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Tensor computations in computer algebra systems
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This paper considers three types of tensor computations. On their basis, we attempt to formulate

criteria that must be satisfied by a computer algebra system dealing with tensors.

We briefly

overview the current state of tensor computations in different computer algebra systems. The tensor
computations are illustrated with appropriate examples implemented in specific systems: Cadabra

and Maxima.

I. INTRODUCTION

Tensor calculations are used in many fields of physics.
It should be noted that the formalism of tensor analysis
manifests itself in all its might not in all areas; rather
frequently, its simplified versions are used.

Each tensor operation itself is sufficiently simple. How-
ever, even standard computations have to involve many
elementary operations. These operations require great
care and thoroughness. That is why it is important in
this field to use different simplified notations and opti-
mized operations (for example, Penrose tensor diagrams).

One of the tasks of computer algebra systems is to
free the researcher from routine operations, which is also
important in the case of tensor calculus.

II. MAIN APPLICATION FIELDS AND TYPES
OF TENSOR NOTATIONS

To define the key operations with tensors, consider the
main field of application.

A. Nonindex Computations for Theoretical
Constructs

Nonindex computations are commonly used in theoret-
ical constructs and often opposed to component compu-
tations. We implement the main tensor operations in the
nonindex case.

e Addition of tensors. The addition of two tensors of
valence [4] yields a tensor of valence [§]:

A+B=_C.
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The addition of tensors gives the structure of an
Abelian group.

o Multiplication of tensors. The multiplication of ten-
sor A with valence [}] by tensor D with valence [ ]

yields tensor E with valence [gj;“}

A®D=E.

The tensor multiplication defines the structure of a
noncommutative semigroup.

e Operation of Contraction. Let us denote the oper-
ation of contraction of tensors with respect to last
indices by €. Then, under the action of this opera-

tion, tensor I’ with valence [ZE] goes into tensor

G with valence [§]:

CF =G.

e Operation of Permutation of Indices. This opera-
tion is necessary for specifying the symmetry of ten-
sors (for example, a tensor commutator or anticom-
mutator), for expanding the operation of contrac-
tion on the contraction with respect to arbitrary
indices. However, the nonindex approach gives no
way of identifying this operation. Yet, the simplest
symmetries can be explicitly specified in the object
description (in this case, one has to impose restric-
tions on valence to ensure uniqueness).

B. Vector Computations

Vector calculus is the simplest case of tensor calculus (a
vector is a tensor of valence one). The N-dimensional vec-
tor a™ is represented as a set of components n = 1, N, de-
pending on the basis, and a linear law of the transforma-
tion of components for a changing basis. The frequently
used operations are the construction of various differen-
tial operators and change of the basis. The most common
operators are gradient, divergence, and curl (specific to
the three-dimensional space R?) |7, §]).

Component calculations require a basis, a metric, and
connectivity (and, accordingly, a covariant derivative) to
be defined. In vector calculus, it is common to use a
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holonomic basis, which is constructed as a set of partial
derivatives of the coordinates in a tangent bundle and
the dual basis as a 1-form in the cotangent bundle:

N 9 i i
The connectivity and metric are constructed in such a
way that the covariant derivative of the metric be equal
to zero:

Vigij = 0. (1)

In this case, the connectivity and metric are consis-
tent |9].

It should be noted that vector computations often use
a special nonholonomic basis that makes it possible not to
distinguish between contravariant and covariant vectors
and keep the dimension unchanged under a coordinate
transformation] (for details, see [§]):

ry 9 i i
57; = @, 6" =ds N
Here, ds' is the element of length with respect to a given
coordinate and h% are the nonholonomy coefficients (the

J
Lamé coefficients in the case of orthogonal coordinates).

ds' = hjda’.

C. Dirac 4-Spinors

A special case of tensor objects are spinors (also called
spin-tensors). Particularly, spinors are representations
of the Lorentz group with a half-integer highest weight.
Conventional tensors are representations with an integer
highest weight.

For historical reasons, the investigations most com-
monly use Dirac 4-spinors, which are applied to write the
Dirac equations describing fermions with spin % Dirac
4-spinors are essentially irreducible spinors for the case
n = 4 and s = +2, where n is the dimension of the vector
space, s = n — 2u is its signature, and u is the number of
negative values of the diagonal metric tensor gqp.

Usually the handling with Dirac spinors is based on
~v-matrices derived from the Clifford-Dirac equation [3]:

V) = gabl, (2)

where v, are N x N matrices, gqp is a metric tensor, I
is the identity N x N matrix, and N is the dimension of
the spinor space:

271/2,
N = {271/21/2

even n,

odd n.

1 Under this transformation, length goes into length, angle goes
into angle, etc.

where y-matrices are Clifford algebra elements generating
a linear transformation of the spin space.

Since the y-matrix can be regarded as the coefficients
of transition from spin to vector space, the spin coef-
ficients should be introduced more strictly and Eq. (2]
should be written in the following way

YapYoo T VopYao = 29abdy -

The construction of a complete Clifford algebra re-
quires also products of y-matrices, but in view of (2],
it is suffice to consider only antisymmetrized products

Yab...d ‘= FY[aFYb e F)/d] . (3)
Also, we introduce an element ~s:
i
41

where e is an alternating tensor.
The handling with y-matrices is reduced to a set of
relations following from algebraic symmetries, such as

eabcd

V5 = YaYoVeVds

abed

7a7a = 4j7 (4
,ya,yb,yc,ya — 4gbcf, (5
YaVs = Yab + Gav 1, (6
YaYbYe = Yabe + JabVe + 9bcYa — GacVb- (

—_ — — ~—

D. Tensor Calculations in the Theory of General
Relativity

General relativity became the first physical theory re-
quiring the whole power of differential geometry and ten-
sor calculations |5]. These calculations involve bulky
tensor constructs that can be simplified in view of the
symmetry of tensors. Usually, one differentiates between
monoterm and multiterm symmetries. A key element of
the theory is the Riemann tensor, which has both very
simple monoterm and complex multiterm symmetries like
the Bianchi identities.

Monoterm symmetries correspond to simple permuta-
tion symmetries and are given by a group of permuta-
tions. Specifically, for the Riemann tensor, we have

Rbacd - _Rabcd; Rcdab = Rabcd- (8)

Multiterm symmetries are given by an algebra of per-
mutations. The Bianchi identity has the form2:

Ra(bcd) = Rabcd + Racdb + Radbc =0. (9)
The differential (second) Bianchi identity has the formfJ:
Rab(cd;e) = ve‘Rabcd + chabde + vd*Rabec =0. (10)

2 The round brackets in (@) denote symmetrization.
3 Semicolon in (@) denotes covariant derivative.



It is most reasonable to specify symmetries by means
of Young diagrams |2]. Here, the presence of predefined
classes of tensors does not eliminate the need for an ex-
plicit specification of symmetry. For example, the Rie-
mann tensor Rgpeq in different sources has the symme-

tries [b]d]| and [c]d].

E. Types of Tensor Notation

Thus, based on the above types of tensor calculations,
one can specify three types of tensor notation: compo-
nent notation, notation with abstract indices, and non-
index notation. Each type has its own specificity and
application field.

Component indices actually turn a tensor into a set
of scalar values used in specific calculations. Usually, it
makes sense to operate with component indices only after
simplifying the tensor expression and taking into account
all of its symmetries.

The nonindex notation is often used when the re-
searcher is interested in the symmetry of tensors rather
than in the final result. However, this form of notation
lacks in its expressiveness: the tensor is regarded as an
integral entity; accordingly, only the symmetries that are
related to the tensor as a whole can be considered. To
operate with objects of complex structures, one has to in-
vent new notations or add verbal explanations. It is this
problem that should be treated by abstract indices [11].

Abstract indices should be regarded as an improvement
of the nonindex notation of tensors. An abstract index
denotes merely the fact that a tensor belongs to a certain
space, rather than obeying the tensor transformation rule
(unlike component indices). In this case, one can consider
both symmetries covering the full tensor (all its indices)
and symmetries of individual groups of indices.

III. TENSOR COMPUTATIONS AND
COMPUTER ALGEBRA SYSTEMS

Modern computer algebra systems are able to solve
problems of a sufficiently wide class and from different
areas of knowledge. The systems can be highly special-
ized or with a claim to universality (a survey of some
systems can be found, for example, in |1, 16,12]). We con-
sider some computer algebra systems that to some extent
can operate with tensors.

A. Requirements for Computer Algebra System

Three types of tensor notations correspond to three
types of tensor analytical calculations; this leads to cer-
tain requirements for computer algebra systems.

Nonindex computing handles with tensors as integral
algebraic objects. In this case, one can either specify the

simplest type of symmetry (the object is a representa-
tion of a group or algebra) or use objects with predefined
symmetry.

Abstract indices require the ability of specifying com-
plex types of symmetry, for example, through Young dia-
grams. In addition, it is necessary to be able to work with
dummy indices, specify and consider them when bringing
into canonical form. Both types of abstract computa-
tions use information about symmetries for bringing into
canonical form and simplifying tensor expressions.

Component indices require in fact a scalar system of
computer algebra and possibly the presence of simple ma-
trix operations. In fact, a specific coordinate system and
metric are given. Since all operations are performed by
components, the information about the tensor as an inte-
gral object and about its symmetries is lost. Therefore,
all operations with symmetries and bringing into canoni-
cal form must be carried out in the previous phase of the
study.

B. Notation

The use of computer algebra systems often implies in-
teractive functioning of users. In this case, the conve-
nience of notation plays a key role. Historically, the
mathematical notation of tensors follows the notation
of the TEX system; namely, the tensor T} is written as
T~{a}_{b}. Therefore, the use of this notation would
be quite natural. This approach was implemented in
Cadabra however, this is a specialized system for tensor
computing. A tensor notation for general-purpose com-
puter algebra systems should account for the limitations
of these systems (for example, the symbol ~ is normally
reserved and used for exponentiation).

Because general-purpose systems operate with func-
tions and the basic internal data structure is a list, a
functional-list notation is used. The name of a function
can be given by the tensor name, and the covariant and
contravariant indices are given either by a prefix (for ex-
ample, as in zAct):

T(a,-b),

or positionally (for example, as in the Mazima):
T([al, [b]1).

