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PRYMS OF NON-CYCLIC TRIPLE COVERINGS AND LOG
CANONICAL MODELS OF THE SPIN MODULI SPACE OF GENUS 2

HERBERT LANGE AND ANGELA ORTEGA

ABSTRACT. We show that the moduli spaces of non-cyclic triple covers of genus 2 curves
and that of even spin curves of genus 2 are birationally isomorphic via the Prym map.
We describe the log canonical models of the moduli space of S5~ and use this to extend
the above birational map.

1. INTRODUCTION

In recent years, the log minimal model program has been carried out completely for
the moduli space Mg in low genera and in many cases these models have also a modular
meaning. For instance, in [16] the Deligne-Mumford compactification and the GIT com-
pactification of M, are realized as log minimal models of M. In this paper we study the
log canonical models of the moduli space g; of even spin curves of genus 2. Our initial
motivation was to find out if the birational morphism, induced by the Prym map, between
the moduli space R3% of non-cyclic étale triple coverings of genus 2 curves and S5 ([22],
[23]) could be related to a new modular compactification of the spin moduli space. In
order to state our theorems let us recall some previous results.

Let f: Y — X be a non-cyclic étale 3-fold covering of a smooth projective curve X
of genus 2. Its Prym variety P(f) := (KerNm f)° is a Jacobian surface with principal
polarization =, giving rise to a map Pr: Ry§ — J2 into the moduli space of canonically
polarized Jacobian surfaces. In [22] we showed that this map is finite of degree 10 onto
its image which is an open set in J5. We also proved that the Prym map is not surjective
and determined its image explicitly.

In [23] we extended this map to a proper map which is surjective onto the moduli
space Ay of principally polarized abelian surfaces. To be more precise, we denote by
S3 := (0,7 | 0% = 72 = (067)? = 1) the symmetric group of order 6 and let s, M, denote
the moduli space of admissible Ss-covers of stable curves of genus 2, as defined in [I]. We
consider the following open subspace

63]\7;2 :: {[h:Z—)X] € o, 7 pa(Z) = 7 and for any node z € Z, }

the stabilizer Stab(z) is of order 3

For all [h: Z — X] € 63% the Prym variety of f : Y := Z/(7) — X is a principally
polarized abelian surface, independent of the involution 7 € &3. This defines a Prym
map Pr: g,My — Ay which is proper, surjective and finite of degree 10.
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The description of the fibres of the Prym map suggests that there is a close relation
between the space ¢, M, and the moduli space S5 of even spin curves of genus 2. We
define the following open subspace

GSMQ = {[h 7 — X] € s, M, | X irreducible }
Then our first result is

Theorem 1. There is a canonical isomorphism o : g, My — Sy .

This is true even on the level of moduli stacks (see Theorem [B1]). We then consider
the question whether one can extend this isomorphism to a regular map defined on the
whole of g, ZT/[/Q with values in some compactification of Sy . For this we work out the log
canonical models of the compactification g;r of S5, as defined by Cornalba in [8]. We
denote by 3; (respectively S;7) the moduli stack corresponding to ?; (respectively S57)
and by d := 3; \' S5 the boundary divisor. The log canonical models of 3; with respect
to K§2+ + €) are defined by

3;(6) := Proj (@ F(gg,n(Kgg + e5))> ,

n>0

for e € QN [0,1]. The fact that sections of invertible sheaves on 3; are pullbacks of
sections of the corresponding sheaves on g; implies that the log canonical model of 3;
with respect to K§2+ + €6 can be identified with the log canonical model g;(e) of g;r with

respect to the corresponding divisor in g;r (see Corollary [6.4)).
The following theorem (see the end of Sections 6 and 9) is analogous to the correspond-
ing result of Hassett’s for My (see [16, Theorem 4.10]).

Theorem 2. Consider the log canonical model of 3; with respect to K§2+ + €, that

18, the log canonical model of g;r with respect to the corresponding divisor in g;.
(1) Fore> 31 we have g;(e) ~ E;

—t —inv —inv . .
(2) For 32 < e < 3T we have S, (e) ~ S§ , where S§ denotes the invariant

theoretical compactification (for the definition see Section 7).

(3) Fore= % we get a point; the log canonical divisor fails to be effective for e < %.

The invariant theoretical compactification of S is the Proj of certain ring of invariants
arising from the parametrization of binary sextic forms together with a partition of the
roots into two sets of three elements. Concerning the extension of the map « to the whole

of &,M> we finally obtain (see Propositions A2 and [0.I)):

Theorem 3.

€ construction aejinin, € 150Mon w$smao s /\2 0€S not exten 0

(1) Th truction defining the i phi My — S5 d t extend t
M .
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(2) The isomorphism o : 63]\/4\2 — S5 extends to a regular map 63]\% — S_;mv.

The paper is organized as follows. In Section 2 we recall the definitions of the main
moduli stacks and spaces which are used in the sequel. In Section 2 the proof of Theorem
1 is given. In Section 4 we show Theorem 3 (1). In Section 5 we compute the nef cone

of ?; and apply this in Section 6 to prove Theorem 2 (1). In Section 7 and 8 we study
the invariant-theoretical compactification S_;mv and the canonical map ?; — S_;mv and
use this in Section 9 to give a proof of Theorem 2 (2) and 2 (3). Finally, in Section 10 we

prove Theorem 3 (2).

We work over an algebrically closed field &k of characteristic zero. Moduli spaces are
denoted by capital bold letters, the corresponding moduli stacks by the corresponding
cursive letters. Divisors on a coarse moduli space are denoted by capital Latin letters,
divisors on a moduli stack by small Greek letters. We denote a divisor and its class in
the rational Picard group by the same letter.

We thank I. Dolgachev for the hint leading to Remark The second author is
thankful to G. Farkas for helpful and stimulating discussions.

2. THE MODULI STACKS

2.1. The stacks of Gs-coverings of genus-2 curves. Let g, Ms denote the moduli
stack of étale Galois covers of smooth curves of genus 2 with Galois group the symmetric
group &3 of order 6 ([2, Theorem 17.2.11]) and its compactification ¢, My of ¢, My by
admissible G3-covers as constructed in [I] (see also [2 Chapter 17]).

We consider the following open substack 631\72 of ¢, M, associated to the functor

F : Sch/C — Ens defined by

SR {[h . Z = X over S € o, Mo for all s € S, pa(Zs) = 7, X is irreducible, }

for any node z € Z;, Stab(z) is of order 3

Note that GB.A//l\Q is a smooth Deligne-Mumford stack of dimension 3. The functor F

admits a coarse moduli space denoted by &, M,.
According to [23] the stack admits a stratification

63M\2 = 63M2 LRy UR,.

Here R, (respectively R;) denotes the locally closed substack of 63./\72 where X, admits
exactly one node (respectively two nodes) for all s. The index refers to the dimension
of the substack. Similarly, there is a stratification 63]\/4\2 = g, My U Ry U Ry for the
corresponding moduli spaces.

2.2. The stacks of genus-2 spin curves. Recall that a smooth spin curve of genus 2
is a pair (C, k) with C' a smooth curve of genus 2 and  a theta characteristic on C, i.e.
a line bundle on C' whose square is the canonical bundle. This definition extends in the
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obvious way to families of spin curves. Let S; denote the moduli stack of smooth spin
curves of genus 2. It is associated to the functor G : Sch/C — Ens defined by

S {pairs (C = S, ks) C — S is a smooth curve of genus 2 over S, } .

kg is a theta characteristic of C over S

The moduli stack Ss is a smooth Deligne-Mumford stack which decomposes into two
irreducible components S5 and S, depending on the parity of the theta characteristic.
Thus a spin curve (C, k) is in S (respectively Sy ) if and only if h°(k) is an even (respec-
tively odd) number. Moreover, the forgetful map Sy — M onto the moduli stack M of
(smooth) curves of genus 2 is of degree 10 over S, (respectively 6 over S, ). The functor
G admits a coarse moduli space denoted by S,. Clearly we have Sy = Sy U S, .

