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Abstract

We present a geometric proof of the theorem saying that holomorphic
maps from Runge domains to affine algebraic varieties admit approxima-
tion by Nash maps. Next we generalize this theorem.
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1 Introduction

After the seminal papers of Artin [2], [3] the fundamental problem of algebraic
approximation of holomorphic maps satisfying polynomial equations has been
studied by several mathematicians (see e.g. [7], [9], [10], [I4], [19], [21], [31]).
The following result, which can be viewed as a global version of Artin’s approx-
imation theorem, is due to L. Lempert (see [21I], p. 335).

Theorem 1.1 Let V.W be complex affine algebraic varieties, let K C W be a
holomorphically convexr compact set and let f : K — V be a holomorphic map.
Then f can be uniformly approximated by a sequence [, : K — V of Nash maps.

(For the definition of Nash maps see Section B2 In the case of V nonsingular
Theorem [l had been proved before in [9]. If W = C and V is arbitrary
then it follows from [I0].) Artin’s approximation theorem is local and its proof
uses Weierstrass Preparation. The original proof of Lempert’s approximation
theorem [21]], pp 338-339, relies on the general Néron desingularization, a deep
and difficult result of commutative algebra for which the reader is referred to
[, [261, 271, [28). (29, [30).

Theorem [[Tlis expressed in terms of analytic geometry and has had numer-
ous applications in the theory of several complex variables (see [5], [I1], [12], [13],
210, 23], |25], [31]). It is natural to ask whether one can replace Néron desin-
gularization by simpler geometric methods. The main purpose of this paper is
to present a new geometric proof of Theorem [I.T] based on classical arguments
of singularity theory and complex analysis (see Section H]). In the last section,
Section [B] we show how our method allows us to generalize Lempert’s result.
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Several variants of Artin’s approximation theorem turned out to be very
useful in singularity theory and complex geometry. It is difficult to give here a
full account of this research. Instead we refer the reader to two recent papers
[17], [24] and references therein.

Our main results will be preceded by an outline of the proof of Theorem [I.]
where we present the main ideas and explain why the proof is organized in the
way it is (see Section [2). The preliminary material is gathered in Section Bl

2 Outline of the proof of Theorem [I.1]

First the problem is reduced (by means of standard methods of multidimensional
complex analysis) to the case where W = C" for some integer n, and K is a
compact polydisc (see Section H)). Then it is sufficient to prove the following

Theorem 2.1 Let f: U — V be a holomorphic map, where U C C™ is an open
polydisc and V' C C? is an algebraic variety. Then for every open Uy € U there
is a sequence f, : Uy — V of Nash maps converging uniformly to f|u,.

Theorem 2T will be obtained by reducing to the case when dimf~!(Sing(V)) <
n — 1 and by applying Lemma A1

Throughout the proof the domain on which the relevant functions are defined
will be shrunk for several times. For this reason in Section ] we work with a
fixed compact set K, and the functions are defined in some neighborhood of K
(which can be changed). In this outline, for simplicity of notation we assume
that U has all the properties which actually are obtained after shrinking this
domain.

Let f~1(Sing(V))(—1) denote the union of all (n—1)-dimensional irreducible
components of f~1(Sing(V)) and let f(U)Z denote the Zariski closure of f(U)
(i.e. the smallest algebraic set containing f(U)). We shall explain the idea
of the proof of Theorem [Z1] additionally assuming that mz =V, and that
f71(Sing(V)) (1) has a finite number of irreducible components. Making these
assumptions we do not lose generality. (This is because first V' can be replaced

by mz. Then one can shrink U to obtain the finiteness condition.) Our aim
is to construct a holomorphic map Fy : U — Vj such that: Fl(U)Z =V, and
Ffl(Sing(Vl))(n_l) has fewer irreducible components than f~*(Sing(V))(n—1),
and if F; can be approximated by Nash maps into V; then f can be approximated
by Nash maps into V. When this is accomplished we can replace f by F; and
repeat the whole process. Such repetitions lead us to the case solved by Lemma
1] application of which finishes the proof.

Let us start with preliminary remarks. First V' C C* x C?7* can be assumed
to be an irreducible normal analytic space with proper projection onto C*, where
k = dimV. A reduction to the case where this assumption is satisfied is standard
(for details see the proof of Theorem Bl in Section ). Then the set Xy ¢ CF
(defined in Section B4) is either empty or purely (k — 1)-dimensional. (This is
because otherwise V' would not be locally irreducible contradicting normality.)




Consequently, there is a reduced N € Clws,...,wy] such that N=1(0) = Xy.
Let G = wo f, where 7 : CF x C?% — CF denotes the natural projection.
Since mz =V, we have G(U) ¢ Zy. Therefore (N o G)~*(0) is either purely
(n — 1)-dimensional or empty. We can assume, shrinking U if needed, that
(N o G)~1(0) has a finite number of irreducible components.

Now our main tools are Propositions E4.2] proved in Sections 43| [44]
respectively, and Corollary B.8 First, Proposition [1.2] enables us to reduce the
problem to the case when

() G (Sing(Xv)) (n—1) € f~H(Sing(V)) (n-1)-

To be more precise, Proposition 4.2 provides us with a suitable linear change of
the coordinates in C? after which (b) holds.

Next we will construct a holomorphic map F into an algebraic variety Vi
with F1(Sing(Vi)) € G~!(Sing(Xy)) and such that if there is a sequence
F, ., of Nash maps into V, approximating F, then there is a sequence G, of
Nash maps into C* approximating G such that {(N o G,)~1(0)} converges to
(N o G)71(0) in the sense of chains. (We say that a sequence {B,} of purely
s—dimensional analytic sets converges to a purely s—-dimensional analytic set
B in the sense of chains if {Z,} converges to Z, where Z, and Z are chains
obtained by assigning multiplicity 1 to all irreducible components of B, and B,
respectively. For the definition of the convergence of chains see Section [33])

Observe that, by Corollary 3.8 the existence of GG, as above implies that
there is a sequence f, of Nash maps into V approximating f. Moreover, by
(b), the number of the irreducible components of F, ' (Sing(V.))(,—1) does not
exceed the number of the irreducible components of f~!(Sing(V))(,—1). Since
the former number can be equal to the latter one, in general we cannot define
Vi = Vi, Iy = F,.. However, V, will have a very special description whose
modification will allow us to construct Vi, Fy with all the required properties.

Let us describe how to obtain Vi, F. and Vi, Fy. (Details are presented in
the proof of Proposition @3l) Let Aj,..., A, denote the (pairwise distinct)
irreducible components of (N o G)~1(0). Since U is an open polydisc, we have
NoG =u* ... -up”R, where R € O(U) is a nowhere vanishing function,
U1,...,up are minimal defining functions for Ai,..., A4,, and «i,...,®, are
positive integers. (Recall that v € O(U) is called a minimal defining function
for A if A = «=*(0) and for every open subset D C U and v € O(D) with
AND C v~Y0), there is g € O(D) such that v = g-u|p. It is well known that the
existence of minimal defining functions is a consequence of universal solvability
of the second Cousin problem on U which, if U is a domain of holomorphy, is
equivalent to H?(U,Z) = 0, cf. [1§].)

Now define Fi, = (G, u1,...,up, R),
Vi ={(w1,...,wk,u1,...,up, R) ECk“’H:N(wl,...,wk):u‘fl-...~ug‘F’R},

and suppose that there are sequences Gy, u1,u, ..., Up v, R, of Nash maps con-
verging locally uniformly to G, u1, ..., u,, R such that NoG, = u‘f‘ll, couph Ry
Since wy, ..., u, are minimal defining functions, {(N o G,)~*(0)} converges to



(N o G)~*(0) in the sense of chains. Since N is reduced, F, *(Sing(Vi)) C
G~1(Sing(N~1(0))). The functions wuy, ..., u,, R will be chosen in such a way
that F,.(U) = V..

Let us turn to Vi, Fy. If F7 1 (Sing(Vi))(n—1) = 0, then set V; = V., F} = F,.
Otherwise one can assume that Ay C F, '(Sing(Vi))(n—1), and then we will
construct Vq, F} with

F ' (Sing(V1)) (n—1) € G=1(Sing(N=1(0))) (1) \ A1.

(For any B C CY, B denotes the closure in the Euclidean topology.) The
construction will be carried out in «; steps. More precisely, one step will be
repeated for a; times, each time with different input data. In each step we
modify the lefthand side of the equation N(w1,...,wg) = uf* - ... up? R and
add to the system a collection of extra equations of the form ¢; = vju, where
g; are suitably chosen polynomials and v; are new variables. This operation,
which allows us to decrease the power of u; by 1, can be viewed as some sort
of blowing-up. After a; repetitions we obtain a system of polynomial equations
Ny (w1, wi,v1,00 0, ) = u'§2 — -ungal, q; = vjuy, for j =1,... ta,,
which defines some variety containing V; as an irreducible component.