It is also possible to use associative lists, such as
Tensor [Name ["T"], Indices[Uplal, Down[b]l]].

Let us consider the most interesting (for practical use)
implementations of tensor calculations in different com-
puter algebra systems.

C. Cadabra

Cadabra [http://cadabra.phi-sci.com/| refers to
the type of specialized computer algebra systems. The
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area of its specialization is the field theory. Because com-
plex tensor calculations are an integral part of the field
theory, it is not surprising that tensor calculations in this
system are supported at a high level.

However, the field theory operates mostly with ab-
stract indices, and component computations receive
much less attention. Most likely, this is the reason that
component computations have not yet been implemented
in Cadabra, although this option has been projected for
implementation.

However, component computations require that a com-
puter algebra system possess the capabilities of general-
purpose systems, which cannot be found in Cadabra.

D. Maxima

Maxima |[http://maxima.sourceforge.net/| is one
of the major freeware general-purpose computer algebra
systems. Maxima was derived from Macsyma, a system
developed in MIT from 1968 to 1982.

Maxima implements all the three types of tensor cal-
culations [13]:

e package atensor—mnonindex algebraic calculations
(with a set of basic algebras and main purpose
of simplifying tensor expressions by manipulations
with both monoterm and multiterm symmetries);

e package ctensor—component calculations (with an
option of manipulating with metrics and connectiv-
ities, and with a set of the most commonly used
metrics);

e package itensor—calculations by using (abstract)
indices.

This system duplicates the functionality of the Mac-
syma package and actually seeks no further development.
At present, the capabilities of these packages can hardly
be considered as satisfactory.

E. Reduce

Reduce [http://www.reduce-algebra.com/] [4] is
one of the oldest (among currently existing systems)
general-purpose computer algebra systems. In 2009, its li-
cense was replaced from commercial to a BSD-type. How-
ever, it should be noted that this was rather behindhand
because the community at that time had dealt with other
free computer algebra systems, and thus the system ben-
efited little from the transition to a free license.

The basic system consists of:

e the package atensor mentioned above;

e the package redten [http://www.scar.utoronto.

ca/~harper/redten.html] designed for compo-
nent calculations.

F. Maple

Maple [http://www.maplesoft.com/products/
Maple/index.aspx| is a commercial general-purpose
computer algebra system involving also the tools for
numerical computations.

e Maple has built-in tools for manipulating with ten-
sor components, which are not inferior to similar
tools in other computer algebra systems. Actually,
there are two packages:

— package tensor, which was originally designed
for addressing problems of the general theory
of relativity and component calculations;

— the powerful package DifferentialGeometry
(which has currently been involved in the main
system) involves the subpackage Tensor de-
signed also for component calculations. Its
great advantage is the possibility to use both
the tensor analysis and the whole power of
differential geometry (for example, the use of
symmetries of groups and Lie algebras);

e GRTensor II |http://grtensor.phy.queensu.
ca/] (GPL-license) is one of the most powerful
package of component tensor calculations.

G. Mathematica

Mathematica [bttp://www.wolfram.com/
mathematica/] is a commercial general-purpose com-
puter algebra system developed by the Wolfram Research
company. The system involves a large number of compu-
tational and interactive tools (for creating mathematical
textbooks).

e MathTensor |http://smc.vnet.net/MathTensor.
html| |10] is a commercial package designed primar-
ily for algebraic manipulations with tensors.

e Cartan (Tensors in  Physics) [http://www.
adinfinitum.no/cartan/| is a commercial pack-
age designed primarily for calculations in the
theory of general relativity. Since the calculations
are performed in specific metrics, the package
operates with component indices.

e Ricci [http://www.math.washington.edu/~lee/
Ricci/| is a package that generally supports alge-
braic manipulations and has also some elements of
component operations. This package is in a state
of stagnation.

e The set of packages zAct [http://www.xact.es/|
(GPL-license) covers operations with both abstract
and component indices.
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In the next section, we consider in more detail two
computer algebra systems: Cadabra and Mazima.

The most important criterion for the choice of these
two systems was their license: only free computer alge-
bra systems had been considered. Thus, we excluded
from consideration the extension packs to commercial
computer algebra systems (regardless of the license for
packages themselves).

Currently, the most advanced free computer algebra
system for tensor manipulations is Cadabra. However,
this system has not yet supported component calcula-
tions. Therefore, we took the system Mazima as a com-
panion to it.

A possible candidate for consideration could be Azxiom,
but this system is currently broken into several parts that
are not quite compatible.

IV. TENSOR OPERATIONS IN CADABRA

To demonstrate the capabilities of Cadabra, we con-
sider different operations over tensors in this system.
Since the current version of Cadabra cannot operate with
components, component operations will not be consid-
ered.

A. Nonindex Computing

Let us define commuting rules and check that they are
satisfied:

{A,B}: :Commuting.
{C,D}: :AntiCommuting.

e The case of commuting tensors:

B A;

@prodsort! (%) ;

1:= AB;
e The case of anticommuting tensor:

D C;

2:=DC;

@prodsort! (%) ;

2:=-CD;

B. Holonomic Coordinates

Let us show that in the case of agreed metric and con-
nectivity, the covariant derivative of the metric tensor is
vanishing (see ().

We define a set of indices, metric, and partial deriva-
tive:

{a,b,c,d,e,f,g,h,i,j,
k,1l,m,n,0,p,q,r,s,t,ut#t}: : Indices.

g_{a b}::Metric.

\partial_{#}::PartialDerivative.

We write the covariant derivative in the Christoffel
symbols and the Christoffel symbols through the met-
ric tensor, which just specifies the consistency of metric
with connectivity:

\nabla := \partial_{c}{g_{a b}} -
g_{a d}X\Gamma~{d}_{b c} -
g_{d b}\Gamma~{d}_{a c};

V = 0cfab — Gadl e — ganl'ee;

Gamma:=\Gamma~{a}_{b c} -> (1/2) g~{a 4}
( \partial_{b}{g_{d c}} +
\partial_{cHg_{b d}} -
\partial_{d}g_{b c}} );

1
Gamma =1, — §gad(ab9dc + Ocgbd — Oage);

We substitute the expression of the Christoffel sym-
bol through the metric tensor in the expression for the
covariant derivative:

@substitute! (\nabla) (@(Gamma)) ;

1
V= cGab — _gadgde (8bgec + acgbe - aegbc) -

2

1 €
- _gdbgd (aagec + acgae - aegac);

2
and open the brackets:

@distribute! (%) ;

1 1
V= cGab — §gadgdeabgec - §gadgdeacgbe +

1 1
+§%w“&%ujy%f%ww—

1 1
- Egdbgdeacgae + igdbgdeaegac;

We raise and drop the indices unless all metric tensors
are eliminated, as indicated by the double exclamation
mark:

@eliminate_metric!!(%);



1 1 1
V= ca__8 ac__ac a _8a c —
gab = 5009 5 Yedb +2 9o
1

1 1
- §6agbc - §6cgab + 58179110;
Then, we bring the expression into the canonical form
and collect the terms. The result is zero as expected:

Q@canonicalise! (%) ;

1 1
V:: ca__a ac__aca
Gab 2bg 5 Gab +

1 1 1 1
_8a c _8a c _86 al _8 acs
+ 5 9o D) 9o D) Gab + 3 b9

Qcollect_terms! (%) ;

V :=0;

C. ~-Matrices

Cadabra has advanced tools for operating with ~-
matrices of any dimension. For definiteness, we consider
~y-matrices of Dirac 4-spinors.

To simplify the calculations, we define a set of actions
that are executed after each operation:

::PostDefaultRules( @@prodsort! (%),
@Qeliminate_kr! (%),
Q@Q@canonicalise! (%),
Q@@collect_terms! (%) ).

We define the indices and their running values:

{a,b,c,d,e,f}::Indices(vector).
{a,b,c,d,e,f}::Integer(0..3).

The space dimension will be used for finding the track of
the Kronecker delta.
The ~v-matrices are specified using the metric (see ([2])):

\gamma_{#}: :GammaMatrix (metric=g) .
g_{a b}::Metric.
g_{a}~{b}: :KroneckerDelta.

Now, we demonstrate some symmetry identities satis-
fied by y-matrices.

e Clifford-Dirac equation (2]):

\gamma_{a} \gamma_{b} +
\gamma_{b} \gamma_{a};

1= + 1Ya;

The algorithm @join converts the pairwise prod-
ucts of y-matrices into the sum of ~-matrices of
higher valences (see [3@])). The additional argument
expand indicates that the rules of antisymmetriza-
tion for «-matrices are taken into account:

@join! (%) {expand};

1:=2gap;
e Convolution of two y-matrices ({@):

\gamma~{a} \gamma_{a};

2:=7";

@join! (%){expand};

2 :=4;

e Identity (E):

\gamma~{a} \gamma~{b}
\gamma~{c} \gamma_{a};

3 ="y Y a;
@join!! (%) {expand};
3 := (,yab +gab)(_,yac + ga c);
@distribute! (%);

3 .= _,yba,yca _ 2,7bc +gbc;

@join!! (%) {expand};
3:=4 g%

e Identity (6):

\gamma_{a} \gamma_{bl};

4= Yam;

Q@join!! (%) {expand};

4= Yab + Gab;
e Identity (@):

\gamma_{a} \gamma_{b} \gamma_{c}

S 1= Ya Vb Ves

@join!! (%) {expand};



5= (/Yab + gab)’Yc;

@distribute! (%) ;

5 1= YabVe + VeYab;

Q@join!! (%) {expand};

5 := Yabe + YaGbe — YoGac + VeJab;
e A more complex identity:
YabVoeVdeVea = —4Yed + 21 geal
In Cadabra, this identity has the form
\gamma_{a b} \gamma_{b c}
\gamma_{d e} \gamma_{e al};
6 := —YabVeaVdeVoe;

@join!! (%) {expand};

6 := — (29 + 3 9bc)(2Vbd — 3 Gvd);

@distribute! (%) ;

6 := —4YepYdp — 12 Ved + 9 geas

Q@join! (%) {expand};
6:= —4’ch + 21 9Ged;

D. Monoterm Symmetries

As an example of monoterm symmetry, we consider the
symmetries of Riemann tensor (8). To this end, we first
specify the symmetry properties using Young diagrams:

R_{a b ¢ d}::TableauSymmetry(shape={2,2},
indices={0,2,1,3}).

