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Recently, the place of the main programming language for scientific and engineering computations
has been little by little taken by Julia. Some users want to work completely within the Julia
framework as they work within the Python framework. There are libraries for Julia that cover the
majority of scientific and engineering computations demands. The aim of this paper is to combine the
usage of Julia framework for numerical computations and for symbolic computations in mathematical
modeling problems. The main functional domains determining various variants of the application
of computer algebra systems are described. In each of these domains, generic representatives of
computer algebra systems in Julia are distinguished. The conclusion is that it is possible (and even
convenient) to use computer algebra systems within the Julia framework.
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I. INTRODUCTION

For mathematical modeling problems, we want to use
the Julia programming language [1-4].

Julia is a problem-oriented language for scientific and
engineering computations. It has a simple syntax. To
facilitate the migration of researchers and engineers from
other languages, Julia borrows good language constructs
from MATLAB, R, Python, and FORTRAN [5, 6].. To
support interactive development and optimization of the
execution time, Julia uses JIT compilation. Intrinsically,
Julia is a LISP-like language, and for this reason it seam-
lessly uses functional constructs. Julia supports libraries
written other in programming languages.

A reason for choosing Julia is the consistent implemen-
tation of the single language principle. The point is that
the programming languages for scientific and engineering
problems developed in two directions—languages for writ-
ing high performance programs (FORTRAN, C, C++)
and languages for fast prototyping for nonprogrammers
(Matlab, R, Python). Julia tries to resolve the problem
of two languages®.

However, computer algebra problems fall out of the
main direction of Julia development.

Taking into account different kinds of problems, we dis-
tinguish the following domains of using computer algebra
systems.
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I The problem of two languages can be described as follows. A pro-
gram prototype is written in a language that is most convenient
for the developer. The priority is the speed of development. For
creating the final program, the code is rewritten in a language
that can efficiently use the hardware. Here the priority is the
execution speed. Julia supports both paradigms. That is, there
is no need to use two languages

e Computer algebra systems that provide a large
range of possibilities and do not require from the
user deep knowledge of programming. Examples
are SymPy, Maxima, Axiom, and Reduce.

e Computer algebra languages. They can be used
to write nontrivial programs for symbolic computa-
tions. Examples are Wolfram and R-Lisp.

e Domain-specific computer algebra systems.

In this paper, we consider computer algebra systems
implemented in Julia from the viewpoint of these domains
of application.

A. Structure of the paper

In Section II, we consider a computer algebra system
for nonprofessional programmers that uses SymPy library.
In Section III, a computer algebra system based on the
principles of Wolfram is considered. Section IV is devoted
to a problem-oriented symbolic computations language
designed for modeling of dynamical systems.

II. SYMPY.LJ: INTERFACE FOR THE
COMPUTER ALGEBRA SYSTEM IN PYTHON

One of the basic advantages of Julia (as well as of
Python) is the possibility of using third party libraries.
For example, Julia is able to use libraries written in C
and FORTRAN. Python has a similar capability (which
is the basis of its popularity). It would be silly to fail to
use these rich opportunities. For calling Python libraries,
Julia uses the package PyCall.

The package SymPy (http://sympy.org/) is the
Python library for symbolic computations. Actually, this



is one of the most powerful free symbolic computations
tools. Naturally, it can be used from Julia.

By way of example, consider how the functionality of
SymPy can be used from the Julia environment. Install
PyCall, load it, and then import the library SymPy.

import Pkg
Pkg.add("PyCall")

using PyCall

sympy = pyimport ("sympy")

The further operations are similar to the work in SymPy.
Define the symbolic variable x and take the sine of this
variable:

x = sympy.Symbol("x")
y = sympy.sin(x)

Now, we calculate sin(7):
y.subs(x, pi)

The result is of the type PyObject. In order to use this
object, it should be reduced to a numeric typem e.g., as

y.subs(x, pi) [> float

Among other things, this example demonstrates the func-
tional nature of Julia. In this expression, the operator |>
specifies the action of the function on the right (by anal-
ogy with the pipeline in Unix). That is, the expressions
f(x) and x |> £ are equivalent.

e expressions f(x) and x |> f are equivalent. However,
the notation above looks somewhat cumbersome. A lot
of additional code that has no con- tent has to be written.
Fortunately, standard Julia capabilities can be used for
the language extensions. To make SymPy operations look
similarly to the other computations in Julia, the Python
library can be called using the package SymPy.1j [7]:

import Pkg
Pkg.add ("SymPy")
using SymPy

Then, the example above takes the form

x = Sym(”x")
y = sin(x)

subs(y, x, pi) [> float

For SymPy objects, the type Sym is used.

In principle, this could be the end of discussion. If the
reader has experience in using SymPy in Python, then he
or she will be able to work with SymPy.]j in Julia.

Julia was created in such a way as to facilitate for the
people who earlier used other programming languages
for scientific and engineering computations (e.g., Matlab,
R, or FORTRAN) the migration to Julia. For this rea-
son, Julia contains a lot of syntactic sugar; in particular
many operations can be performed in different ways. For
example, a symbolic variable can be specified using a
constructor

X = SyIIl(”X")
and using a macro
Osyms x y 2

Variables can also be defined using a function that simu-
lates the work with SymPy from Python:

X, y = symbols("x y", commutative=false)

Here, in addition to declaring symbolic variables, their
properties are specified.

Note that the mandatory definition of the variable type
contradicts the dynamic nature of Julia. However, in this
case we use an external library and, therefore, we play
by someone else’s rules. Here we have an analogy with
Python, which, when working with external libraries, uses
the conventions of those libraries rather than replaces it
syntax by its own.

SymPy.1j gives Julia’s user the possibility to manipulate
symbolic expressions and provides a convenient interface
for this purpose. However (taking into account the per-
formance of modern computers) no speed optimization is
achieved.

Here are some examples of working with SymPy.lj. In
the manipulations with algebraic expressions, the oper-
ations of factorization (factor) and expansion (expand)
are very useful:

X,y = symbols("x, y")
factor(x~2 - 2x + 1)

(@ —1)°

expand ((x-1)*(x+1))

22 -1

In symbolic expressions, Julia constructs, e.g., compre-
hensions? may be used:

expand (prod([x-i for i in 1:5]))

2° — 152* + 8523 — 292522 + 2742 — 120

This is possible because SymPy.lj represents sym- bolic
matrices as arrays with the elements of the type julia Sym,
e.g., as Array{Sym}3.

Let us specify the symbolic matrix

X, y = symbols("x y")
m= [x 1; 1 x]

2 Comprehensions provide a generic efficient way for constructing
arrays. Their syntax resembles the notation of set constructors
in the Zermelo-Fraenkel axiomatic.

