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Consider the complementary linear subspaces
W = {z€V : zj41=...=x, =0},
Z = {zeV :z=...=x; =0},
and the corresponding projective subspaces PW and PZ. Obviously,
PW = 7 (—=00) and PZ = p*(c0).
For brevity in notation we write

P(V)* :=P(V)\(PW UPZ).

Step 2. We analyze the behavior of the projective flows ¥4 and ¥5 on P(V)*:
Take x € V\(W U Z), that is, z = xw @ zz with 2y € W* and zz € Z*, and
let t > 0. Then

At At At etz ]%
aPez) = a(PleMzw +etayz)) =

k . )
Zi:jJrl 62)\””601%1'”,24
J
1=

o leAtaw |3

O XleMlentail

e2Xjt1t Z?:jJrl e2()\i—>\j+1)te26t||$i||124
2Nt ST 2=t 20t | ] |2

2(Aj1—A;+26)t P A g |4

J ez(,\i—,\j)t||3,3i||124

i=1

= ¢

Since A\j — Ajy1 <O0fori>j+1and \; —A; >0 for ¢ < j, we obtain
A Aj+1—X;j+28 fo'ﬂ 1% ot A +25
a(Pettz) < 2N+1=Ai+2 )t;372 = 2N =N 20t () (3)
i=1 [l
or equivalently,
e xr) < x) + it1 — Aj + t forallt>0.
B(PeMz) < B(Px) + 2(), Aj +20)t forallt >0 4

This inequality holds for all x € V\(W U Z) and hence we can replace x by
e~ Az, which yields

B(Petz) > B(Px) +2(N\jp1 — A\j +20)t for all t < 0. (5)

By @) we have Aj;1 — A; +28 < 0. Hence, 8 is strictly decreasing along the
trajectory through Pz and (@), (&) imply

B(Pez) — Foo for t — Foo0.

Analogously, for B one shows that

B(PeBlz) < B(Px) +2(N\j41 — (v + ;) +20)t for all £ > 0, (6)



and from (2)) it follows that the trajectories of 9p|p(y)- have the same limit
behavior as those of ¢4|p(vy+. In forward time they converge to PW and in
backward time to PZ.

Step 3. Using the fundamental domain method, we show that ¥4 and ¥ p are
topologically conjugate on P(V)*: We can define a fundamental domain for
both ¥alpvy+ and ¥plp(vy+ by D := $7(0). Then every trajectory of 1 4]p(y)-
and ¢ g|p(v)+ intersects D in exactly one point, which follows from (@) and (@).
Define a topological conjugacy by

h:P(V)* = P(V)*, h(va(t,p)) :=¢p(t,p) foralteR, peD.

Since D is a fundamental domain, h is well-defined. Obviously, h is invertible;
its inverse maps g (t,p) to ¥4 (t,p) for t € R and p € D. An explicit expression
for h is

h(p) = ¢¥(=7(p), Ya(r(p), p)), (7)
where 7 : P(V)* — R is defined implicitly by the equation

B(¥a(r(p),p)) = 0.

To show that h is continuous, it hence suffices to prove continuity of 7. To this
end, assume that 7 is not continuous at p € P(V)*. Then there exist € > 0
and a sequence (p,)n>1 converging to p such that |7(p,) — 7(p)| > € for all
n > 1. We can choose a subsequence (py,, ) such that 7(p.,, ) either converges
to a real number 7*, to oo, or to —oco. For 7(pp,,) — oo we would have

YA(T(Pm,, ), Pm,, ) — PWUPZ. This is not possible, since (¢4 (7(pm,, ) Pm,,)) =
0 for all n. If 7(pm, ) = 7* € R, then

0= lim B(a(r(pm,)sPm,)) = B(alr",p)) = 7" =7(p),

in contradiction to |7(pm, ) — 7(p)| > . The conjugacy identity easily follows
from the definition of h.