C
In this example, the symmetry has the form .

Then, we perform symmetric and antisymmetric per-
mutation of the indices. The algorithm @canonicalise
brings the operand into the canonical form, accounting
for monoterm symmetries.

R_{c d a b};

1:= Rcdab;

Qcanonicalise! (%) ;

1:= Rabcd;
R_{a b c d} + R_{b a c d};

2:= Rabcd + Rbacd;

Q@canonicalise! (%) ;

2:= Rabcd - Rabcd;

Q@collect_terms!(%);

2:=0;

E. Multiterm Symmetries

We demonstrate the operation with multiterm symme-
tries by an example of the Riemann tensor.
We introduce notations for indices and derivatives:

{a,b,c,d,e,f,gt}: :Indices(vector).
\nabla{#}: :Derivative.

The symmetry can be specified by the Young diagram
B
[bld] , as in the previous case:

\nabla_{e}{R_{a b ¢ d}}::TableauSymmetry(
shape={3,2}, indices={1,3,0,2,4} ).

However, it is more convenient the following notation:
R_{a b ¢ d}::RiemannTensor.

Similarly, we deal with the covariant derivative of the
Riemann tensor, which satisfies the differential Bianchi
identity:

\nabla_{e}{R_{a b ¢ d}}::SatisfiesBianchi.
Let us check first Bianchi identity ().
R{abcd}+RA{acdb}+RA{adbc};

1:= Rabed + Racav + Radbe;
@young_project_tensor!2(%){ModuloMonoterm}:

Q@collect_terms!(%);

1:=0;

Now, we demonstrate that second (differential) Bianchi
identity (0Q) is satisfied:

\nabla_{e}{R_{a b c d}} +
\nabla_{c}{R_{a b d e}} +
\nabla_{d}{R_{a b e c}};
2:= ve‘Rabcd + chabde + vd~Rabec;
@young_project_tensor!2(%){ModuloMonoterm}:

Qcollect_terms! (%) ;



V. AN EXAMPLE OF TENSOR
CALCULATIONS IN MAXIMA

Because Cadabra currently does not support compo-
nent computations, we demonstrate them in the Maxima
system. As an example, we consider the Maxwell equa-
tions written in cylindrical coordinates in a holonomic
basis [§].

First, we load a small package written by us that con-
tains definitions for differential operators:

(%1i1) load("diffop.mac")$
We define a cylindrical coordinate system:

(%12) ct_coordsys(polar cylindrical)$
We consider the components of the metric tensor g;;:
(%i3) 1g;
100
(%03) [0 72 0
001

We calculate and consider the components of the met-
ric tensor g*:

(%i4) cmetric()$
(%i5) ug;

1 00
(%05) [0 & 0

0 01

We define the required vectors and determine their co-
ordinate dependences. Due to the limitations of Maxima,
we denote j' by j1 and j; by j_1:

(%i6) j:[j1,j2,j31¢%
depends (j,cons(t,ct_coords))$
(%i8) B:[B1,B2,B3]$

depends (B, cons(t,ct_coords))$
(%i10) D:[D1,D2,D3]1$

depends (D, cons (t,ct_coords))$
(%i12) H:[H_1,H_2,H_3]1$

depends (H, cons (t,ct_coords))$
(%i14) E:[E_1,E_2,E_3]$

depends (E, cons(t,ct_coords))$

Now, we calculate all sides of the Maxwell equations
written in cylindrical coordinates:
(%i16) Div(B);
d B1

d d
16) — B — B2+ —Bl1+ —
(%016) dz 3+d6‘ +d7° + r
(%i17) Div(D) -4x%pixrho;

d d d D1
(%i18) Rot(H)
+ diff (transpose(matrix(D)),t)/c
- 4xYpi/c*transpose(matrix(j));
4 H 3-LH 2 + & Dl axjl

d d d .

(%018) _WH_:;*E H_l + HDQ _ 47352
7| c c
d d d .

i H 25 H 1 DS 4y
7| c c

(%119) Rot(E)
+ diff (fransposg(matrix(B)),t)/c;
E 3—LE 2 LBl

d_
a0

I e
d_ d _d
(%019) dtcB2 _ dr E73‘T|dz E 1
d d d
= F 2-45E 1 + 77 B3
7] c

Thus, the result coincided with the analytical expres-
sions obtained in [§].

VI. CONCLUSIONS

This paper was prompted by the fact that the authors
intended to conduct bulky tensor calculations in com-
puter algebra systems. The search for an appropriate
system brought them to formulate a set of criteria that
must be met by such a computer algebra system.

Because there are several types of tensor calculations,
the full implementation of tensor calculations in com-
puter algebra systems requires a broad set of capabilities.
Unfortunately, at present, there are almost no systems
with a fully satisfactory support of tensors.

Component tensor calculations require almost no addi-
tional features of the universal computer algebra system.
Therefore, the packages implementing this functionality
are used most widely (for example, Mazima, Maple, and
Mathematica).

The tensor notation is very different from the usual
functional notation that is used by the vast majority of
computer algebra systems. Therefore, the efficient oper-
ation with tensors would require a specialized system (or
a specialized add-on over the universal system) that sup-
ports the natural tensor notation (for example, Cadabra).

As a result, we failed to find a system that fully meets
the needs of tensor calculus. At the moment, the au-
thors use the Cadabra specialized system and a universal
computer algebra system (currently, Mazima).
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Tenzopubie pacuy€éThl B CHCTEMAaX KOMITBIOTEPHOIT ajaredopbl

A. B. KOpOJII)KOBaE . C. Kyﬂﬂ6OBE and JI. A. CeBaCTI)HHO}ﬂ
Kagedpa cucmem menexommyrurayuis
Poccufickuti yrusepcumem 0pyscov, Hapodos
ya. Mukayzxo-Maxaan, 0.6, Mockea, 117198, Poccusl]

B crarhe paccMOTpeHBI TPU BUA TEH30PHBIX PACUYETOB. B COOTBETCTBUU € HUMU ABTOPBI HOMLITA~
Jchb cOPMYJINPOBATH KPUTEPHH, KOTOPBIM JIOJIKHA YI0BJIETBOPATH CHCTEMa KOMIIBIOTEPHOI aJjireb-
pBI utst paboThl ¢ Tersopavu. Cresan KpaTKuit 0030p TEKYIIEro COCTOSTHUST TEH30PHBIX BBIYUCICHUI
B Pa3HbIX CACTEMAaX KOMIILIOTEPHOI ajre6pul. TeH30pHbIE PACYETHI IPOUJLIIOCTPUPOBAHBI COOTBET-
CTBYIOIIIUMHU [TPUMEPAMU, PEATU30BAHHBIMY B KOHKpeTHBIX cuctemax: Cadabra m Maxima.

I. BBEJAEHUE

Ten30pHbIE BBIYUC/IEHAST UCIOIB3YIOTCSI BO MHOTUX 00-
sactsx dpusuku. Creayer 3aMeTUTb, 9TO BO Beeil cBOei
Mot (hOPMaIN3M TEH30PHOTO AHAIN3A IPOSBJISIETCS HE
BO BCEX ODJIACTSX, JIOCTATOYHO YACTO HCIIOJIB3YIOT ero
YIPOIIEHHBIE BAPUAHTHI.

Kaxkmas TensopHas oneparus cama mo cebe JT0CTaTo -
vo mpocra. OJHAKO Jake MPU CTAHIAPTHBIX BBIUUCTIE-
HUSIX TIPUXO/IATCS BBIIOJHATH MHOYXKECTBO 3JIEMEHTAPHBIX
oneparuii. tu onepanuu TPedyOT GOJIBIIONH BHUMATE b
HOCTH U CKPYIIY/IE3HOCTH. VIMEHHO TT09TOMY B JaHHOH 00-
JIACTH aKTyaJbHBI DA3HBIE YIIPOIEHUS HOTAIIH, OIITIMU-
3arus onepanuil (Haupumep, TeH30pHbIe auarpaMmbl [e-
HDOY3a).

OHOI U3 381849 CUCTEM KOMIIBIOTEPHOM aJrebphl SBJIs-
ercsi 0CBOOOXKIEHNE UCCTIEI0BATEsT OT PYTUHHBIX Ollepa-
[Uif, 9TO aKTYAJIBHO U B CJIy9Yae TEH30PHOTO UCUUCIECHUS .

II. OCHOBHBIE OBJIACTU IITPUMEHEHUA N
THUIIbI 3ATINCH TEH30POB

Yro06BbI OIIpeIe/TuTh OCHOBHBIE BUJIBI OTIEPAITUU C TEH30-
pamu, pacCMOTPUM OCHOBHBIE O0JIACTH UX ITPUMEHEHUS.

A. DBesbiHaekcHbIe BBIYUCIIEHUS OIS
TEOPEeTUIECKUX ITOCTPOEHU

Besbinnexcubie BbraucaeHus 0OBIYHO TPUMEHSIOTCS B
TEOPETUIECKUX ITOCTPOCHUSIX U JACTO MIPOTUBOIOCTABIIS-
I0TCSl KOMIIOHEHTHBIM BblYuc/IeHusIM. [locMoTpmM, Kak
MOKHO DeasIi30BATh OCHOBHBIE TEH30PHBIE ONEPAINN B
GE3BIHIEKCHOM CJIydae.

* lakorolkova@sci.pfu.edu.ru

T [yamadharma@gmail.com

¥ leonid.sevast@gmail.com

§ Ony6iukoBano B: A. V. Korol’kova, D. S. Kulyabov, and
L. A. Sevast’yanov. Tensor computations in computer algebra
systems. Programming and Computer Software, 39(3):135—
142, 2013. ISSN 0361-7688. doi: 10.1134/S0361768813030031!;
Ncxonuere TEKCTBI: https://bitbucket.org/yamadharma/
articles-2011-cas_tensor

o Caooicernue mer30poe6. HpI/I CJIOZ2KEHUU JBYX TEH30-

pos BasenTHocTH [4] mOyvaeM TeH30p BaJeHTHO-

cru [4]:

A+B=_C.