3 Naturally, this incurs additional overheads.



z 1
1 =z
Then, we can perform standard operations on matrices,
e.g., multiply them:

m * m

2 +1 2z
2¢ 22 +1

x? 1
1 22

The majority of standard operations on matrices are
also extended for working with symbolic values. By the
way, this is an example of the implementation of multiple
dispatch.

The functions factor and expand can simplify the
given expression. SymPy has a lot of functions for various
simplifications. For example, there is the general function
juliasimplify, which tries to derive the simplest form of
an expression using various heuristics for this purpose:
simplify: simplify:

a = (x + x72)/(x*sin(y) "2 + x*cos(y)~2)
simplify(a)

r+1

Equations and systems of equations can be solved using
the function solve. For example, let us solve the equation

22 +32+2=0
for x:

x = symbols("x")
solve(x~2 + 3*x + 2, x)

]

For systems of equations, vector notation may be used:

X,y = symbols("x y")
eql =x +y -1

eq2 = x -y - 2
solve([eql, eq2], [x, y1)

Dict{Any,Any} with 2 entries:
y => -1/2
x => 3/2

Finally, there is differentiation and integration.

The function diff is used to compute derivatives of
symbolic expressions. One can compute partial and higher
order derivatives. For example, define the functions

X, y = symbols("x y")
f(x) = exp(-x) * sin(x)
g(x, y) = x72 + 17*x*y~2

and compute the derivative %(;):

diff(£(x))

—e “sin (z) + e 7 cos (x)

Here we omitted the argument with respect to which the
differentiation is performed. However, it may be indicated
explicitly:

diff(£(x), x)

3
We can also compute the higher order derivative & dJ; @),

diff(£(x), x, 3)

2 (sin (x) + cos (z)) e™™

and compute the partial derivative :

9g(z,y)
ox

diff(g(x,y), x)

22 + 17y

Similarly, symbolic integration can be performed. Thus,
we can compute [(z% 4+ z + 2) dx:

X,y = symbols("x y")
integrate(x™2 + x + 2)

x3+x2+2
—+ = +2z
3 2

or the double integral [dy [ dz zy:

integrate (x*y, (x, y))

yS

2
The definite integral fol xdz can also be computed:

integrate(x~2, (x, 0, 1))

1

3

Thus, we have a very rich computer algebra system
that can be used directly from the Julia environment.



III. SYMATA: A COMPUTER ALGEBRA
LANGUAGE FOR JULIA

Even though SymPy is an excellent computer algebra
system, it has a small drawback. This is a ready-to-use
system—a “packaged product”. It provides a user layer
for symbolic computations but not a developer layer that
makes it possible to write code. For development, one can
use the language Symata? [8] for symbolic computations.
Symata is implemented in Julia. The design of Symata is
based on Wolfram [9].

To use this system, the package Symata must be in-
stalled:

import Pkg
Pkg.add ("Symata")

Symata is loaded in the standard way:
using Symata;

Pay attention to the following property of Symata.
While SymPy.lj was designed with the aim of using it di-
rectly and seamlessly from the Julia environment, Symata
is a domain-specific language written in Julia. It is fairly
different from Julia. For this reason, one has to explicitly
switch between these languages. Switching to Julia is
made using the function

Julia()
Using the function
isymata()

one can switch back to the Symata mode.

Computations in Symata are similar to the work in
Mathematica. For example, suppose that we want to find
the value of cosine:

expr = Cos(pi * x)

Cos(m x)
Specify the value of the variable z:

x = 1/3

Now, we get the value of the expression expr:

expr

4 In the case of Symata, the developer layer language and user
layer language are identical. Hence, Symata is simultaneously a
programming language and a computer algebra system.

1
2
Modify the value of z:
x =1/6
1
6

Then the value of the expression also changes:

expr

D=

3
2
Reset x. Then, the numeric value of the expression is
not calculated:

Clear(x)
expr

Cos( x)

Actually, a Wolfram-like language is implemented in
Julia. There is no need to describe the syntax of Symata
in more detail here. However, it makes sense to consider
some differences of Symata from Wolfram. The majority
of these differences are due to the desire to make the syn-
tax of Symata closer to the syntax of Julia. For example,
comments are marked by the symbol #, while in Wolfram,
the comments look like

(* comment *)
For specifying lists, square brackets

[a,b,c]

[a,b, c]

rather than curly brackets { } are used. The list elements
may be separated by comas or by line break:

L
a
c +d
Expand ((x+y) ~2)

[a,c+d,x2—|—2my+y2]

As in Julia, the argument of a function is specified in
parenthesis rather than in square brackets as in Wolfram:

f(x)

f(z)

Some functions have infix notation as in Julia.
For example, the function Map(f,1ist) in infix form
is written as



f 7 list
and the Apply(x,y) as
X .%oy

For details, see the Symata documentation.

We may conclude that, on the basis of Julia (using
its powerful capabilities in creating domain-specific lan-
guages), an extremely convenient language for computer
algebra is implemented. It is of interest to mention that
Symata uses the library SymPy for many analytical com-
putations.

IV. COMPUTER ALGEBRA IN JULIA FOR
MATHEMATICAL PROGRAMMING PROBLEMS

In the preceding sections, we considered the implemen-
tation of general-purpose computer algebra systems in
Julia. However, of great interest are specialized domain-
specific applications of computer algebra.

The package ModelingToolkit.jl [10] provides a special-
ized computer algebra language for mathematical mod-
eling problems. For this purpose, it uses the metapro-
gramming capabilities [11] of Julia. Note that the main
mode of operation of ModelingToolkit.jl is the batch mode
rather than the interactive one.

Symbolic variables are declared by the macro
Ovariables:

Qvariables x y

Then, these variables can be used in symbolic expres-
sions (in the Julia syntax):

z=Xx"2+y

For modeling continuous dynamical systems, we need
derivatives. In ModelingToolkit.jl, differential operators
are constructed using the macro @derivatives:

Q@variables t
@derivatives D't

Here, the differential operator D = % is specified. The
number of primes || indicates the order of the differential
operator. We can write the expression

z =t + t°2
D(z)

At this point, the differential operator does not compute
anything because it is a lazy operator. However, we also
can obtain the result immediately by using the function
expand_derivatives:

expand_derivatives(D(z))

142t

Since functions in Julia are first-order objects, the de-
clared symbolic variables are actually functions. When
declaring variables, dependences may be indicated explic-
itly:

Figure 1. Solution of system (1)

@variables t x(t) y(t)
This dependence is taken into account in differentiation:

Z = X t y*t
expand_derivatives(D(z))

The last expression is expanded as

derivative(x(t), t) + y(t) + derivative(y(t), t) * t

By way of example, solve the classical predator—prey
problem [12, 13]:

dx

— = az — byx,
dy_
dr cry Y,

where x is the population of prey, y is the population of
predators, t is time, and a, b, ¢, and d are the coeflicients
describing the interaction between species.