Step 4. We show that h can be extended to a conjugacy on P(V'). To this end,

we define
p) = h(p)  for p e P(V)*,
b p forpe PWUPZ

Then £ is bijective, continuous on P(V)* and on PW UPZ. Moreover, it satisfies
the conjugacy identity, since on PW U PZ the flows 14 and ¥p coincide. It
remains to prove that & is continuous on P(V). To this end, consider the explicit
expression (7)) for h and pick x = zw @ xz € V\(W U Z). Then

h(Pz) = ¢p(—7(Pz),Ya(r(Pz),Pz))
= p (—T(]P:E),IP’eT(M)A(xW EBxZ)>

= Pe TFNBrENA G @ xy) = P(Clz)zw & C(x)2z).
N—_— —
=:C(x)



Since A and B commute, we have C(z) = ¢"P#)(4=5) and hence
Clz) =e 7PDidy @idy =  h(Pz) =Pl "oy @xy).  (8)

Now let (pn)n>1 be a sequence in P(V)* converging to some p € PW (without
loss of generality). To show that h(p,) — p = h(p), we write

Pn = PeAt”fL'nq tn € Rv ]ID‘T" eb= ﬁ_l(O)

and z, = xw,, @ rz, With zw, € W*, 2z, € Z*. Obviously, we may assume
that ¢, > 0. Then we have t,, — oo, which is proved as follows: We have
a(pn) = eP®r) — 0 and

le**aznlly o (c1eM )2 llwz %

leAtnawn %~ (ceitoin)2 [z |5

2
= {C—le(“)‘lk)t"] a(Pzxy,)
——

o‘(l’n) =

C2
=1

with small £ > 0 and constants ¢1, co > 0, which implies (A — A1 — 2¢)t,, = —o0
and therefore t,, — co. We also have

T(pn) = T(]P)eAtnxn) = —tp,
and hence (B) yields

hpn) = P (e”t"eAt" Tw,n D eAt"xzyn)

P eAtn TW,n + eAt" TZn
ledtranlla e |leftnan | a

p( eAtnIn N [ eAtnIZﬂ B eAtnxzyn })
[eAtnz, |4 evVin|leAtnz, |4 |ledtna, | a .
Observe that
[z | etozalh__etrazal
emaalial, ~ TeRmwalll T mawall + leivaznl
1 -1 a(pn)
Moreover, we have
Az, [P e Piha(p,)
Tt = Txamy %
eVn”e nanA A 1+ a(pn)
since by (B
efz'yt"oz(pn) _ eiz’yt"a(PeAt"fEn)
< e 22N A 200t (P )
——

=1
= 2N+ =(r+A)+20)tn _y .



This gives
eAtng
lim hA(p,) = lim P (7") =,

n—00 n—00 leAtn 2, || o

which concludes the proof. O

4 Dynamical Invariants of Projective Flows

In this section, we describe several dynamical invariants of projective flows in
algebraic terms.

4.1 The Finest Morse Decomposition

We start by giving a description of the finest Morse decomposition of a projective
flow. Let us first recall some notions.

4.1 Definition: Let ¢ : R x X — X be a continuous flow on a metric space
X. The a-limit set and the w-limit set of a point x € X are defined by

alz,o) = {ye X | I, — —o00: wltn,x) =y},
w(z,p) = {yeX |, > 0: o(tn,x) = y}.

4.2 Definition: Let ¢ : R x X — X be a continuous flow on a compact metric
space X. A compact set K C X is called isolated invariant if it is invariant
(that is, ' (K) C K for all t € R) and if there is a neighborhood N of K such
that the implication

p(t,x) e N forallteR = reK

holds. A Morse decomposition is a finite collection {M;}?_; of nonempty, pair-
wise disjoint, and compact isolated invariant sets with the following properties:

(i) For all z € X it holds that a(z, ¢),w(z,¢) C Ui, M;.