CiiokeHne TEH30pPOB 3aJa€T CTPYKTYpYy abesieBoii
TPYIIIBL

o Tensopnoe ymmoosicenue. IIpa TEH30PHOM YMHOMKE-
Huu Ter3opa A ¢ BaneHTHOCTHIO [§] HA TeHsOP D
€ BAJIEHTHOCTHIO | § | mosyuaeM Tenzop E ¢ BaJeHT-

p+r.
HOCTBIO | p ]

A®D=FE.

Tenzoprnoe yMHOXKeHUE 3aJa€T CTPYKTYPY HEKOM-
MYTaTHUBHON MOJIYTPYIIIEL.

o Onepayus ceépmusarus. OOOZHATUM OTEPAITUIO
CBEPTHIBAHUSI TEH30POB IO IMOCJIETHUM HHICKCAM
gepe3 €. Torma moj feiicTBrEeM 9TOMH OmepaIun TeH-

p+1
30p F' ¢ BajieHTHOCTDHIO [ " +1} EPEXOUT B TEH30D
G ¢ BasieHTHOCTBIO [ 4 ]:

CF =G.

o Onepayus nepecmanosky undexcos. anuast onepa-
st HeoOXo/MMa JJIsl 3aJIaHUsl CUMMETPUU TEH30-
poB (HAIpUMED, KOMMYTATOPA WA AHTUKOMMYTa-
TOpa TEH30pa), JJisl PACHIUPEHUs OIEPAIUU CBED-
TBIBAHUS HA CBEPTKY II0 IIPOU3BOJIBHBIM HHJIEKCAM.
OsHaKO B paMKax Oe3bIHJIEKCHOIO II0X0/1a 0003Ha-
YUTDH 9TY OIEPAINIO HeJIb3s1. Brpoduem, mpocreiimme
CUMMETPHH MBI MOXKEM SIBHO YKa3aTh B OINCAHUU
o6beKTa (IpU TOM It OJJHO3HATHOCTHU MPUIETCST
HAJIOXKUTH OIPAHUIEHNs] HA BAJIEHTHOCTD ).

B. BekTopHbIe BBIYUCJICHUS

Bekropnoe ncuncienne — mpocreifimuit BapuaHT TeH-
30PHOTO HUCYMCJIEHUs] (BEKTOD — TEH30D BAJEHTHOCTH
oauH). Bekrop a” pasmepnoctu N 1pejicraBiisercs: Kak
COBOKYIHOCTh HabOpa KOMIOHeHT n = 1, N, 3aBucs-
mero ot 6a3uca, u JUHEHHOTO 3aKOHA, TPEOOPA3OBAHUSI
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KOMITOHEHT MpHU u3MeHeHnu 6a3mca. JacTo ucrosb3ye-
Mble OIIEpaIlii — IIOCTPOEHNE Pa3HooOpa3HbIX audde-
PEHIMAIBHBIX OIEPATOpPOB U 3aMeHa Oasmca. Hambostee
PACIIPOCTPAHEHHBIE OLIEPATOPDI: I'PA/IUEHT, TUBEPIeHITHUSI,
porop (crenududHa s TPEXMEPHOTO IMPOCTPAHCTBA
R?) (1, 2)).

Jljisi KOMIIOHEHTHBIX PACYETOB HEOOXOIMMO OIIpee-
JUTh 6a3uC, METPUKY U CBI3HOCTH (& COOTBETCTBEHHO
U KOBapMAHTHYIO IPOU3BOJHY0). B BEKTOPHOM HCUMCIIE-
HAU THUPOKOE PACHPOCTPAHEHHUE TOJIYUIUI TOJIOHOMHBII
6a3uc, KOTOPBIl CTPOUTCS KaK COBOKYITHOCTH YACTHBIX
[IPOU3BOJIHBIX OT KOOPJMHAT B KACATEIBHOM PACCIIOCHUN
u ayanabHoro 6a3muca Kak 1-hopMbl B KOKacaTeIbHOM pac-
CJIOCHUN:

9 i g
%, 5—d$

CBSA3HOCTb U METPUKA CTPOSATCS TAKUM 00Pa30oM, 4TOOBI
KOBapHUAHTHAs IIPOU3BOIHAS OT METPUKH PABHSIIACH HY-
JTEO:

5=

Vigij = 0. (1)

B 3TOM Cily4ae CBA3HOCTH M METPUKA COTJIACOBAHBI [3].
Crieryer 3aMeTUTh, YTO B BEKTOPHBIX BBIYUCJIEHUSIX
TaK»Ke YacTO MCIOJb3yeTCsl CIEeIUaIbHbI HEroJ0HOM-
HBIH 6a31C, TO3BOJISIONINI He PA3INIaTh KOHTPABAPUAHT-
Hble U KOBapHAHTHBIE BEKTOPA, COXPAHSITH PA3MEPHOCTD
npu 3amere koopauHal (mogpouee cu. B patore [1):
51’ = %, 5i = dSi,
31ech ds’ — 37eMEHT AJIMHLI IO COOTBETCTBYIONE KOOp-
JUHATE, hj» — k03 dunuenTsr HEroJOHOMHOCTH (B CILy-
qae OPTOTOHAJBHBIX KOOPAWHAT — Ko3dduimenTs! Jla-
Me).

ds' = hida’.

C. [dupakoBcKue 4-CIMHOPbBI

CrenuabHBIM CJIyIaeM TEH30PHBIX 00bEKTOB SBJISIIOT-
csl CIIMHODBI (HA3bIBaeMble TaKKe CIUH-TEeH30paMu). B
YaCTHOCTHU CIUHOPBI SIBJISIOTCS IIPEJCTABICHUSIMHI IDYII-
bl Jlopenna ¢ mosynesnbiM craprmum Becom. OObraHbIE
TEH30PBI ABJISIOTCS IIPEJICTABICHUSIMUA C TEJI0IUCTCHHBIM
CTapIIIM BECOM.

ITo ncropuuecknm nmpuarHAM HAMOOJEE IaCTO B UCCIIE-
JIOBaHUSX UCIIOJB3YIOTCS TUPAKOBCKHUE 4-CIIUHOPBI, KOTO-
pble IPUMEHSIOT i 3anucu ypasHeHuil /lupaka, ormu-
CbIBalonuX (hepMUOHBI CO CIMHOM 5. Jlupakosckue 4-
CIIMHOPBI CYTh HEMIPUBOIUMBIE CIIMHOPBI [T CJIy9as 1 =
4us= =42, T1e N — Pa3MepHOCTb BEKTOPHOI'O IIPOCTPAH-
CTBa, S = M — 2u — €ro CUrHATYPa, U — YUCJIO OTPHUIA-
TEJIbHBIX 3HAYEHU JUArOHAJIBHOIO METPUIECKOTO TEH3O0-
Pa Gab-

! TIpu npeobpazoBanuy AIMHA, TEPEXOIUT B [UIHHY, YTOJI B YTOJI 1
T.JI.

OOBIYHO J1JIsI MAHUITYJISIIIAA C JIMNPAKOBCKAMU CITHOPA~
MU UCIOJIB3YIOT Y-MaTPHUIIBI, TIOJIydaeMble U3 yPaBHEHUST

Kimuddopaa—Tupaka [4]:
V) = Jabl, (2)

e v — MaTpuibl N X N, g, — MeTpudecKuii TeH30p,
I — eqmananas matputia N X N, N — pa3MepHOCTH CITn-
HOPHOTO ITPOCTPAHCTBA!

2n/2,
2n/2—1/2

N — 9ETHOE N,
HEYETHOE N.

Y-MaTPHUIIBI SABJISIOTCS djeMeHTaMu aiarebpsr Kimmdbdop-
J1a, MOPOXKIAIONIUMYU JINHEHHOE IIPeodbpa30BaHue CIIMHO-
BOI'O IPOCTPAHCTBA.

[TockoJIbKY y-MaTPHUITBEI MOXKHO PACCMATPUBATH KAK KO-
3bPUIUEHTHI TTePeX0/ia OT CIIMHOBOTO ITPOCTPAHCTBA K
BEKTOPHOMY, TO 60JIee CTPOrO CJIe/IyeT BBECTU CIIMHOBBIE
koaddunuentol u 3anucars ypasaenue (2)) cieryomum
obpazom:

Yap Yoo T VopYao = 29abdy -

st mocTpoenust mostHoi aareoper Kinddopma Heob-
XOJUMBI €IE W TPOU3BEEHUS Y-MATPHUI, OJHAKO B CH-
ay ([2) mocraTovHO paccMaTPUBATH TOJIBKO AHTHCUMMET-
PU30BaHHbBIE [TPOU3BEJICHMUS:

Yab...d ‘= FY[aFYb e F)/d] . (3)
Takzke BBOIUTCS JIEMEHT Vs5:
1
4!
rae e°d — anprepHEpyIOIHiT TEH30D.
Manumyasnum ¢ y-MaTPUIIAMEU CBOASTCS K HADOPY CO-

OTHOIIEHU, CJIEIYIONINX U3 AJIreOPAMIeCKUX CUMMETPHIA,
HallpUMep

eabcd

V5 = YaYoVeVds

Yoy, = 4, (4)

Yy, = 4g%I, (5)

YaVb = Yab + Gab, (6)

YaYbYe = Yabe + JabVe + 9bcYa — GacVb- (7)

D. TeuzopHble BbIYuCJIeHUs B 00IIeil Teopuu
OTHOCUTEJIbHOCTH

Ob6r1mast Teopusi OTHOCUTEIBHOCTH CTAJIA EPBOil husu-
qecKoil Teopueii, moTpeboBaBIIeil BCIO MOIIL aAuddepeH-
[MAJIBHON MeOMETPUM W TEeH30DHBIX BbruucieHuil [5]. B
BBIYUCJIEHUSIX BO3HUKAIOT T'POMO3JKHE TEH30PHBIE KOH-
CTPYKIMH, KOTOPBIE MOYKHO YIPOIIAThH, YIUTHIBAS CUM-
MeTpur TeH30pOB. OOBIYHO BBIIEJISAIOT OJIHOIIEMEHTHBIE
(monoterm) m MHOro37eMeHTHBIE (multiterm) cummer-
pun. OJHUM 13 OCHOBHBIX 3JIEMEHTOB TEODUU SIBJISIET-
cs Ten3op Pumana, obamaromuii Kak mpoCcTeRImMMu O/
HOYJIEMEHTHBIMU, TaK U CJOKHBIMU MHOTOJIEMEHTHBIMU
CUMMETPHUSIMHA TUIA TOXKJECTB BbsHKMH.