First, load the required packages (if needed):

import Pkg
Pkg.add ("ModelingToolkit")
Pkg.add("OrdinaryDiffEq")

Then, we load the package for plot construction:
Pkg.add("Plots")
and then link the required packages:

using ModelingToolkit
using OrdinaryDiffEq
using Plots

Now, we are ready to solve the problem. Declare vari-
ables and differentiation operators. A part of the variables
is declared as parameters.

Oparameters t a b c d
@variables x(t) y(t)
O@derivatives D'"t



Now, we simply rewrite system (1) using the syntax of
Julia:

eqs = [D(x) 7 a *x - b*x*y,
D(y) = cxx*xy - d*y]

By symbolic manipulations, we reduce the system to
the form that is required for the package OrdinaryDif-
fEq.lj [14]:

sys = ODESystem(eqgs)

The further manipulations are performed within the
package OrdinaryDiffEq.lj. Set the initial values of the
variables:

u0 = [x => 1.0
y => 1.0]

We also specify the problem parameters:

p =[la=>1.1
b=>0.4
c => 0.1
d => 0.4]

We will solve the problem on the time interval
tspan = (0.0,100.0)

Create the structure describing the entire problem:
prob = ODEProblem(sys,u0,tspan,p; jac=true)

The additional parameter jac=true instructs the system
to symbolically generate the optimized Jacobi function
for improving the work of differential equation solvers.

Finally, we apply the solver available in the package
OrdinaryDiffEq.lj:

sol = solve(prob)
Now, we plot the solution (see Fig. 1):
plot(sol)

This approach fits well into the idea of a specialized
language for scientific and engineering computations. Un-
der this approach, symbolic computations are performed
not by using a special universal language, but a special
problem-oriented symbolic computation language is cre-
ated for each direction. This language should seamlessly
fit with the basic language (Julia in the case under con-
sideration).

V. CONCLUSION

The (incomplete) survey of computer algebra systems
that can be used with Julia showed that the language itself
and its infrastructure are fairly mature. The computer
algebra systems in Julia have a wide of applications—
systems for nonprofessional programmers, (SymPy.lj),
powerful computer algebra languages (Symata.lj), and
domain-specific computer algebra languages (Modeling-
Toolkit.jl). This gives hope that the popularity of Julia
will grow not only in the domain of numerical computa-
tions but also in the domain of symbolic computations.
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B mocienmee BpeMst Ha MeCTO OCHOBHOTO SI3bIKA, HAYYHBIX U WHYKEHEPHBIX PACUETOB BBIIBUTAETCSI
a3bIK Julia. Y psima mosb3oBaTeseil BOSHUKAET KeJaHne PabOTATh MOJHOCTHIO BHYTPU «IKOCHCTEMBI»
Julia, momobHO TOMy, Kak mpoucxoauT pabora B «dKocucremes Python. nsa Julia cymecrsyror
OMOIMOTEKH, TOKPBIBAIOIIHE OOIBITMHCTBO MOTPEOHOCTEN HAyIHO-MHXKEHEPHBIX pacuéroB. [lepexn
aBTOpPaMU BO3HUKJIA HEOOXOUMOCTH MCIIOJIB30BATH CUMBOJIbHBIE BBIYMCJIECHUS Ul 33/1a9 MaTeMaTh-
YEeCKOTO MOJIeTupoBaHusi. [I0CKOJIBKY OCHOBHBIM SI3BIKOM PEAJIH3AIMY YHCJIEHHBIX aJTOPUTMOB MbI
BBeIOpasn s13bIK Julia, TO 1 3371891 KOMIIBIOTEPHON AJIreOphl XOTEIOCh OBl PEIIATh Ha ITOM JKe SI3BIKE.
ABTOpBI BBLIEINIM OCHOBHBIE (DYHKIMOHAJIbHBIE 00JIACTH, 33/IaI0NUe Pa3Hble BAPUAHThHl IPUMEHEHUsT
crCTEeM KOMIBIOTEPHON aireOpbl. B Kaxkmoit u3 obsiacTeit HaMu BBIJEIEHBI Hanbojiee XapaKTepHbIe
IIPEICTABUTEN CUCTEM KOMIIBIOTepHO# anre6ps! Ha Julia. B pe3ynbraTe aBTOPHI [€/1al0T BBIBOM, YTO
B PaMKax «dKocHcTeMbl» Julia BO3MOXKHO (M mazke ymoGHO) HCIOJIB30BATh CHCTEMBI KOMIIBIOTEPHO

anreOphl.

Komouessreciosa: Julia, SymPy, s3pixk Wolfram, cucremsr koMnboTepHoit aarebpa

I. BBEJAEHUE

s 3a/1a1 MaTEeMaTHIeCKOTO MOJICJIMPOBAHUS MBI OPHU-
EHTHPOBAHBI Ha ¥CIOJb30BaHue st3bika Julia [1-4].

Aseix Julia siBasieTcs npob/IeMHO-OPUEHTUPOBAHHBIM
SA3BIKOM JIJIsI HAYYHBIX U MHYKEHEPHBIX pacdIeéToB. Z3BIK
nMeeT HpOoCTOil cuHTakcuc. st obsiertdeHust repexoa
HayYHO-MHXKEHEPHBIX paboTHUKOB, Julia ucnosm3yer yaad-
HBIE S3BIKOBBIE KOHCTPYKITNH, 3aNMCTBOBAHHBIE U3 I3BIKOB
MATLAB, R, Python, FORTRAN [5, 6]. Jast momaep:k-
KU UHTEPAKTUBHON pa3pabOTKU M ONTUMU3AINN BPEMEHN
ucniosnenns Julia ucnossdyer JIT-komomrsmmo. Bayrpn
Julia siBstercst LISP-110/100HBIM SI3BIKOM, ITO3TOMY OHA
OPraHUYIHO UCIIOJIB3YeT (DYHKIIMOHAbHBIE KOHCTPYKIIUH.
Julia noyiepkuBaeT OGUOIMOTEKN, HAIIMCAHHBIE HA JIPYTIUX
SABBIKAX POTPAMMUPOBAHUS.