Together with the equations we will introduce new functions corresponding
to the variables v;, R, (also denoted by v;, Rq, ) which will become components
of the map F.

3 Preliminaries

3.1 Runge domains and polynomial polyhedra

A domain of holomorphy 2 C C" is called a Runge domain if every function
f € O(Q) can be uniformly approximated on every compact subset of Q0 by
polynomials in n complex variables.

We say that P is a polynomial polyhedron in C™ if there exist polynomials
in n complex variables q1, ..., gs and real constants ¢y, ..., cs such that

P={zeC":|q(x)| <c1,...,|qs(x)] < s}

The following theorem is a straightforward consequence of Theorem 2.7.3
and Lemma 2.7.4 from [18].

Theorem 3.1 Let 2 C C" be a Runge domain. Then for every Qo € €2 there
exists a compact polynomial polyhedron P C Q such that Qo C P.

The following fact from [I8] (p. 55) is well known.

Theorem 3.2 Let f be a holomorphic function in a neighborhood of a compact
polynomial polyhedron K C C". Then f can be uniformly approximated on K
by polynomials in n complex variables.



3.2 Nash maps and sets

Let 2 be an open subset of C™ and let f be a holomorphic function on 2. We
say that f is a Nash function at xy € Q if there exist an open neighborhood U
of zp and a polynomial P : C" x C — C, P # 0, such that P(z, f(z)) = 0 for
x € U. A holomorphic function defined on € is said to be a Nash function if it
is a Nash function at every point of 2. A holomorphic mapping defined on 2
with values in C¥ is said to be a Nash mapping if each of its components is a
Nash function.

A subset Y of an open set 2 C C™ is said to be a Nash subset of € if and
only if for every yo € ) there exists a neighborhood U of yg in 2 and there exist
Nash functions f1,..., fs on U such that

YNU={2€U: fi(z)=...= fs(x) =0}

The following proposition explains the relation between Nash and algebraic

sets (cf. [32]).

Proposition 3.3 Let X be an irreducible Nash subset of an open set Q@ C C™.
Then there exists an algebraic subset Y of C™ such that X is an analytic irre-
ducible component of Y N Q). Conversely, every analytic irreducible component
of Y N is an irreducible Nash subset of ).

3.3 Convergence of closed sets and holomorphic chains

Let U be an open subset in C™. By a holomorphic chain in U we mean a formal
sum A = 3. ;a;Cj, where a; # 0 for j € J are integers and {Cj};jes is a
locally finite family of pairwise distinct irreducible analytic subsets of U (see
18], [33], cf. also []). The set [J,c; Cj is called the support of A and is denoted
by |A| whereas the sets C; are called the components of A with multiplicities
aj. The chain A is called positive if a; > 0 for all j € J. If all the components
of A have the same dimension n then A will be called an n—chain.

Below we introduce the convergence of holomorphic chains in U. To do this
we first need the notion of the local uniform convergence of closed sets. Let
Y, Y, be closed subsets of U for v € N. We say that {Y, } converges to Y locally
uniformly if:

(11) for every a € Y there exists a sequence {a,} such that a, € Y, and
a, — a in the standard topology of C™,

(21) for every compact subset K of U such that KNY = () it holds KNY, =0
for almost all v.

Then we write Y, — Y. For details concerning the topology of local uniform
convergence see [34].

We say that a sequence {Z,} of positive n-chains converges to a positive
n-chain 7 if:

(le) [Z,| = |2],
(2¢) for each regular point a of |Z| and each submanifold T of U of dimension



m—n transversal to | Z| at a such that the closure T' (in U) is compact and
|ZINT = {a}, we have deg(Z, - T) = deg(Z - T') for almost all v.

Then we write Z, — Z. (By Z - T we denote the intersection product of Z and
T (cf. |33]). (1c) and the choice of a,T in (2¢) imply that the chains Z, - T
and Z - T for sufficiently large v have finite supports and the degrees are well
defined. Recall that for a chain A = E?Zl a;{a;}, deg(A) = Z;l:l a;.)

When we say that a sequence {X,} of purely n—dimensional analytic sets
converges to a purely n-dimensional analytic set X in the sense of chains, we
mean that the sequence {Z,} of n—chains converges to the n—chain Z, where
Z,, Z are obtained by assigning the multiplicity 1 to all irreducible components
of X,, X respectively.

3.4 Analytic sets with proper projection

Let # : C™ x C°* — C™ be the natural projection, let {2 be a domain in
C™, and let Y be a purely m—dimensional analytic subset of 2 x C® such that
7|y : Y — Q is a proper map. By Xy we denote the set of all points a € Q such
that the fiber of 7|y over a does not have the maximal cardinality. Recall that
Yy (called the discriminant of 7|y) is an analytic subsets of Q (cf. []]).

For algebraic sets, we need a slightly more general notion. Let £(CY,C™)
denote the vector space of all linear maps from CV to C™. Let V c CV be
algebraic of pure dimension m and let A € L(CY,C™) such that Ay, : V — C™
is a proper map. By ¥4 C C™ we denote the set of points a € C™ such that
the fiber of Aly over a does not have the maximal cardinality. Recall that 3 4
(called the discriminant of Aly) is algebraic. Set s4 := (Aly) ™ (Sing(X4)).
When A is the natural projection from CV = C™ x C* to C™, we often write
Yy instead of X 4.

3.5 Holomorphic maps into algebraic varieties

For any subset B of CY let B~ denote the Zariski closure of B i.e. the intersection
of all algebraic subvarieties of C?¢ containing B. For any algebraic subvariety V'
of C? by I(V') we denote the ideal of all polynomials p € Cly, ..., y,] such that
V C p~*(0). For any g1,...,9s € Cly1,...,y4) by I(g1,...,9s) we denote the
ideal generated by g1, ..., gs.

Lemma 3.4 Let Q and B be a domain in C™ and an irreducible analytic subset
of Q, respectively, and let g = (g1,92) € O(Q,C% x C"). Let 6,h1,...,hy €
Cly1, ..., yq) be such that

g1(B) \6710) = {y € CI\671(0) : hy(y) =0 for j =1,...,t:},

where t, = q — dimgl(B)z, and 5|mz # 0 and for every a € g (B)Z \ 670),

the map (hi,...,hy,) : C1 — CU s a submersion in some neighborhood of
a in C%, and 5I(g1 (B)z) C I(hy,...,hy,). Then there are ta — t1 polynomials




Z

Rt 41, - X hiy € Clyrs -+, Yqs Yg+1s - - - » Ygr|, where to = ¢+ r — dimg(B) , and
there is 0 € Cly1, .-, Yq, Ygt1s - - - s Yg+r] Such that

GB) \671(0) = {y € C" x C™\671(0) : hy(y) =0 for j = 1,..., 12},
and5| @y 7 0, and for every b € g(B g(B) \0=1(0), the map (1, ..., hy,) : CTT" —
C'2 is a submersion in some neighborhood of b in CIt"  and SI(g(B)Z) C
I(hlv"'vht2)'

Proof of Lemma[37) Let us denote C; = g,(B) ) Co = g( ) Since B is irre-

ducible, C5 is irreducible as well. Then there are (51, hl, e ht2 € Clyr,- - Ygtr),
such that

Co\ 67 (0) ={y € C!x C"\6;71(0) : hy(y) = 0 for j =1,..., 12},

and 61|c, # 0, and for every b € Cy \ 671(0), the map (hq,...,hs,) : CIH7 —
C?2 is a submersion in some neighborhood of b in C4t", and for every G €
Cly1,. .., Ygtr]) with Co € G71(0) there are 71,...,7, € Cly1,...,Ygtr] such
that 6, - G = Y2 #;h;. (See [22], pp. 402-405.)