(ii) Suppose there are Mo, M;,,...,M;, and z1,...,2; € X\ U, M, with
a(zi,p) C M, , and w(z;, ) C M, fori=1,...,1. Then M;, # M;,.

The elements of a Morse decomposition are called Morse sets. One can define
an order on the Morse sets by

M; =M, & FreX: alx,p) CM,; and w(z,p) C M,.

A Morse decomposition is finer than another one if the elements of the first one
are contained in those of the second one. A finest Morse decomposition is a
Morse decomposition which is finer than every other one.

10



It is obvious that a finest Morse decomposition, if it exists, is unique. A finest
Morse decomposition exists if and only if the chain recurrent set of the given
flow has only finitely many components. In this case, the Morse sets coincide
with the chain recurrent components.

For a projective flow, we have the following result.

4.3 Proposition: Let A € End(V') with associated projective flow 14 on P(V).
Then the components of the chain recurrent set of ¢4 are the projective sub-
spaces PVi,...,PVy, where V. =V & --- @ Vi is the decomposition of V into
the Lyapunov spaces of A, that is, the sums of generalized eigenspaces corre-
sponding to eigenvalues with the same real part. Consequently, {PV1,...,PV;}
is the finest Morse decomposition of 1. If we assume that real parts of the
eigenvalues are \y > --- > A and V; corresponds to \;, then the order of the
Morse sets is PV < PVi_1 =2 --- X PV;.

A proof of this result can be found, for instance, in Ferraiol, Patrao and Seco
[11, Section 4] or Colonius and Kliemann [7]. It is easy to see that a topological
conjugacy from a flow ¢; to another flow ¢ maps a finest Morse decomposition
of ¢1 to a finest Morse decomposition of ¢o preserving the order of the Morse
sets. Applying this to projective flows, we obtain the following result.

4.4 Proposition: Let ¥4 and ¢¥p be two projective flows on P(V') such that
there exists a topological conjugacy h : P(V) — P(V) from ¢4 to ¥g. Then, up
to linear conjugacy, A and B can be written as

A = ()\1 ld+01(A)) ©® ()\2 id +0’2(A)) D---D ()‘k id+Uk(A)),
B = (mid+01(B)) @ (u2id +09(B)) @ - -- ® (uy, id +ox(B)),

where \y > -+ > A, g1 > -+ > pg, and 0;(A), 0;(B) are endomorphisms of
the same dimension with eigenvalues lying on the imaginary axis.

4.2 The Recurrent Set

Let V be a Euclidean space of dimension n + 1 with inner product (-,-) and
associated norm || - ||. Then a linear flow (¢, z) = e4*x on V induces a flow
on the n-dimensional unit sphere S(V) :={z €V : |jz|| =1} given by

ey

t =

Xall®) = e

Writing 7 := Plg(yy : S(V) = P(V), we find that
wxa(t,x) =va(t,mx) forallteR, z e S(V).

The following lemma shows that a conjugacy between two projective flows can
be lifted to a conjugacy between the corresponding flows on the sphere.

11


http://www.ams.org/mathscinet-getitem?mr=2600723
http://www.ams.org/mathscinet-getitem?mr=1752730

4.5 Lemma: Let A,B € End(V) and assume that there exists a topological
conjugacy h : P(V) = P(V) from 14 to ¢p. Then there also exists a topological
conjugacy H : S(V') — S(V) from x4 to xp.

Proof: From covering theory it follows that h can be lifted to a continuous map
H :S(V) — S(V), that is, m o H = h o7 (cf., for instance, Hatcher [13]). In
fact, H is a homeomorphism, since also h~! can be lifted to a continuous map
G : S(V) — S(V). Therefore, 7 = mo (G o H) = wo (H o ), which implies
that Go H and H o GG are deck transformations of the two-fold covering map ,
hence Go H,H o G € {id, —id}. This implies both injectivity and surjectivity
of H. By compactness of S(V'), H must be a homeomorphism. Moreover,

moHoxY4 = homox4y=hoyYor=9hohon
= YhomoH =mox%y0H.