Opmoit u3 npuand Beibopa Julia sBiisieTcst ocsenoBa-
TeJIbHAST PEeAJIU3AIUSA NPUHUUNG 00H020 A3bika. Jlesto B
TOM, 9TO B CBOEM PA3BUTUU A3LIKU ITPOTPAMMUPOBAHUS
JUUIsI HAYYHBIX ¥ WHKEHEPHBIX 33J1a4 Pa30LINCh 0 JIBYM
HAITPABJIEHUSIM: SI3BIKU JIJIsI CO3JIAHUS BBHICOKOTIPOM3BO/IU-
resibHbIX nporpamMm (FORTRAN, C, C++) u a3biku jyist
OBICTPOrO MPOTOTUITMPOBAHUS ¥ MCIIOJIH30BAHUS HEIIPO-
rpammvuctamu (Matlab, R, Python). Julia crapaercst pe-
IMUTL npobaemy 06y As3vikos. OIHAKO 330a9H KOMITBIO-

* kulyabov-ds@rudn.ru

T korolkova-av@rudn.ru

I ITpo6iieMy ABYX SI3BIKOB MOXKHO IIPECTaBHUTD CJIELYIOIHM 00pa-
30M. IIpoToTHn MPOrpaMMHOrO KOMILJIEKCA IUIIETCS Ha, A3BIKE
IporpaMMUPOBaHUsl, JPY>KECTBEHHOM K pa3paboT4uky. [Ipuopu-
TET — CKOPOCThb HAIMCAHUS MPOrPAMMHOrO Koja. s coznanus
(UHAIBHOrO MPOrPaAMMHOTO KOMILJIEKCA KO/ IIEPENUCHIBAETCS Ha
A3BIKE, TO3BOJIAIONIEM YD MEKTUBHO UCIOJIb30BATH PECYPCHI BbI-

TEpHOI aJrebpbl BHIIALAIOT U3 OCHOBHOTO HAIIPABJICHUS
pas3BuTHs s3bIKa Julia.

C y9éroM pas3jmvIHO XapaKTepa BO3HUKAIOMIMX ITPH
9TOM 33184, BBIIEINM CJIEIYIONe 00JIaCTH IPUMEHEHUSI
CHUCTEM KOMITBIOTEPHOM aJIreOphi:

e [losib30BaTEIECKIE CUCTEMBI KOMITBIOTEPHOM aJIred-
pbl. JlaHHbIE CHCTEMBI IPEIATAIOT TIOJIb30BATEIIO
MIIUPOKUI CIIEKTP BO3MOYKHOCTEH, He TpedysT OT HEro
rIyOOKMX 3HAHUIT B TporpamMmMupoBanun. [Ipumepsr:
SymPy, Maxima, Axiom, Reduce.

e 3biku KOMIIBIOTEPHOH aarebpbl. C MOMOIIBIO HUX
MOYKHO IHCATh HETPUBUAIBHBIE TPOTPAMMBI CHM-
BosibHBIX Bbrancsenuit. [Tpumepsr: Wolfram, R-Lisp.

e IIpe/iMETHO-OPUEHTUPOBAHHBIE CUCTEMbBI KOMITBIO-
TEpHOIT areGphI.

B pabore paccMoTpeHBI cucTeMbl KOMIBIOTEPHON aJ-
rebpbI, peasn3oBaHHbIe Ha sA3bike Julia, ¢ Toukn 3peHns
9THUX 00sIacTell TPUMEHUMOCTH.

A. Crpykrypa craTtbu

B pasnese 11 paccmarpuBaeTcst moJib30BaTEIbCKYIO CH-
CTeMy KOMITBIOTEPHO#T aaredphl, HCIIOIL3YIOIIeH OubmoTe-
Ky SymPy. B pazzeiie III paccmarpuBaeTcs: si3bIK KOMITBIO-
TEpHO#1 aJirebpbl, peaJIM30BaHHBII Ha OCHOBE UJI€0JIOTUN

YUCJIUTEIbHON TeXHUKU. lIpuopurer — CKOPOCTH BBIIIOJIHEHUSI.
sk Julia noguepkuBaer obe 3Tu napagurmMel. 1o ecThb /111 HEro
HET HeOOXOMMOCTHU HCIIOJIb30BATh JIBA PA3HBIX sI3bIKA IPOTrDaM-
MUPOBAHUSI.



sa3bika Wolfram. B pasnene IV paccmorpen mpoGiiemmo-
OPHMEHTHPOBAHHBIN SI3bIK CUMBOJIBHBIX BBIYHCJICHUN 11151
3a/1a9 HEIIPEPBIBHOIO MOJIEJIMPOBAHUST JINHAMIUIECKUX CHU-
CTEM.

II. SYMPY.LJ — I/I}-ITEPCI)Eflc K CUCTEME
KOMIIBIOTEPHOU AJITEBPBI HA fA3bBIKE
PYTHON

OHoi M3 KJIIOYEBBIX OCHOB MJEOJIOTMH A3bIKa Julia
(kak m y si3pika Python) siBiistercst BO3MOXKHOCTB HC-
MI0JIb30BaHNUs CTOPOHHMX Onbymorek. Hanpumep, Julia
MOZKeT MOJIK/II0UYaTh ONOJINOTEKN, HAIIMCAHHBIE HA, sI3BIKAX
C, FORTRAN. Cxomnoii nzeosiorueii 06/1a1aeT u sa3bIK
Python (4To u moCIy>KMII0 OCHOBOI €T0 MOIYJISIPHOCTH ).
[Tosromy 6bLIO OBl HEIPEIYCMOTPUTEHLHO HE UCIIOIB30-
BaTh 3710 OorarcTBo. Julia ncnosb3yer s BbI3oBa OHO-
smorek s3bika Python maker PyCall.

IMaxer SymPy (http://sympy.org/) saBasercs 6ubamo-
tekoit Python mjst cumBosbHOl MmaTemaTuku. QakTude-
CKH, 9TO OAWH 13 HamboJee MOIIHLIX CBOOOIHBLIX ITAKETOB
CHUMBOJIBHBIX BBIUHCIeHUIT. EcTecTBeHHO, 9YTO ¢ HUM MOXK-
o paborars u3 Julia.

Paccemorpum g1t mpumMepa, Kak MbI MOXKEM UCIIOJIB30-
Barhb byHkumonan SymPy usz cpemsr Julia. YcranoBum
maker PyCall, 3arpy3um €ro, a 3aTeM UMIIOPTUpYyeM Oub-
smoteky SymPy.

import Pkg
Pkg.add("PyCall")

using PyCall

sympy = pyimport ("sympy")

JasbHeiimre onepamnuu IOX0XKU Ha pabory B SymPy.
OnpeesiuM CUMBOJIBHYO TIEDEMEHHYIO X ¥ BO3BMEM CHHYC
OT 3TOU IIepEMEHHOI.

X = sympy.Symbol("x")
y = sympy.sin(x)

Borancsnm Teneps sin(m):
y.subs(x, pi)

Pesynprar 6yner umers T PyObject. YTobs! ero ucmoiis-
30BaTh B JAJIbHEUIIEM, CJIe/lyeT IPUBECTH €ro K KaKOMYy-
Jmbo umcsioBoMy Tumy. Hampumep, ciaemyrommm o0pa3om:

y.subs(x, pi) |> float

DTO puUMep, KPOMe BCEro IIPOUero, JeMOHCTPHUPYET (DYHK-
mroHaJbHY0 npupoay Julia. B manHOM BhIparkenuwu orre-
patrop |> 3anaér peiicreue GyHKIMHU cpaBa (10 aHAJIOI UK
¢ kouseiiepoM B o6ostouke Unix). To ecrs 3anucu £ (x) u
X |> f SKBUBaJIEHTHBI.

