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Robust Filtering for A Class of Nonlinear Stochastic
Systems with Probability Constraints

Lifeng Ma*, Zidong Wang, Hak-Keung Lam, Fuad E. Alsaadi and Xiaohui Liu

Abstract

This paper is concerned with the probability-constrained filtering problem for a class of time-varying nonlinear
stochastic systems with estimation error variance constraint. The stochastic nonlinearity considered is quite general
that is capable of describing several well-studied stochastic nonlinear systems. The second-order statistics of the noise
sequence are unknown but belong to certain known convex set. The purpose of this paper is to design a filter guaranteeing
a minimized upper-bound on the estimation error variance. The existence condition for the desired filter is established,
in terms of the feasibility of a set of difference Riccati-like equations, which can be solved forward in time. Then, under
the probability constraints, a minimax estimation problem is proposed for determining the suboptimal filter structure
that minimizes the worst-case performance on the estimation error variance with respect to the uncertain second-order

statistics. Finally, a numerical example is presented to show the effectiveness and applicability of the proposed method.
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I. INTRODUCTION

For several decades, nonlinear stochastic systems have been attracting tremendous interest in the system
science and control community due to their extensive applications in a variety of areas such as communi-
cation, transportation, manufacturing, building automation, computing, automotive, and chemical industry
[1-3]. Nowadays, nonlinear stochastic systems are playing more and more prevalent roles in various branches
of theoretical research and engineering applications, especially those related to signal processing and stochas-
tic control [4-7]. As is well known, in many stochastic filtering problems such as the maneuvering target
tracking problem, the performance requirements are naturally expressed as upper-bounds on the filtering

error variances, see, e.g. [8-10]. Unfortunately, the traditional filtering design techniques (e.g. Hoo filtering
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algorithm and minimum variance filtering approach) are no longer effective in handling variance-constrained
filtering problem since they lack a convenient avenue for directly imposing design objectives stated in terms
of the upper-bounds on the individual error variance values. The covariance control theory [11] developed in
the late 80s has provided a direct filtering methodology for achieving the individual error variance constraints
imposed on the states. It should be emphasized that, since then, due to the elegancy and convenience in
dealing with variance-related problems, the covariance control theory has been serving as a practical method
for variance-constrained control/filtering design as well as a foundation for linear system theory.

In recent years, there has been a renewed research interest on the design technique for the variance-
constrained filtering problem for more complicated systems such as nonlinear stochastic systems and time-
varying stochastic systems [14, 15]. However, it should be pointed out that limited work has been reported
due mainly to the fact that either nonlinearities or time-varying parameters exhibit much more complicated
dynamics than that resulting from the traditional linear time-invariant systems, and this has inevitably led to
unanticipated difficulties in handling the state/output/error covariance. In [12], the error variance-constrained
filtering problem has been solved for linear time-varying stochastic systems in terms of certain Riccati equa-
tions. For a special type of nonlinear stochastic systems, a sufficient condition has been proposed in [13] to
the existence of an optimal filter expressed by the feasibility of a set of Riccati-like equations, and the optimal
filter parameters can be obtained by the gradient method. Unfortunately, filtering problems for more complex
nonlinear time-varying systems with variance constraints have not yet been investigated adequately.

On another research frontier, the past several decades have witnessed the extensive studies and applications
of the celebrated Kalman filtering in the area of signal processing, see [16-19] and the references therein. As
is well known, the standard Kalman filtering algorithm is only applicable to the systems with precise system
models and known statistics of the noises, and this has placed certain restriction in practical engineering.
To improve the robustness of the filter performances, in recent years, much research effort has been devoted
to the robust filtering problem in the branches of stochastic estimation and control theory [20-24]. Several
techniques have been proposed in the literature, among which the well-known minimax estimation approach
has stirred special research interests due to its robustness against the system uncertainties. Such an algorithm
aims to find an optimal scheme such that the worst-case performance over all possible values of the uncertain
parameters is minimized, see [25,26] and the references therein.

It is worth mentioning that, though the minimax algorithm appears to be elegant, it suffers from certain
limitations. The most notable limitation is arguably the conservatism since the minimization is implemented
subject to the worst-case situation that is very likely to be a small probability event. As a result, much work
has been done to reduce the conservatism and several approaches have been exploited. A particular method
incorporating the known constraints (imposed on the system states) into the minimax estimation framework
has proven to be fairly effective. For example, in [27, 28], a receding horizon approximation method has
been proposed to give an optimal filtering algorithm while taking the known constraints on system state
into account, thereby largely reducing the conservatism. Recently, the probability constraint imposed on the
system measured output has been incorporated in [29] to design a minimax filtering algorithm guaranteeing
a minimal worst-case performance index with respect to the unknown disturbance.

