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1. Introduction

The problem of scheduling n jobs on a multiprocessor system consisting of m processors, each
having its own independent memory of size p; has been considered by Kafura and Shen [2].
Associated with each job is a processing timet; and a memory requirement m;. Job j can be pro-
cessed on processor i iff m; < ;. No job can be simultaneously processed on two different proces-
sors and no processor can process more than one job at any given time instance. In a preemptive
schedule, it is possible to interrupt the processing of a job and resume it later on a possibly
different processor. In a nonpreemptive schedule, each job is processed without interruption on a
single processor.

Obtaining minimum finish time nonpreemptive schedules is NP-hard even when m = 2 and
M =My [1].  Hence, Kafura and Shen [2] study the effectiveness of several heuristics for
nonpreemptive scheduling. For the preemptive case, they develop an O(nlogn) algorithm that
obtains minimum finish time schedules (without loss of generality, we may assume n=m). Their
agorithm begins by first computing the finish time, f*, of a minimum finish time schedule.
This is done as follows. First, the jobs and processors are reordered such that p, =, = -+ - =y
andm; =m, > --- 2m,. Thisreordering takes O(nlogn) time (again, we assume n = m). Let F;
be the set of al jobs that can be processed only on processors|, 2, ..., i because of their memory
requirements. Let X; be the sum of the processing requirements of the jobsin F;. X; = 0iff F; = @.
Kafura and Shen [2] show that

f* = max{ max;{t;}, max;{X/i}}. (1.1

The jobs may now be scheduled in the above order (m;=m,=>--->m,) using f* and
McNaughton'srule [4].

In this paper, we extend the work of [2] to the case when each job has a due time d; associ-
ated with it. Every job isreleased at a common release time. We are interested in first determin-
ing whether or not the n jobs can be preemptively scheduled in such a way that every job com-
pletes by its duetime. A schedule that has this property is called a feasible schedule.

The existence of a feasible schedule can be determined in polynomial time using network
flow techniques [3]. The complexity of the algorithm that results from this approach is
O(gn(n+gs)log?(n+qs)) where g is the number of distinct due dates and s the number of different
memory sizes. In fact, a feasible schedule (whenever one exists) may be obtained in this much
time. In Section 2, we develop another algorithm for this problem. This algorithm is consider-
ably harder to prove correct but has a complexity that is only O(gn + nlogn). A feasible schedule
can be constructed in O(g?n + nlogn) time. In arriving at the algorithm of Section 2, we develop
anecessary and sufficient condition for the existence of afeasible schedule. With the help of this
condition, in Section 3, we develop an agorithm to obtain a schedule that minimizes the



maximum lateness. This algorithm is also of complexity O(g?n + nlogn).

Sahni [5] and Sahni and Cho [6 and 7] have done work related to that reported here. They
have considered preemptive scheduling of n jobs with due dates when p; = g, = --- =y, FOr
the special case when all memory sizes are the same, Sahni [5] has developed an O(nlogmn)
agorithm to obtain a feasible schedule (when one exists). Sahni and Cho [6 and 7] have
obtained efficient algorithms for the case when p; = p, = --- =y, and the processors run at
different speeds.

2. A Fast Feasibility Algorithm

In this section, we first derive a necessary and sufficient condition for the existence of afeasible
schedule. This condition is used to obtain a fast algorithm to construct a feasible schedule when-
ever such aschedule exists. In section 3, this hecessary and sufficient condition is used to obtain
afast algorithm to minimze the maximum lateness.

Each job is characterized by atriple (t;, d;, m;) wheret; isthe task time of job j; d; isits due
time; and m; its memory requirement. Let 5y, 3y, ..., §g, 8; < 3, < -+ < §,, denote the distinct due
times in the multiset {d,, d,, ..., d,}. Let 3, be the common release time for the n jobs. Without
loss of generality, we may assume that 3, < d;.

Let u(1), w2, ..., 1), K1) > u(2) > ... > Y(s) be the distinct memory sizes in the multiset
{M1, K2, ..., Um}. Let p(stl) = O for convenience. Let P, denode the set of all processors with
memory size equal to u(k); i.e, P, ={i | W = u(k)}, L <k <s. Let J bethe set of all jobsthat can
be processed only on processorsin P4, Py, ..., P, because of their memory requirements; i.e., J, =
{jluk)=m>puk+1)}, 1<sk<s Weshal refer to P as processor class k and J, asjob class k.