OJ1HO9JIEMEHTHBIE CHUMMETPUU COOTBETCTBYIOT IIPO-
CTBIM IT€PECTAHOBOYHBIM CUMMETPUAM U 3aJIAI0TCS TPYTI-
moit mepectaHoBokK. [Ins Temsopa Pumama, mampmmep,
MeeM:

Rcdab - Rabcd- (8)

MHorosieMeHTHBIE CHMMETPHH 33/1a10TCsT aIreOpoit mme-
pectanoBok. ToxxnecTtBo Bpaukn nmeer BI/I,ZEZ

Rbacd = - Rabcd;

Ra(bcd) = Rabcd + Racdb + Radbc =0. (9)

Huddepenimansaoe (BTopoe) ToXK1eCTBO BbsiHKI nMmeeT
Bu:

Rab(cd;e) = veRabcd + Vcfiabde + vd]%abec =0. (10)

Cummerpun HanboJiee €CTECTBEHHO 33/1aBATh C IIOMO-
mipto auarpamm FOura [6]. IIpuaém nanuuaue npegonpee-
JIEHHBIX KJIACCOB T€H30POB HE OTMEHSIET HEOOXOIMMOCTH
B fABHOM 3aJiauuu cuMmMerpun. Hanpumep, Tenzop Puma-

[a]c]
Ha Rgpeq B PA3HBIX UCTOYHUKAX UMEET CHMMETPUU

i Lcld].

E. Tunsel 3anucu TeH30pOB

Takum 06pa3oM, OMUpasiCh Ha PACCMOTPEHHBIE BbIIIE
BU/IbI TEH30PHBIX BBIYUCJIEHUI, MOYKHO BBIJIEJIUTD TPU TH-
118 3aIUCH TEH30POB: KOMIIOHEHTHASI 3aIIHCh, 3aIUCh C ab-
CTPAKTHBIMUA UHIEKCAMU U OE3BbIHIEKCHAS 3aMuch. Kaxk-
JIBII T MMEET CBOIO crenuduKy U 001acTh TPUMEHEHMS.

KomnonenTnbie nHAEKCH, (GAKTUIECKH, TPEBPAIIAIOT
TEH30D B HADOP CKAJISIPHBIX BEJUYNH, IPUMEHAEMBIX [TPU
KOHKPETHBIX pacuérax. OOBIYHO OMEpUpPOBATH C KOMIIO-
HEHTHBIMY UHIEKCAMHU €CTh CMBICJI JIUIIb [OCJIE YIIPOIIe-
HUsI TEH30PHOT'O BBIPAYKEHUS U YIETA BCEX €r0 CHMMET-
puii.

BesbIriekcuyo 3anmuch 9acTO UCHOJB3YIOT, €CJIU UCCTIe-
JIOBATEJIsI MHTEPECYeT He KOHEUYHBI pPe3ysIbTaT, a CHM-
MeTpuu Tea30poB. OHAKO 9Ta (HOpMa 3AIlUCH CTPAIAELT
HEJIOCTATKOM BBIPA3UTEILHOCTU: TEH30D PACCMATPUBAET-
€5 KaK IIeJIOCTHBIN 0ObEKT, COOTBETCTBEHHO U CUMMETPUN
BO3MOXKHO PACCMATPUBATD JIAIIH T€, KOTOPbIE OTHOCSTCS
K TeH30py B 1esioM. JIist paboThl ¢ 00 beKTaMU CJIOKHOT
CTPYKTYPbI IPUXOIUTCS U300peTaTh HOBbIe 0003HAYECHIU ST
JInb0 T00ABJISTH CJIOBECHBIE TIOSICHEHUSI. DTy MPOOJIEMy 1
JIOJKHBI CHSATH a0CTpaKTHBIE HHIEKCH [7].

AbcTpakTHBIE WHJIEKCHI CJIE/yeT pPacCMaTpUBaTh Kak
YCOBEPIEHCTBOBAHUE OE3bIHJIEKCHON 3aIllUCh TEH30DA.
AbcrpakTHBIN MHIEKC OOO3HAYAET JIUIIL [TPUHAJIEK-
HOCTH TEH30pa K OIPEJIEJIEHHOMY IIPOCTPAHCTBY, a He CJIe-
JIOBaHUE TEH30PHOMY IpaBUILy IIpeobpa3oBanus (B OTIIM-
4Yre OT KOMIIOHEHTHBIX HHJIEKCOB). B 3TOM ciydae BO3-
MOYKHO PACCMOTPEHHME KaK CHUMMETPHil, OXBATHIBAIOIINX

2 Kpyrisie ckobku B (@) 0603HAMAIOT CHMMETPHU3AIIHIIO.
Touxa c sansitoit B ([) o3HAUAET KOBAPHAHTHYIO IPOMSBOHYIO.

BECb TEH30D (BCE €ro MHIEKCHI), TaK M CAMMeTpuii or-
JEJIbHBIX I'PYIII HHICKCOB.

II1. TEH3OPHBIE BBI9YVMCJIEHN 1
CNUCTEMBbI KOMIIBIOTEPHON AJITEBPBI

CoBpeMeHHbIE CHCTeMbl KOMIIBIOTEPHON aJrebpbl Cro-
COOHBI periaTh 3aJa49n JJOCTATOYHO MUPOKOTO CIIEKTPA U
n3 pa3HbIx obsacteil 3uanmii. EcTh cucreMbl Kak y3KO
clleluaJu3upoBaHHble, TaK U C IIPeTeH3ueil Ha yHUBEp-
casbHOCTD (0630PBI HEKOTOPBIX CUCTEM CM., HAIIDIMED, B
paborax |8-10]). PaccmoTpunM HEKOTODBIE CHCTEMBI KOM-
MIBIOTEPHOI anredphbl, B KOTOPBIX B TOW MJIM WHOM CTEIIEHN
peaim30BaHa BO3MOXKHOCTH pabOThI C TEH30PAMU.

A. TpeboBauusi K cucreMe KOMITBIOTEPHOM ajaredopbl

Tpu Tuna 3ammcu TEH30POB COOTBETCTBYIOT TPEM BU-
JlaM TEH30DHBIX AHAJIUTUYECKHUX BBIYUCJIEHUI, 9TO IIPHU-
BOJIUT K OIIPEJIEJIEHHBIM TPEOOBAHUSAM, IPEIbABIISEMbIM
CHCTEeME KOMITbIOTEPHOM aJIredphI.

DBesbiniekcHble BBIMUCIEHUS MAHUIIYIUPYIOT C TEH30-
paMu Kak C [EJOCTHBIMU ajare0pamdecKuMu OObEKTAMHU.
B nannOM cirydae BO3MOXKHO JubO 3alaHME CAMOTO IIPO-
crefimero Tuma cuMMeTpun (0GbEKT SBJISIETCS TIPEJICTAB-
JIEHMEM KAKOH-JIM00 TPYIIIIBI MK aJIreGphl ), 00 MCTIOIb-
30BaHre OOHEKTOB C 3apaHee 3aJaHHON CHMMeTpHe.

AbGcTpakTHBIE MHJIEKCHI TPEOYIOT BO3MOXKHOCTH 338~
HUsI CJIOYKHBIX THUIIOB CUMMETPHUU, HAIPUMED, Yepes3 Jiha-
rpammbl FOrra. Kpome Toro, Heobxoammo ymers pabdo-
TaTh C HEMBIMHU HHIEKCAMHE, 33/1aBaTh U yYUTHIBATH UX
[IpU IPUBEJIEHUH K KaHOHM4YeckoMy Buiy. Oba Buja abd-
CTPAKTHBIX BBIYUCJCHUI WCIOIB3YIOT WHQMOPMAIMIO O
CHMMETPUSIX JIJIsi IPUBEIEHUsI K KAHOHUIECKOMY BULY U
YIPOIIEHNS TEH30PHBIX BBIPAXKEHUN.

KomMmmonenTHbIE MHAEKCHI TPEOYIOT IO CyTH CKAJISPHOI
CHCTEMBI KOMIIBIOTEDHOI aJIreOphbl, BOSMOXKHO HAJIIMIHSI
npocrefimux omneparuii ¢ Marpuramu. PakTudeckn 3a-
IaéTcs KOHKPETHAasi CUCTeMa KoopauHaT u Merpuka. [lo-
CKOJIBKY BC€ OTIePAIlii TPOU3BOISTCS KOMIIOHEHTAMHE, T€-
psieTcst mHGpOPMAIHS O TEH30pe KaK IEeIOCTHOM 00bEeKTe,
06 ero cummerpusx. IloaTomy Bce omeparum ¢ CUMMeT-
pUsiMA U TIpUBEJICHNE K KAHOHUYECKOMY BHUJLY JIOJI?KHBI
OBITH BBITTOJTHEHBI HA TPEIBIIYIIEM ITAIE UCCIICIOBAHNUS.

B. Horamusa

Wcnonb3oBanne cucTeM KOMITBIOTEPHO aarebpbl 3ata-
CTYIO MPEIOJaraeT WHTEPAKTUBHYIO pabOTy IOJIB30Ba-
Tensg. B aToMm ciyuae ymoOCTBO HOTAIMU WIPAaeT BarK-
meiinryio poJib. Ciieflyer 3aMeTUThb, 9TO UCTOPUIECKH Ma-
TeMaTHYeCKasl 3allUCh TEH30POB CJeJyeT HOTAIUMH CH-
crembl TEX, a mmenno teuzop 1y’ 3alHChIBaeTCs Kak
T~{a}_{b}. [losromy ucmosp30Banme TaKoii HOTAIUHU OBI-
JIO OBI BIIOJTHE eCcTeCTBEHHBIM. TaKoi MoIX0/T peaan30oBaH



B cucreme Cadabra. Opnako Cadabra — crenuajnsupo-
BaHHAs CUCTEMa [JIsi TeH30PHBIX Bbraucjaenuil. [Ipu BBe-
JIEHUY TEH30PHON HOTAIMA B CHCTEMAX KOMIIbIOTEPHOI
ayireOphl OOIIero Ha3HAYEHUsI CJIe/lyeT YIUThIBATh Orpa-
HUYEHUs] 9TUX CUCTeM (HAIpHMep, 3HAK ~ OOBIYHO 3ape-
3ePBUPOBAH U UCIIOJIB3YETCs JIJisl BOZBEJIEHUS B CTEIICHD ).