It is worth mentioning that the discussion on the system uncertainties has mainly concerned with the
unknown external disturbance (e.g. white Gaussian noises with unknown covariances mentioned above in [29]
or random factors with unknown covariances [30]) and other frequently occurred incomplete measurements

have not been taken into adequate consideration. In practical systems within networked environments (e.g.,
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sensor networks and networked control systems), due to various reasons such as sensor temporal failure, limited
capacity of device or network transmission delay/loss, the measurement signals may have different network-
induced issues such as information loss, equipment failures and nonlinear disturbances. Such a phenomenon is
often referred to as the measurement degradation, which would drastically deteriorate the system performance
and therefore has attracted considerable research attention in the past few years, see [31-35] for some latest
publications. Unfortunately, so far, to the best of our knowledge, the robust filtering problem for nonlinear
stochastic systems with probability constraints on system outputs has not yet been thoroughly investigated,
which still remains as a challenging problem.

In this paper, it is our objective to design a filter that achieves the prespecified variance constraints on the
filtering errors over a finite horizon subject to a probability constraint imposed on the system output. The main
contribution of this paper lies in the following two aspects. 1) A suboptimal filtering algorithm is proposed by
taking the parameter uncertainty, the measurements degradation, the stochastic nonlinear disturbance and
the noise with unknown covariance into simultaneous consideration. 2) The probability constraint imposed on
system measured output is considered to reduce the conservatism of the proposed robust filtering algorithm.
The rest of this paper is organized as follows: Section II formulates the suboptimal robust filter design
problem. Section III presents a filter design algorithm such that the upper-bound of estimation error variance
can be guaranteed. Section IV gives the solution to the addressed suboptimal robust filter design problem
with probability constraint. Section V presents a numerical example. Section VI is our conclusion.

Natation The notation used here is fairly standard except where otherwise stated. R™ denotes the n-
dimensional Euclidean space. The notation X > Y (respectively X > Y) where X and Y are symmetric
matrices, means that X — Y is positive semi-definite (respectively positive definite). E{x} stands for the
expectation of stochastic variable x and E{z|y} for the expectation of x conditional on y. The superscript
“T” denotes the transpose. ||al|3 where a is a vector represents a’a, while ||a||} means aT Aa. tr[A] means
the trace of matrix A. diag{Fy, F>, ..., F,} denotes a block diagonal matrix whose diagonal blocks are given
by Fi,F5, ..., F,.

II. PROBLEM FORMULATION

Consider the following time-varying nonlinear stochastic system defined on k € [0, N:

Tp+1 = Apxy + Brwg,
Yk = Ok (Ck + ACk)xg + Grg(zk, k) + Dywy, (1)

zr = Lgxp + Mywy
where x;, € R" is the system state, y; € R™ and z;, € R™ represent the measured outputs. wi € R" represents
the external disturbance which is a white Gaussian sequence with zero mean. The covariance of wy, is denoted
by W} which is unknown but belongs to a compact and convex set W. Ag, By, Ck, Dy, Gk, Ly, and M}, are
known real time-varying matrices with appropriate dimensions. It is assumed that the mean and covariance
of initial state xg are also known, characterized by Ty and Xy respectively. Without loss of generality, it is

assumed that BkaD;f = 0.

The matrix ACY}, represents the parameter uncertainty and satisfies:
ACy = HyFyEy, R'F <1, (2)

where Hy and Ej, are known matrices. The parameter uncertainty AC} is said to be admissible if it satisfies

(2).
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The stochastic matrix ©y describes the phenomenon of multiple measurements degradation in the process

of information retrieval from the sensor output. ©y is defined as

Oy, = diag{b1x, Ok, - - ., Ormi } (3)

with 6,,(j = 1,2,...,m) being m mutually independent random variables which are also independent from
w(k). It is assumed that 65, has the probabilistic density function p;(s) on the interval [0, 1] with mathematical
expectation éjk and variance ajz-k.