2.1 A Necessary and Sufficient Condition
Itiseasy to see that in every feasible schedule for the n jobs, at least

t d] < &y

Ay = )
b(j.d) = t;—min{t;,d;—34} otherwise

amount of job j must be completed by 84, 1<j<n, 0<d<q. Observethat if there exist j and d
such that b(j,d) > 84 - 8y, then there is no feasible schedule.
Of the minimum amount b(j,d) that must be completed before 8 , at most

a(j,d) = min{b(j,d), 6~}

can be completed by ;.
Define B(k,d) to be the sum of the b(j,d)s for those jobs j in J,. Define A(k,d) in a similar
manner. Specifically,



B(kd) = S b(j,d), 1<sk<s 0<d<q,
and
A(kd)=Za(j,d), 1skss 0<sd<q.

B(k,d) gives a lower bound on the amount of jobs in J, that must be completed by &;. A(k,d)
gives the maximum amount of B(k,d) that can be done by ;.
Define a capacity function C(k,d) such that

C(k.d)= |P¢|(0dg—00), 1=sk<s 0=<d=<aq.

C(k,d) gives the available processing capacity in processor class k from the release time &, to the
duetime &;.
Onereadily observes that if afeasible schedule exists, then:

%B@msfcmm (2.0)
i=1

i=1

for all k,d, 1<k<s, O<d<q. While Eq. 2.0 provides a necessary condition for the existence of a
feasible schedule, it does not provide a sufficient condition. We leave it to the reader to construct
an instance that satisfies (2.0) but for which no feasible schedule exists.

This necessary condition can be strengthened by using the notion of a profile function. Let
Tt be the set of all nonincreasing functions o with domain {0, 1, 2, ..., s} and range {0, 1, ..., g}.
Recall that sisthe number of processor classes anq g the number of distinct due times. Thus

n={q0:{0,1,..,s}-{0,1,...q} and o(k)=o(k +1), O<k<s}.

1t defines the set of profile functions. Each prafile function o defines a profile in atiming diagram
(see[8]), i.e., thecurve of t = 3, | = 1,2,...,s. We shall refer to the profile defined by o simply as
the profile 0. For example, consider the case s = 4, q = 5, and the profile function o such that
0(0)=0(1) =0(2) =4; 0(3) =2; and a(4) = 1. Figure 2.1 displays ¢ pictorialy.

Let ¢ be aprofile function. Inany feasible schedule, at least B(i,o(i)) amount of processing
from J; must be done on Py, P,, -+, P; by time &,;. Since o is nonincreasing, B(i,o(i)) is a
lower bound on the amount of processing from J; that must be scheduled between &, and the

S

profile o (see Figure 2.2). Since the J;'s are pairwise digoint, it follows that 3 B(i, o(i)) is a
i=1

lower bound on the amount of processing that must be scheduled between &, and the profile 0.

Since iC(i,o(i)) is the total processing capacity of P4, -- -, Ps between &, and the profile o, it
i=1



Figure 2.1 Example profile.

followsthat if there is afeasible schedule, then

SB(,00)) < 3C, o(0) (2.1)

i=1 i=1

for every o € Tt We shall show in Theorem 1 that there is afeasible schedule iff (2.1) holds.

2.2 Obtaining A Feasible Schedule

We now ready to introduce the ideas that lead to the feasibility algorithm of section 2.3. Our
algorithm begins by computing the amount w; of each job j that is to be scheduled between &, and
;. These w;s are determined such that they can be scheduled in the interval &, to 6, and the
remaining processing requirements {t; - w; : 1<j<n} can be feasiby met from g, to g,.

Once the w;s are known the schedule from &, to 6, may be obtained. The schedule for the
remaining g-1 intervals is similarly obtained. The w;s are computed starting with jobsin J; and
proceeding to J, etc. Observethat jobsinJ.,; O --- O Js compete with the jobsin J, for the pro-
cessing time available on P4, ..., P, from 3, to §,. Hence, while determining w;, jeJ,, we must also
determine a value R, that represents the amount of P,, - - -, P,S processing capacity in the inter-
val d, to &, that isto be reserved for thejobsin ., O --- O Jg.