ITockosibKy cucTeMbl 00IEro Ha3HAYEHUs PAbOTAIOT C
dyHKIUAMEA, & OCHOBHON BHYTpPEHHEH CTPYKTYpOil JaH-
HBIX SIBJISIETCSI CIIUCOK, TO HCIOJIb3yeTCsl (PYHKIMOHAIb-
HO-CIICOYHAsT HOTalus. B KadecTBe mMenu (yHKIUH MO-
JKET 3aJIaBATHCS UMsI TEH30DA, a KOBAPUAHTHBIE U KOHTPAa-
BapuaHTHbIE MHJIEKCHI 33Jal0Tcs Jnbo npedukcom (Ha-
npumep, Kaxk B zAct):

T(a,-b),
60 MO3UIMOHHO (HanpuMep, Kak B Mazima):
T([al, [b]).

BosmoxknO TakKe MCIOIB30BaHNE ACCONUATUBHBIX CIIUC-
KOB, HAIIPUMEDP TaKUM 00Pa3oM:

Tensor [Name ["T"], Indices[Up[al, Down[b]]].

Paccvorpum Hanbosiee nnTepecHbie s TPAKTUIECKO-
o MPUMEHEHUsI PEAJIM3AINYN TEH30PHBIX BBIUUC/ICHUN B
Pa3HBIX CHCTEMAaX KOMIIBIOTEPHON aJreOpHhI.

C. Cadabra

Cadabra [http://cadabra.phi-sci.com/| orHOCHTCS
K THITY CIIEIUAJN3UPOBAHHBIX CUCTEM KOMITBIOTEPHOM aJi-
rebpbel. O61aCTh €6 crernuan3anun — Teopusi 1oJisi. I1o-
CKOJIBKY CJIO2KHBIE€ TEH30PHBIE PACUETHI SABJISIOTCS HEOT b
eMJIEMOTl 9aCThIO TEOPUH TI0JIsI, HEYIUBUTEIBLHO, ITO IO
JIEPXKKA TEH30PHBIX PACUYETOB HAXOUTCS B 9TON CHCTEME
HA BBICOKOM YPOBHE.

OpHako B TeOpWHU TOJIsi ONEPUPYIOT B OCHOBHOM a0-
CTPAKTHBIMYU WHJIEKCAMM, KOMIOHEHTHBIM BBIUUCICHUSIM
yJIeJIsIeTCsl TOpa3/i0 MeHbIle BHUMaHus. VIMEeHHO mo3TOo-
My, HaBEpPHOE, KOMIIOHEHTHbIE BBIYUCJIEHUS ITOKA €IIE He
peammsoBanbl B Cadabra. Xorst manHast BOSMOXKHOCTh U
CTOUT B IJIAHE HA PEAJIABAIINIO.

BupodeMm, KOMIIOHEHTHBIE BBIYUC/IEHNsT TPEOYIOT OT CH-
CTeMBbI KOMIBIOTEPHON ajrebpbl (DyHKIIMOHAJIA, CHCTEMBI
o0Imero Ha3HAYeHUs, KOTOPBIl OTCYTCTBYeT B CHCTEME

Cadabra.

D. Maxima

Maxima [http://maxima.sourceforge.net/| — oxua
U3 OCHOBHBIX CBOOOJHBIX CHCTEM KOMIIBIOTEPHOH ajreod-
pbI ob1ttero HaszHatdeHns. Maxima Tpou30IIia OT CUCTEMBI
Macsyma, pazpabareiBasieiicss 8 MIT ¢ 1968 mo 1982 ro-
JIBL.

B Maxima peann3oBaHbI Bce TPU TUIA T€H30PHBIX BbI-
aucsennii |11):

e nakeT atensor — OE3BIHIEKCHBIE ajredbpantdecKue
BBIUUC/IEHUs (B HErO 3aJI02KEeH HADOP OCHOBHBIX aJi-
rebp; OCHOBHOE TIPEIHAZHAYEHIE — YITPOIIECHIE TEH-
30PHBIX BBIPAYKEHUIl TP ITOMOINM MAHUITYJISIIIII
KaK C OJHORJIEMEHTHBIMHU, TAK U C MHOI'O3JIEMEHT-
HBIMU CUMMETDUSIMN );

® IaKeT ctensor — KOMIOHEHTHDIE BbIYUCIeHUs (eCTh
BO3MOXKHOCTb MAHUITYJIMPOBAHUS C METPUKOM, CBsI3-
HOCTSIMM; B TTaKeT BKJIIOUYEH HAbOOp Hambojee yIio-
TPEOUMBIX METDHK);

® [AKET tensor — BBIYUCJEHUS C UCIOJH30BAHUEM
(abCcTpAKTHBIX) UHIEKCOB.

Peanuzarusa ay6aupyer GOyHKINOHAILHOCTDH ITaKeTa
Macsyma u dakTuvIeckun He pa3BuBaeTcs. Bo3amoxkHocTH
JAHHBIX [TAKETOB BPS/ JIU MOYKHO CUYUTATDH YIOBJIECTBOPU-
TEeJbHBIMU HA CETOIHSATIHUN JIeHb.

E. Reduce

Reduce [http://www.reduce-algebra.com/|, |12] —
ojiHa u3 crapefinux (U3 HbIHE YKUBbIX) CUCTEM KOMIIbIO-
TepHOit aarebpsI obmiero Hasnadenns. B 2009 roay cmeHn-
Jia JIMIEH3MI0 ¢ KOMMEPYECKOil Ha Jinien3uio BSD-Tura.
IIpaBma, 3ameTnm, caeaaHo 3TO OBLIO JIOCTATOYHO O3/
HO, COODINECTBO B 3TO BPEMsl 3aHUMAJIOCH JIPYTUME CBO-
GOIHBIMU CHCTEMAMU KOMITBLIOTEPHON aJiIreOphl, U MO3TO-
My OOJIBIIIOrO MPEUMYIIECTBA OT IEPEX0jia K CBODOIHOI
JINIIEH3UU CUCTEMa He TIOJIYUMJIA.

B ocHoBHYyI0 cucTeMy BXOJISAT:

® TIaKeT atensor, yIOMSAHYTBII paHee;

e naker redten |[http://www.scar.utoronto.ca/
~harper/redten.html] IpegHasHavYeH IjIsi KOMIIO-
HEHTHBIX BBbIYUCJICHUIA.

F. Maple

Cucrema Maple [bttp://www.maplesoft.com/
products/Maple/index.aspx| ABJgETCI KOMMEDPYECKO
crCcTeMOl KOMIIBIOTEPHOIT aJjrebpbl  obIero Ha3Hade-
Hua. IImeer B cBOéM cocTaBe TakyKe W CPEACTBa IS
YUCJIEHHBIX BBIYUCJICHUI.

e Cucrema Maple nMeer BCTpOEHHBIE CPEICTBA JIJIst
MaHUIYJISIUN C TEH30PHBIMA KOMIIOHEHTAMU, KOTO-
pble He yCTYHAT aHAJOTUIHBIM CPEJCTBAM B JPY-
IUX CUCTEMaX KOMIIbIOTepHO aarebpbr. PakTute-
CKH 9TO J[BA TAKeTa:

— MakeT tensor m3HAYAJIbLHO OBLT HAIIPABJIEH Ha
pelrenne 3aa9 o0Ieit TEOPUN OTHOCUTEIHLHO-
CTU U NpPeJHA3HAYECH JJId KOMIIOHEHTHBIX BBI-
YUCJIEHUI;
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- B paMkax MOIITHOTO [IaKeTa
Differential Geometry (Bomeiero Ha NaHHbIH
MOMEHT B COCTaB OCHOBHOM CHCTEMBI) IPUCYT-
CcTByeT monmaker Iensor, npenHa3HAYEHHBIN
TaKzKe I KOMIIOHEHTHBIX BBIYUCJIEHUN. Ero
OOJIBIIIM [IPEUMYIIECTBOM SIBJISIETCS] BO3MOXK-
HOCTH HCIIOJIb30BAHUS HE TOJIBKO TEH30PHOI'O
aHaJIM3a, HO W Bcell moru muddepeHnnaib-
HOIl reoMerpun (HAIPUMEDP, MUCIIOJIL30BAHIE
cuMMerpuii rpynn u anaredp Jlun);

e maker GRTensor II |[http://grtensor.phy.
queensu.ca/| (munensus GPL) sasasercs op-
HOM U3 CaMBIX MOIIHBIX MTAKETOB KOMIIOHEHTHBIX
TEH30PHBIX BBIYUCJICHUIA.

G. Mathematica

Mathematica [http://www.wolfram.com/
mathematica/| — KoMMepdYeckas cucTeMa KOMIIBIOTED-
HOH aJyreOpbl 00IIero HaszHavdeHUs Kommanun Wolfram
Research. Cozep:kut B CBOEM cocTaBe IEJIbIii KOMILIEKC
pPACYETHBIX ¥ WHTEPAKTHBHBIX WHCTPYMEHTOB (JJIst
CO3JIAHUs MATEMATUYECKUX yIeOHbIX Mocobuil).

e ITaker  MathTensor  |[http://smc.vnet.net/
MathTensor.html|, [13] — xomMmepdeckuii ma-
KeT, IpPEeIHA3HAYEHHBII B IEPBYI0 OYepenb IJIst
ajrebpanmiecKux MAHUIIYJISIIUI C TEH30PaMU.

e ITaker Cartan (Tensors in Physics) [http://www.
adinfinitum.no/cartan/| — KomMepueckwuii Ia-
KeT, IIpeIHa3HAYEHHbI B IIEPBYIO OUepeib JJIsl BbI-
qucieHuil B oOIeit Teopun oTHOCHTEbHOCTH. [lO-
CKOJIBKY BBIIIOJIHSIIOTCS BBITHC/IEHNS B KOHKPETHBIX
METPUKAX, [MAKeT OePUPYeT KOMIOHEHTHBIME HH-
JIEKCaMU.

e ITaker Ricci [http://www.math.washington.edu/
~lee/Ricci/| B OCHOBHOM mOJIEpKUBaET ajurebpa-
UYeCKUe MAHUITYJIANN, TAKXKe UMeeT U HEKOTOPbIe
9JIeMEHTBI KOMIIOHEHTHBIX oneparuil. Haxonurcsa B
COCTOSIHUU CTATHAIINM.

e Ha6op nakeros zAct |http://www.xact.es/| (au-
nensuss GPL) oxsarbiBaer omepamnuu Kak ¢ ab-
CTPAKTHBIMM, TaK ¥ ¢ KOMIIOHEHTHLIMU WHICKCAMIA.