O 1HAKO, BBIMIENPUBEIEHHAS 3aIMCh BBITJISIAT HECKOJIb-
KO Tsi?kejioBecHO. Jljist mpocreiimux onepanuit Tpedyer-
Csl IIMCATHh MHOT'O JIOIIOJIHUTEJHHOTO KOJA, He HECYIIIEro
HUKAKOro cojiepkanns. K c9acTbio, MOXKHO HCIIOJIB30-
BaTh CTaHJApTHBIE Bo3MOKHOCTH Julia 15t paciupennit

s3bika. s Toro, urobsr oneparyu SymPy He Bbijiess-
Jich Ha (poHe ocTaNbHBIX Bhrancaenuit Julia, BbI30B uTo-
HOBCKO#I OGMOJTMOTEKN ITPOU3BOJUTCS € IIOMOIIBIO TIAKETa,
SymPy.]j [7]:

import Pkg
Pkg.add ("SymPy")
using SymPy

Tora BBINIEPACCMOTPEHHDIN TPUMED MPUMET CJIEIYIO-
MU BUJT:

x = Sym("x"
y = sin(x)
subs(y, x, pi) [> float

s obbexkToB SymPy ucnosp3syercs tum Sym.

B mpunmnume, Ha 9TOM MOXKHO U 3aBepmuTh. Kcan dnra-
TeJib UMeJI ONbIT paborel ¢ SymPy B Python, on cmoxker
paborars u ¢ SymPy.lj B Julia.

Azpik Julia cozmaBascs Takum obpa3oM, 9TOOBI HA HEM
JIETKO MOTLJIN IUCATH [IPOrPAMMBI JIIO/IN, [IEPEIIE/IIINe C
JPYTUX S3BIKOB IPOrPAMMHUPOBAHUS C HAYYHON U WHXKe-
HepHO#i cnerudukoii (Takux, kak Matlab, R, FORTRAN).
ITo sroit npuanue Julia comep:KuT MHOTO CHHTAKCHIECKO-
ro caxapa, B YaCTHOCTH OJHY U Ty K€ OIEPAIMIO MOXKHO
BBITIOJTHUTh HECKOJIBKUMU IyTAMU. TaK, CHMBOJIBHYIO IIe-
PEMEHHYIO MOXKHO 3a/IaTh C TIOMOIILIO KOHCTPYKTOPA:

X = Sym(”x")
Tak>ke MOXKHO 3aaThb C IIOMOIIBIO MaKpOCA:
Osyms x y 2

Takzke MOXKHO 33J]aTh C TIOMONILIO (PYHKIMN, UMATHPYO-
meit pabory B SymPy u3 Python:

X, y = symbols("x y", commutative=false)

3mech, KpoMe BCero, KpoMe 00bsIBJICHUST CUMBOJTMIECKIX
[IePEMEHHBIX YKa3bIBAIOTCS U UX CBOHCTBA.

Crenyer 3aMeTHTD, ITO 00SA3ATE/IHLHOE sIBHOE 33 IaHHE
THIIA HECKOJIBKO TTPOTUBOPEUUT JUHAMUIECKON TTPUPOJIE
Julia. OmHako, B JaHHOM CJIydae MbI UCIOJIB3YeM BHEII-
HIOIO OUOJIMOTEKY, TIOITOMY UTPAEM II0 IYZKUM [TPABUJIAM.
31ech MOXKHO TIpoBecTH aHajoruio ¢ Python, koTopsrii,
pu paboTe ¢ BHEITHUMHU OMOJIMOTEKAMU, UCIIOJIb3yeT CO-
DJIAIleHns] 9TON ONOJIMOTEKH, & HE MOJIMEHSIET €6 CHHTAKCHC
CBOWIM.

SymPy.lj maér nmonpzoBareso Julia Bo3aMokHOCTE Ma-
HUIYJTUPOBATH CUMBOJIBHBIMI BBIPAXKEHUSIMHU, IIPEJIAraeT
It 91oro yaobustii unrepdeiic. [Ipasna (yuurbiBas npo-
M3BOJIUTE]HHOCTh COBPEMEHHBIX KOMIIBIOTEPOB) HUKAKOIL
ONITUMHU3AIMH TI0 CKOPOCTH BBIIIOJIHEHIS HE TPOU3BO/UT-
csl.

[IpuBeém HECKOIBKO TpuMepoB paborsr ¢ SymPy.lj.

IIpu omeparusax ¢ ajrebpanvdecKuMU BbIPaKEHUSIMU
BeCcbMa MoJie3HbI oneparyu gakropusanuu (factor) u
pacrupenus (expand).

X,y = symbols("x, y")
factor(x™2 - 2x + 1)



(x—1)°

expand ((x-1)*(x+1))

22 -1

B cuMBOJBHBIX BBIpaKEHUIX MOXKHO MTPUMEHSITH KOH-
crpykiuu Julia, HAIpEMep BKIIOWEHIA>:

expand (prod([x-i for i in 1:5]))

2® — 152* + 8523 — 22522 + 2742 — 120

DT0 MPOUCXOIUT OT TOro, yro SymPy.lj npescrasisier
CHUMBOJIbHBIE MATPUIIBI KAK MaCCHUBBI C 3JIEMEHTAMY THIIA,
Sym, HampuMep, Kak Array{Sym}.3

3aa/TMM CUMBOJIHHYIO MATPHILY.

X, y = symbols("x y")
m

=[x 1; 1 x]
x 1
1 x

Torja ¢ MaTpuIlAMI MOYXKHO IIPOU3BOJIUTDL CTAHIAPTHBIE
olepalyy, HallpuMep YMHOXKaTh:

m * m

2 +1 2z
2¢ a2 +1

x? 1
1 22

Tak>ke GOJIBIIMHCTBO CTAHIAPTHBIX OMEPAIUl C MAT-
pHUIIAMY PACIIUPEHBI JJIsi pAOOTHI ¢ CHMBOJIBHBIMU 3HA~
YEeHUSIMU. DTO, KCTATH, OJINH U3 IPUMEDPOB PeaTu3aIiun
MHOXKECTBEHHOI JIMCIIeTIePU3aIIHH.