Remark 1: In the system measurement process with multiple sensors, the stochastic matriz O describes the
working status of these sensors. Notice that 01, has the probabilistic density function p;(s) on the interval [0, 1].
In this case, the measurement output model in this paper is more general than those in existing literature where
a Bernoulli distributed stochastic sequence is assumed to take values on 0 or 1 only. In our measurement model,
when 03, = 1, it means that the jth sensor is in good condition, otherwise there might be partial or complete
sensor failure. More specifically, when 0, = 0, the sensor is totally out of order and the measurements are
completely missing, while 0 < 05, < 1 means that we could only measure the output signals with reduced
gains leading to degraded measurements. In this sense, the model (1) offers a comprehensive means to reflect
systems complexity such as nonlinearities, stochasticity and data degraded from multiple sensors.

The nonlinear stochastic function g(z, k) is assumed to satisfy:

E{g(z, k)|zg} =0,

E{gT(:Ej,j)g(ﬂfkak”fEk} =0, k#J (4)

q
E{g" (zr, k)g(e, k)|zr} =Y M(xf Doy
i=1
where Il;; and I';;, (i =1,2,...,q) are known semi-positive definite matrices with appropriate dimensions.
Remark 2: As discussed in [36], the nonlinear description (4) can cover several well-studied nonlinear
stochastic systems, such as system with state-dependent multiplicative noises, nonlinear systems with ran-
dom sequences whose powers depend on sector-bound nonlinear function of the state, nonlinear systems with
a random sequence whose power depends on the sign of a nonlinear function of the state, to name just a few.

The measurement zj, satisfies the following probability constraint:

Prob{zr < ¢r} > 7k, (5)

where @y, and 7y, are given vectors and the inequality holds in an element-wise manner.

It is noted that the system (1) has two different types of outputs, namely, y; and z;. Here, yj is the usual
system measurements that are subjected to certain imprecision resulting from variations of operating points,
aging of devices, identification errors, abrupt changes of working circumstances and temporal failures, to name
just a few. The measured output y; in the addressed model is comprehensive to accounts for parameter uncer-
tainties, randomly occurring nonlinearities, external white noises as well as randomly occurring measurement
degradations.

Remark 3: As discussed in [29], in this paper, zy is the output of interest that is assumed to satisfy the
probability constraint (5). In practical engineering, based on our previous experience/knowledge, we might
have high confidence that certain system output satisfies some upper bound constraints during the estimation
interval. An adequate usage of such kind of additional knowledge, expressed in the form of (5), would definitely

help improve the estimation performance.
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One practical application of the problem formulation (1)—(5) might be the target tracking problem. Nowa-
days, due to the high maneuverability of modern aircrafts, it is often the case that we will have to exploit
as much information as possible from different sensing sources implemented distributively but connected via
networks. In addition, sometimes we might receive the data shared by other allied tracking units. In such a
setting, yi represents the physical data obtained from the sensing sources with adequate knowledge (i.e, the
working condition, the device information, etc) , which allows us to adopt a relatively accurate measurement
model to describe the evolution precisely. On the other hand, z; stands for those information we are interested
and we have a priori knowledge about it. In our case, we have certain confidence (quantified by probability)
that zp is constrained by a known upper bound, and the probability constraint could be obtained and verified
via experiments, training, or actual combat experiences.

Now, consider the following filter for the uncertain discrete time-varying nonlinear stochastic system (1):
T g1 = Apedy + K (yr — OxCriy) (6)

where O, £ E{O;}, and &3, € R is the state estimate, A r1 and Ky are the filter parameters to be determined.
In this paper, it is our objective to design a finite-horizon filter of the structure (6), such that
(1) For all admissible parameter uncertainty, possible degraded measurements and nonlinear distur-

bances, there exists a sequence of positive-definite matrices @)y, satisfying:

E{(xx — &) (zr — 21)"} < Q. (7)

That is, at each time point k, the finite upper-bound on the state estimation error covariance is
guaranteed. It is worth mentioning that, usually, the desired filter satisfying constraint (7) is not
unique but belongs to certain set.