Hence, for every t € R and z € S(V) we have H(x%(z)) = £x%(H(z)). By
continuity of both sides with respect to ¢, we see by putting ¢ = 0 that in fact
H(x%(z)) = x%(H(x)). This concludes the proof. O

4.6 Remark: The idea of lifting the conjugacy on projective space to the unit
sphere is also used by Kuiper [I7] in the discrete-time case. But in that case a
problem remains concerning the signs of the lifted transformations, that is, if A
and B are the corresponding isomorphisms of V and A% and B the associated
maps on S(V'), and the induced maps on P(V') are topologically conjugate, then
the lifting argument shows that AS is conjugate to either BS or —BS, but it is
not easy to see that it is BS.

We want to determine the recurrent set of y 4. First we recall the definitions of
recurrent points and the recurrent set.

4.7 Definition: Let ¢ : R x X — X be a continuous flow on a compact metric
space X. A point x € X is called recurrent if x € w(z,p). The set of all
recurrent points of ¢ is denoted by R(ip).

Note that R(yp) is invariant, but in general not closed in X. It is easy to see
that a topological conjugacy from ¢1 to ¢ maps R(p1) onto R(p2).

4.8 Lemma: Let S € End(V) be skew-symmetric with respect to the inner
product on V. Then there exists a sequence (t,)n>1 of positive real numbers
with t, — oo and e5*» — idy .

Proof: For each t € R, e is an element of the compact Lie group SO(V) =
{A € End(V): AA* =idy,det A = 1}, where A* denotes the adjoint of A with
respect to the given inner product. Consider a left-invariant Riemannian metric
on SO(V') and denote by d the associated distance function. Consider a sequence
(Tn)n>1, T > 0, 7, — 00, such that eS7n converges. Then, for given ¢ > 0 we
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find m = m(e) € N such that for all [,k > m we have d(eS("~=™) idy) =
d(e’™,e5™) < e. Now for each n € N let ¢, := 1/n and m = m(s,). Then
choose | > m(e,,) such that t, := 7, — Tyy(c,) > n. This implies d(eS',idy) <
1/n and hence proves the lemma. O

Using the preceding lemma we can now characterize the recurrent set of x .

4.9 Proposition: Let A € End(V) be an endomorphism of V all of whose
eigenvalues lie on the imaginary axis, which is given in Jordan normal form with
respect to an orthonormal basis of V. Let E4 be the sum of the real eigenspaces
of A (that is, the subspaces of the form VN (E(ia))® E(—i«)), where E(-) denotes
the corresponding complex eigenspace). Then R(xa) = Ea NS(V).

Proof: The restriction A|g, is skew-symmetric. By Lemma L8 there is a

sequence t,, — oo with eAlFatn — idg,, which implies
eAt":v A
th,t) = ——— =e"“""x = forallz e EoNS(V).
XA( ny ) ||6At"IH A ( )

Therefore, E4 NS(V) C R(xa). On the other hand, all z € S(V)\E4 are not
recurrent, which is proved as follows. We can write
T =2x1 P T, xleEA,O;éxgEEj,

and A = S+ N, SN = NS, with a skew-symmetric endomorphism S and
a nilpotent endomorphism N (the Jordan decomposition of A). Then et is
orthogonal and eN*z; = z;. This implies

oAty o(S+N)t, oStaNt 4
XAl o) = ] = @ ]~ [eSteNia]
o eeN (g D) g @elNlay
M@ ew)| T [l @ eNay
— St { 7 PR :
|21 @ eNtaa||  |lz1 © eNis|

Since x3 # 0 and x5 ¢ E4, we have |le™Nzs| — co. Hence,

Nt
St (§ .’L‘g

M — 0 fort— oo.