B(i,o(i)) must be scheduled in the rectangle ABCD and hence to the left of the profile o.
Figure2.2

Considering the definition of a(j,d), it seems plausible to compute the w;s using the greedy
method as below:

for d 0,1,2,... until satisfied do
set w; to a(j,d) for every jeJy
end

We would like to compute R, in a similar manner from a yet to be defined quantity Y (k,d). We
shall define Z(k,d), Y (k,d), and X(k,d), O<k<s, 0<d<q such that:
(i) In any feasible schedule, at least Z(k,d) amount of J.,, O --- OJs must be done on
Py, -+, P by timed,.
(i) In any feasible schedule, at least X(k,d) amount of J.,; O --- O Js must be processed on
Py, -+, P, between 3, and 3.
@iii) Y(k,d) = Z(k,d) - X(k,d). Hence, one may think of Y(k,d) as representing the maximum
amount of Z(k,d) that can be done between &, and ;.
It is important to note that (R, Z(k.d), Y(kd)), when regarded as an attribute of
Jee1 O -+ O Js is the counterpart of (w;, b(j,d), a(j,d)) if the latter is considered an attribute of
jobj, jOd.
We now proceed to define Z(k,d). Definemy as below:



y={o|oemando(i)<d, 0<i <s}.

From the discussion of section 2.1, it follows that for any profilec € Ty,

i B(i, o(i)) - f C(i,ofi))

i=k+1 i=k+1

gives alower bound on the amount of J,, O --- O Js that must be done on P4, ---, P, by time
dg(k+1) (@nd hence by time &4 as o(k+1)<d). Hence,

S S
Z(kd)=max{ 3> B(i,a(i))- > C(i,a(i))} (22
084 j=k+1 i=k+1
isaso alower bound on the amount of J,.,; O --- 0O Js that must be doneon P4, ---, P, by 8.

From (2.2) we may obtain a simple recurrence for Z(k,d). Let o’ € y be the o at which

S B(,o()- 5 CG a()

i=k+1 i=k+1

ismaximum. Assumethat k < s. If 0’ (k+1) # d, then Z(k,d) = Z(k,d-1). If o’ (k+1) = d, then

Zkd)= 3 B(.o()- 3 CGo()

i=k+1 i=k+1

= f B(i, 0 (i))- i C(i, o (i))+B (k+1,d)-C (k+1,d)

i=k+2 i=k+2

= Z(k+1,d)+B (k+1,d)-C (k+1,d).

Thisyields:
0 ifk=s
Z(k,d)= [Z(k, 0) ifd=0 (2.3)
max{Z (k,d-1), Z(k+1,d)+B (k+1,d)-C (k+1,d)} otherwise.
Define D(k,d) as below:

0 d=0

Dkd)= 1 c(k 1) otherwise.

When d # 0, D(k,d) is nothing but the processing capacity of P, from &, t0 ;.

To arrive a a formula for X(k,d), we note that for any i and d, B(i,d) - A(i,d) is a lower
bound on the amount of J;’s processing that must be done between &, and d;. The processing
capacity of P; inthisinterval is C(i,d) - D(i,d). So, for any profile function oemy’

i [B-Al(i, o(i))- i [C-D](i, ofi))

i=k+1 i=k+1



is alower bound on the amount of J.., O --- O Js that must be done on P,, - - -, P, between §,;
and 84. Conseguently X(k,d), O<kss, 0<d<q, as defined below:

S
X(k,d)= max{ 5 [B-A-C+D](i, o(i))} (2.4)
OFTh j=k+1
is alower bound on the amount of J,,, O --- O Js that must be processed on P4, -- -, P, between

o and dy.
From (2.4) the recurrence

0 k=
X(kd)= | X(k 0) d=0 (2.5)
max{X (k,d-1),[X+B-A-C+D](k+1d)} otherwise

may be obtained in the same way as (2.3) was obtained from (2.2).
Define:

Y(kd) = Z(kd) - X(kd), 0<sk<s 0<d<q.

Some of the identities that we shall use in section 2.3 are stated below.

Lemmal: If iB(i,o(i)) < iC(i,o(i)) for every o € 11, then
i=1 i=1

(1a) A(k,00=B(k,00=0,1<k<s.

(1b) A(k,1)=B(k,1),1<k<s.