B cienyromniem pasjese paccMOTPUM TOAPOOHEE JIBE CH-
cTeMbl KOMITbIOTepHO# anreoper: Cadabra u Mazima.

Baxkueitimum KpurepueMm BBIOOPA ITUX JIBYX CHCTEM
cTaJia JUIEH3UsT — PACCMATPUBAJIUCH TOJIBKO CBOOOTHBIE
CHCTEMBI KOMITBIOTEPHOI airebpol. Takum obpazom ObI-
JIK UCKJTIOYEHBI U3 PACCMOTPEHUsI TAKEThI PACIIIUPEHUST K
KOMMEPYECKHM CHCTeMaM KOMIIBIOTEPHOil asireOpbl (BHE
3aBUCUMOCTHU OT JIMIEH3UH HA CAMHU [1AKETHI).

Hanbosee pasBuras Ha JaHHBI MOMEHT CBOOOIHASI CH-
cTeMa KOMIIBIOTEPHON ajaredphl il TEH30PHBIX MAHUILY-
sgsinmit — Cadabra. OgHako 1MOKa OHA HE IOJJIEPKUBAET

KOMITOHEHTHBIE BbIUuCIeHus. [loaToMy B KadecTBe KOM-
MmaHboHA K Heil BeIOpaHa cucrtema Mazxima.

Bo3MOXKXHBIM TpeTEHIEHTOM Ha PacCMOTPEHUE MOTJIa
crarh cucrema Azriom, OgHAKO Ha JAHHBLIA MOMEHT OHA
pacnajiacb Ha HECKOJIbKO He BIIOJIHE COBMECTHUMBIX OT-
BETBJICHHA.

IV. OIIEPAIIMN HAJ TEH3OPAMMN B
CHUCTEME CADABRA

B kauecrBe memoHcTpamuu Bo3MoxkHocTeil Cadabra
PaCCMOTPHM BBITIOJTHEHIE PA3HBIX OIepaIuii HaJ TEeH30-
pamu B 910 cucreme. HamomMunM, 9T0 B TeKyIIeil Bepcuu
Cadabra orcyTcrByeT BOSMOXKHOCTH PabOTHI ¢ KOMIIOHEH-
TaMH, [I09TOMY KOMIIOHEHTHBIE OIIEPAINN PACCMOTPEHBI
He OyIyT.

A. DBe3sbiHOeKCHbIE BbIYNCICHUS

Sama UM npaBmiia KOMMYTAIMA U IIPOBEPUM, 9TO OHU
BBIIIOJIHAIOTCS:

{A,B}: :Commuting.
{C,D}: :AntiCommuting.

e Ciy4ail KOMMYTHPYIONUX T€H30POB:

B A;

@prodsort! (%) ;

e Ciryuail aHTUKOMMYTHPYIOIIIX T€H30POB:

D C;

2:= DC;

@prodsort! (%) ;

2:=-CD;

B. TosoHOMHBIE KOOPAUHATHI

ITokaxkeMm, 4TO B Cilydae COIVIACOBAHHLIX METPUKHU U
CBA3HOCTH KOBAPHAHTHAS IPOU3BOJHAS OT METPHIECKOIO
renszopa pasHa Hymo (cu. ().

BasauM HaGOp MHIEKCOB, METPHKY M YaCTHYIO IIPOU3-
BOJIHYIO:
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{a,b,c,d,e,f,g,h,i,j,
k,1l,m,n,0,p,q,r,s,t,utt}: :Indices.

g_{a b}::Metric.

\partial_{#}::PartialDerivative.

SanwumeM KOBaApHAHTHYIO ITPOU3BOHYIO Y€pe3 CHMBO-
sbt Kpuctoddens u cumsosbl Kpucrodbdens gepes met-
pudeckuii TeH30p, 9eM COOCTBEHHO U 3aJ[aJINM COIJIACOBa~
HUE METPUKHU CO CBIA3HOCTBIO:

\nabla := \partial_{c}{g_{a b}} -
g_{a d}X\Gamma~{d}_{b c} -
g_{d b}\Gamma~{d}_{a c};

V= cGab — gadrgc - gdbrgc;

Gamma:=\Gamma~{a}_{b c} -> (1/2) g~{a d}
( \partial_{b}{g_{d c}} +
\partial_{c}{g_{b d}} -
\partial_{d}{g_{b c}} );

1
—Ta ad .
Gamma =T}, — Eg (3bgdc + O0cGba — 3d9bc)7
[ToacraBum Beipazkerue cumBosia Kpucroddens aepes
METPUYECKHiI TEH30D B BBIPAXKEHUE I KOBAPUAHTHON
IIPOUBBO/IHO:

@substitute! (\nabla) (@(Gamma)) ;

1
V= cGab — _gadgde(abgec + acgbe - aegbc) -

2

1 €
- _gdbgd (aagec + acgae - aegac);

2
U PacKpoeM CKOOKH:

@distribute! (%) ;

1
_gadgdeacgbe +

1
V= cGab — _gadgdeabgec - 9

2

1 e 1 e
+§%wd&%f§%w“Mm—

1 1
de de .
— 599 O0cYae + 59dvg OeYac;
TlompivMaem 1 ommycKaeM HHAEKCHI 10 TeX MOp, ITOKa He yoe-
PEM BCce MeTpUUIeCKne TEH30pbI, O IEM TOBOPUT JTBOWHON
BOCKHHHaTeHbeIﬁ 3HaK:

@eliminate_metric!!(%);

1 1
V= _acgba + 56119170 -

2
1

1 1
- _8(1 c T _ac a _a acs
5 Yagbe = 504 b+ 509

1
ca__a ac —
Gab 5 b9

amnee mpuBesIEéM BbIpazKeHNe K KAHOHUYECKOMY BUJLY W
npuBenéM 1o00HbIe. B pe3yibrare moydnM HOJIb, KaK
U OXKHJAJIOCh:

Qcanonicalise! (%) ;

1 1
V= ca__a ac__aca
Gab = 5 Y 5 Yab +

1 1 1 1
+ §6agbc - _6agbc - _acgab + 58179110;

2 2
Qcollect_terms! (%) ;

V :=0;

C. ~-marpunml

Cadabra umeer pasBuTble cpejcTBa i paboOThI C
y-maTpunamu Jiroboit pasmeproctu. s onpemenéHHO-
cru OyleM HCIOJIb30BaTh Y-MATPHUIIBI JUPAKOBCKUX 4-
CIIMHOPOB.

s yrporenusi BuIYUCTEHUNH 3373 uM HAO0p Jeit-
CTBUM, BBIIOJHAIOIIUXCH IIOCJIE KazKJI0U OIlepaluu:

: :PostDefaultRules( @@prodsort! (%),
@Celiminate_kr! (%),
@Qcanonicalise! (%),
@Qcollect_terms! (%) ).

SBaa/ MM UHIEKChI U IIpoberaeMble MU 3HAUEHUSI:

{a,b,c,d,e,f}::Indices(vector).
{a,b,c,d,e,f}::Integer(0..3).

PasmeprocTs mpocTpancTBa OYIET MCIIOIB30BATHCS TPU
HaXOXKJIEHUN cJiesia cuMBojia Kponekepa.
IIpu 3amanum y-MaTpul; yKa3bIBAETCS

(em. @)):

\gamma_{#}: :GammaMatrix (metric=g) .
g_{a b}::Metric.
g_{a}~{b}: :KroneckerDelta.

METPHUKa

Temepp TPOIEMOHCTPUPYEM HECKOJIBKO CUMMETPUI-
HBIX TOXKJIECTB, KOTOPBIM YJIOBJIETBOPSIOT Y-MaTPHUILbI.

e Ypasuenne Kimddopaa—lupaxa ([2)):

\gamma_{a} \gamma_{b} +
\gamma_{b} \gamma_{a};

L= 5aY + 1Ya;
Ausroput™ @join nmpeobpa3syeT momapHbe MpOou3Be-
JIEHHUS Y-MATPHUIL B CYMMY Y-MaTDHIl BBICIIAX Ba-
senraocreit (em. ([B))). JomosHuTe bHBIN apryMeHT
expand yKasblBaeT Ha TO, YTO YUIUTHIBAIOTCS IIPa-

BuJla aHTUCUMMETPU3AIIUN JIJId “Y-MaTPHUIL:

@join! (%){expand};

1:=2 Gab;



e Ceéprka nByx y-marpur ():

\gamma~{a} \gamma_{a};

2 1= M,
Q@join! (%) {expand};
2 :=4;
e Toxnecrro (H):

\gamma~{a} \gamma~{b}
\gamma~{c} \gamma_{a};

3= 77" Ya;
Q@join!! (%) {expand};
3:= (7" + ") (=7 +9a )
@distribute! (%);

3 .= _,Yba,yca _ 2,_)/bc +gbc;

Q@join!! (%) {expand};
3:::4gbﬁ

e Toxxnecrso ([@):

\gamma_{a} \gamma_{bl};

4 = Yo V;

Q@join!! (%) {expand};

4:= Yab + Gab;
e Toxxnecrso ():

\gamma_{a} \gamma_{b} \gamma_{c};

D 1= YaVpVes

@join!! (%) {expand};

5= ('Yab + gab)'%:;

@distribute! (%) ;

5 1= YabYVe + VeYab;
@join!! (%) {expand};

5= Yabe + YaGbe — VoGac + YeGabs
e BoJee ciioxxHOE TOXKIECTBO:

YabYbcVdeYea = —4 Yed + 21 gcdf

B Cadabra 6yzmer umers Bu;
\gamma_{a b} \gamma_{b c}
\gamma_{d e} \gamma_{e a};
6 := —YabYeaVdeVoe;
Q@join!! (%) {expand};

6 := —(2Ybe + 3 gbe) (2 16d — 3 gba);

@distribute! (%) ;

6:= —4"ch'de - 12'-ch + 99cd§
@join! (%){expand};

6 := —4’70d +21 9Ged;

D. OpguossiemeHnTHBIE CHUMMETPUN

B kavecTBe mpuMepa 0IHO3IEMEHTHOM CUMMETPHUH PaC-
cMmorpuM cummerpun Tersopa Pumana (B). s sToro
3a/1a/IMM BHAYaJIe CUMMETPHITHbIE CBOWCTBA C IIOMOIIBIO
juarpaMmbl FOHra:

R_{a b c d}::TableauSymmetry(shape={2,2},
indices={0,2,1,3}).