xa(t,z) —e

Since N is nilpotent, we have Nizy € E4 and Nitlzy = 0 for some j €
{1,...,n — 1}. This implies

eNta, $2+tNx2+gN2$2+---+%ij2

lle¥ewal g + tNwy + G N2y + -+ G Nim|

t= 20 + 2T Nag + E2 N2z + -+ L Nig
2 2 21 2 il 2

lt=9zg + t1 I Nzo + %N25172 +-+ %NJ‘TQ”

t—00 Nizy
T2 pAs).
[Nz € Zan8V)
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Therefore, « cannot be recurrent, which proves that R(xa) C E4NS(V). 0

Using the preceding proposition we can immediately determine the recurrent
set of the projective flow ¥ 4.

4.10 Corollary: Under the assumptions of Proposition 4.9, the recurrent set
of 4 is given by R(¢4) =PE4.

Proof: We have Po x% = ¢! oP for all ¢ € R. Hence,
PEs =P(EaNS(V)) =P(R(xa)) C R(¥a).

Now assume that Pz ¢ PE4 for some z € S(V). Then z ¢ E4 and hence the
proof of Proposition @9 shows that dist(xa(¢,x), EaNS(V)) — 0 implying that
Ya(t,Px) =Pxa(t,z) = PE4. Therefore, Pz ¢ R(¢a). O

4.11 Remark: Note that the preceding corollary also holds without the as-
sumption that A is given in Jordan normal form with respect to an orthonor-
mal basis, since for any given A one can choose an inner product such that this
assumption holds, and the set E4 does not depend on the inner product.

4.12 Remark: A characterization of the recurrent set of a projective flow can
also be found in Ferraiol, Patrao, Seco [11], and in Kuiper [I7] for the discrete-
time case.

From the algebraic description of the recurrent set on the unit sphere and the
Kuiper-Ladis characterization of topological conjugacy for linear flows on Eu-
clidean space, mentioned in the introduction, we can now conclude the following
result.

4.13 Corollary: Let A, B € End(V') be endomorphisms all of whose eigenval-
ues lie on the imaginary axis. If 14 and vp are topologically conjugate, then
the following assertions hold:

(a) The spectra of A and B coincide.
(b) The geometric multiplicities of the eigenvalues of A and B coincide.

(c) The numbers of Jordan blocks within the generalized eigenspaces of A and
B coincide.

Proof: We may assume without loss of generality that A and B are given in
Jordan normal form with respect to an orthonormal basis of V. Lemma
yields a topological conjugacy H : S(V) — S(V) from x4 to xp. Let E4 and
Ep be the sums of real eigenspaces of A and B, respectively. By Proposition
9 the sets E4 NS(V) and Ep N S(V) are the recurrent sets of x4 and xp.
Hence, H(E4NS(V)) = Ep NS(V). Define G: E4 — Ep by

. x| H(35r)  for 2 € EA\{0},
G(=) = { 0 ! for x = 0.

14
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The map G is continuous at the origin, since it preserves the norm on V. Ac-
tually, it is a homeomorphism with inverse

_ | llz|H (1) for z € E\{0},
¢ 1(96)'_{ 0 . for x = 0.

The following calculation shows that G is a topological conjugacy from pal|g,
to ¢5lEy- Let @ € Ey. Then [letal| = [l2l|, H(z/|2]l) € E N S(V), and

edly ) eBtH(ﬁ)

e ol Tl
foata] ) = VW emtarcen
X X
e () =< (1 (g57)) =)

By the result of Kuiper [16] and Ladis [19], topological conjugacy of linear flows
induced by endomorphisms with purely imaginary eigenvalues is equivalent to
linear conjugacy. This implies the assertions (a)—(c). O

G(eAtx) = ||eAtx||H(

4.3 Stable Manifolds

In this subsection, we consider again a finite-dimensional real vector space V'
and an endomorphism A € End(V) all of whose eigenvalues lie on the imaginary
axis. We investigate the stable manifolds of the projective flow 4.