(2a8) X(k,1)=0,0<k<s.

(2b) X(k,0)0=Y(k,00=Z(k,0)=0,0<k<s.

(2c) X(0,d)=Y(0,d)=2z(0,d)=0,0<d<q.

(3) Thefunctionsa b, A, B, C,D, X, Y, and Z al have nonnegative values and are nondecreas-
ing in the second variable; i.e.,

0<f(k,d) <f(k,d+l)forf=ab,A,B,C,D, X, Y,and Z
Proof: See Appendix. []

2.3. The Algorithm

We are now ready to describe our preemptive scheduling algorithm. The jobs will be scheduled
in g phases. In phase d we determine the amount of each job j that is to be scheduled from
dy-1 10 dy. Once this amount has been determined, the actual schedule from dy_; to 3y is con-
structed using the Kafura-Shen algorithm.

Procedure COMPUTE_W determines the amount w; of job j that is to be scheduled from



line Procedure COMPUTE W
/Iw; isthe amount of job j to be processed from

O to &;//
1 Ro « 0
2 for k — 1tosdo//consider jobs by classes//
3 Q « {d|AK,d) +Y(kd) <R3 +C(k1)}
4 if Q¢ = then print(infeasible job set’)
5 stop endif
6 he « max{ d|deQ}
7 case
8 (D he=aw; « aj,g),j ek
9 :(2) he<q, Ak, h+1)+Y (k,h)=2R,+C(K,1):
10 set w; for j € J, such that
11 aj,h) <w; <a(j,h+1) and
12 e Wi + Y(khe) = Ry + C(k, 1)
13 () elser w; ~ afj, he+l1),j € X
14 end case
15 R¢ « Re1 +C(K,1) - Zje W
16 end for
17 end COMPUTE_W

Figure 2.3

O t0 3;. Thew;sare determined in away such that {w; : 1<j < n} can be scheduled from &, to 5,
and the remaining processing requirements {t;-w; : 1 <j < n} can be feasibly scheduled from &,
to &;. Once the w;s are determined, the amount w'; of job j, 1 <j < nthat is to be scheduled from
o, 10 3, is determined by applying COMPUTE_W to {t-w; : 1 <j < n}. Repeatedly applying
COMPUTE_W in this way, one may successfully determines the w;s for each interval.

In procedure COMPUTE_W, R, denotes the amount of idle time remaining on processor
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classes 1, 2, ..., k following the scheduling of the w;s corresponding to jobsin job classes 1, 2, ...,
K. (One may also think of R, as the amount of processing time on processor classes 1, 2, ..., k that
is to be reserved for jobs in job classes k+1, k+2, ..., s.) Roughly speaking, COMPUTE_W com-
putes the w;s (job) class by class. In determining the w;s for job class k, the processing capacity
available is equal to R, + C(k,1). Initialy, let w; <- a(j,0) for j € J and R, <- Y (k,0). If Zje; w; +
Rc < R1 + C(k,1), then w;j, j € Jc isincremented to a(j,1) and R, incremented to Y (k,1). If itis
still the case that Zje;, w; + R < Ry + C(k,1), then w;, j € J, is incremented to &(j,2) and R, to
Y (k,2). This procedure continues until R, + C(k,1) is used up (i.e., until Zje;wj + Rq = Ry +
C(k,1)).

When actually implementing COMPUTE_W, the subscripts on h, R, and Q may be omitted.
We have kept them in the version given in Figure 2.3 so that we may easily refer to the values of
h, R, and Q during different iterations of the for loop. One should a so note that in case (2), since
Akht1) + Y(kh) = R +C(k1) and A(kh)+ Y(kh) < R+ C(k 1), there exist w,
a(j,h) sw; <a(j,he+1), such that

Tjea Wi + Y(khe) = Reg + C(k, 1).

These w;s are easily determined by first setting al w; = a(j,hy), j €J« and then incrementing the w;s
one by one (up to at most a(j,h+1)) until the desired equality is satisfied.