C
B namnom mpuMmepe cuMMeTpus UMeeT BUT, .
amee mpon3BeIéM CHMMETPUYIHYIO U AHTHCUMMETPUI-
HYIO IIEPECTaHOBKY MHJIEKCOB. Ajiropur™m @canonicalise
[IPUBOJUT OTEPaH]] K KAHOHUMIECKON (hbopMe, yIUTHIBas
OZTHO3JIEMEHTHBIE CIMMETPUU.

R_{c d a b};
1:= Rcdab;
Qcanonicalise! (%) ;
1:= Rabcd;
R_{a b c d} + R_{b a ¢ d};
2= Rabcd + Rbacd;

Q@canonicalise! (%) ;

2= Raped — Rabcd;

Q@collect_terms!(%);

2:=0;



E. MHuorosnemMeHTHbIE CHMMETPUN

Pabory ¢ MHOrosjeMEeHTHBIMU CHMMETPHUSIMHU IIPOJIE-
MOHCTPHUpPYeM Ha IpumMepe TeH3opa Pumana.
Beeném obozHaveHus st MHIAEKCOB U ITPOM3BOIHOI:

{a,b,c,d,e,f,g#}: :Indices(vector).
\nabla{#}: :Derivative.

CI/IMMeTpI/IIO MO2KHO 3a/laBaThb C IIOMOIIBIO JUal'PaMMbI

IOura [0]d] | xak B mpenpTymem ciay4gae:

\nabla_{e}{R_{a b ¢ d}}::TableauSymmetry(
shape={3,2}, indices={1,3,0,2,4} ).

OnHako ynobHee UCIIOIB30BATD CJIEILYIOILYI0 HOTAIUIO:
R_{a b ¢ d}::RiemannTensor.

AHaJIOrHYHO MOCTYIMM ¥ C KOBAPUAHTHOI IPOU3BOI-
HOIT oT Tersopa Pumana, ymosiersBopsitormeit muddepen-
[IMAJIbHOMY TOXKJECTBY DbsHKMI:

\nabla_{e}{R_{a b ¢ d}}::SatisfiesBianchi.

ITposepum nepBoe ToxAecTBO Bhsirku ([d)).

R {abcd}r+R_{acdbvr+R_{adbc};

1:= Rabcd + Racdb + Radbc;

@young_project_tensor!2(%){ModuloMonoterm}:

Qcollect_terms! (%) ;

1:=0;

Tenepb MPOJEMOHCTPUPYEM  BBIIOJHEHHE BTOPOIO
(muddepennmanbroro) roxkaecrsa Besaku ([I0):

\nabla_{e}{R_{a b c d}} +
\nabla_{c}{R_{a b d e}} +
\nabla_{d}{R_{a b e c}};

2:= veRabcd + chabde + vdRabec )

@young_project_tensor!2(%){ModuloMonoterm}:

Qcollect_terms! (%) ;

V. TPUMEP TEH30PHBIX BBIUYNCJIEHUN B
MAXIMA

ITockosbky Cadabra Ha maHHBII MOMEHT HE MOJIED-
JKUBaEeT KOMIIOHEHTHBIE BBLIYHCJICHUS, TPOJEMOHCTPUPY-
eMm ux B cucteme Maxima. B kauecTBe mpumepa paccMoT-
puM 3ammch ypaBHeHuii MakcBe/ia B IUIUHAPUIECCKAX
KOOD/IMHATAX B TOJIOHOMHOM Gaswuce [1].

Barpys3uM BHaYaje HAMCAHHBIA HAMU HEOOJIBINON Ta-
KeT, cojepKaluii omnpejeaeHus s auddepennnaib-
HBIX OIIEPATOPOB:

(%i1) load("diffop.mac")$

Saga MM TUITHJAPUIECKYIO CUCTEMY KOOPIUHAT:

(%i2)

HOCMOTpI/IM KOMIIOHEHTBI METPUIECKOT'O TEH30PA (jj:

ct_coordsys(polar cylindrical)$

(%i3) 1g;
1 00
(%03) [0 72 0
0 01

BerauciamM u 1oCMOTPUM KOMIIOHEHTBI METPUYECKOI'O
TeHzopa g:

(%i4) cmetric()$
(%i5) wug;

1 00
(%05) (0 & 0

0 01

Samaaum HeOOXOIMMBIE BEKTODPHI U OMPEIEIUM UX 3a-
BUCUMOCTH OT KoopauHaT. M3-3a orpanmuenunit Maxima
obozHaunm j! wepes j1i, a j; wepes j_1:

(%i6) j:[j1,j2,3j31¢$
depends (j,cons(t,ct_coords))$
(%i8) B:[B1,B2,B3]$

depends (B, cons (t,ct_coords))$
(%i10) D:[D1,D2,D3]$
depends (D, cons (t,ct_coords))$
(%i12) H:[H_1,H_2,H_3]$
depends (H, cons (t,ct_coords))$
(%i14) E:[E_1,E_2,E_3]$
depends (E, cons(t,ct_coords))$
Temepsb BuIYMCINM BCe 9acTH ypasHennii Maxcsesia B
MWIAHIPUIECKNX KOOPANHATAX:
(hile) DdiV(B) ; p p B1
(%i17) Div(D) -4xYpi*rho;
d d d D1
(%017) ED?H-%DQ—FEDI—FT —4mp
(%i18) Rot(H)
+ diff (transpose(matrix(D)),t)/c
- 4xYpi/c*transpose(matrix(j));
%H}\—Id% H 2 T Dl axjl
(%o18) | A=A 3 dH 1| & D2 dnj2
4 H 2-4 H 1
7] c

(%i19) Rot(E)
+ diff (transpose(matrix(B)),t)/c;



(%o019) | 4282 _

Takum 06pa3oM, Pe3yIbTAT COBIAT C IOJLYICHHBIMU
B |1] anaIMTHUECKUMY BBIDAsKEHUSIMI.

VI. 3AKJIIOYEHUE

Crarbsi BbI3BaHA K JKU3HU TEM, UTO aBTOPBI XOTEJN
[IPOBECTU I'POMO3/IKIE TEH30PHbBIE BEIYUCJIEHHUS B CHCTEME
KOMIIbIOTepHOIT asrebpsl. [louck coorBercTByfoIeit cu-
CTEeMbI 3aCTaBUJI C(hOPMYIUPOBATH HAOOP KPUTEPUEB, KO-
TOPBIM JIOJKHA YIOBJIETBOPATH MOIOOHAS CHCTEMa KOM-
MIBIOTEPHO aredphI.

W3-3a HAMMYIUsT HECKOJIBKUX TUIIOB TE€H30PHBIX PaCdé-
TOB IOJTHAS PEAJIM3AINS TeH30PHBIX BEIYUCJICHHI B CHCTE-
MaxX KOMITbIOTEPHOH ajaredbpsl TpedbyeT MUpoKoro Habopa
BoamoxkHOCTel. K coxkasiennto, Ha JaHHBI MOMEHT (hak-
TUYECKH OTCYTCTBYIOT CHCTEMBI C TIOJIHOCTBIO YIOBJIETBO-

PUTEIBLHON IIOAJICP2KKO TEH30POB.

KomMmmonerTHBIE TEH30PHBIE BBIYUCIEHUS TPAKTHIECKHT
He TPeOYIOT JIONOJHUTENBHBIX BO3MOXKHOCTEH OT yHU-
BEpCAJILHON CHUCTEMBI KOMIIbIOTEpHOI ajarebpsl. [losaTo-
My TAKETHI, PeaJu3yolne JaHHbII (OYHKITMOHA, TPEe-
craBseHbl HauboJsee mMpoko (Hanpumep, Mazima, Maple,
Mathematica).

TenzopHast HOTAIUS CUIBHO OTJIMIAETCH OT IIPUBBIY-
HO# (PYHKITMOHAILHOM HOTAIIUN, KOTOPYIO UCIIOJIB3YET I10-
JaBJIsiioniee OOJIBIMUHCTBO CUCTEM KOMIIBIOTEPHOH aJired-
pol. Ilosromy nns sddexTuBHOl pabOTHI ¢ TEH30pAMU
[IPEJICTABJISIETCS HEOOXOMMBIM MMETh CIIEITAAIN3NPOBaH-
HyIO cucreMy (JubO CIEIUAJN3NPOBAHHYIO HAJICTPONKY
HAJ| YHUBEPCAJIBHOI CUCTEMOI ), MOIEePKUBAIOILY IO €CTe-
CTBEHHYIO T€H30pHY0 HoTaimio (Hanpumep, Cadabra).

B pesynbrare He ynajaoch HANTH CHCTEMY, IIOJIHOCTHIO
V/IOBJIETBOPSIIONLY IO MTOTPEOHOCTSM TEH30PHOT'O MCUUCTIE-
HUsl. ABTOpDBI TIOKA OCTAHOBWJIMCHL Ha HaboOpe W3 cCrie-
nuaau3upoBanHoil cucrembl Cadabra u yHHUBEpCaJbHOI
CHCTEMbI KOMIIBIOTEPHOH ajarebpbl (HA JaHHBIA MOMEHT
Mazima).
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