We recall now the compactification Sy of Sy constructed by Cornalba in [§] (in fact,
the construction works for arbitrary genus, we only need the genus-2 case). A rational
component £ C X of a nodal curve X is called ezceptional if #(E N X \ E) = 2. The
curve X is called quasi-stable if #(F N X \ E) > 2 for any smooth rational component
E C X and any two exceptional components are disjoint. A (generalized) spin curve
of genus 2 is a triple (X, k, 3), where X is a quasi-stable curve of (arithmetic) genus 2,
k € Pic'(X) is a line bundle such that kK = Og(1) for every exceptional component
E C X, and 8 : k%% — wy is a sheaf homomorphism which is generically non-zero along
each non-exceptional component of X.

When X is smooth, k is an ordinary theta characteristic and 3 is an isomorphism.

A family of spin curves over a base scheme S consists of a triple (X EN S,n, ) where
f: X — Sis a flat family of quasi-stable curves, n € Pic(X) is a line bundle and
B :n®% — wy is a sheaf homomorphism, such that at every point s € S the restriction
(X, s, Bs) is a spin curve of genus 2. The compactification S, is the stack associated to

the functor G : S +— {(X ER S,n,5)}. Again one has the obvious decomposition
S, =8, U8,

depending on the parity of h°(C, k).
__Let us describe the boundary components of ?; respectively 3; . Denote by 7 : g; —
M, the forgetful map [X, k, 5] — [C], where C' is the stable model of X is obtained from
X by contracting all the exceptional components.

If [X, K, 8] € 7 1([X1 U, Xz]) where X; and X, are elliptic curves intersecting transver-
sally in a point y, then necessarily

X = X, U,, EU,, X,,
where F is an exceptional component such that X; N E = {y;} and Xo N E = {y»} with
7(y;) =y for i = 1 and 2. Moreover,
K= (HJXI, Kx,, KE = OE(l)) € PiCl(X),

with theta characteristics rx, on X; for i = 1 and 2. The condition 2°(X, k) = 0 mod 2
implies that xkx, and kyx, have the same parity. We denote

X and k as above with h%(kx,) = 0fori=1,2 }

o =+
Ay = closure Of{(X’ K, B) € 5 and 8 = the obvious map (i.e. zero on E)




and

By := closure of{(X, K, B) € g;r

= Oy, fori=1,2 }

and § = the obvious map (i.e. zero on F)

If [X,k, ] € 7 (]C]) with C an irreducible one-nodal curve, v : C' — C' denotes the
normalization of C', and

C=é/y1~yz

where y; and y, map to the node y of C, then there are two possibilities, namely
X=C or X=CUyymE

with £ an exceptional component. In the first case let k5 := v*(x). Then /4%2 = Ka(y: +

y2) and there is only one choice of gluing the fibres kz(y1) and kz(y2) to get & such that
h(X, k) = 0 mod 2. We denote

Ag := closure of {(X, K, B) € g; ‘ X =, k as above and (8 the obvious map } )

If [X, k, B8] € 7 1([C]) with X = 5U{y17y2}E, then kg := k®Og is a theta characteristic
on C and k|p = Og(1). Since H*(X,wy) ~ H(C,wg), it follows that ks is an even theta
characteristic on the elliptic curve C. We denote

By := closure of{(X, K, f) € E;’

and [ the obvious map } '
We denote by ay, By, a1, 51 the corresponding divisors of the stack g; All in all, we have

§;—:‘S';rl—lzélol—lBOI—lAAll—lBl and EJISJLIO[OI_IﬁOI_IOle_IBl

3. THE ISOMORPHISM g, My — S

Let J5 be the open substack of the stack of canonically polarized Jacobians of smooth
curves of genus 2. In [23] we showed that the Prym map

Pr:Gg@%j2

is a finite surjective morphism of degree 10. The descrlptlon of the fibres of Pr hints
that there is a relation between the spaces GSMQ and S Note that the forgetful map
S5 — M, is also of degree 10. The idea is, to associate to each admissible non-cyclic

Gs-covering [Z — X| € 63]\/4\2 the theta divisor of the corresponding Prym variety P(f)
of the induced covering f : Y = Z/(t) — X, which in this case is a smooth genus 2
curve (', together with the theta characteristic arising from a naturally defined 6:1 map
C — P

Theorem 3.1. There is a canonical isomorphism of stacks

CYZ@SMQ—>82+.
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Proof. Let [h: Z — X over S] € @SM\Q. So the group &3 = (o, 7) acts on Z over S. The
quotient Y := Z/(7) is an admissible cover of degree 3 of X’ over S. Let

f:y—-x

denote the induced morphism. For any closed point s € S we associated in [22] and [23]
a smooth curve C(s) and a theta characteristic k(s) on C(s) in the following way: Let

P e

f(s) : Y(s) = X(s) denote the normalization of the map f(s) : Y(s) = X(s). The curve

Y(s) is hyperelliptic of genus 4 (respectively 3 or 2 if X'(s) has 1 or 2 nodes) and there is
a commutative diagram (see [22] proof of Theorem 5.1] in the smooth case and [23], proof
of Theorem 9.1] in the nodal case)

(3.1) Y(s) —— P <2 ()
I8 s

(
ilv )LAﬂ

X(s) —=P!

where the horizontal maps of the square are the hyperelliptic coverings (respectively a
suitable double cover in the nodal case) and C(s) is a smooth curve of genus 2, which is a
theta divisor of the principal polarization of the Prym variety of the covering f(s), with
hyperelliptic cover ¢(s). To be more precise, in any case (X' (s) smooth or not) there are

6 Weierstrass points ¢y, -, g of Y(s) and 2 ramification points p; and py of the double

P

cover X(s) — P! such that
fs) @) = f(s)(a2) = f(s)(gs) =p1 and  f(s)(q1) = f(5)(g5) = f(5)(d6) = p2.

We can then consider the Prym variety of f(s) as a subvariety of PicQ()/)Z_s/)) and the
—~—(2

) TP
symmetric product Y(s) as an open subset of Pic*())(s)) in the usual way. In the
smooth case the curve C(s) is given as (see [22], Section 4.5])

C(s) ={Oy(y +2) € Pic®(Y) | f(y) = f(tv2), 2 # y}

with the reduced subscheme structure, where we write f for f(s) and ¢y denotes the
hyperelliptic involution of Y. In the nodal case there is a slight modification of this
definition for which we refer to [23] Section 8]. With this notation the curve C(s) in any
case irreducible and smooth of genus 2. Its Weierstrass points are the 6 points of C(s):

w1 = |1 + 2], we = [¢1 + @3], w3 = [q2 + g3], wa = (g1 + @), w5 = [q4 + 6], ws = [g5 + G5

(see [22], Proposition 4.18] and [23, Remark 8.9]). The composed map #(s) is the morphism
given by the pencil generated by the 2 divisors 2wy + 2wy + 2ws and 2wy + 2ws; + 2ws.
Clearly, the linearly equivalent divisors w; + ws — w3 and wy + ws — wg of C'(s) define an
even theta characteristic x(s) on C(s) which is uniquely and canonically determined by
the covering f(s).