VYuomsiayThie Bbilie pyHKnun factor u expand mpo-
U3BOZAT HEKOTOpOoe (HeoOX0UMOe HAM) YIPOINEHUE HC-
XOJIHOTO BbIpazkenus. B SymPy ects mHOrO dyHKIMIA
JIJIST BBITIOJIHEHUSI PA3JIMYHOro poja yupoinenunit. Hanpn-
Mep, cyIecTByeT obmiast byHKIMs Ha3bBaeMast simplify,
KOTOpAasi IMBITACTCH Oy IUTh IPOCTEUITYI0 (hOPMY BBIpa-
2KEHUs, UCIIOIBb3YS I 3TOI0 Pa3HOOOPA3HbIE SBPUCTUKI:
simplify:

2 Brumouenus (comprehensions) sagaior obmumit u 3bbeKTHBHDBIH
cnocob TOCTPOEHUs] MAacCUBOB. VX CHHTaKCHC IOXOXK Ha 060-
3HAYEHUs] KOHCTPYKTOpa MHOYXKECTB B akcuomaruke llepmeso—
DpeHkKesIs.

3 EcTecTBEHHO, 3TO BJICYST 32 OGOl [NONOIHUTEIbHBIE HAKIIA,HEIE
PacxoIpl.

a = (x + x72)/(x*sin(y) "2 + x*xcos(y)~2)
simplify(a)

Tz +1

s pertenuns ypaBHEHU W CUCTEM ypaBHEHUH MOK-
HO HUCIIOJIL30BaTh (yHKImio solve. Hampumep, perum
ypaBHEHHE

22 4+32+2=0
OTHOCHUTEJLHO I:

x = symbols("x"
solve(x™2 + 3*x + 2, x)

]

s cucreM ypaBHEHHI MOXKHO HCIIOJIB30BATh BEKTOD-
HYIO HOTAIUIO:

X,y = symbols("x y")

eql = x +y -1

eq2 = x -y - 2
solve([eql, eq2], [x, yl)

Dict{Any,Any} with 2 entries:
y => -1/2
x => 3/2

N nakownen, jguddepeHmpoBanne 1 HHTErPUPOBAHUE.

Oyuknnsa diff mcnosb3yeTcs Ui BBIYUCIEHUS MPO-
M3BOJHON CUMBOJIBHBIX BbIparkenuit. MOKHO BBIYUCIUTH
YaCcTHBIE TPOU3BO/HBIE U ITPOU3BO/IHBIE BBICIIIETO TIOPSIKA.
Sagaaum, HanpuMep, QOyHKIIHT:

X, y = symbols("x y")
f(x) = exp(-x) * sin(x)
g(x, y) = x72 + 1T*x*y~2

df(z).
dz -

Beruucanm npoussoinyio

diff (£f(x))

—e "sin (z) + e 7 cos (x)

MBI 371€Ch OIYCTHIIM APTYMEHT, 110 KOTOPOMY BEJIETCS T~
depennuposanne. BripodeM, ero MoxKHO 1 0003HAYATD:

diff (f(x), x)
TaxzKe MOKeM IOJIyYUTh IPOU3BOIHYIO 60JIee BEICOKOTO

& f(w).

dz3

IIOpAIKa

diff(£(x), x, 3)

2 (sin (z) + cos (x)) e™ ™

99(z.y) .
MO}KHO B34Tb U ‘IaCTHyIO HpOI/I3BO,HHyIO B .



diff (g(x,y), x)

2z + 17y>

AHAaJIOrUIHO MOYKHO MTPOBOJIUTH CUMBOJILHOE UHTETDH-
posanue. Borancanm [ (22 + x + 2) da:

X,y = symbols("x y")
integrate(x~2 + x + 2)

333 332
42
sty T2

Mnu ppoitnoit uarerpan [ dy [ dz zy:

integrate(x*y, (x, y))

y3

2

. o 1
MozkHO BBIYHCIUTD U OIlpeeJIECHHBbIM UHTEerpaJi fO rdz:

integrate(x~2, (x, 0, 1))

1
3
Takum 06pa3oM MBI UMeeM OYEHbL OOraTyIi0 CHCTEMY

KOMITbIOTEpHOIT ajireOphl. V1 paboTaTh ¢ Heit MOXKHO IIPSIMO
u3 cpegpl Julia.

III. SYMATA — SI3bIK KOMIIbIOTEPHOM
AJITEBPHI OJI4d JULIA

IIpu Tom, aro SymPy siBisiercst BemKOIEHOM cucTe-
MOIT KOMITBIOTEPHOI aJireOphl, y HEeE eCcTh HEOOJIBINONH HEeI0-
CTATOK. DTO FOTOBas CUCTEMA, «PabOTAIONIAs U3 KOPOO-
ku». OHA TPEIOCTABIISIET «IOJIB30BATEIbCKUI CIIOM» JJIsT
CUMBOJIBHBIX BBIYUCJIEHUN, HO HE «CJIOH pa3paboTdmnKas,
MTO3BOJILIONINI NcaTh IporpaMMHubIi Koj. Jlns paspa-
OOTKM MOYKHO HCIOJIB30BATh 3bIK MTPOrPAMMUPOBAHUST
TS 3a]1a CHMBOJIBHOM MaTemaTuku Symata [8]2. SIsbik
Symata peasinzoBaH Ha s3bike Julia. B kauecTBe OCHOBBI
JUIsi qu3afina s3blKa Symata npussar s36ik Wolfram [9].

JLJist MCIOTb30BAHYS JAHHOW CUCTEMBI HEOOXO MO yCTa-
HOBWTH ITaKeT Symata:

import Pkg
Pkg.add("Symata")

Sarpyzkaercs Symata cTaHJIAPTHBIM 06pa30M:

4 B ciyyae Symata si3bIK «CJI0si Pa3pabOTUHKa» M H3BIK <ITOJb-
30BaTEJILCKOIO CJIosI» coBmamaroT. IlosTomy Symata siBisiercst
OJIHOBPEMEHHO U sI3bIKOM HIPOrPDAMMUPOBAHMUS, U CHCTEMOI KOM-
NBIOTEPHOI aareGpsl.

using Symata;

Cremyer oOpaTuTh BHIMAHUE HA CJIEIYIONIEE CBOMCTBO
Symata. Eciau SymPy.lj npoektupoBasicsi Takum obpa-
30M, YTOOBI €r0 MOYKHO OBLJIO MCIIOJIB30BATH HAIIPSIMYIO U3
cpeibl iporpamvupoBanust Julia, 6ecioBHo, TO Symata
ABJISIETCA IPEIAMETHO-OPUEHTUPOBAHHBIM A3BIKOM, HAIIH-
caaabiM Ha Julia. OB 7OCTATOYHO CHUIBHO OTIMYAETCA OT
a3pika Julia. I[ToaTomy HEOOXOTMMO SIBHO TEPEKTI0UATHCS
MEKJy 9TUMHU si3bIKaMu. [lepekirouenne B pesKuM sI3bIKa,
Julia ocymecTBisiercs ¢ MOMOIIBIO ciemyomeit byHKIUn

Julia()