(2) The performance index defined by the following cost function

Ji(F; W) = t1[Qr+1] (8)

is minimized at each time point over all possible values of the unknown noise covariance W} subject
to the probability constraint (5), and a suboptimal filter is obtained eventually.
In short, it is our aim in this paper to seek a suboptimal filtering algorithm via solving the following

minimization estimation problem over the finite horizon k € [0, N]:

JPY = inf sup J(F; Wy)
7 W (9)
subject to: Wy e W, Prob{zr < ¢r} > Y-

Now, we shall recall a lemma which is useful for the subsequent derivation.
Lemma 1: [29] Consider system (1) and the filter .# of the form (6). If the noise covariance Wj, belongs

to a compact convex set W, then there exists a J,?pt such that

mfsuka(J W) = J> —suplank(J Wi). (10)

With the benefit of Lemma 1, the requlred suboptimal ﬁlter can be determined via the procedure stated as

follows:
Step 1. At each time point, find the upper-bound )i on the state estimation error covariance in the presence
of parameter uncertainty, measurements degradation and nonlinear stochastic disturbance occurring

during the process of measurement collecting;



REVISED 6

Step 2. Solve the following optimization problem:
Jp = inf Jy,(F; W), (11)

to determine the parameters Ay and Ky capable of minimizing the performance index defined by
cost function (8) at each time point. In this step, we could obtain the parametric expressions of filter
parameters Ay and Ky in terms of W;

Step 3. Obtain the ultimate suboptimal filter via solving the optimization problem:
J,?pt = sup Jj = supinf J;,(Z; Wy), (12)
Wi W, F

by incorporating the additional knowledge on W} subject to probability constraint (5), and then
obtain the desired filter parameters.

Generally speaking, in this paper, we shall try to design a filter .% using the output measurement yy
while taking advantage of the additional knowledge of the bounded measurement output z, subject to the
probability constraint (5) with the hope of reducing the conservatism of the proposed minimization approach,
thereby improving the estimation accuracy. This problem will be referred to as a probability constrained

finite-horizon robust filtering problem.

III. FiNniTE-HORIZON FILTER DESIGN

In this section, a robust filter design problem for the discrete nonlinear stochastic system (1) will be discussed
over the finite horizon. Specifically, we shall proceed to deal with Step 1 and Step 2 of the design procedures
for the required suboptimal filter mentioned in the previous section.

First of all, by defining a new vector as & = [z} 2F]T
from system (1) and filter (6):

, we can obtain the following augmented system

i1 = (Ak + Ap)& + Brwy, + Grglar, k), (13)
where
i Ay 0 ~ 0 0
k= = —~ 3 = ~ 3
K.01(Cr + ACk)  Ap — Kp01.Cy, K,04(Cy + ACy) 0
_ B _ _ _
k= g , G = 0 , Op =0, —06y.
Ky, Dy, K.Gy,

Define the following second moment for the augmented system (13):

T
‘”f’f] [’“] . (14)
Tp Ty

According to (13) and (14), we could obtain a Lyapunov equation that governs the evolution of Zj,; as

Ep 2E{&& ) =E

follows:

Spr1 =E { (A + Ap)&k + Brwy + Grg(wi, k) (Ak + Ap)ék + Brwr + Grglar, k‘))T} : (15)

Taking the statistical properties of stochastic nonlinear function g(xy, k) and white noise wy, into consideration,
we shall have
ék+1 :E{(Ak + Ak)fkfg(f_lk + zzlk)T} + E{Bkwkwggg} + E{Gkg(a:k, k‘)gT (a:k, k‘)ég}

e a ] (16)
:AkEkAg + Z O’?ijkEkCﬁ + BkaBkT + G, Z Hiktr[FikPk]Gg,

j=1 i=1
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where
_ 0 0

P, = E{zpzl}, Cp= . e; =diag{0,...,0,1,0,...,0}.

J—1 m—j

It is worth noting that the parameter uncertainty ACY is involved in equation (16) which hinders us from
obtaining the exact value of the matrix = Consequently, in the following stage, we shall proceed to propose
an algorithm to eliminate the parameter uncertainty AC}, and then give an alternative way by which a set
of upper-bounds for =), can be guaranteed. To this end, a useful lemma that is capable of dealing with the
parameter uncertainty is firstly introduced.

Lemma 2: [13] Given matrices A, H, E, and F' with compatible dimensions such that F' FT <T. Let X be
a symmetric positive definite matrix and o > 0 be an arbitrary positive constant such that o' —EXET > 0,

then the following inequality holds

(A+ HFE)X(A+ HFE)" < AX™ ' —aETE) AT + o 'HHT. (17)

Next, in order to eliminate the parameter uncertainty, we rewrite the uncertain terms in (16) as follows:

A ERAL = (Ay, + HipFLEy)ER(Ay + Hip FLE)T, (18)
m 5 m 5 B B B B
> 0 CiuErCl = oh(Chr + HouuFrEp) =k (Ci + HyFrEy)T, (19)
=1 =1
where
A Ay 0 i 0 0
Ak = = = 5 Ojk = 5
ka(%kC’k Afk — kaQka kaejC’k 0
- 0 - 0 ~
Hlk: = ) H2k‘: ) Ek:|:Ek‘ 0]
ka@ka kaeij

It follows from Lemma 2 that, if there exists oy > 0 such that a,;ll — Ey2L,ET > 0, then the following matrix

inequalities hold:

AkékAE < Ak(élzl — akEgEk)_1AE + a;lﬁlkﬁfk, (20)
m _ m _ _ B B B
Y o3 CuECh <> a;.k(cjk(zgl — BB, + a;ngkH;k). (21)
=1 i=1

Therefore, we can conclude that the following matrix inequality of =, is satisfied:
ék—i—l §Ak(élzl — OékEgEk)_lAE + alzlfflkf{ill‘g

m
+ 3 0% (CnlER" = anBE ) 7 C 4 o Hoe 13,
=1 (22)
q
+ BkaBE + Gy Z Hiktr[rikPk]GE.
i=1
Up to now, we have eliminated the parameter uncertainty AC} by means of the technique introduced by
Lemma 2. We now turn to seek the upper-bound of Z;, defined in (14). We will show that it can be found
via solving a set of Riccati-like difference equations at corresponding time point. Before giving the detailed

design technique, a useful lemma is introduced.
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Lemma 3: [13] For 0 < k < N, suppose that X = XT > 0, and fx(X) = fF(X), he(X) = h} (X), where
fx(-) and hg(-) are matrix-valued functionals. If there exists Y = YT > X such that

fe(Y) > fr(X), (23)

and
hi(Y) > fr(Y), (24)
then the solutions X and Yj to the following difference equations

Xit1 = fu(Xk), Yip1 =h(Yr), Xo=Y (25)

satisfy X <Yj.

Construct a matrix-valued difference equation as:
= A G om—1 AT 72 \—1 AT -177. 7T
Zk41 :Ak(‘:k — OékEk Ek) Ak + Qg HlkH1k

m
+D_ T (Cﬂf(EEI — o B Ep)TICH + a,;lH%H;k)
7j=1

(26)
— — — q —
+ BkaBkT + Gy, Z Hiktr[PikPk]GE,
i=1
and a matrix inequality as:
o' T — ExExET > 0, (27)

with some positive scalars ag > 0 and the initial condition Zg = Zg. According to (22), (26), (27), and based
on Lemma 3, the following theorem gives a conclusion that the solution Zj to the difference equation (26)
and matrix inequality (27) provide an upper-bound on Zj, defined in (15).

Theorem 1: Given Z, satisfying equation (15), Zj, satisfying equation (26) and inequality (27). If the initial
condition satisfies éo = =g, then ék < Z} holds. In other words, =, is the upper-bound on ék.

Proof: We define two matrix equations from (15) and (26) as follows:

m q
fk(Ek) éAkEkAg + Z U?kéykgké;ll; + BkaBkT + G'k Z Hiktr[FikPk](_}g,
j=1 i=1

hk(Ek) éAk(Elzl — OzkEgEk)_lAE + alzlfflkf{%;

- A T N1 A - - (28)
+ Z 0']2% <C]k(Elzl - akEkTEk)_IC;I]; + a,;ngkH;k)
j=1
— — — q —
+ BkaBE + Gy, Z Hiktr[PikPk]Gg.
i=1
Then it can be easily checked from Lemma 3 that =, < =, holds provided initial condition 2y = =,. |

Remark 4: Theorem 1 shows that the upper-bound on Zj, defined in (14) for the augmented system (13) can
be guaranteed in terms of the solution Ej to the equation (26) with inequality (27). It is worth mentioning
that such solutions are not unique generally. In the following, an attempt will be made to solve (26) and (27)

to select the filter parameters Ay, and Ky, so that the obtained upper-bound is minimized.
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Theorem 2: Consider system (1). Let ag > 0 be a sequence of positive scalars satisfying agll —EkPkEkT > 0.