By construction the pair (C(s), k(s)) depends algebraically on s. Hence we get a family
of pairs

ah: Z2 = X):=(C,k) €SS
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over S with Cs = C(s) and similarly for k. Clearly the family is flat as a family of smooth
curves.

Conversely, let [(C,x) over S] € S5. So for every closed point s € S, the curve
C(s) := Cs is a smooth curve of genus 2 and k(s) := ks an even theta characteristic on
it. Recall that if W = {wq,...,ws} are the Weierstrass points of C(s), the even theta
characteristics are of the form (s) = O¢(s)(wi + wj — wi) ~ Ocs)(wi + Wi, — wy) Where
w;,w;,wy, are different points of W and wy, wy,, w, their complement in W. Hence k(s)
determines a partition of W into 2 complemetary subsets of 3 elements of W. We use
the associated divisors 2w; + 2w; + 2wy, and 2w; + 2wy, + 2w,, to define a degree 6 covering
¥(s) : C(s) — P! which certainly factorizes via the hyperelliptic covering ¢(s) : C'(s) — P!
and a degree 3 covering f(s) : P! — P'. So we get the right hand triangle of diagram
len A

The map f(s) is certainly unramified at the 6 points W; = ¢(w;) and maps w;,w;
and @, to p; and w;, W, and W, to P, say. According to the Hurwitz formula, f(s)

is of ramification degree 4. Suppose first that f(s) is simply ramified. Let @z, ... @
denote the ramification points and ps,...,Ps the corresponding branch points. Then
define hyperelliptic curves Y(s) with ramification points over wy, . ..,w1o and X(s) with
ramification points over py, ..., Dg.

Now suppose f(s) is simply ramified at @; and W and doubly ramified at @y and let
Ds, Dy as well as p; the corresponding branch points. In this case, define hyperelliptic
curves )(s) with ramification points over @y, .. .,ws and a node over Wy and a curve X'(s)
of genus 1 with ramification points over p,,...,p, and a node over p;.

Finally, suppose f(s) is doubly ramified at w; and @wg and let Py, p, denote the corre-
sponding branch points. Then define hyperelliptic curves Y(s) with ramification points
over Wiy, .. .,ws and nodes over w; and wWg and a curve X'(s) of genus 0 with ramification
points over p; and p, and nodes over p; and p,.

Looking at the ramification one immediately checks that in any case the map f(s) lifts
to an admissible covering f(s) : Y(s) — X(s). So we obtain a commutative diagram,
whose normalization is diagram (B.1]). Moreover, it is clear from the constuction that the
diagram varies algebraically with s € S. So we get a family f : JV — & over S. Since
in any case the coverings f; = f(s) are not Galois, the Galois closure h : Z — X of
f:Y — X over S is an admissible G3-cover over S. Clearly we obtain an element

B((C,Kk)):=]h:Z — X over S] € GBM\Q

over S. It is easy to verify that S is inverse to a.

It remains to check that isomorphisms in the category GBM\Q are mapped by a to
isomorphisms in the category S, and conversely. This follows from the fact that the
maps « and [ are determined completely by the Weierstrass points and the ramifications
of the involved coverings and under isomorphisms these are mapped to Weierstrass points
and ramifications of the same type. OJ

As mentioned above, both stacks g, Ms and S;” admit coarse moduli spaces g, Mo and
Sy, Since an isomorphism of stacks induces an isomorphism of the associated coarse
moduli spaces, we obtain as an immediate consequence the following corollary.
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Corollary 3.2. The isomorphism « : 63M\2 — & induces an isomorphism of moduli
spaces g, My — Sy, also denoted by .

4. NON-EXTENSION OF THE CONSTRUCTION DEFINING «

In [23] we considered the following subscheme of the moduli scheme g, M of admissible
G;-covers of stable curves of genus 2:

@SZT/I/Q = {[h . 7 — X] € &, M, pa(Z) = 7 and for any node z € Z }

the stabilizer Stab(z) is of order 3

and we showed that

s M = &, My U S
where S is the closed subscheme of GSZT/I/Q consisting of reducible Gs-coverings. In this
section we study the question whether the isomorphism « : g, My — S5 extends to a
morphism ng\z — g;.

Lemma 4.1. There is a non-empty open set U C S such that a extends to a holomorphic
map g, My LU — E;

Note that 63]/\/[\2 LI U is open in ng\z with complement of codimension > 2.

Proof. The moduli space s,M, of admissible G-covers of stable curves of genus 2 is a

normal projective variety (see [2]). So the open subvariety , M is also normal. Hence its
singular locus is of codimension > 2. Now « defines a rational map @ from the smooth

variety (e, M2)req to g; . Since any such rational map extends to a holomorphic map in
codimension 1 (see [14, p.491]), this implies the assertion. O

However we have,

Proposition 4.2. The construction giving the isomorphism o : 63]\/4\2 — S5 does not
extend to g, Ms.

In order to see what we have to show, let us recall the definition of the map « in
the smooth case. Let Z — X be an étale G3-covering of a smooth curve X of genus 2
and f : Y — X a corresponding non-cyclic étale degree-3 covering. Let hx denote the
hyperelliptic line bundle on X and © the canonical theta divisor in Pic*(Y) given by the
image of the map Y® — Pic*(Y). If ¢ is one of the 2 Weierstrass points of Y such that
f7Y(f(q)) consists of 3 Weierstrass points, we consider the following translate of ©:

0, := 0 — q C Pic*(Y).

Let Nm : Pic?(Y) — Pic?(X) be the norm map. We define P as the following translate
of the Prym variety P of f:

P :=Nm™(hy) C Pic}(Y).
Then we have ([22, Corollary 4.12])
ﬁm@nglLJEQUEg,
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where the Z; are algebraically equivalent divisors, each of them defining the principal
polarization of P and thus pairwise isomorphic smooth curves of genus 2. If a(f) = (C, k),
by definition one has

C=7z.

For the proof of Proposition the theta characteristic  is not relevant.

Now, let f:Y — X be the non-cyclic degree-3 covering given by a general element of
S. SoY =Y, Uy Yz and X = X, U,, Xy with smooth curves Y; of genus 2 (respectively
X, of genus 1) intersecting transversally in the point y, (respectively o) and f = fi1U,, fo
with non-cyclic degree-3 covers f; : Y; — X; totally ramified in the point yo; (= yo) € Y;
for i = 1,2 (we denote the point yo by yo; when considered as a point of Y;). In order to
prove Proposition 4.2, we will show that, defining P and O, in the same way as in the

smooth case, the intersection Pn ©, is not proper, i.e. not a divisor in P. We need first
some preliminaries.