O6paTHO B pexxuM Symata MOYXKHO IEPEKTIOUUTHCS C
TIOMOIIBIO (DYHKITAH

isymata()

Boruuciiennst B Symata moxoxu Ha paboTy B CHCTe-
me Mathematica. Ilpuseném mpumep. IlycTn nam mamo
BBIYUC/IATH 3HAYEHUE KOCUHYCA:

expr = Cos(pi * x)

Cos( x)
3aJanM 3HAYCHUE [IePEMEHHON X

x =1/3

Tereph COOCTBEHHO MOXKHO TOIYUIUTH 3HAUEHHE BBIPa-
JKEHUsI eXpr:

expr

Nszmenum 3unauenue Hepel\{eHHOfI xX:

x = 1/6

1

6

TOF,ZL& U3MEHHUTCA U 3HaY€HHNE BbITUC/IAEMOI'O BbIpazKe-
HUs:

expr

=

3
2
C6pocuMm 3HaveHue nepeMeHHoil x. Torma uckomMoe BbI-

paxKeHue rnepecTaHeT BbIIUC/IATBhCHA:

Clear(x)
expr



Cos(m x)

Qaktudecku cpemacrBamu Julia peasum3oBaH S3BIK
Wolfram. Tak qro, HaBepHoe, HET HeoOX0IUMOCTH GOJIEE
10/IpOOHO OCBEIATH 3/IeCh CUHTAKCUC CHCTEMBI Symata.
BupoueM, cTOUT OCTAHOBUTHCSI Ha, HEKOTOPBIX OTJIMYUSIX
sa3pika Symata ot sizbika Wolfram. BosbimuacTBO 9THX
OTJIMYIUI IIPOUCTEKAET U3 TOTO KEJIAHWS, ITOOBl Symata
nacJsiesoBadia cuarakcuc Julia. Hanpumep, kommentapuit
3aJ1a€TCsl CHMBOJIOM #, B TO BpeMsi KakK B si3bike Wolfram
KOMMEHTAPUIl BBITJISIAT CJIEYIOIIIM 00pa30M:

(¥ comment *)

st 3a1aHAsT CIIMCKA UCIIOJIB3YIOTCs He (DUTyPHBIE CKOO-
ku { }, a KBagpaTHbIE:

[a,b,c]

[a, b, ]

DJIEeMEHTBI CIIMCKA, MOT'YT pPa3JesIdTbCda KaK 3allsdTbIMU,
TaK U IIepexXoJ0M Ha HOBYIO CTPOKY:

[

a

c +d

Expand ((x+y) ~2)
]

[a,c+d7m2+2$y+y2]

AprymenTt GyHKIMM 33a€TCs HE B KBaJAPATHBIX CKOO-
kax, Kak B Wolfram, a B kpyribix, kak B Julia:

f(x)

f(x)

ITomobuo dbyrknusm B Julia, HekoTOpBIE (DyHKIIMU TTpU-
obpesn MHMOUKCHYIO HOTAIUIO.

Oyuxnusa Map (f,1list) npuobperaer nandurcHyo dop-
My

f 7 list
Oyukrius Apply (x,y):
X %y

Boutee moapobHO MOXKHO TTOCMOTPETH B JIOKYMEHTAIIUN
K Symata.

MozHO criesaTh BBIBOI, uTo Ha ocHobe Julia (¢ wmc-
IIOJIL30BAHUEM €€ MOIIHBIX BO3MOXKHOCTEH 10 CO3IaHUIO
PEIMETHO-OPUEHTUPOBAHHBIX A3BIKOB) PEAJU30BAH UC-
KJIIOUNTEJIBHO YAOOHBINH SI3bIK /I KOMIILIOTEPHO ajreo-
pbl. IIpu 5TOM MHTEPECHO OTMETHTH, YTO JJIsi MHOI'UX
aHAJINTUYECKUX BBIYKMCJIEHUN B SI3bIKE Symata HCIIoJb3y-
ercst bubsimoreka SymPy.

IV. KOMIIBIOTEPHAZ{ AJITEBPA B JULIA
AJId SAOJAY MATEMATUNYECKOTI'O
MOJEJINMPOBAHUA

B npeapbiaynux pasjesiax Mbl PACCMOTPEN PEAJII3a-
IO CUCTEM KOMITHIOTEPHOI aireOphl 00IIEero Ha3HAYeHUsI
na a3pike Julia. Ho Takyke 6oJibImoit mHTEpEC BBHI3BIBA-
10T CHEIUAJN3UPOBAHHBIE, IIPEIMETHO-OPUEHTUPOBAHHDBIE
[IPUMEHEHUsI KOMIIbIOTEPHON aJIreOpHI.

IMaker ModelingToolkit.jl [10] mpemmaraer crermann-
3UPOBAaHHBIN S3bIK KOMIIBIOTEPHON ajreOpbl Jijisl 3a/1a9
MaTeMaTUIeCKOro MOenpoBanus. JlJist 9TOro OH UCIoIh-
3yeT BO3MOXKHOCTH MeTanporpammuposanus [11] a3bika
Julia. OTmMeTnM, 9TO OCHOBHBIM PEKUMOM PabOTHI J1JIsT
ModelingToolkit.jl sBysieTcst He UHTEPAKTUBHBIN PEKUM,
a IaKEeTHDBIN.

Jist 3a71aHMsT CUMBOJIBHBIX IIEPEMEHHBIX CJIY2KUT MaK-
poc @variables:

Q@variables x y

IMocie 3TOro JaHHbIE CUMBOJIbHbBIE IIEPEMEHHbIe MOXKHO
UCIIOIB30BATh B CUMBOJIBHBIX BBIPAYKEHUSAX (COXPaHsIs
cunTakcuc Julia):

zZ=x2+y

itst MoJtesTMpoBaHys HEMTPEPHIBHBIX JUHAMUIECKIX CH-
cTeM HEOOXOIMMO HCIIOIb30BaTh IPOU3BOIHbIE. B makere
ModelingToolkit.jl muddepenimanbibie onepaTopsbl CTPO-
4TCe ¢ IOMOUIBIO Makpoca @derivatives:

@variables t
@derivatives D'7t

3mech 3aman udepeHnuaIbHbiil oneparop D = %. Ko-
JIMYECTBO IITPUXOB m YKa3bIBaeT Ha NOPAIOK Juddepen-
UajbHOTO oneparopa. MoxKHO 3amnucaTh BbIparXKeHUe:

z =1t + t°2
D(z)

Omneparop jmuddepeHIpoBaHus He BBIYUCIISIET HUYIE-
IO HEMOCPEJICTBEHHO B 3TOT MOMEHT, IIOCKOJIbKY SIB-
JISIETCSL  «JIGHUBBIM» OIIEPATOPOM. BIpodyeM, MBI MO-
JKEM TIOJIyIUTH PE3YJIbTAT CPa3y, MPUMEHUB (DYHKIIIO
expand_derivatives:

expand_derivatives(D(z))