If the following set of matrix-valued difference equations:
Py = AyPL AL + BLW,BE, (29)

Q1 =~ (A(Qy! — akBF By CL Oy + BIW, DY) !
X (Ak(lel — akEkTEk)_leT(:)k + BkaDkT)T (30)
+ Ak(lel — akEgEk)_lAg + BkaBE,

where

O :(:)ka(Q,gl — akEkTEk)_leT(:)k + a,;l(:)kaHkT(:)k

m
+ Z 0-]2'k <ejCk(Q,;1 — OzkEgEk)_lcl;rej + Oé,?leijH];rej)
j=1

q
+ Z GkHiktr[FikPk]Gg + DkaDkT,
i=1
have positive definite solutions P, and @) such that P, — @, > 0, then there exists a required filter with the

parameters
App = Ap + (Ap — Kp10,Cr)QrER (0, ' T — ExQuER ) ' E, (32)
and

Ky = (BsWiDy + Ar(Qy ' — ax By Er) 'O ©1) 0, (33)

such that the state estimation error covariance satisfies

E{(xx — &) (zr — 31)" } < Qk. (34)

In other words, Q) is the upper-bound of the estimation error covariance. Moreover, with the obtained filter
parameters Ay, and Ky, such an upper-bound @), is minimized in the sense of matrix norm, which indicates
that the minimum of J;, defined in (11) is guaranteed.

Proof: First, assume that = can be decomposed as follows:

_ Py P, —Qy
P, —Qr P,—Qy

where Py, and Q) are defined in (29) and (30) respectively.
Next, we shall show that =Zj defined in (35) is a solution to (26). To this end, substituting the filter
parameters As, and Ky in (32) and (33) into Py of (29) and Qg1 of (30) respectively, after some tedious

(35)

—_
=k

but straightforward manipulations, we can find out that Zj is a solution to the matrix-valued function (26).
Therefore, according to Theorem 1, Zj is the upper-bound of the covariance of system (13). The rest of the

proof is to show the obtained Ay, and Ky, can minimize the estimation error covariance upper-bound Q.
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To this end, it is obvious to see that

Qm:[[ —I]Ekﬂ[[ —I}T
= { Ap — kaékck —Ap — ka@kck ] (521 - a’fEkTEk)_l

_ _ T
X [ A — K700y —Ap — K010, }

i ~ o~ T
+ Zdjz'k [ —Kjre;jCp 0 ] (5;1 — akEgEk)_l { —Kyre;Cp 0 (36)
j=1

m
+ Y ooy Kpre HeH e; K + ap 'K 0 Hy H) O, K
j=1
q
+ (By — Ky D)W (By, — K Di)" + Z kaGkHiktr[FikPk]GEK?k,
i=1
In order to find out the filter parameters minimizing the upper-bound of estimation error variance Qj at

each time point k, we take the first variation of (36) with respective to As; and Ky as follows:

0Qk+1
E?Afk

=2| Ay~ Kp®iCy —Ag — KOGy |
X (Et - BT E) [0 1| =0,

0Qk+1
8ka

=2| A~ KpOiCy —Ap — KOGy |
=1 AT -1 A A T
X (:k — akEk Ek) [ —@k(}k @ka ]

- ~m o~ T
—1-2;::10)2% [ —KyrejCr 0 ] (5;1 _ ozkEgEk)—l { —e;Cy 0 ] 58)

m
+2 Z U?ka,;IkaeijHkTej + QlekaékaHgék
=1

q
— Z(Bk — kaDk)WkDg‘ + 2 Z kaGkHiktr[FikPk]Gg =0.
=1
Then, Ay, can be obtained by
Afk =AL + (Ak — kaéka)QkEg(agll — EkPkEkT)_lEk
X ([ — (Qr — Pk)EkT(Oélzl,[ — EkPkEE)_lEk)_l
=AL + (Ak — ka(:)ka)QkEgEk(agll — PkEgEk)_l
X (I = (Qr = Po) BY Bx(og T — By PeER) ™)™
=Ag + (A — KpOkCr)QuEf Ex (' T — QrE, By) ™!
=Ap, + (A, — KjOrCx)QrEL () ' T — ELQiEyy ) ™' By,

(39)

which is exactly the form in (32).
Likewise, by some tedious but straightforward calculations, we can find the parametric expression of pa-

rameter Ky as follows:

K, = (BsWiDi + Ak(Qy ' — aiEy Ey)~'CL Oy, (40)
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where

" :(:)ka(Q,;l — akEkTEk)_leT(:)k + a,;l(:)kaHkT(:)k

m
+ Z O'Jz-k <ejC'k(Q,;1 — OzkEgEk)_lckTej + OzlzleijHkTej)

=1 (41)

q
+ Z Gkﬂiktr[FikPk]GE + DkaDE
i=1
It can be easily seen that Ky is the same as that in (33). The proof is complete. |
Up to now, we have completed the design procedure Step I and Step 2 and given a sufficient condition of
the existence of the required filter capable of minimizing the state estimation error covariance upper-bound

in terms of the solvability of certain Riccati-like difference equations.