Let ¢¥,...,q° denote the Weierstrass points of Y; for ¢ = 1,2. Then v, is necessarily
one of these points, say yo = ¢¥ = ¢J. For i = 1,2, the hyperelliptic involution of X
lifts to an involution on Y;, which induce an involution on Y. Thus we get the following
commutative diagram

Y=71Uyo72
(4.1) Y = Y1 Uy, Yo — P Uy P
f:flux0f2 3:1 311lf:fluw(y0)f2
6=01Ugz 02
X = X1 Ugy Xo — P! Us(z) P!

where 7; and §; are the hyperelliptic coverings. It follows that the image of any Weierstrass
point under the map f; is a ramification point of ;. Since J; admits 4 ramification points,
say pY,...,p?, we conclude that there is one point p] such that fi’l(pg ) consists of 3
Weierstrass points and 3 points pg such that f —1@{) contains only one Weierstrass point.
Without loss of generality we may assume that

flai) = f(a7) = f(a) = p;
and
fla)=pi, fl@)=p; and f(qg))=p] =0
The normalization of Y (respectively X) is given by ny = uy; U ty, (respectively
nx = tx, Utx,) where iy, (respectively tx,) denote the canonical embeddings Y; — Y
(respectively X; — X). They induce canonical isomorphisms of the Picard varieties

(4.2) ny : Pic(Y) — Pic(Yy) x Pic(Y2) and  n% : Pic(X) — Pic(X;) x Pic(Xy).
In the sequel we identify both sides, i.e. denote the elements of Pic(Y') and Pic(X) by
pairs (Ly, Lg) with L; € Pic(Y;) (respectively Pic(Xj;)).

Now Pic*(Y) consists of infinitely many components, however there are only 2 com-
ponents namely Pic®V(Y) and Pic*?(Y) (with the obvious notation) which admit a

canonical theta divisor (see [5, Proposition 2.2]; these are also the only balanced compo-
nents in the sense of Caporaso’s compactified Picard varieties [§]). Since the situation is



10 HERBERT LANGE AND ANGELA ORTEGA

symmetric in Y; and Y5, we work only with Pic®Y(Y"). Then the canonical theta divisor
is

0 := {L € Pic®V(Y) = Pic* (Y1) x Pic'(Yz) | R°(L) > 1}
with reduced subscheme structure. The following lemma is shown by using Riemann-Roch
formula.

Lemma 4.3. With the identifications Y1 + yonn = {Oy, (y1 + yo1) | v1 € Y1} and Yy =
{Oy,(y2) | y2 € Yo} we have
O = [(Y1 +yo1) x Pic' (Y2)] U [Pic® (Y1) x V3] .
If a family of smooth G3-coverings degenerates to the map f : Y — X described above,
the Weierstrass point ¢ chosen for the translate of ©, specializes to one of the points ¢} or

g5 with i = 1,2 or 3. In the latter case © — ¢ is a divisor of Pic(*°
So we need to work with one of the ¢i, say ¢ = ¢ and define

0, := 0 — g € Pic)(Y).

There is exactly one line bundle of degree 2 with h° = 2 in Pic(l’l)(Y), respectively
Pic"V(X), namely

hy = (Oyi(go1), Oy, (do2)),  respectively  hx = (Ox, (po1), Ox,(po2))-
If Nm; : Pic*(Y)) — Pic*(X) denotes the norm map we define, as in the smooth case,

) which is not balanced.

P as the following translate of the Prym variety P of f:
P :=Nm;'(hx) C Pic"D(Y).

Lemma 4.4. The intersection ©, N P contains the 3 pairwise disjoint curves

%= {(Ovi (g1 +yo1 — ), Ox, (Yoo + 92 = 93)) | 2 € Ya, 5 € f5 ' fa(1)}
fori=1,2,3 which are 3 : 1-coverings of Y.

Proof. According to Lemma .3 we have ¥; C O,. By the identifications (£.2]), Nm; =
Nmy x Nmy, and one computes

Nm((Oy, (@ + yo1 — @), Oy, (Yo2 + yo — 1y, (y2)) =

= (Ox,(p1 + o1 — p1), Ox, (202 + fa(y2) — f2(y2))
= (Ox, (z01), Ox, (02)) = hx.
So ¥; C P. The curves ¥; are pairwise disjoint, since ¢ = ¢ and the line bundles
Ox, (¢t + yo1 — qi) are pairwise different. The last assertion follows from the fact that f,
is a 3 : 1-covering and hence there are 3 preimages 5, € f5 ' fa(12). O

Proof of Proposition 4.2. We may consider Pic(l’l)(Y) as an abelian variety and P as
an abelian subvariety, since both contain the distinguished point hy. According to [23]
Proposition 5.3],

P=P xP,
with elliptic curves P; = Prym(f;) for ¢ = 1,2 and canonical principal polarization. On
the other hand, the principal polarization of Pic(l’l)(Y) is defined by the divisor ©,. So
if the construction of o would extend to the closed subvariety S, the divisor ©, would
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restrict to a divisor defining the threefold of the canonical principal polarization of P.
Being pairwise disjoint, the curves ¥; would define the canonical principal polarization
i.e. would be isomorphic to P, x {0} U {0} x P,. But this contradicts Lemma [£.4] since,
the curve Y, being of genus 2, any 3:1 covering is of arithmetic genus > 2 and hence ;
cannot define a principal polarization. O

=+
5. THE NEF CONE OF 5,

In this section we compute the cone of numerically effective divisors of g; in the rational
Picard group PicQ(gg). For this we consider the moduli space M35 of stable curves

of genus 0 with 6 unordered marked points partitioned into 2 sets of 3 points. If Mg
denotes the usual moduli space of stable 6-pointed curves of genus 2 and

G = (63 X 63) X <T>
where the first &3 acts on the numbers 1, 2,3, the second on the numbers 4,5,6 and
7 = (14)(25)(36), then
Mo,33 = Mog/G.
Here we consider the numbers as indices of the marked points. We use the fact (see [20,
Lemma 20]) that there is a canonical isomorphism

M07[3,3] ~ S;L
In the sequel we often identify both spaces and denote corresponding divisors by the same
letter. Moreover, the composed map MQG — ?; maps the boundary of MO,b‘ onto the
boundary of S; ([200).

Recall that the boundary of MO,G consists of divisors Ag, where S C {1,...,6} with
|S], |5¢| > 2. Each Ag is the closure of the points corresponding to reducible curves with
one node and where S points are marked in one component. We denote the class of Ag
in Picg(Mg) by the same letter.

The divisors in Mo,[:s,s] can be regarded as the divisors in MQG which are invariant
under the action of G. The isomorphism Moi&g} o~ g; is defined in a natural way by

associating to a rational curve with six marked points the admissible double covering
ramified over those points ([20]). Moreover, it maps the following G-invariant divisors

into the boundary divisors of ?; (see |20} table in section 3.1]) :

(5.1) A= Y Ag = A
S€0rbg(12)
(5.2) A= Y Ag = By
S€0rbe(14)
(5.3) Afpyi= > Ag = A
SEOTbe(124)
(54) Algg = A{17273} — By
In order to see the G-invariance of these divisors, use the fact that if {iy,...,ig} =

{1,...,6}, then Ay, 4,503 = Afisisic}- When we consider the G-invariant classes A, A2
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Af,; and Aqg3 as elements of PiCQ(HQ[&g]), we denote them respectively by Ag, By, A;
and Bj. According to [20] the classes Ag, By, A1 and B; generate the Q-vector space
PiCQ(MO7[373] ) .

In order to compute the nef cone of MO,[&?,] we introduce some F-curves. An F'-curve
m MQG is obtained as the image of the map v : MOA — MO,b‘ defined by attaching one 3-
pointed curve at one of the 4 marked points or two 2-pointed curves at two of the marked
points ([13, end of Section 2]). Note that, as a complete intersection curve in Mg, the
curve F' always consists of 3 irreducible components, in the first case the attached curve is
semistable with 2 irreducible components, whereas in the the second case the 2 attached
curves are irreducible.