Let us show that there are hy, 11, ..., hy, € {hi,...,hy,} with the required
properties. Observe that Cy C C7 x C”, which implies that 51 “h; = 222:1 bj7ilA“Lj,
for i = 1,...,t, where bj; € Cly1,...,Yqrr]- Next, (6 09)- (80 g1)|p # 0.
Indeed, otherwise either d1|c, = 0 or 8|, = 0. Consequently, there is 2o € B
such that (81h1,...,01hs,) is a submersion in a neighborhood of g(z¢), and
therefore there are ji,...,Js such that the determinant d(y, ..., yq+r) of the
matrix [0, i (Y1, -, Ygrr) k=1, t1;i=1,...+, satisfies d(g(zo)) # 0. This implies
that d|c, # 0 and there are ¢y ;,d;; € Cly, ... ,yq+r] for k,i =1,...,t; and

le J={1,...,t2}\ {j1,---, 7+ } such that d - Zk 1cklhk+zlejd“hl

Now it is clear that the assertion of the lemma is satisfied with 6 = d - (51 1)
and (h1,..., ke, heyv1, .-, hey), where by, = hjk, for k = t; +1,...,t> where
{jt1+1a s ajtz} =J=u

Remark 3.5 Let ay,...,a, € C?T"\ Cy. Then

(a) In the first paragraph of the proof of Lemma B4 hi,..., }Altz, 61 can be
chosen so that h;(a;) #0 # 61(a;) fori=1,...,ty and j =1,...,p

(b) If hi(a;) # 0 # d(a;) for i =1,...,¢1 and j = 1,...,p then hy41,...,he,
and the bj;’s can be chosen so that h;(a;) # 0 # d(aj) for i = 1,...,t; and
j=1...,p

Proof of Remark [Z2 As for (a), it is sufficient to prove the assertion with
Cy,a1,...,a, replaced by ®(Ch), ®(a1),...,P®(ap), where ® is any linear iso-
morphism. Therefore we may assume, applying a linear change of the variables
in C9t7 if needed, that w|c, : Cy — CI™(C2)+1 is a proper map, where 7
denotes the projection onto the first dim(Cs) 4+ 1 coordinates of C4t". More-
over, m(a;) ¢ w(Cs) for every j = 1,...,p and the fiber of 7|¢c, over a con-
sists of one element for every a € Reg(n(C2)). We may also assume that



Plricy) @ m(C2) — Cdim(C2) s a proper map, where p denotes the projection
onto the first dim(Cs) coordinates of CHm(©2)+1 and that the fibers of p|.(c,)
have maximal cardinality over p(m(a;)) for every j =1,...,p.

Let P € (Clyy,... ,yd,m(cz)])[yd,m(CQ)H] be the irreducible monic polyno-
mial with P=1(0) = 7(Cs). Then it is well known (cf. [22], pp. 402-405) that
one can take 51, le, .. flt2 such that h; = P and 6 is (a power of) the discrim-
inant of P. Of course, A, (51 satisfy the requirements. Finally, if needed, we can
replace h;, for j > 2, by h; + eJhl where ¢; € C (Je;| small) to obtain ( ).

Let us turn to (b) (assurmng that we have (a)). In view of (a), the fact that
hj, for j =t1 +1,...,t2, are chosen among ﬁl, .. .,thQ, and that 6 = d - &y - 0,
it is sufficient to observe that the b;;’s can be chosen in such a way that the
determinant d(a;) # 0 for j = 1,...,p. This however is obvious because for
every j ¢ J, b;; can be replaced by b;; + em-ltLl for any [ € J and ¢;,; € C with
l€;,i| small.m

Lemma 3.6 Let K be a compact polydisc in C" and let G € O(K,CF) such
that mz =CF. Let 0 # N € Clyy,...,yx] and uy, ..., up, R € O(K) satisfy
NoG =wuj"-...- up® R for some positive integers oy, . .. , 0. Then there are
nowhere vanishing functions vi,...,v, € O(K) and there is S € O(K) such
that N o G = (uiv1)®* - ... (upvp)®»S and (G, uiv1,. .. ,upvp)(K)z = Cktp,

Proof. 1t is sufficient to show that there are nowhere vanishing v1,. .., v, € O(K)

such that (G, uqvy,. .. ,upvp)(K)z = Ck*P_ by which the other assertions follow
immediately. In other words, it is sufficient to show that if ¢1,...,g9: € O(K)
are algebraically independent over C, then for any u € O(K), u # 0, there is
a nowhere vanishing v € O(K) such that g1,...,g:,u - v are also algebraically
independent.

We have two cases: either ¢g1,...,¢9:,u are algebraically independent (and
there is nothing to prove) or not. In the latter case it is sufficient to show that
there is a nowhere vanishing v € O(K) such that g1, ..., g+ v are algebraically
independent over C because then gy,. .., g+, u- v are also such (cf. [20] for basic
facts on algebraic extensions). Define a family of one-variable functions: yi(z) =
exp(z) and x;(r) = xj—1(exp(x)) for j > 1. Then {XJ} _, are algebraically
independent for any k. Hence, if g1, ..., g; are algebralcally independent, there
is j such that g¢1,...,g¢, x; are also independent (where y; is treated as an
n-variable function; cf. [20] for basic facts on transcendental extensions).m

3.6 A discriminant criterion for the existence of algebraic
approximations

Let us recall a result from [6] which is one of the main tools in the present
paper. Let U C C" be a domain and let 7 : U x C¥ — U denote the natural
projection. Let X C U x C* be an analytic subset of pure dimension n with
proper projection onto U. Recall that s(m|x) denotes the cardinality of the
generic fiber in X over U. For any analytic set C, C(,,_1) denotes the union of



all (n — 1)—dimensional irreducible components of C. For the definition of ¥ x
see Section 3.4

Theorem 3.7 Let {X,} be a sequence of purely n-dimensional analytic subsets
of U x CF with proper projection onto U converging locally uniformly to X
such that s(m|x) = s(7|x,) for v € N. Assume that {(Xx,)n-1)} converges to
(Xx)(n—1) in the sense of holomorphic chains. Then for every analytic subset
Y of U x C* of pure dimension n such that Y C X and for every open relatively
compact subset U of U there exists a sequence {Y.,} of purely n-dimensional
analytic subsets ofo C* converging to Yﬂ(U x CF) in the sense of holomorphic
chains such that Y, C X, for every v € N.

The assumption that {(Xx, ), —1)} converges to (¥x)(,—1) in the sense of chains
is essential. It is not difficult to observe that otherwise X, can be (and usually
are) irreducible even when X is not. Then, in particular, X can contain the
graph Y of some map holomorphic on U whereas X,, do not contain any such
graphs. To prove Theorem 211 we will use Theorem [B.7] in the case when Y is
the graph of a holomorphic map to be approximated by Nash maps.

Let V be a purely m-dimensional algebraic variety in C™ x C* with proper
projection onto C™. Assume that Xy = N~1(0), where N is a polynomial in
m variables. Let f : U — V be a holomorphic map such that f )¢ N~
where f is the map consisting of the first m components of f. Theorem B:Zl
implies the following

Corollary 3.8 Let f,, € O(U,C™) be a sequence of Nash maps converging to
f locally uniformly such that {(N o f,)~1(0)} converges to (N o f)~1(0) in the
sense of chains. Then for every analytic subset Y of U x C* of pure dimension
n such that Y C (f x idak ) "H(V) and for every open relatively compact subset
U of U there is a sequence {Y,} of purely n—dimensional Nash subsets of U x
(ol converging to Y N (U x C¥) in the sense of holomorphic chains such that
Y, C (fl,|U X idex ) "H(V) for every v € N. In particular, there is a sequence
f, € O(U,V) of Nash maps converging to flg uniformly.

Proof. Only the last sentence requires explanation. Let f be the map consisting
of the last k components of f. Fix open U & U & U. Since graph(f) (f X
idek) ~1(V), there are purely n—dimensional Nash sets Y,, C (f;,|ﬁ X idex ) "H(V)
such that {Y;} converges to graph(f) N (U x C¥) in the sense of chains.

The fibers of (f,,|U x idgk)"H(V) C U x CF over U are uniformly bounded
by some bound independent of v (which follows by the fact that V' has proper
projection onto C™ and U & U). Hence the fibers of Y, over U are also such.
This implies, in view of the fact that {Y,} converges in the sense of chains to
the graph of a map, that the fibers of Y, N (U x CF) are singletons for almost all
v. In other words, ¥, N (U x C¥) is the graph of some (Nash) map fu:U—CF
for almost all . Now we can define f, = (fl,|U, f,)m



4 Proof of Theorem 1.1

4.1 Reduction to the case when K is a polydisc

A proof of Theorem [[T] can be reduced (by means of standard techniques of
multidimensional complex analysis) to the case where W = C™, K is a compact
polynomial polyhedron, and f : D — V, where D is an open neighborhood of
K in C™ (see |21], p. 339). Let us assume that this reduction has been done.
As we will show below, a modification of the method presented in [2I] (p. 339)
allows us to assume that K is a compact polydisc.

First, for some m, there are a compact polydisc E in C"*™, polynomials
Pi,..., P, and a mapping F' of a neighborhood U of E into C? such that
in some neighborhood D of K in D we have f(z) = F(z, Pi(2),...,Pn(2))
(cf. [18], p. 55). Moreover, if Z C C™ x C™ denotes the graph of the map
2z (Py(2),...,Pn(2)), then K = (K x C™)NZ C E is a polynomially convex
compact subset of Z. We can take U to be an open polydisc. It is clear that in
order to approximate f it is sufficient to approximate the map F'|; : K-V
by Nash maps into V.