IV. FILTER DESIGN WITH PROBABILITY CONSTRAINTS

In this section, we shall proceed to reduce the conservatism of the results obtained in the previous sections
by incorporating the probability constraint (5) into the optimization problem. By resorting to the technique
developed in [29], the probability constraint can be converted to certain linear matrix inequalities. To this

end, observe system (1) and let Py and r; denote the unique solutions to

{ Py = AP AL + BW,. B, ()

Tht1 = AgTk,
with initial conditions Py = Xy and r¢ = X, respectively.
Denote the ith entry of the probability bound vector ~y; as 7; x and the ith entry of ¢, as ¢; ;. Denote the
ith line of matrices Ly and Mj, as [; ;, and m; , respectively. Then the ith entry of measurement z; can be

represented as follows:

Zik = li kT + My W (43)
Obviously, the probability constraint (5) is equivalent to
Prob{l; xzi, + m; gwr < @ik} > vik, t=1,2,...,m. (44)

In the following, a lemma is given to convert the probability constraints into certain linear matrix inequal-
ities.

Lemma 4: [29]Consider system (1). Let v; > 1/2 be given and assume that 7 is the unique solution to

1 T;k <2
— e 2ds =k 45
=/ o (45)
Then, the probability constraint
Prob{zr < pr} > % (46)
is satisfied if and only if
ik — lixry >0,
2
L (47)
li7kPkl;rk + mi7kamiTk < (M) , 1=1,2,....m
’ ’ Tik

where Py, and r are the solutions of difference matrix equations (42).
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Proof: 1t is easy to know that z; ; is a random variable with mean and covariance being governed by

E{zix} =li kT,

(48)
E{(zip — ligra)(zin — Lixre) ™} :li,kpklgk + mi,kamZk,
where Py, and r are the solutions of difference matrix equations (42).
Define now l
Loy
Tk = (PzT,k i,kTk —. (49)
\/li,kPlek + mi,kamivk
Then it is not difficult to obtain that
1 Tik 2
Prob{l; xxr + m; pwr < @; :—/ e 2ds. 50
{ i,kTk i,kWEk %,k} \/ﬂ . (50)

Notice that the left hand side of (50) is a monotone increasing function of 7; ;. Consequently, it is easy to
know that
Prob{zix < ik} > vik
TiE > T;:k
2
ik
The proof is now complete. u
Based on Theorem 2 and Lemma 4, we can immediately obtain the following theorem giving a sufficient con-
dition to solve the addressed suboptimal filtering problem for nonlinear time-varying systems with parameter
uncertainty, measurements degradation and stochastic nonlinearity.
Theorem 3: Consider system (1) and the probability constraint (5) with ¢; ; and v;, > 1/2 being given.

The worst-case performance defined in (9) can be obtained by solving the following minimization problem

Jopt = SVI;;? i%f J(F; W) (52)
subject to the following constraints:

P.1 = AyP.AL + BW,.BF (53)

Qe = —(A(Q;' — B Ey)7'CL O + BW D ) ;!

x (AR(Qr" — arEF Ey)~'CF O, + BWi DY)
+AR(Qy — anEf Ey) LAY + ByWi By (54)
0 < P—Q (55)
0 < o'l - E.PE} (56)
2
Ui Peli e + mi g Wimyy, < <%k7_7*llkrk) , i=1,2....m (57)
ik

Moreover, the suboptimal filtering parameters at each time point can be obtained by (32) and (33).
Proof: Based on Theorem 2 and Lemma 4, the proof of Theorem 3 is quite straightforward, and therefore
is omitted here. |
So far, the whole procedures of the addressed suboptimal filter design problem has been finished. The

existence of the desired filter can be checked by solving the set of Riccati-like difference equations and linear
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matrix inequalities. The filter gains at each time point can be determined by solving the corresponding set of
equations and inequalities provided the minimization problem is solvable. The following algorithm presents a
iterative computing method to gain the desired filter parameters by solving the corresponding minimization
problem.
Algorithm 1: Computational Algorithm
Step 1 Set k = 0. Select properly the initial values Zg, Py and Q.
Step 2 Obtain the range of unknown Wy by inequalities (57) at the time step k with known parameters.
Step 3 Solve the minimization problem (52) subject to constraints (53)—(56) with the range of W} obtained
in Step 2, and calculate Py and Qy11. Based on this, the filter parameters at time step k, that is,
Ay and Kyp can also be computed.
Step 4 Set k=Fk+ 1. If k < Nyax (NVmax is the maximum iterative times), then go to Step 2. Otherwise go
to Step 5.
Step 5 Stop.