We consider the following F-curves. Let I'y (respectively I'y) denote the curve in Mg
whose elements are constructed by attaching to a spine labelled with the subset {1, 2, 3}
(respectively {1,2,4}) of {1,...,6} to a 4th point a rational curve consisting of 2 compo-
nents where the component directly attached to the spine is labelled with 4 (respectively
3) and the other curve with 5 and 6 (see Figure 1). This defines a curve in Mg, since the
4th point of the spine moves freely, whereas the other components have 3 marked points:
the nodes and the labelled points.

Let I's be the curve constructed by attaching two 2-pointed irreducible curves to the
spine where exactly one of the attaching points moves and the 2 points on the spine are
labelled with {1,2}. Similarly, we define I'y (respectively I'5) by attaching two 2-pointed
curves and where the labelled points on the spine are {1,4} and one tail is labelled with
{2,3} (respectively {2,5}) (see Figure 1).

FI1GURE 1. Generic points of the F-curves

In principle one should consider the orbit of an F-curve under the action of the group
G, but in order to determine the inequalities defining the nef-cone it will be sufficient to
intersect the divisors with a representative of the orbit.

Lemma 5.1. A rational divisor class aAg + bBy + cAy; + dB; of g; is nef (respectively
ample) if and only if the corresponding class D := aAM + DAY + cASyy + dA193 of Mg
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satisfies
(D-T;) >0 (respectively > 0)
fori=1,...,5.

Proof. The class of D being G-invariant, D is nef as a divisor of Moi&g} if and only if it
is nef as a divisor of M. Hence according to [I8, Theorem 1.3] D is nef if and only if it
intersects any F-curve of M non-negatively. Since D is G-invariant, it suffices to check
this for a representative of the G-orbits of F-curves. Now it is easy to check that there are
exactly 6 G-orbits with representatives I'y,...,I's and I',. Here I'} differs from I'y only
by labelling the middle component with 5 (instead of 3) and the last component with 3
and 6 (instead of 5 and 6). However, by [I8, Lemma 4.3] T", is numerically equivalent to
I's. So this implies the assertion on the nefness and also on the ampleness of the divisor

class. -
Lemma 5.2. The intersection numbers of the divisors A, ... Aiss with T'; are
(AM.Ty) =3, (A®-T1)=0, (A% T1)=0, (A-T)=-1;
(AM-Ty) =1, (A% Ty) =2, (Afy-To)=-1, (A -T2)=0;
(AM-T5) =0, (A% -Ty)=-1, (Afy -Ts)=2, (As-T3)=0;
(A Ty) ==2, (AZ.Ty) =1, (Afy -Ty)=1, (Aps-Ty) =1
0

(AY-T5) =0, (A¥®-Ts)=-1, (Afy-Ts5)=2, (Ap-Ts)=

Proof. This follows by an immediate computation using [18] Lemma 4.3] which gives the
intersection numbers of any boundary divisor with any F-curve of My ,,. 0

From this we immediately conclude the following criterion for a rational divisor class
on M07[373} = ?; to be nef or ample.

Proposition 5.3. A Q-divisor D = aAy + +bBy + cA; + dBy is nef (respectively ample)
if and only if the following inequalities are satisfied

3a>d, a+2b>c¢, 2¢c>b and b+c+d>2a
(respectively all inequalities are strict).

Proof. According to Lemma and the identifications (510), ..., (54) we have
(D-T1)=3a—-d, (D-Ty)=a+2b-—c,
(D-T3)=(-T5)=-b+2¢c, (D-Ty)=-2a+b+c+d.

So Lemma [B.1] implies the assertion. ([l

Remark 5.4. According to [20] the vector space Picg (?;) = Picg(M 3,3) is of dimension
3. Hence there is a non-trivial relation

CLAO+bBQ +CA1 +dBl =0

between the classes A; and B;. Intersecting with the curves I'; we get the system of
equations
3a=d, a+2b=c¢, 2c=0b, b+c+d=2a.
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This gives the relation

(5.5) 3A9g — 2By — A1 +9B; = 0.

in PIC@(S ). Note that this is different from the relation proved in [20, Lemma 21 (ii)].
Since Plc@(S ) is of dimension 3, (B.5) implies that {Ag, By, B1} is a basis of Plc@(S ).

In terms of this basis Proposition |53] can be rephrased as

Corollary 5.5. A divisor D = aAy + bBy + ¢B; of g; is nef (respectively ample) if and

only if

1
b<0 and max(gc,—Qb)g a<— (b+c)

6. PROOF OF PART (1) OF THEOREM 2

As in Section 2 let 3; and M, denote the corresponding moduli stacks of §; and M.
Consider the following commutating diagram:

=t 4 &t
Sy —= 5,

My — 1,

where 7 (resp. 7) is the forgetful map [(C, k)] — [C] and ¢ and ¢ are the natural maps.
The first aim is to give a formula for the class Ky in terms of divisors in ?;.

Let E C M, the locus of the bielliptic curves. Any bielliptic curve C' € E has an
equation of the form
(6.1) y* = (2 = af) (2 — 23) (2" — x3).
Thus the Weierstrass points of C' are 1, +x9, £x3. Let p denote the bielliptic involution
in C.
Lemma 6.1. The preimage of the bielliptic locus E in g;r decomposes as

™(E)=EUE

where E represents the spin curves (C, /<;) with C' admitting a bielliptic involution L p such
that p*(k) = k. Moreover the map 7 : E s E is finite of degree 4 . In particular E is the
bielliptic locus of 52 )
Proof. Given a bielliptic curve [C] € E with equation (6.I) and Weierstrass points
+x1, +x9, 23, it suffices to check that there are exactly 4 even theta characteristics
on C which are invariant under the action of p.

We set 2 := —x; for i = 1,2,3. The involution p acts on the Weierstrass points by
x; — x;. The even theta characteristics on C' are of the form

P1+ P2 —P3 ~ Ps+ D5 — Pe

where {p1,...,ps} is the set of Weierstrass points. Using this equivalence is easy to verify
that exactly the following theta characteristics are fixed by p:

/ / /
T1+22— 23, T1+T2—2T3, T1+Ty— T3 T+ Ty—T3.
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Thus the action of p decomposes 7*FE into to divisors: E where p fixes the theta char-
acteristics and E’ where p permutes non-trivially the remaining 6 theta characteristics,
which are
o —xy, 1<4,7<3, i#].
OJ

Recall that My \ My = Ag U A, where A (respectively A;) is the closure of the locus
of irreducible nodal curves (respectively of the reducible curves) of genus 2.

Lemma 6.2. The forgetful map w : g; — M, is simply ramified on By and unramified
everywhere else in codimension 1.