Let Q1,...,Q, be polynomials in ¢ complex variables such that V = {Q; =
... =Q, = 0}. Let Z denote the union of all analytic irreducible components
of ZNU which have a non-empty intersection with D x C™. Observe that, for
i =1,...,7, Q; o F vanishes identically on Z. Pick & € O(U) non-vanishing
identically on any analytic irreducible component of Z but vanishing identically
on the other irreducible components of Z NU (cf. [I8], p. 192). Then a(y) -
Qi(F(y)) = 0 for every y € ZNU and i = 1,...,r. Therefore, in view of Z
being algebraic, there are polynomials Ry, ..., R; in n +m complex variables,
vanishing identically on Z N U, and such that

(8) oly) - Qi(F(y) = 351 bij(y)R;(y), fory € Uandi=1,...r

with certain holomorphic functions b; ;.
In the space C'TIT T+t with coordinates 1,wi, ..., Wy, UL, - - -, Untms
V1,1,V1,2, - - - , Up+ consider the variety 1" defined by the equations

r1 - Qi(w) = va—Rj(u), fori=1,...,r.

j=1
By (), the image of the map
9:U 3y (aly), Fy),y,bi(y)) € CHHatrnament

is contained in 7.

Now suppose that there is an open polydisc U’ with & C U’ C U such that
g can be approximated on U’ by a Nash map ¢'(y) = (/' (y), F'(v),y'(v), b} ;(y))
whose image is contained in 7' If this approximation is close enough, then y'(y)
has the inverse § on F close to the identity. Replacing ¢'(y) by ¢'(g(y)), we can
assume that /(y) = y. Consequently, o (y) - Q;(F'(y)) = 0 for every y € ZNU'
and every i. But o/(y) does not vanish identically on any irreducible component
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of Z N U’ if the approximation is close enough. Therefore Q;(F’(y)) = 0 for
every y € ZN U’ and every 4, which implies that F'(K) C V.

Thus in order to obtain the required Nash approximation F’|; of F|z it
suffices to approximate g : E — T, where E is a compact polydisc. Now, we see
that to prove Theorem [I1] it is sufficient to prove Theorem 211

4.2 Proof of Theorem 2.1]

First we will focus on the case when dimf~!(Sing(V)) <n — 2.

Lemma 4.1 Let f: U — V be a holomorphic map, where U C C™ is a Runge
domain and V C CY is an algebraic variety. Assume that dimf~!(Sing(V)) <
n — 1. Then for every open Uy € U there is a sequence f, : Uy — V of Nash
maps converging uniformly to f|u,.

Proof. For an elementary proof of the lemma for n = 1 the reader is referred
to [I0]. Let us assume that n > 2. For any C-linear subspace L of C™ let L*
denote the orthogonal complement of L in C”. Fix an open set Uy € U.

Since dim f~!(Sing(V)) < n — 1, there are € > 0, (n — 2)-dimensional linear
subspaces L, ...,L; C C" and open bounded balls B; C L; and B; C LjL, for
j=1,...,t such that P; := B;+ Bj € U and U C U§‘:1 P;, and (E—l—i)ﬂ
f7H(Sing(V))) =0, for j =1,...,t, where B}, = {x € B : dist(x,dB]) < €}.

Observe that for every ¢ # j such that P; N P; # () there are open balls
P,; C B;, Pj; C B; and open connected sets [; ; C B, l;; C B; such that
H,j + l@j n f_l(Sing(V)) = (Z), P‘)i + lj)i N f_l(Sing(V)) = @, li)j n Bll‘7e # (Z),
LN B;)E # (), and (P@j + l@j) N (Pjﬂ' + lj,i) # (). Indeed, pick z € (PN Pj) \
f71(Sing(V)). We have z = u;+v; = uj+wv; for some u; € L;, v; € Li-, u; € Lj,
v; € Li. Next pick vf € B] , v} € Bj . Since u; + vj,u; + v} ¢ f~!(Sing(V)),
there are a path k; ; C Bj connecting v;, v; and a path k; ; C B} connecting v;, v
such that (u; + k; ;) N f~*(Sing(V)) = 0 = (uj + kj;) N f~*(Sing(V)). Now it
suffices to take P; j, P; ; to be small balls centered at u;, u; in B;, Bj, respectively,
and [; j, l;,; to be small neighborhoods of k; ;, k;; in B}, B}, respectively.

Define £ = U;:l(Bj—i_B;,e)UU;j:l(‘Pi,j +1;,;), assuming that P; ;+1; ; = () if
P,NP; = (). By the facts that U is a Runge domain, E € U and f(E)NSing(V) =
(), there is a sequence f, : E — V of Nash maps approximating f|z uniformly
(cf. [9] p. 334; the idea of the proof is as follows: since f(E)NSing(V') = @, there
are an open neighborhood N of f(E) in C? together with a Nash retraction 7
of N onto some open neighborhood of f(E) in V. Now f|g can be approximated
by polynomial maps into C? whose restrictions to E have images in IN. These
restrictions can be composed with 7 yielding the required Nash approximations
of flp).

Observe that if f, has a holomorphic extension to U;:1 P;, then the proof
will be completed. Indeed, by the maximum principle, if such f, approximates
f on E then it also approximates f on U;Zl P;. Moreover, if f, is a holomorphic

map on U;Zl P; and a Nash map on E then it is a Nash map on U;Zl P;.
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For every j put F; = (B; + B} ) U Ui_y (Pjx + ;%) (again assuming P;x +
Lk =0if PN P, = 0). The Hartogs extension theorem implies that for every j,
fv|E; has an extension f;, : P; — V such that fjﬁ,,|{z}+3; is a holomorphic map
for every z € B;. But then, since fj,l,|3j+35_’é is a holomorphic map, the Cauchy
integral formula implies that f;, is a continuous separately holomorphic map.
Hence it is a holomorphic map.

It remains to show that for every i, 7, fi.,|p.np, = fjv|p,np;. Fix i # j such
that P; N Pj #+ (. Since C = (H,j + l@j) N (Pjﬂ' + lj)i) C E; N Ej C PN Pj we
have fj.|lc = fulc = fiulc. But C # () and P; N P is connected so f; ,|p,np, =
fj)V|Piij and the proof is complete.m

Notation. Let K be a connected compact subset of C™ such that int/K = ()
and let ¢ : K — C C C% By gp : D — C we denote a holomorphic map
such that gp|x = g, where D is an open connected neighborhood of K. If gp
exists, then g is called holomorphic. If gp is a Nash map then ¢ is called a Nash
map. The collection of all holomorphic maps from K to C' will be denoted by
O(K,C). For C = C we write O(K). A sequence g, € O(K,C), for v € N,
is said to converge to g € O(K,C) uniformly if there is an open D’ O K for
which there are gp/, g,,p/, v € N, such that g, pr converges to gp- uniformly.
Let h € O(D,CY) for some open D C C™. Let Y C CY be an analytic set.
Then by 2! (Y)(,—1) we denote the union of all (n— 1)-dimensional irreducible
components of h=1(Y).

Proof of Theorem [2l Fix an open Uy € U (which clearly can be assumed to
be connected) and a compact polydisc K with Uy C K C U. One can assume
that TK)Z = V (because otherwise V' can be replaced by f(K )Z), and that
(fIp) 1 (Sing(V))(n—1) # 0 for every open neighborhood D of K (as otherwise
Lemma [] finishes the proof).

Put Fy = f|k,Vo = V. We iterate the following process starting from Fp.
Suppose we have F, € O(K, V;) such that F;(K) =V, Ffl% (Sing(V4)) (n—1) # 0,
for every open neighborhood D of K, where V; C C%. We will show that there
is Fi11 € O(K,Viy1), where V;1; C C%+! is an algebraic variety, such that:

(x) if there is a sequence F 11, € O(K, V;11) of Nash maps converging uniformly
to Fiy1, then there is a sequence F;, € O(K,V;) of Nash maps converging uni-
formly to Fj,

(y) Fri1(K) = Viy1 and there are an open D D K and an irreducible compo-
nent T of (F; p) ™' (Sing(V;))(n—1) with TN K # () such that

(Fi+1,0) 7' (Sing(Vit1)) (n-1) € (F;,0) = (Sing(Vi)) (n-1y \ T

Let us show that once Fj;1 is constructed, the proof will be completed. Set
Ci,pr := (F;,pr) " (Sing(Vi)) (n—1)- Let I; C O(K) be the ideal of all & € O(K)
such that ap- |Ci,D’ = 0 for some open D' D K. It is well known that for every
analytic hypersurface H in an open polydisc D’ there is g € O(D’) such that
H = g=%0) (cf. [18]). This fact and (y) imply that I; & I;;1. Therefore if
Ci,pr # 0 for every ¢ and every open D’ D K, then there is an infinite ascending
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sequence of ideals in O(K). But O(K) is noetherian (cf. [I5]) so there must be
ip and an open D’ D K such that C;, pr = 0 (i.e. dimFi;lD,(Sing(Vio)) <n-1).
Now it is clear that Lemma 1] allows us to complete the proof if, given F;, we
can construct Fjy; satisfying (x) and (y).