142t

ITockompky B Julia dyHKIUN ABIAIOTCA O0BEKTAMHI
IIEPBOTO MOPSIJIKA, TO 00bSIBICHHBIE CUMBOJIbHBIE IIEPEMEH-
HbIE ABJIAIOTCS, hakTuaeckn, pyHKuamu. Moxxuao mpu
00'bsIBJIEHUH 1I€EDEMEHHBIX SIBHO YKa3aTh 3aBUCHMOCTH:

@variables t x(t) y(t)

OTa 3aBHUCUMOCTH YUUTBIBAETCs Ipu JuddepeHnuposa-
HUU:



Puc. 1. Perenne cucremst (1)

z = x + y*t
expand_derivatives(D(z))

Ilociieiiee BeIpazkenue OYIET PACKPBITO KaK

eqs = [D(x) 7 a *x - b*x*y,
D(y) ~ c*xxy - dxy]

Tenepb OpUMEHUM CUMBOJIbBHBIE Hp€O6p630BaHI/I5{ " npu-
Be,ZLéM HaIlly CUCTEMY K BUY, HeO6XOLLHl\40My JJId ITaKeTa

OrdinaryDiffEq.]lj [14]:
sys = ODESystem(eqs)

JlasibHeiime MaHUIYJISIANA TPOBO/ISITCS B PAMKaX Ia-
kera OrdinaryDiffEq.]j. Bagaaum HavabHbIEe 3HAYEHUS
[TEPEMEHHBIX:

u0 = [x => 1.0
y => 1.0]

Tak>ke 3a7aUM TTapaMeTPhl 33 1ATM:

p =[la=>1.1
b =>0.4
c =>0.1
d => 0.4]

Bynem pemars 3ama4dy Ha cjemyioneM BPEMEHHOM IIPO-
MEYXKYTKE:

derivative(x(t), t) + y(t) + derivative(y(t), t) * t

B kadecTBe IpuMepa MOCMOTPHUM, KaK PEIIAETCA KJIac-
cruvecKasl 3aja9a THUIA «XUINHAK—KepTBay [12, 13]:

dx
T =ar — byx,
(1)
dy =cry—d
dr Y Y,

[Jie & — KOJUYECTBO XKEePTB, Y — KOJMIECTBO XUIHUKOB,
t — Bpewms, a,b, ¢, d — K03 buImeHTH B3aNMOIECTBUS
MEXK/Ty BHJIAMU.

CuauaJsia 3arpy3uM HeOOXOJUMbIe ITaKeThbl (IIpu Heo6Xo-
JIUMOCTH ):

import Pkg
Pkg.add("ModelingToolkit")
Pkg.add("OrdinaryDiffEq")

Tak>ke 3arpy3um HaKeT JJist TOJIEPIKKU ITOCTPOECHUS
rpaduKoB:

Pkg.add("Plots")
Temepb mOAKIIOYNM HEOOXOANMBIE TTAKETHI:
using ModelingToolkit
using OrdinaryDiffEq
using Plots
CobcTBEHHO, Teneph MOXKHO DPEIIaTh HAILY 3aJ1atdy.

OmpeiesinM IepeMeHHbIE U OIEPATOPHI I depeHITnpo-
BaHUs. JacTh IMepPEMEHHBIX OIPEIe/INM KaK [apaMeTphl.

Oparameters t a b c d
@variables x(t) y(t)
Q@derivatives D't

Tenepsb MPOCTO TIEpenuIeM ucciaeayemyo cucremy (1),
UCIoJib3ysi cuaTakcuc Julia:

tspan = (0.0,100.0)
CozmanuM CTPYKTYDY, COAEPKAIIYIO BCIO HAILy 3aJady:
prob = ODEProblem(sys,u0,tspan,p; jac=true)

Jlomo/THUTEIbHBIN TTApaMeTp jac=true yKa3bIBaeT CHCTe-
M€ CHUMBOJIMYECKN CTeHEPUPOBATH ONTUMUIUPOBAHHYIO
dyukiuo Axkobu st yaydineHust pabOThI perrnareseit
b depeHITnATbHBIX yDABHEHMIA.

W, wnakomer, NOpPUMEHHM DpelIaTe] b U3

OrdinaryDiffEq.lj:

IIaKeTa

sol = solve(prob)
Hapucyem rpacduk, npesgcraBiennniii va puc. 1:
plot(sol)

PaccMmoTpennbiif moaxon 09eHb XOPOIIO BIMCHIBAET-
Ccd B MJIEOJIOTHIO CIIENMAIN3UPOBAHHOIO A3bIKa JIJIs Ha-
YYHBIX U WHXKEHepHbIX pacuéros. Ilpm nannoMm mosjxo-
Je JUIsl CUMBOJIbHBIX BBIMUCJICHUI UCIOIb3YyeTCdA HE CIIe-
UAJIbHBINl YHUBEPCAJBbHBINR A3bIK, & JJjIs KaXK/Ioro Ha-
MIPABJIEHUST UCCAETOBAHUI CO37aETCsI CBOHM MTPOOJIEMHO-
OPHEHTUPOBAHHBIN SI3BIK CHUMBOJIBHBIX PACUYETOB. IDTO
SI3BIK JIOJIZKEH OECIITOBHO CTHIKOBATHCH € OA30BBIM SI3BIKOM,
B HaleM ciydae, ¢ Julia.

V. 3BAKJIIOYEHUE

Harr 0630p (1a1eK0 He TIOJIHBIN) CHCTEM KOMIIBIOTEP-
HOI ayiredpbl 1jist s3bika Julia mokasasi, 9To u caM si3bIK,
7 ero nHOPACTPYKTYPA SBJIAIOTCS JOCTATOIHO 3PEJIBIMHU.
IIpu sTOM cucTembl KOMIIBIOTEPHOH arebpnl a3bika Julia
OXBATBIBAIOT IMUPOKUI CHEKTP IMPUMEHEHUs : [T0JIb30Ba-
TEJIBCKUE CUCTEMbI KOMIIBIOTEPHO! airebpsr (SymPy.lj),



MOIIIHbIE S3bIKM KOMIIbIOTEPHOH asreOpnr (Symata.lj),
IPOBJIEMHO-OPUEHTUPOBAHHBIE SI3BIKH KOMITBIOTEPHO aJi-
re6por (ModelingToolkit.jl). Beé 1o nossosisier HaiesTh-
csl, 9TO TOMYJISIPHOCTE st3biKa Julia Oymer Bo3pacTaTh He
TOJIBKO B OOJIACTH YUCJIEHHBIX, HO ¥ CUMBOJIBHBIX Pacdé-

TOB.
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