Proof. Clearly 7 is étale of degree 10 over the smooth locus of M,. We have 7~ 1(Ag) =
Ao U By. From the construction of the divisor Ay we obtain that deg(r|a,) = 4 (since an

elliptic curve admits exactly 4 theta characteristics). Over a semistable curve C' Uy, ,, R
with g(C') = 1 and R a rational component there are exactly 3 even theta characteristics
(since an elliptic curve admits exactly 3 even theta characteristics). From deg(7|p,) = 6
we deduce that 7 is simply ramified in By. One verifies that 7 is étale over A; since

7 YA)) = A U By, deg(m|4,) = 9 and 7 maps B; isomorphically onto A;. O
We use the previous lemmas to compute the class of Kg;

Lemma 6.3. . )
Kt = Cj*(Kgg + 2 (A1 + By) + §E)

where E denotes the spin bielliptic locus of E;

Proof. The map ¢ is ramified along the locus of points in ?;’ which admits an automor-
phism group bigger than (¢) with ¢ the hyperelliptic involution. It suffices to compute
the codimension-one components of this locus. In [16] the locus of such curves have been
computed for M,. It consists of the locus of bielliptic curves plus the boundary divisor
Ai. One immediately checks that the automorphism group of a general spin curve in
71(A;) = A; U By is abelian of order 4. This together with the Lemma proves the
lemma. 0

From the proof we also get that the boundary class ¢ of the stack 3; is given by

1 1

So we get as an immediate consequence

Corollary 6.4. (Ramification formula for q): For every e € Q,

- +1 1~

Proposition 6.5. The divisor K§2+ + €0 is nef (respectively ample) if and only if € > g—g
(respectively the inequality is strict).
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Proof. From [16], Section 4.2 and Proposition 3.6] we have

11 1
Kﬁg = —EAO — €6A1, FE = 3A0 + 12A1

Since by Lemma we have m*Ag = Ag + 2By and 7*A; = A; + By, we get

11 16
K = W*(—EAQ — EAl) + BO

s
11 1 1 1
= ——AO — —730 — —6A1 — —681

5 5 5 5
Moreover by Lemma and the fact that « is étale of degree 10 over M, we get
~ 4
E = —7n"(F
0" P
4 6 12 24 24
= —(7"(BAg+12A1)) = -Ag+ —By+ —A,+ —B
1o (380 +12A1)) = = Ao + —Bo + — A1 + =B,
So Corollary implies Kx + €0 = ¢"F with
8 11 e 3 e 3

The inequalities of Proposition 5.3 applied to I’ give the following conditions for the
class F' to be ample:

- 9 - 57
E>—, €>—
5 25
(the last two inequalities do not impose conditions on ¢). O

Let us recall the definition of a log canonical model. Let X be a normal projective
variety and D = 2?21 a;D; a Q-divisor such that Kx + D is Q-Cartier and 0 < a; < 1.

Definition 6.6. The pair (X, D) is a strict log canonical model if Kx+ D is ample, (X, D)
has log canonical singularities, and X \ U;D; has canonical singularities.

We will also need the following proposition, whose proof we refer to [19, 20.2, 20.3]):

Proposition 6.7. Let Y be a smooth variety and f 'Y — X be a finite dominant
morphism to a normal variety X. Let D = . a;D;, 0 < a; < 1 be a Q-divisor
containing all the divisorial components of the branch locus of f. Let D be a Q-divisor on
Y such that supp(f~'(D)) = supp(D) and f*(Kx + D) = Ky + D. Then (X, D) has log
canonical singularities along D if and only if (Y, D) has log canonical singularities along

D.

Proof of Theorem 2(1). Proposition shows the required ampleness of the divisor F'. In
order to verify the singularity conditions of g; we will use the results in [16, Theorem 4.10].
Consider the finite map 7 : g; — M. We have that M, has canonical singularities away
from A and Ay ([16]). Since 7 " is étale, it follows that g; has canonical singularities
away from 771 (AgUA;) = AgU ByU A; U By. In particular it has canonical singularities
away from the boundary divisors Ag, By, A1, B; and E.
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Since My has log canonical singularities along A, A; and E ([16]), by Proposition
g;r has log canonical singularities along 71(Ag U A; U F) and hence also along
Ay U By U A; U B, UE, since M, is smooth at E and 7 is étale over E. O

7. THE INVARIANT-THEORETICAL COMPACTIFICATION OF Sy

Let C be a smooth projective curve of genus 2 over k. Let F denote the 4-dimensional
vector space over [y equipped with a fixed symplectic form. The group of 2-division
points JC[2] of the Jacobian of C is isomorphic to F3 and admits a canonical symplectic
form, the Weil form. A curve of genus 2 with a level-2 structure consists of a pair (C, ¢)
with a curve C' of genus 2 and a level-2 structure o, that is a symplectic isomorphism
¢ : F3 — JC[2]. Let My(2) denote the coarse moduli space of such pairs. It can be
constructed as follows:

The hyperelliptic covering ¢ — P! is ramified exactly in the 6 Weierstrass points
p1, - .., D6 With images z1,...x¢ € PL. Tt is well-known (see [I1]) that a level-2 structure
on (' is equivalent to an order of the set of Weierstrass points of C'. Denote by

Ag = {(z1,...,76) € (P)® | 7; = ; for some i # j}
the diagonal of the sixfold cartesian product (P1)® of P!. Then
Mp(2) = [(P')°\ Aq] // SLa(k)
where SLy(k) acts in the usual way on P! and diagonally on (P*)¢. The forgetful map
My (2) — Ms, (Cyp)—C

onto the coarse moduli space My of smooth curves of genus 2 corresponds to the quotient
map
[(P1)°\ Ae] //SLa(k) — {[(P")°\ Ag] //SLa(k)} /&6

where the action of the symmetric group &g is induced by its permutation action on (P!)S.

Recall from [24] that an even theta characteristic on C' is the line bundle given by
a divisor p;; + pi, — pi; where the p;; are different Weierstrass points and pj, + pj, —
pj, defines the same theta characteristic if and only if either {ji,j2, 3} = {41,%2,43} or
{i1,12,13, J1, J2, s} = {1,...,6}. This implies that the even theta characteristics of C
are in a natural bijective correspondence with the 3-element subsets of the set {1,...,6}
modulo the involution {iy, 9,43} — {1,...,6}\{i1,42,73}. In order to construct the coarse
moduli space S5~ of even spin curves of genus 2 consider again the subgroup

G = (63)(63))4 <T>

of G4 as defined at the beginning of Section 5.
Clearly the stabilizer of an even theta characteristic given by {i1, 12,43} is conjugate to
GG. Hence we obtain an isomorphism

(7.1) S =5 My(2)/G = {[(B")°\ Aq] //SLa(k)} /G
In [I1], p.17] it is shown that a natural compactification of My(2), the invariant-theoretical

— !

compactification, which we denote by M5(2) m), is isomorphic to the Segre cubic threefold.
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In P° = P5(t, ..., t5) the Segre cubic is given by the equations

5 5
(7.2) $1 1= Zti =0 and s3:= Zt‘? =0

i=0 i=0
where G4 acts by permuting the coordinates. In other words,
(7.3) My(2)"" = Proj (klto, . .., ts]/(s1, s3)) .

Together with (7)) this implies the existence of a natural compactification S_;mv, the
invariant-theoretical compactification of S5, given by

(7.4) S = Proj ((klto, . .., ts]/ (51, 53))°) .

Here (k[ty, ... t5]/(s1,53))¢ denotes the ring of invariants in Clty, ..., ts]/(s1, s3) where
the first &3 acts by permuting tg, t1,ts, the second &3 by permuting t3,t4,t5 and 7 by
exchanging ¢; and ¢;,3 for ¢ =0, 1, 2.

The canonical map Ms(2) — M, factorizes as

My (2) !

N A

where ¢ is étale of degree 10. If we denote by s = sg(to,...,t5) = Z?:o t;‘? for k =
1,...,6, the corresponding rings of invariants are
k‘[to, NN ,t5]/(81, 83) D) (k‘[to, ce ,t5]/(81, Sg))G > (k’[to, cee ,t5]/($1, 83))66 = k’[SQ, S4, S5, 86]

where the last equality holds since &g acts by permuting the ¢;. Taking the Proj of these
rings gives the commutative diagram

S5

(7.5) My(2)

1nY f Finv
2
\ /

—Finv

M,

which compactifies the above diagram by (Z3) and (Z4)). Note that, since the ring
extensions are finite, the maps f and g are everywhere defined and finite. According to

the following remark, H;m} is the classical invariant theoretical compactification of M.