Put k; = dim(V;). Let us show how to construct F;;;. First observe that
Vi is irreducible (because K is a polydisc and V; = F;(K )Z) We can also
assume that V; is a normal analytic space. Indeed, if V; is not normal then
we can replace V;, F; by Vi,ﬁ'i, where 7 : f/z — V; is the normalization of
V;, whereas I:"l K — f/l is a holomorphic map such that 7 o I:"l = F;. (The
existence of E is an immediate consequence of the fact that 7r|‘~,l_\r1(smg(vi)) :
Vi \ 7 1(Sing(V;)) — V; \ Sing(V;) is a biholomorphism (see [22], pp 343-346).)

After this preparation let us construct Fj ;. Our main tools are Propositions
and (whose proofs are postponed to Sections 3] 4] respectively) and
Corollary B8 For definitions of ¥4, s4 and £(CY,C™) see Section B4

Proposition 4.2 Let V be an algebraic subset of C of pure dimension m, and
let U C C™ be an open polydisc. Let f : U — V be a holomorphic map such
that mz = V. Then for every open Uy € U there is A € L(CN,C™) such
that Aly : V. — C™ is a proper map and dim(f|y,) (sa \ Sing(V)) <n — 2.

By Proposition @2, there is a linear A : C% — C*: such that A
is proper and

VIV1—>C’“

(a) (Aly, o F; p) = (Sing(Z4))(n-1) € FiTDl(Sing(Vi))(n,l), for every sufficiently
small open D D K.

Let & : C% — C% be a linear automorphism such that A = 7 o &, where 7 :
CFi x C%~Fi — CFi is the natural projection. Then ¥4 = Yo v;)- Since O(V;)
is a normal space, gy, is purely (k; — 1)-dimensional or empty. Therefore
there is N € Clwi,...,wy,] such that N1(0) = Zg(y,). Set G = w0 Do F;.
Then (a) can be rewritten as follows
(0) Gp' (Sing(N~1(0)))(n—1y C Fz_j:l) (Sing(V;))(n—1), for every sufficiently small
open D D K.

On the other hand, the facts that dim(®(V;)) = k;, ®(V;) has proper projec-
tion onto C*i and ®(F;(K)) = ®(V;) imply that G(K) = CFi. Hence, G, N
satisfy the hypotheses of the following

Proposition 4.3 Let E C C™ be a compact polydisc with int(E) # 0. Let
G € O(E,C*), N € Clwy, ..., wy] satisfy G(E) = C¥, N # 0. Then there are
an algebraic subset V. of some C? and f € O(E,V) with mz =V such that:
(1) either fgl(Sing(f/))(n,l) = () for some open D D E or there are an open
D > E and an irreducible component T of G} (Sing(N~1(0))) (n—1) with TNE #
0 such that fr,"(Sing(V))(n_1) € Gp'(Sing(N=1(0)))(n_1y \ T\

(2) if there is a sequence = O(E, f/) of Nash maps converging uniformly to f,
then there are a sequence G, € O(E, CF) of Nash maps converging uniformly to
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G and an open D' D E such that {(NoG,, p/)~*(0)} converges to (NoGp:)~*(0)
in the sense of chains.

By Proposition 3] there are an algebraic subset V1 of some C%+! and

Fii1 € O(K,Viyq) with F1(K) = Vi such that:

(3) either FijrllyD(Sing(ViH))(n_l) = () for some open D D K or there are an
open D O K and an irreducible component T of G5 (Sing(N~(0))) (1) with
T N K # 0 such that F| ,(Sing(Vit1))(n—1) € Gp' (Sing(N=1(0))) (n—1y \ T,

(4) if there is a sequence Fi+1,, € O(K, Vi+1) of Nash maps converging uniformly
to Fy;1, then there are a sequence G, € O(K,CF) of Nash maps converging
uniformly to G and an open D’ D K such that {(N oG, p/)~1(0)} converges to
(N o Gp/)~1(0) in the sense of chains.

Now, by (4) and Corollary B8 if there is a sequence Fit1, € O(K,Viy1)
of Nash maps converging uniformly to Fj,;, then there is a sequence F, €
O(K, ®(V;)) of Nash maps converging uniformly to ® o F;, which clearly implies
that (x) is satisfied. As for (y), it is an immediate consequence of (0) and (3).
Thus the proof is complete.m

4.3 Proof of Proposition

We follow the notation introduced in subsection 3.4. Throughout the proof we
fix a nonempty Zariski open subset 7' of £(CY,C™) such that

7:VXxT—=C"xT, w(x,A)=(Ax),A)

is proper and (X,) N (C™ x {A}) = X4 x {A}, for all A € T, where X, denotes
the discriminant of . Then by Bertini Theorem (see for instance [I6] Corollary
10.9 and Remark 10.9.2, pp. 274-275) replacing T by a smaller nonempty Zariski
open subset of £(CY,C™), if necessary, we have

Sing(£,) N (C™ x {A}) = Sing(£4) x {4}, forall AeT.

Therefore, if we denote s, = 7~ (Sing(3,)), then

(a) Sz N(V x {A}) =sa x {A}, forall AeT.
Since dimSing(3¥4) < m — 2 and Ay : V — C™ is proper for A € T, we have
(b) dim(sa) <m —2, forall AeT.

For a line L in £L(CY,C™) we put

AeLnT

We claim that dim sy, < m—1. Indeed, dim(s,N(V x(LNT)) < m—1 by (a) and
(b). The image in V' of the standard projection V. xT — V of s, N(V x (LNT))
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is algebraically constructible (cf. e.g. [22], p. 395) and sy, is its Zariski closure.
This shows the claim (cf. e.g. [22], pp. 393-394). Finally, for each x € Reg(V)
there is an A € T such that A(z) ¢ X4, and hence the set of such A is Zariski
open dense, s0 (], 54 C Sing(V'). Since the Zariski topology is noetherian

(c) there are k € N and Ay, ..., Ay € T such that s4, N...Nsa, C Sing(V).

Now fix an open polydisc Uy € U and set Y4 := (f|y,) "' (sa \ Sing(V)). For
1 > 1 consider the following statement

(¢;) there are Ay,...,A; € T such that dim(ﬂ;:1 Ya,)<n-—2.

By (c), (ck) holds. We will prove that (c;) = (c;—1) for ¢ > 2, thus showing (c1)
and hence Proposition 4.2. _
Thus suppose that there are Aq,...,A4; € T such that dim(ﬂ;:1 Yy,) <

n — 2. Let L be the line in £(C",C™) containing A; _; and A; and let
Yr = (flu,) " (s \ Sing(V).

Since f(U)Z =V and dimsy, < m — 1 we obtain
(d) dim(Yz) < dim(fly,) *(sz) <n —1.

Let Z denote the finite family of all (n — 1)-dimensional analytic irreducible
components of Y7,. For each Z € Z the set Az of such A € LNT that

(e) ZCZiYa,NYa
is Zariski closed, hence either finite or equal LNT. Indezed7 by definitions of Y4
and Yz, Az equals the set of such A € LNT that f(Z) C ﬂ;jl s4; Nsa. But,
by (a), ﬂ;jl s4; N sa depends algebraically on A.

If Az is finite for every Z € Z then there is A € L NT such that (e) fails

for every Z € Z and then dim ﬂ;jl Ya, NY4 < n—2 that completes the proof.
Thus suppose that there is Z € Z for which (e) holds for every A € LNT. Then

i—2
Z C () Ya,NYa,_, NYa,

Jj=1

that contradicts the assumption dim(ﬂgzl Ya,)<n—-2.m

4.4 Proof of Proposition

Remark 4.4 The letters v;, u;, R;, w;, used below denote either (tuples of)
variables or (tuples of) functions in . It will be clear from the context whether
a given letter denotes a variable or a function. When we write that a tuple of
functions satisfies some equation, we mean that the equation holds true if every
variable is replaced by the function denoted by the same letter.
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If (N oG)~1(0) = 0 then define V C C**! by the equation N (wy,...,wy) = Ro
and take f(z) = (G(z), Ro(z)) = (G(z), N(G(x))). Clearly, V, f satisfy the
requirements.

Let us assume that (N o G)71(0) # (. Clearly it is sufficient to prove the
proposition in the case where N is reduced which we also assume.

There are an open polydisc D D E and a holomorphic extension Gp of G. Let
A1, ..., Ap be all irreducible components of (N o Gp)~1(0) intersecting £ and
let uq,...,u, € O(D) be minimal defining functions for A,,. .., A, respectively.
(Recall that u € O(D) is called a minimal defining function for A if A = u~1(0)
and for every open subset U C D and v € O(U) with ANU C v~1(0), there
is g € OU) such that v = ¢ - u|y. It is well known that the existence of
minimal defining functions is a consequence of universal solvability of the second
Cousin problem on D which, if D is a domain of holomorphy, is equivalent to
H?*(D,Z) = 0, cf. [18].) Then there are Ry € O(D) and positive integers
ki,. .., kp such that N(Gp(z)) = ui(z)* - ... upy(z)* Ro(x) and A; € Ry (0),
forl=1,...,p. By Lemma[3.0] uq,...,u,, Ry can be chosen in such a way that
(G ur, -, up)(E)” = CkFe.