V. AN ILLUSTRATIVE EXAMPLE

In this section, we shall present a numerical illustrative example to show the effectiveness and applicability of

the proposed suboptimal filtering technique. Consider the following time-varying nonlinear stochastic system

Tky1 = (

s =0, ([ 0.1+ 0.05cos(0.4k) 0.5 ] 1 0.3F, [ 0.5 0.7 ]) 2p + gz, k) + 0.1,

0.8 + 0.01sin(0.5k)
0.1

0 0.6 + 0.01sin(0.5k)
T +
0.3 + 0.01 cos(0.5k) 0.2

Zk:[l 1]:Ek—|—wk,

where wy, is a zero mean Gaussian white noise process whose covariance is unknown but belongs to certain
range as Wy € [a,b] with a > 0 and b > 0 being known lower- and upper-bounds. Fj = 0.3sin(3k) is a
deterministic perturbation matrix satisfying Fj F; ,;r <I.

In addition, we assume the stochastic matrix O obey uniform distribution on the interval [0,1]. Hence,
the mathematical expectation and variance can be easily calculated as O = 1/2, and 0]2'19 =1/12.

The nonlinear function g(z, k) is taken as follows:

g(zp, k) = { 0.2 0.3 }xk&m

where & is zero mean Gaussian white noise process with unity covariance. Assume that & is uncorrelated

with wg and ©. Thus, the above stochastic nonlinearity satisfies

E{[ e } azk} —0,

E{[ g  (zg, k) ] { g(xp, k) }

IO G 0.04 0.06 .
"7 006 009 |
It is assumed that the measured output z; satisfies the following probability constraint:

Prob{z; < 2.2} > 0.8.
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Set N =200, k=0, a =2, b=_8 and choose the parameters’ initial values as follows:

R Y O Y I e A b |

Solving the minimization problem (52), we could obtain the filtering parameters by equations (32) and (33).
The detailed simulation results are shown in Table I and Figs. 1-3.

Table I shows the worst-case performance index J,gpt calculated based on Theorem 3, where the second /third
columns are the values of J,gpt obtained from the design without/with consideration of probability constraint,
respectively. It should be noted that the last column shows a decrease rate of around 47% on J,?pt when the
probability constraint (5) is taken into account. The plots of upper-bounds as well as the actual variances
for the states w}C and x% are given in Figs. 1 and 2. It can be seen, obviously, the actual variances for the
states stay below their upper-bounds, which indicates that the proposed method is effective and accurate.
Furthermore, the upper-bounds of each state variance in Fig. 1 are larger than those in Fig. 2, and therefore
we can conclude that the obtained worst-case performance index J,?pt without probability constraint is larger
than that with probability constraint, shown in Fig. 3. It proves, as we have anticipated, that the increase of

system accuracy is apparent when the probability constraint is taken into consideration.

TABLE 1

COMPARISON OF J;*' IN DIFFERENT CASES

JPC = inf sup J(F; Wy)
F Wy

time(k) Without probability constraint ~With probability constraint J;:pt decreases

40 5.7444 3.0031 48%
80 5.6314 2.9942 48%
120 5.5113 2.9048 47%
160 5.4026 2.8807 47%
200 5.5240 2.9386 47%

VI. CONCLUSION

This paper considers the suboptimal filtering problem for a class of time-varying systems with parameter
uncertainty, measurements degradation and stochastic nonlinearity subject to probability constraint. The
stochastic nonlinearity considered in this paper is quite general and could cover several classes of nonlinear
stochastic systems as special cases. With the designed filtering algorithm, the upper-bound on the estimation
error variance is guaranteed firstly and then is minimized in the sense of matrix norm at each time point.
A minimax problem is considered to search for the worst-case criterion subject to the probability constraint
on system measured output. The suboptimal filter parameters can be determined at each time point by
solving the corresponding minimax problem. A numerical example is presented to show the effectiveness of

the proposed filtering algorithm.
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