Remark 7.1. With the above coordinates we have

——Finv

M, = Proj (k[sa, 84, S5, 8¢]) = P(2,4,5,6).

On the other hand, in terms of the invariant of binary sextics (see [I7] or [16]),

M," = Proj(k[A, B,C, D]) = P(1,2,3,5)
where A, B, C, D are the classical invariants degree 2,4,6,10 respectively. By [9, Proposi-
tion of Delorme]| there is a natural isomorphism

P(2,4,5,6) ~ P(1,2,3,5).
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Remark 7.2. The ring of invariants (kl[to, ..., ts]/(s1, s3))¢ was explicitly computed by
A. Clebsch in [0, Section 61]. For a modern version see [21, Section 4]. We do not need
the explicit form of the ring.

Remark 7.3. The map g is of degree

156l _ 720

89="15/ =7

=10

which coincides with the fact that every smooth curve of genus 2 admits exactly 10 even
theta characteristics.

In [11] the variety MQ(Z)W is interpreted as the moduli space of semistable ordered
sets of 6 points in P!. As such, the strictly semistable sets are given by the 10 singular

points of M5(2)" . Here we consider Ms(2)"  as the moduli space of semistable curves of
genus 2 Wlth level-2 structure We want to determine the image of the boundary divisor

Mp(2)"\ My(2) in S5 o ‘
Let Dy(2), Dy and D, the boundary divisors of My(2) .S and M, i.e. Do(2) is

the closed subscheme M(2)" \ Ma(2) of MQ(Z)ZM, etc. The above two diagrams induce
the following diagram of finite surjective maps

Dy (2) D
N A

We clearly have
D2<2) = AG = U Dij with Dij = {(.I‘l, c. ,.T6) € (]Pl)G ‘ T; = .Tj}.
1<i<;j<6
Denoting
Alm} = f_<D12) and Blnv = f_<Dl4)7
we have
Proposition 7.4. The divisor DS consists of the 2 irreducible components
Dy = Ay™ U B,

where AI™ (respectively Bi™ ) is the closure of points parametrizing irreducible spin curves
with one node (repectively spin curves with one exceptional component and irreducible
stable reduction).

Proof. The group G acts on the set of components of D(2) with 2 orbits represented
by Dis and D;4 which gives the first assertion. The geometric interpretation of the
components follows from [20] as in (5.I) and (5.2]) above. This explains also the notation.

O
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According to [10, remark after Theorem 9.4.10, p.526] the boundary divisor Dy(2) of
My(2)"" = Proj(k[to, ..., t5)/(s1,s3)) is given by the 15 planes in the Segre cubic with
equations

tidty =tg+ b =ty 4ty =0

where {i,7,k,l,m,n} ={1,...,6}. The group G acts on them with 2 orbits represented
by the planes II; with equations tg + t3 = t; + t4 = to + t5 = 0 and Il with equations
to+t, =ty +t3 =1ty +t; = 0. The orbit of 1I; consists of 6 planes, whereas the orbit of
I, consists of 9 planes. Comparing with (B.I) and (5.2]) this implies

f*(AD") = Orbg(Il;) and  f*(B") = Orbg(Il,)

or equivalently

A = (L) and By = f(IL)

since the natural map My(2) — MQA(Z)ﬂw is G-equivariant.

The Segre cubic threefold Ms(2)" contains exactly 10 singular points i.c. nodes (see
[T, Example 2 p.31]). Their coordinates are (£1, ..., £1) where exactly half of them are
positive. Here the equation is taken in the Gg-invariant form (7.2]). Denoting

a™ = f(1,1,-1,1,—-1,-1) and b := f(1,1,1,-1,-1,-1).
we have

Proposition 7.5. The point a™™ (respectively bi"™) in S_;mv represents all stable spin
curves with 2 smooth genus-1 components connected by one exceptional component with
even (respectively odd) theta characteristics on the elliptic curves.

Proof. The group G acts on 10 singular points of MQ(Z)W with orbits represented by
(1,1,-1,1,—-1,-1) and (1,1,1,—1,—1,—1). The orbit of (1,1,—1,1,—1,—1) consists of
9 singular points whereas (1,1,1, -1, —1, —1) is a fixed point under the action. Comparing
with (B3] and (5.4]) and the definition of A; and Bj gives the assertion. O

8. THE MAP S; — S5
We have constructed two compactifications of the moduli space S5~ of smooth even spin
curves of genus 2, namely the moduli space ?;’ of generalized even spin curves of genus 2

and the invariant theoretical compactification S_;mv. They fit into the following diagram

§;_ S—;znv
M2 Mznv

where 7 denotes the forgetful map, g the map of diagram (ZH), and f is the canonical
holomorphic map constructed in [4, Theorem 1.1].
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Proposition 8.1. There is a canonical holomorphic map fs : g; — S_;mv making the
following diagram commutative:

—  fa  —=ginw

(8.1) Sy —= S5

L k
- f2 —nv
My — M,

Moreover, fo contracts the divisor Ay to the point ai™, the divisor By to the point bi™,

and is biholomorphic on ?; \ (A1 U By).

Proof. Both spaces ?;’ and Sy " are compactifications of S5, which gives a canonical
birational map f, making (8I)) commutative. The boundary of g;r consists of the divisors
Ay, By, Ay, By and the boundary of Sy ™ consists of the divisors A Bi" and the points
a™ bi". The spaces Ay \ (A1 U By) and A7\ (ai™ U b™) (respectively By \ (4; U By)
and B\ (a™ Ubi")) parametrize the same objects. Hence the map f, extends to them.

On the other hand, the divisors A; and B; lie over the boundary divisor A; of M,
whereas the points ai™ and 5™ lie over the boundary point p, (see [3, Corollary 5.3]) of
M;m. Since fy contracts A; to pss, the last assertion follows from Proposition [.5] O

9. PROOF OF PART (2) AND (3) OF THEOREM 2

For the sake of abbreviation let Y := S_;mv and X := M;m be the coarse moduli spaces
and we denote by ¢: Y — Y and ¢ : X — X the corresponding moduli stacks. We have
the following commutative diagram:

Y-y

| b

x—1-Xx
where § denotes the forgetful map of diagram Bl and g the corresponding map on the
stack level. Recall from Proposition [7.4] that the boundary of YV is Dy = Aj™ U Bi"™.

Similarly the boundary of Y is Dy = ai™ + Biv.
Since PicQ(gg) is generated by Ay, By, A1, By with one relation (B.5]), we deduce by

means of Proposition 8] that Pic(Y") is generated by the classes Ay and B{™ with the
relation

(9.1) AP = 2B,

It follows from Lemma[6.2] and Proposition 8.1l that the map g : Y — X is simply ramified
in Bi" and unramified elsewhere in codimension 1. It is well known that Picg(X) is
generated by the class of the boundary Ay. Hence

(Do) = AT + 2Bi™.
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Further we deduce from Lemma and the fact that the bielliptic locus of X is given by
the class 3 (see [16]), that the bielliptic locus of Y is given by the class

~ 2 24
F=—--37(A ——A““’
5 g( 0) 5

As for Corollary we obtain the following formula for ¢: ) — Y. For every € € Q
Ky + €Dy = ¢ (TF*KX + By + %E + €(D2+)>
holds. Using the relation (O.]) and noting that according to [16] we have
Kx =22,

5
we get the following ramification formula for ¢: Y — Y.