Set Z, = Gp'(Sing(N"1(0))(n-1), Zr = G5 (N"H0))\ Zs. If A; ¢ Z,
for every j, then, after shrinking D if needed, we obtain Z, = (). Then define
V C CF+P+1 by the equation N (wy, ..., wy) = ul ... up” Ry and take f(z) =
(Gp(x),u1(x), ..., up(x), Ro(x)). Observe that V, f satisfy (2) of Proposition
because u1, ..., u, are minimal defining functions and Ry '(0) N E = 0. As
for (1), we will show that fvfl(Sing(f/))(n,l) = (). Suppose that f(C) C Sing(V)
for some (n—1)—dimensional analytic C' C D. Then NoGplc =0 = g—U]JVjOGD|C,
for j =1,...,k But N is reduced so Gp(C) C Sing(N~%(0)). This contradicts
the fact that Z, = 0.

If A; C Z, for some j, then we may assume, renumbering the components,
that j = 1. Put W = (w1, ...,w), w1 (z) = Gp(x). Now the construction, the
aim of which is to remove A; from Z,, consists of k; steps.

Step 1. Define C; = (Al)z. Then C; ¢ CF is irreducible because C; C
N~1(0) and A; is irreducible. By Lemma B4 and [22], pp. 402-405, there are
01,41, .., q € Clq], where t; = k — dimC}, such that

Cr\ 671 (0) = {1 € CP\67H(0) s qu (i) = ... = g, (1) = 0},

and d1]|c, # 0, and for every a € C; \ 6;(0) the map (q1,...,q;,) : C*¥ —
C" is a submersion in some neighborhood of a in C*. Moreover, §;1(C;) C

I(q1,...,q,). Every irreducible component Z of Ule(uj_l(O)) \ Zs satisfies

w1 (Z) ¢ Cy because C; C Sing(N~1(0)) and @1 (Z) € Sing(N~*(0)). Therefore,
in view of Remark [30] we may assume that every such component Z satisfies
1(2) & 8,(0).

The inclusion C; € N~1(0) implies that §; N = 221:1 q;r1,5, Where 11 ; €
C[w4] and the fact that u; is a minimal defining function implies that there is

vj € O(D) such that ¢;(w1(z)) = v;(x)ui(x) for j =1,..., 1.
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Let 07 denote the tuple (vy,...,vs, ) of t; variables. Define Ny € Cliy, 1]

by the formula
t

’LU1,’Ul E UJle U]l

and observe that
Ny (1 (), 01 (2)) = wr ()" " Pug ()22 -y (@) 2 Ry (),

where R; € O(D) satisfies A; ¢ Ry '(0) for I =1,...,p
Let V; € CFttitPtl he the algebraic variety defined by the system of equa-

tions (in the variables w1, 01, u1, . . ., Up, R1):
(E,1) Ny (un,01) = u]fl 1u]2€2 2 .u];p’le,
(F,]) q]‘(ﬁ)l):v]’ul, forj=1,....11

Put o (x) = (w1 (x), 01(x)), and define g; € O(D) b
g1(x) = (w2 (@), ur(2), . .., up(x), Br(x)).

If ky =1 then fp = g1,V = gl(E)z C V4 satisfy the requirements (see Claims
[AH Aa). Otherwise we go to Step 2.

Step 2. Define Cy = 1,2)2(141)2. Then Cy & CFH1 is irreducible because Co C
N;1(0) and A; is irreducible. Then by Lemma B4 there are da, gy, 41, - - -, @, €
C[ws], where to = k + t; — dimCs, such that

CQ \ 5;1(0) = {’lf}g S Ck+t1 \551(0) . q1('l[}2) = ... = ([, (QIJQ) = 0},

and 03|c, # 0, and for every a € Cy\ 8, ' (0) the map (g1, . . .,q,) : CFH11 — Ct2
is a submersion in some neighborhood of a in C*+%1. Moreover, 6,1(Cy) C

I(q1,...,qt,). Every irreducible component Z of Ule(ugl(O)) \ Zs satisfies
Z) ¢ Cy because Cy C Cy x C'* and w1 (Z) ¢ Cy. Therefore, in view of Re-
mark 5] we may assume that every such component Z satisfies w2 (Z) € 35 *(0)
The inclusion Cy C Nfl(()) implies o N1 = 252:1 q;r2,;, where ro ; € Cla],
and the fact that «; is a minimal defining function implies that there is v; €
O(D) such that g; (w2 (z)) = vj(x)us(x) for j =t1 +1,...,¢2
Let ©2 denote the tuple (v¢,41,...,0:,) of to — t; variables. Define Ny €
C[t2, V2] by the formula

to

’LUQ,’UQ E 'UJTQJ ’LUQ

and observe that
Ny (ta(z), 02(2)) = ur(2)™ 2ug ()23 - .- uy ()72 Ry (),

where Ry € O(D) satisfies A; € Ry '(0) for I =1,...,p
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Let Vo € CFHt2FP+l he the algebraic variety defined by the system of equa-

tions (in the variables s, 02, u1, . . ., Up, R2):
(E,2) Ny(tb, bg) = uk172us>® .. up?® Ry,
(F,]) q]‘(’Lf}g):’Ujul, fOI’jzl,...,tg.

(For j =1,...,t1, the polynomial g; is precisely the one from Step 1 and it does
not really depend on 91.) Put ws(z) = (wa(x), v2(x)) and define go € O(D) by

g2(x) = (w3 (), w1 (x), . .., up(x), Ra(x)).

If k; = 2 then fp = g2,V = gg(E)z C V4 satisfy the requirements (see Claims
AH E4). Otherwise we go to Step 3.

Let us describe Step i+1, assuming that k1 > i and we have completed Step
i (i> 2) after which there are an algebraic subvariety V; C CFtitP+l and a
holomorphic map g¢; : D — V; such that the following hold:

gl(x) = (UAJZ'-H (CL‘), U1 (CL‘), s 7“17(56)7 Ri(x))v

bisa(2) = (y(x), B5(2)) € CH, and 0,(x) = (ur, 1 11(2).. .. 1, (x)). More-
over, Ay ¢ R;*(0) for i =1,...,p.

e V; is defined by the equations (in the variables w;, 0;, u1, ..., up, R;):
(E,i) N; (i, 0;) = ubr=tubz e it R,
(F,]) qj(lz)z) :vjul, fOI‘jzl,...,ti,

where 0 # N; € Clw;, 0;], and ¢; € Clw;] for j =1,...,1;.
e There is 6§; € C[i;] such that for C; = @;(A;) & Ck+ti—1 the following hold:
01\51_1(()) = {11)1 S (.ijrtF1 \5;1(0) : L]j(’d)i) =0 fOI‘j = 1, e ,ti},

and d;|c, # 0, and for every a € C; \ 6; *(0) the map (qi,...,q,) : CFti-1 —
C? is a submersion in some neighborhood of a in CF*i-1 and §1(C;) C
I(q1,-..,q). Furthermore, w;(Z) ¢ C; and w;(Z) ¢ 6;*(0) for every irre-
ducible component Z of U?Zl(u;l(O)) \ Zs.

Step i + 1. Define Ciyy = thi11(A1) . Then Cipy G CHti s irreducible be-
cause Cijp1 C Ni_l(()) and A; is irreducible. Then by Lemma [3:4] there are
6»L'+17 qti+1,--+3qt;, € C[’LZ)Z'+1], where tit1 = k+t; — dimC’Hl, such that

Cit1\ 0;1(0) = {dbiy1 € C* N\ 61(0) : qu(ig1) = ... = gty (ig1) = 0},

Ciyi 7 0, and for every a € Ciyq \ 5;_11 (0) the map (q1,...,qt,,,) :
Cktti 5 Ct+1 is a submersion in some neighborhood of a in C¥** . Moreover,
0i11(Cit1) € I(qu,-.-,q:,,). Every irreducible component Z of the variety

?Zl(u]fl(())) \ Z, satisfies W;11(Z) € Ci41 because Cipq € C; x Cti~t=1 and

and 5i+1
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w;(Z) ¢ C;. Therefore, in view of Remark [35] we may assume that every such
component Z satisfies w;41(Z) € 6;.(0).