4.14 Definition: Let ¢ be a continuous flow on a compact metric space (X, d).
For a point x € X, the set

st(z, o) ={ye X : dle(t,x),o(t,y)) — 0 for t — oo}
is called the stable manifold of x. We define an equivalence relation on X by

x~y & yEst(e,p)

It is clear that the stable manifolds and their topological dimensions are invari-
ants of topological conjugacy. In particular, they do not depend on the metric
but only on the topology of X.

4.15 Proposition: Consider the projective flow ¥ 4. Every equivalence class
[Px]. contains a unique element of R(14) = PE4.

Proof: First we prove that each equivalence class contains at most one element
of R(¢a). Let p,q € PE4 be two distinct recurrent points of 4. Then we
find z,y € V with p = Pz, ¢ = Py, and a norm || - || such that e4? acts as an
isometry on Ey4 for every ¢t € R. Let us further assume that ||z = |ly|| = 1. It

15
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is well-known that a metric on P(V'), compatible with the quotient topology, is
given by
d(Pz, Pw) = mm{i _woz ﬂ},

Izl Nl llzll - lwll
Using this metric, we find that

d(Ya(t,p),va(t,q)) =min{z +y,z -y} >0

for all £ € R, which implies that p and ¢ are not in the same equivalence class.

To complete the proof, we have to analyze the Jordan structure of A. Let
Smax be the largest dimension of a complex Jordan subspace of A. For each
s € {l,...,Smax} let J; C V be the linear subspace defined as the sum of all
real Jordan subspaces of dimension s for the real eigenvalue 0, or dimension 2s
for a complex conjugate pair of imaginary nonzero eigenvalues. We write

T=219D D Topan

for the unique decomposition of z € V with z, € J;. With respect to an
appropriate basis of Jg, the component x, has coordinates

d
xs:(xsla-'-axss)v -IsieRSv

where ds denotes the dimension of the sum of all real eigenspaces contained in
Js, such that the coordinates of ey, are given by

—~ t2 ts—l
At _ A
[eM ] 1 - € [Uﬁsl +txso + o7 s3 +oo mﬂﬁss] ;
At At t? -
[eMa], = e [:csz Hlrg o+ T ot mxs(sl)} :
lehe], = eV,

for an appropriately defined skew-symmetric matrix A. For fixed z and s let Js
be the largest integer with zs;, # 0. Then, dividing by #/*~!, one sees that the
point Pz, € P(J,) is equivalent to the recurrent point Py,, where y, has coor-

dinates (zg;,,0,...,0) € R*%. For the point Pz one takes j := maxj<s<s,., js
and divides by #/~! to see that also Pz is equivalent to a recurrent point Py,
where y is the sum of the y, with js = j. This concludes the proof. O

Using the notation of the above proof, we define the projective subspaces
Rs = {]P)I EPEA @ w51 :07 Ts—2 = 0,---,551 :O}

for s=1,..., Spmax- Since Rsy1 C Ry, we have a disjoint union

Smax

R(a) = U R\Rs+1 (Rspaxt1 :=0).
s=1

The proof of the following lemma is immediate and will be omitted.
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4.16 Lemma: The topological dimension of Rs\Rsy1 is Y im2* d; — 1.

The next lemma gives the correct formulas for the dimensions of the stable
manifolds of the recurrent points. The formulas in [I7, Lemma 5] are not quite
correct.

4.17 Lemma: The dimension of the stable manifold of some point p € R(¢4)
is constant in Rs\Rs41 and its value is

Dyi=n+1-Y (i+1-s)d; (9)

i=s

where n + 1 is the dimension of V.

Proof: First consider the case s = sjax. We have

R ={PzePE, : s, #0, 5, .. —1=-=1x1=0}.