Proposition 9.1. For every e € Q we have

Ky +eD3) =q (<—§ 2 >A”“’)
Proof of parts (2) and (3) of Theorem 2. Proposition implies that the class (—% +
2€) A is nef (respectively ample) if and only if € > 32 (respectively € > 32).

It remains to check the singularity conditions of Y. Note first that the boundary of YV
is Aiv U Bi™. Moreover, the divisors Ay and By intersect non-trivially in S, Proposition
8.1 1mphes that the contraction points a{™ and b™ are contained in Ay U Bi"™. Hence
the proof is the same as in the proof of part (1) of Theorem 2 in Section 6. O

10. PROOF OF PART (2) OF THEOREM 3

Recall that a is a canonical isomorphism « : g, M, — Sy and g, M, the partial com-

pactification 63M2 = 63M2 LS of [23], with S the closed subscheme of 63M2 consisting of
reducible &3-coverings. In Section 4 we proved that the construction of the map « does

not extend to a holomorphic map g, Mg — S However, we show the following

Proposition 10.1. The map o : G3M2 — Sy extends to a holomorphic map @ : 63M2 —
S+mv which contracts the divisor S to the point a™ in S .

Proof. According to Lemma (4.1l the map « extends to a birational map & : e, M, — Sy

induced by the construction in Section 3 defined on 63]\/4\2 U U with U C S a non-empty
open set. Since the image of the the map « degenerates to a product of elliptic curves
when a covering in g, ]/\/[\2 degenerates to a spin curve in S, i.e. with underlying reducible
curve, the image &(U) is contained in A; U B;.

Consider (X;, k;) € Sy a family of even spin smooth curves in the image of o degenerat-
ing to an admissible covering X, = C U Cy with C, Cs elliptic curves and C; N Cy = {p}
in the following way. If k; = Ox, (w1 — wat + ws) for some Weierstrass points w ,
i = 1,2,3, then each element in the family comes with a 6:1 map 1, : X, — P! given
by the pencil (2w;; + 2w + 2ws s, 2wa s + 2ws s + 2w ) C |3Kx,| (see Section 3). The
Weierstrass points w; ¢ specialize to points w; ¢ lying on the component C; for ¢ = 1,2,3
and on Cy for i = 4,5,6. One checks that such admissible covering X, — P! U P!
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must be totally ramified at the node p, which is the neutral element for both elliptic
curves and the 6:1 map C; — P! (respectively Cy — P! ) is determined by the pen-
cil 2wy + 2wa o + 2ws 0, 6p) (respectively (2wgo + 2ws o + 2we 0, 6p) ). Then the theta
characteristic x; specializes to kg = (k¢,, kc,) Where ko, = O¢, (W10 — W + W30 — P)
and ke, = Oc, (Wi — wso + weo — p). Clearly these 2-torsion points are non-trivial, so
(X0, ko) € A;. We conclude that &(U) C A;.

inv

Since A; is contracted to the point a{™ in S_gmv under the map f,, there exists a map
a well defined on g, M> making commutative the following diagram:

&My - -5,
5 fa
S—2inv
and such that a(S) = {a{"}. O
REFERENCES

[1] D. Abramovich, A. Corti, A. Vistoli: Twisted bundles and admissible covers. Comm. Algebra
31 (2003), 3547-3618.

[2] E. Arbarello, M. Cornalba, P. A. Griffiths: Geometry of algebraic curves, Volume II.
Grundlehren der Math. Wiss. 268, Springer - Verlag (2010)

[3] D. Avritzer, H. Lange: Pencils of quadrics, binary forms and hyperelliptic curves. Comm. in
Algebra 28 (2000), 5541-5561.

[4] D. Avritzer, H. Lange: The moduli spaces of hyperelliptic curves and binary forms. Math. Z.
242 (2002), 615-632.

[5] A. Beauville: Prym varieties and the Schottky problem. Inv. Math. 41 (1977), 149-196.

[6] A. Clebsch: Theorie der binaren algebraischen Formen. Teubner, Leipzig (1872).

[7] L. Caporaso: A compactification of the universal Picard variety over the moduli space of stable

curves. J. Am. Math. Soc. 7 (1994), 589-660.
[8] M. Cornalba: Moduli of curves and theta characteristics. in: Lectures on Riemann Surfaces
(Trieste 1987), World Sci. Publ., 560-589.

[9] 1. Dolgachev: Weighted projective varieties. Springer Lect. Notes in Math. 956 (1982), 34-71.
[10] I. Dolgachev: Classical algebraic geometry: a modern view. Cambridge University Press (2012).
[11] I. Dolgachev, D. Ortland: Point sets in projective spaces and theta functions. Astérisque 165

(1988).
[12] G. Farkas: The birational type of the moduli space of even spin curves. Advances in Math. 223
(2010), 433-443.
[13] G. Farkas A. Gibney: The Mori cone of moduli spaces of pointed curves of small genus. Trans.
of the American Math. Soc. 355 (2003), 1183-1199.
4] P. A. Griffiths, J. Harris: Principles of Algebraic Geometry. John Wiley & Sons (1978).
5] A. Grothendieck: Eléments de géométrie algébrique II. Publ. Math. THES 8 (1961).
6] B. Hassett: Classical and minimal models of the moduli space of curves of genus two. In: Geo-
metric methods in algebra and number theory, Birkhduser Boston (2005), 169-192.
[17] J. Igusa: On Siegel modular forms of genus two Amer. J. Math. 84 (1962), 175-200.
[18] S. Keel, J. McKernan: Contractible extremal rays in Mg ,. In: Handbook of Moduli Vol. II, G.
Farkas, I. Morrison Eds., Advanced Lect. in Math. 25, International Press (2013), 115-130.
[19] J. Kollar: Flips and abundance for algebraic threefolds. Astérisque 211 (1992).



24

HERBERT LANGE AND ANGELA ORTEGA

[20] S. Krug, Geometry of moduli spaces of spin and prym curves of small genus, Thesis, Hannover
Universitit (2012).

[21] V. Krishnamoorthy, T. Shaska, H. Volklein: Invariants of binary forms. larXiv:1209.0446v1
(2012).

[22] H. Lange, A. Ortega: Prym wvarities of triple coverings. Int. Math. Res. Notices 22 (2011),
5045-5075.

[23] H. Lange, A. Ortega: Compactification of the Prym map for non cyclic triple coverings. Int. J
Math. 24, No. 3, 1350015 (2013).

[24] D. Mumford: Tata Lectures on Theta II, Progress in Math. 43, Birkh&user (1984).

H. LANGE, DEPARTMENT MATHEMATIK DER UNIVERSITAT ERLANGEN, GERMANY
E-mail address: lange@mi.uni-erlangen.de

A. ORTEGA, INSTITUT FUR MATHEMATIK, HUMBOLDT UNIVERSITAT ZU BERLIN, GERMANY
E-mail address: ortega@math.hu-berlin.de


http://arxiv.org/abs/1209.0446

	1. Introduction
	2. The moduli stacks
	2.1. The stacks of S3-coverings of genus-2 curves
	2.2. The stacks of genus-2 spin curves

	3. The isomorphism S3M"0362M2 S2+
	4. Non-extension of the construction defining 
	5. The nef cone of S2+
	6. Proof of part (1) of Theorem 2
	7. The invariant-theoretical compactification of S2+
	8. The map S2+ S2+inv
	9. Proof of part (2) and (3) of Theorem 2
	10. Proof of part (2) of Theorem 3
	References