The inclusion C;41 C Nl-_l(O) implies 0;41 N; = E‘;g qjTi+1,5, Wherer;yq ; €
C[w;41], and the fact that u; is a minimal defining function implies that there
is vj € O(D) such that q; (’LZ)ZJrl(I)) = vj (a:)ul (.I) for Jj=1t;+ 1,... ylig1-

Let 0;41 denote the tuple (vy,41,...,v,,) of tiy1 — t; variables. Define
Ni+1 S C[’UAJZ'+1,’IA)1‘+1] by the formula

tit1
Nip1(Wig1,0ig1) = E VTig1,5(Wit1)
=1
and observe that

Nig1 (Di1 (), 0ig1 (2)) = ua (@) 7 g (2)™2042 oy ()42 Ry (2),

where R;;1 € O(D) satisfies 4; ¢ R;;',(0) for I =1,...,p.

Let V;; 1 € CFftit1tp+l be the algebraic variety defined by the system of
equations (in the variables W11, Vit1,u1, ..., Up, Rit1):

. A ~ —3— ko i kp.i
(E,Z =+ 1) Ni+1 (wi+1,vi+1) = u’fl ¢ 1’(1,22’ 2 .’U,pp’ *2Ri+1,
(F.j) qj(Wiy1) = vjuy, forj=1,... ti1.

or j = 1,...,t;, the polynomial ¢; was defined in previous steps. u

For j 1 t;, th ly ial g; defined i i t Put
11)1'+2({E) = (1Di+1(x),f)i+1 (I)) and define git1 € O(D) by

gir1(x) = (Diy2(x), ur(2), ..., up(x), Rita (x)).

If &y =441 then fD = git1, V= gi+1(E)z C Vi1 satisfy the requirements (see
Claims 5] [L.0). Otherwise we go to Step i+42.

Claim 4.Evz The following hold:
(1) gr,(E) s an irreducible component of Vi,. In particular,

—— 7

Sing(gr, (E) ) € Sing(Vk, ).

(2) Every (n — 1)-dimensional irreducible component S of g,;l(Sing(Vkl)) with
SNE #0, satisfies

S C G (Sing(N-1(0))) \ Ay

In particular, after shrinking D if necessary, we have

9r, (Sing(Vie,))(n—1) € Gp' (Sing(N~1(0))) \ A

Proof. Recall that Z, = G (Sing(N~1(0)))(n—1) and Z, = G5 (N=1(0)) \ Z,
and suppose that there is an (n — 1)—dimensional irreducible component S of
gk_l1 (Sing(Vi,)) with SN E # () such that S ¢ Z, \ A;. We consider two cases:

() S € Uj_su; ' (0),

=2
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S»¢—UJ2J )

to show that there is a € S such that g, (a) € Reg(Vy,), which contradicts the
hypothesis.

Let us begin with (a). The properties of ui(z),...,u,(z) imply that for
the generic @ € S, ui(a) # 0 hence (in a neighborhood of g, (a)) the sys-
tem (F.7), 7 = 1,...,tg,, depicts the graph of the rational map (up,w1) —
(v1 (w1, 1), ... s Ut (u1,11)). Moreover, the definition of N; and the equations
(E,kl), (F,l),..., (F,tkl) and 51']\]1',1 = Z;;l 457,55 for 1 = 1,...,I€1 (Where
Ny = N), imply that for the generic a € 5, (in a neighborhood of g, (a)) the
variety Vi, is described by: (F,j), j =1,...,tk,,

(2) N (i) [T 0 () = uf g™ - Ry,

Now using (F,j) we can eliminate the variables vq,...,v;, from (z) to obtain

k1
(%) F(up, 1) N(thy) = us® g Ry

where F is rational, (u1(a), Gp(a)) € domF, and F(ui(a),Gp(a)) # 0 for the

generic a E S (The last property due to S C |Jj_, u;l(O) \ Zs which implies
,CZ 677(0) fori=1,...,k1.)

Let 1% denote the set Qeﬁned by (*). To complete the case (a) it is sufficient

to show that g(a) € Reg(V), for the generic a € S, where § is the map consisting

of those components of g, which correspond to the variables appearing in (*).

By assumptions N(Gp(a)) = 0 for every a € S. Moreover, by the facts that
S ¢ Z, and N is reduced, there isj € {1,...,k} such that g—£|GD(S) 2 0 which

clearly implies that g(a) € Reg( ) for the generic a € S.

Let us turn to (b). Let g be the map consisting of those components of
gk, which correspond to the variables appearing in (E,k1) and let g be the
map consisting of those components of g, which correspond to the variables
appearing in (F,j) for j = 1,..., ¢k, . For the generic a € S, the equation (E k1)
depicts, in a neighborhood of g(a), the graph of the rational function Ry, =
Ry, (Wi, , Oky s U2, - . ., up), and the variable Ry, does not appear in any of (F,j),
j=1,...,t,,. Hence if we show that for every @ in an open dense subset of
S, the system of equations (F,j), for j = 1,...,tx,, defines a manifold in a
neighborhood of g(a), then we obtain a contradlction with the assumption that

We have two cases. If S ¢ u; '(0), there is nothing to prove because each
of the considered equations can be divided by . If S C u;*(0), then for the
generic a € S, the map (u1, Wk, , O, ) = (q1 (W, ) —v1u1, -, Gy, (Wky ) — Ve, 1)
is a submersion in a neighborhood of g(a). This is because (q1,...,q,) is a
submersion in a neighborhood of Wy, (a), and ui(a) = g;(wk, (a)) = 0, for j =
1.0t

It remains to check that gy, (E)z is an irreducible component of Vj,. We

know that dim(gkl(E)z) > k + p because uq,...,u, has been chosen in such
a way that (G,uq,... ,up)(E)z = CF*P_ So it is sufficient to check that there
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is a € E such that Vi, is a (k + p)—dimensional manifold in some neighbor-

hood of gk, (a). But this holds for a € E with ui(a) - ... up(a) # 0. In-
deed, then in a neighborhood of g, (a), Vi, is the graph of the rational map
(U1, ooy Upy W, WE) = (V1 Vg Ry, )

Claim 4.6 If there is a sequence gi, , € O(E,Vi,) of Nash maps converging
uniformly to gi, | then there are a sequence G, € O(E,C*) of Nash maps
converging uniformly to G and an open neighborhood D' of E such that {(N o
Gu.p')7H0)} converges to (N o Gpr)~1(0) in the sense of chains.

Proof. Let g0 € O(D', Vi) be a sequence of Nash maps converging uni-
formly to gk, .ps, where D’ is an open neighborhood of E in D such that
(NoGp/)™H0)= (A1 U...UA,)N D', for Ay,..., A, introduced in the proof
of Proposition

The map g, ., p is of the form:

gkl,u,D’(x) = (wkl-i-l,u(x)u ’U/LU(.’II), s 7up,u($)u Rkl,u(x))a

where W1, (2) = (Wi (x), 050 (x)), Vip(z) = (v, 1 +1.0(2),. .., v 0(x)), for
i =1,...,k1, where to = 0. We check that G, p/(x) = w07, (x) satisfies the
requirements.

Clearly, it is sufficient to show that for every I € {1,...,p} and for the
generic point a € A; N D’ there is a neighborhood U of a in D’ such that
{(N oG, p) 10)NU} converges to A; N U in the sense of chains. Fix [ €

{1,...,p}.

The components of gy, , pr satisfy the equation (E,k1) therefore
(E,k1,v) Nkl(wlirl,V(x)) = UQ,V(x)kz’kﬁl . -UP,V(I)kP’h“Rth(I)a

for every z € D', v € N.
By the definition of N;;; and by the fact that the components of gi, . pr
satisfy the equations §;11N; = Zzzll qiri+1,5, (Fy 1), ..., (F,tg, ), we have

Nip1(Wit2,0(®))u1,0(2) = dit1 (Dig1,0 (7)) Ni(Wig1,0 (),

fori =0,...,ky — 1, z € D', where No(u1,,(x)) = N(ws,(x)). This implies
that B
Nk, (wlirl,V(I))ul,V(I)kl =Ty (z)N (b1, (x)),

for some T,, € O(D'), which combined with (E,k;,v) gives
(@) T (@) N (@1, (x)) = w1,(2) sz (2)F2040 oy ()41 Ry o (2),

for every x € D',v € N.

The facts that A; € u; ' (0) \ R;,'(0) and that dim(u; " (0) Nuy *(0)) <n—1,
for every t # [, clearly imply that for the generic a € A; N D’ there is an open
neighborhood U € D' such that (U, u;l(O) UR,;1 (0))NU = 0. Consequently,
for sufficiently large v, by («), we have

(T, ()N (i1, (2)))"H(0) N U = u;,(0) N U.
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Now by the fact that u; is a minimal defining function, {ufyl (0)NU} converges
to A; N U in the sense of chains. On the other hand, {(N (@1, (x)))~*(0)NU}
converges to A; N U locally uniformly and, in view of the last equation, for v
large enough, (N (w1, (z)))"1(0)NU C ul_,} (0)NU so {(N (w1, (x))"(0)NnU}
converges to A; N U in the sense of chains.m

Once we have proved Claims [£5] .8 the proof of Proposition is also
completed.m

5 Generalization of Theorem [2.1]

Let f: U — V be as in Theorem 21l As already mentioned, Wlthout loss of
generality, we can additionally assume in Theorem 2] that f(U ) = V and
V C C™ x CF has proper projection onto C™ where m = dim(V). Write
f= (f f) where f f denote the first m and the last & components of f,
respectively. Then f(U) ¢ Yy .