Smax

Hence, any point Py € R satisfies

Smax
ySmax:(zvoa-'-aO)v yS:OforSSSmax_l

for some z € R%max, From the proof of Proposition {15 it follows that the
points Pz which are equivalent to Py satisfy

xsmax:( *7"'7* y 2, O,-..,O ),
j—1 entries  smax—j entries

For the components x5 with s < spax, at most the first j — 1 components can
be different from zero. The dimension of [Py|.. is determined by the set of those
Px which satisfy

I C U

Here, the number of real coordinates that can be chosen freely is

Smax— 1 Smax
(Smax - 1)d5max + Z Sds = Z Sds - dsmax =n + 1 - dsmax'
s=1 s=1

This proves the dimension formula for points in R
1\R

Smax *

Now consider a point Py € R This point satisfies

Smax Smax *

ysmax:(zlvoa"'vo)a ysmaxflz(Zanv"'50)¢07 ySZOforSSSmaX_2-

With the same arguments as above, one sees that the maximal number of real
coordinates in Js__ 1 @ --- @ Jy that can be chosen freely is given by

Smax
Smax —2
(Smax - 2)dsmax71 + § Sds =n+1- Smaxdsmax - dsmaxfl-
s=1
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But there are also coordinates in .J. that can be chosen freely. The number

Smax
of these coordinates is

s ax (Smax - 1) — ooy = Dspmax (Smax - 2)-

Altogether we have n +1 —ds, . -1 — 2d free coordinates. For arbitrary
s € {1,..., Smax}, similarly one sees that the number of free coordinates is
given by

Smax

s—1 Smax Smax

(s—1de+ Y idi+(s—1) Y di=n+1-> (i+1-s)d.

i=1 i=s+1 i=s
This concludes the proof. (I

We illustrate the preceding lemma by a concrete example.
4.18 Example: Consider the matrix

0 1
0 1
0

O =

0

We have Smax = 3, d3 = 2, do = 1 and d; = 1. Applying the flow e4* to some
vector y = Z?:l yie; € R, we obtain

y1 +ty2 + §y3
Y2 + tys
Ys
Yya +tys + %QG
e y= Ys + tys
Ye
y7 +1ys
Ys
Yo

The recurrent set of the projective flow 14 is given by R(¢4) = {Py : y2 =
ys = y5 = ys = ys = 0} and consists of equilibria. Furthermore,

R =Rsg={Py:y, =0foralli¢{1,4}}.

Smax

If y3 # 0 and yg # 0, one sees (dividing by t?) that Pet'y converges to the point
p=P(ys3,0,0,96,0,0,0,0,0) € R Hence, one can choose the coordinates y;

Smax *
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with ¢ # {3,6} freely, which shows that the dimension of the stable manifold of
pis 7= 9 — ds, which is consistent with formula (@). Now, consider the set

Ro\R3={Py:y9=0, y7 #0, y2=ys =ys =ys = ys = 0} .

If y3 = ys = 0, one sees (dividing by t) that PeAty converges to p =
P(y2,0,0,45,0,0,7s,0,0). We have p € Ry\Rs if and only if yo = y5 = 0.
Hence, we see that the dimension of the stable manifold of p is 4 = 9 — ds — 2d3,
which is consistent with formula (@). Finally, consider

Ri\Re ={Py:y9 #0, y2=y3 =ys = ys6 = ys = 0}.

If yo # 0 and yo = y3 = y5 = ys = ys = 0, then Pey converges to p =
P(y1,0,0,94,0,0,y7,0,99) € R1\R2. Hence, one cannot choose any coordinates
freely, and thus the dimension of the stable manifold is 0 = 9 — dy — (2d2 + 3d3),
again consistent with formula (@).

The following corollary is the last ingredient for the proof of our classification
result.

4.19 Corollary: Let A and B be endomorphisms of V' all of whose eigenvalues
lie on the imaginary axis, such that ¥4 and Yp are topologically conjugate.
Then the numbers Spmax and ds, s = 1,..., Smax, coincide for A and B, that is,
the Jordan structures of A and B coincide.

Proof: Let h denote the homeomorphism which conjugates ¥4 and 1pg. For
different values of s, the dimension D (cf. Formula (@) has a different value,
in fact we have Dg > Ds_; for all s, which follows from

Smax Smax

Di=Dsy = = (i+l-s)di+ » (i+1-s+1)d;
1=s 1=s—1

Smax

= Y di>ds,, >0

i=s5—1

Since h maps stable manifolds of ©4 onto corresponding stable manifolds of
Y p, preserving the dimension, we can thus conclude that the number #{s :
ds # 0} is the same for both flows. If spax(A) = s1(A4) > -+ > si(A) are the
corresponding numbers for A with d, (4)(A) # 0 and syax(B) = s1(B) > -+ >
sk(B) the ones for B, then

h (Rsi(A)\Rsi(A)-‘rl) = Rsi(B)\Rsi(B)-‘rl fori=1,...,k.
Since h preserves the dimension, Lemma yields

61' = dsi(A)(A) = dsi(B)(B) for i = 1, . .,k.
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Putting s = s3(A4) and s = s3(B) in Formula (@) gives
Dyy4)(A) = Dyy(5)(B) = s1(A) = 52(A) = 51(B) — 52(B). (10)

Now let us assume that s;(A) — s;4+1(A) = s;(B) — s;41(B) holds for j =
1,2,...,1 — 2 and proceed by induction on [. We have

Sl(A) Sl(B)
Yo (i+1-si(A)di(A) = D (i+1-s(B)d(B).
l:Sl(A)-'rl i:SL(B)-'rl

This is equivalent to

-1 -1
> (55(A) = s1(A))6; = > (s(B) — s1(B))d;.
Jj=1 j=1

For each j € {1,...,1 — 1} we can write

-1 l
si(A) —si(A) = D si(A) = Y si(4)
i—j+1

This yields

-1
> [(s5(B) = si-1(B)) = (s1-1(4) = s1(A))] &
j=1
-1
= Z [(s5(B) = s1-1(B)) + (s1-1(B) — s1(B))] &5,

which immediately gives s;_1(A) — s;(A) = s,-1(B) — s;(B) and hence con-
cludes the induction step. It easily follows that the differences s;(A) — s;(B) are
constant. Since Ele si(+)0; =n+ 1 for (-) € {A, B}, we obtain

0=

%

(Sl(A) — SZ(B)) 51 = Si(A) — Sl(B) =0.

k
=1

The proof is finished. O
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5 The Main Theorem

Finally, we can give a full proof of the announced classification result:

5.1 Theorem: Let V be a finite-dimensional real vector space and A, B €
End(V). Then the induced projective flows 14 and v are topologically con-
jugate on P(V') if and only if, with respect to individual linear coordinates, A
and B can be written in the form

A = (/\1 id+01) @ (Aeid40o9)® - @ ()\kid-f—ok),
B (,Ul id +0’1) ©® (/LQ id+02) D---D (/Lk id—i—ak),

with real numbers Ay > o > «++ > A\, 1 > g > -+ > g, and endomorphisms
o1,...,0, with eigenvalues lying on the imaginary axis.

Proof: The proof follows by combining Theorem B.Il with Proposition [4.4]
Corollary 413 and Corollary Indeed, Theorem [B.] settles the direction
of the proof which involves the construction of the conjugacy. In the other
direction of the proof, Proposition 4] reduces everything to endomorphisms
with eigenvalues whose real parts vanish. Then Corollary shows that, up
to the eigenvalues, the Jordan structures of both endomorphisms are the same.
Finally, a careful application of Corollary 13| (using the fact that the sets
Rs\Rs+1 and hence the projective subspaces R are respected by the topological
conjugacy, as a consequence of Lemma [£17) shows that the eigenvalues of both
endomorphisms are the same and that they are distributed in the right way over
the Jordan blocks of different sizes. O
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