Let V(f) denote the pull-back of V by f, i. e. V(f) = (f x idgk) (V).
Then the fact that f(U) € V can be equivalently stated as graph(f) ¢ V(f).
Under these assumptions Theorem 2] can be reformulated as follows.

Theorem 2.1’ For every open U € U there are a sequence fl, U — C™ of
Nash maps converging uniformly to f|U and a sequence M, of Nash sets of pure

dimension n converging to graph(f) (U x CF) in the sense of chains such that
M, CV(f,) for every v.

Indeed, in this case, for v large, (shrinking U slightly we obtain that) M, is the
graph of a map that defines the second part f, of f, = ( fl,, ), cf. the proof of
Corollary B8 But the method of the proof gives that f can be approximated
by Nash maps fl, in such a way that all purely n—dimensional analytic sets
(in particular all graphs of maps holomorphic on U) contained in V( f ) can be
simultaneously approximated in the sense of chains by Nash sets contained in
V( fl,) More precisely, the following generalization of Theorem 2.1’ holds.

Theorem 5.1 Let U be an open polydisc in C" and let V. C C™ x CF be
an algebraic variety of pure dimension m with pmper projection onto C™. Let
f U—C™ bea holomorphzc map such that f ) € Bv. Then for every open
U €U there is a sequence fl, : U — C™ of Nash maps converging uniformly to
f|U such that for every analytic set M C V(f) of pure dimension n there is a
sequence M, of Nash sets of pure dimension n converging to M N (U x Ck) in
the sense of chains such that M, C V(f,) for every v.

Proof. Let Nq,..., N be polynomials in m complex variables such that ¥y =
{N, = ... = N, = 0}. Shrinking U if needed we can assume that f~!(Zy)
has finitely many, say p, (n — 1)-dimensional irreducible components. Denote
these components by C4,...,Cy. Let uy,...,u, be minimal defining functions
for C1,...,Cp, respectively. Then there are R; € O(U) and k;; € N, for
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j=1,...,sand i = 1,...,p, such that Njo f = Rjulfj’l . -u];j’p, and every
R; does not vanish identically on any C;.

Fix open 0,[7 with U € U e U. By Theorem 2] there are Nash maps
f,,, R; ., u;,, approximating f, R;, u;, respectively, on U and such that N; Ofl, =
Ry uy) -y, for j = 1,...,5. Now X = V(f) N (U x C¥), X, = V(],)
satisfy the assumptions of Theorem [B.7l Application of this theorem completes
the proof.m

Acknowledgements. We wish to thank Professor Wojciech Kucharz for reading an
early version of this manuscript and for helpful comments. We also thank Dr Jakub
Byszewski for a helpful discussion.

References

[1] André, M.: Cing exposés sur la désingularization, manuscript, Ecole Polytechnique
Fédérale de Lausanne, 1992

[2] Artin, M.: On the solutions of analytic equations, Invent. Math. 5, 277-291 (1968)

[3] Artin, M.: Algebraic approzimation of structures over complete local rings, Publ.
LH.E.S. 36, 23-58 (1969)

[4] Barlet, D.: Espace analytique réduit des cycles analytiques complexes compacts
d’un espace analytique complexe de dimension finie, Fonctions de plusieurs variables
complexes, II, Sém. Francois Norguet, 1974-1975, Lecture Notes in Math., 482, pp.
1-158, Springer, Berlin 1975

[5] Bilski, M.: Approzimation of analytic sets with proper projection by algebraic sets,
Constr. Approx. 35, 273-291 (2012).

[6] Bilski, M.: Algebraic approzimation of analytic sets and mappings, J. Math. Pures
Appl. 90, 312-327 (2008)

[7] Bochnak, J., Kucharz, W.: Approzimation of holomorphic maps by algebraic mor-
phisms, Ann. Polon. Math. 80, 85-92 (2003)

[8] Chirka, E.: Complex analytic sets. Kluwer Academic Publ., Dordrecht-Boston-
London 1989

[9] Demailly, J.-P., Lempert, L., Shiffman, B.: Algebraic approzimation of holomorphic
maps from Stein domains to projective manifolds, Duke Math. J. 76, 333-363 (1994)

[10] van den Dries, L.: A specialization theorem for analytic functions on compact
sets, Nederl. Akad. Wetensch. Indag. Math. 44, 391-396 (1982)

[11] Drinovec Drnovsek, B., Forstneri¢, F.: Strongly pseudoconvex domains as subva-
rieties of complex manifolds. Amer. J. Math. 132, 331-360 (2010)

[12] Drinovec Drnovsek, B., Forstneri¢, F.: Holomorphic curves in complex spaces.
Duke Math. J. 139, 203-253 (2007)

[13] Fatabbi, G., Tancredi, A.: On the factoriality of some rings of complex Nash
functions. Bull. Sci. Math. 126, 61-70 (2002)

[14] Forstneri¢, F.: Holomorphic flexibility properties of complex manifolds, Amer. J.
Math. 128, 239-270 (2006)

[15] Frisch, J.: Points de platitude d’un morphisme d’espaces analytiques complezes.
Invent. Math. 4, 118-138 (1967)

23



[16] Hartshorne, R.: Algebraic geometry. Graduate Texts in Mathematics, No. 52.
Springer-Verlag, New York, 1977

[17] Hauser, H., Rond, G.: Artin Approzimation. Preprint:
homepage.univie.ac.at /herwig.hauser/

[18] Hormander, L.: An introduction to complex analysis in several variables. North-
Holland, Amsterdam-New York-Oxford-Tokyo 1990

[19] Kucharz, W.: The Runge approzimation problem for holomorphic maps into
Grassmannians, Math. Z. 218, 343-348 (1995)

[20] Lang, S.: Algebra. Revised third edition. Graduate Texts in Mathematics, 211.
Springer-Verlag, New York, 2002

[21] Lempert, L.: Algebraic approzimations in analytic geometry, Invent. Math. 121,
335-354 (1995)

[22] Lojasiewicz, S.: Introduction to complex analytic geometry. Birkhduser, Basel
1991

[23] Marinescu, G., Yeganefar, N.: Embeddability of some strongly pseudoconver CR
manifolds, Trans. Amer. Math. Soc. 359, 4757-4771 (2007)

[24] Mir, N.: Algebraic approzimation in CR geometry. J. Math. Pures Appl. 98, 72-88
(2012)

[25] Napier, T., Ramachandran, M.: The L?0-method, weak Lefschetz theorems, and
the topology of Kahler manifolds, J. Amer. Math. Soc. 11, 375-396 (1998)

[26] Ogoma, T.: General Néron desingularization based on the idea of Popescu. J. of
Algebra 167, 57-84 (1994)

[27] Popescu, D.: General Néron desingularization. Nagoya Math. J. 100, 97-126
(1985)

[28] Popescu, D.: General Néron desingularization and approzimation. Nagoya Math.
J. 104, 85-115 (1986)

[29] Spivakovsky, M.: A new proof of D. Popescu’s theorem on smoothing of ring
homomorphisms. J. Amer. Math. Soc., 12, 381-444 (1999)

[30] Swan, R.: Néron-Popescu desingularization. Algebra and geometry (Taipei, 1995),
135-192, Lect. Algebra Geom., 2, Internat. Press, Cambridge, MA, 1998

[31] Tancredi, A., Tognoli, A.: On the relative Nash approzimation of analytic maps,
Rev. Mat. Complut. 11, 185-201 (1998)

[32] Tworzewski, P.: Intersections of analytic sets with linear subspaces, Ann. Sc.
Norm. Super. Pisa 17, 227-271 (1990)

[33] Tworzewski, P.: Intersection theory in complex analytic geometry, Ann. Polon.
Math., 62.2 177-191 (1995)

[34] Tworzewski, P., Winiarski, T.: Continuity of intersection of analytic sets, Ann.
Polon. Math. 42, 387-393 (1983)

24



	1 Introduction
	2 Outline of the proof of Theorem ??
	3 Preliminaries
	3.1 Runge domains and polynomial polyhedra
	3.2 Nash maps and sets
	3.3 Convergence of closed sets and holomorphic chains
	3.4 Analytic sets with proper projection
	3.5 Holomorphic maps into algebraic varieties
	3.6 A discriminant criterion for the existence of algebraic approximations

	4 Proof of Theorem ??
	4.1 Reduction to the case when K is a polydisc
	4.2 Proof of Theorem ??
	4.3 Proof of Proposition ??
	4.4 Proof of Proposition ??

	5 Generalization of Theorem ??