2.4. Correctness and Complexity
We now proceed to prove the correctness of the above algorithm and analyze its complexity. We

S
have pointed out in subsection 2.1 that if there exists a feasible schedule, then 3 B(i, o(i)) <
i=1

iC(i, a(i)) for every o € Tt We shall show in the following that if iB(i, o(i)) iC(i, o(i)) for
i=1 i=1 i=1
every o € 11, then the above algorithm generates afeasible schedule.
Definition. For convenience in proving Lemmas 2 and 4, we arbitrarily define Q, = {0, 1},
andhy = 1.
We first show that if iB(i, o(i)) < iC(i, o(i)) for every oem then procedure
i=1 i=1

COMPUTE_W wil not terminate in line 5.

Lemma?2: If iB(i,o(i)) < iC(i,o(i)) for every o € 11, then
i=1 i=1

() Qzpandh,=1,0<k<s.
(QRczY(k hy),0<kss
B)Re<Y(kh+1)ifh #g 0<k<s.
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Proof: We shall show (1), (2), and (3) by induction on k.

I.B. Whenk =0, Qg # ¢ hy =1, and Ry = Y(0,hg) = Y(O,hy+1) = O (either by definition or by
Lemmal).

I.H. Assumethat (1), (2), and (3) aretrue for k-1 where 1 <k-1<s.

I.S. We shall show that (1), (2), and (3) are true for k. To show (1), we see that
R¢-1 2 Y(k-1,he—1)  (induction hypothesis)
> Y(k-1,1) (Lemma 1)
= Z(k-1,1) (Lemma 1)
>[Z+B-C](k1) (Eqg.(2.3)
= [Y+ACl(k1) (Lemmal)
Hence, 1€ Qg and so Q, # @and h, = 1.

To prove (2) and (3), consider the three cases of COMPUTE_W (lines 7-14).

Case 1. Inthiscase, 3w; = A(k,hy). Fromlines 3 and 6, we observe that A(k,hy) + Y (K,h) < R4
+ C(k,1). Combining these two facts with the definition of R, (line 15), we abtain Y (k,h,) < R..

Case 2. Fromlines 12 and 15, we obtain R, = Y (k,h,) < Y (K,h+1).

Case 3. In this case, A(k,h+1) + Y(k,h) < Ry + C(k,1) < A(k,h+1) + Y(Kkh+1) and Jw; =
A(k,h+1). Fromthese and line 15, we immediately obtain Y (k,h,) <R, <Y (K,h+1). O

Before establishing the correctness of our scheme to compute the w;s, we obtain some rela-
tionships concerning the amount of processing t'; of job j that remains to be done following time
d. Notethatt’;=tj-w 1<j<n.

Definition. Define b’ (j,d), & (j,d), B’ (k,d), and A’ (k,d) to be the values obtained for b, a, B,
and A when t’; is used in place of t;. Let C'(k,d) = |Pc[(d4—d;), 1<k<s 1<d<q and
W(K) = Zjepwj, LSk < s.

Lemma 3: If iB(i,o(i)) < iC(i,cr(i)) for every o € 11, then
i=1 i=1

(1) B'(k,d) < B(k,d) - A(k,d), d < hy
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(2) B'(k,d) = B(k,d)-W(k),d>h,%q

Proof: Itiseasy toseethat foranyjobj,1<j<n,

b'(j,d) = max{0, b(j,d) - w;}
When d < hy, from Lemma 1 and lines 8-13 of COMPUTE_W, we have a(j,d) < a(j,h;) < w;.
Hence,

b’(j,d) = max{0, b(j.d) —w;} < b(j.d) —a(j,d)
Hence,
B'(k,d) < B(k,d) — A(k,d)
When d > h, # q, from cases (2) and (3) of COMPUTE_W, Lemma 1, and the definition of

a(j,d), we see that

a.h) <w; < a,h+1) < a,d) < b(d).

b’(j,d) = max{0, b(j,d) - w;} = b(j,d) - w;.
Hence,

B (k,d) = B(k,d) -W(K). []

Lemma4:. If iB(i, a(i)) < iC(i, a(i)) for every o € 11, then the following are true for every k, O
i=1 i=1

<k <sand every o suchthat (k) = 1:

() 3B G,00)) + Z(kok) - Re< ¥ € (,0(0)),

i=1 i=1
(2) If o(K) < hy, then
fB’(i, (i) + X (k, o(K)) < %C’(i, a(i)).

i=1 i=1

Proof: The proof is by induction on k.
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I.B. Whenk =0, %B’(i, a(i)) = %C’(i,o(i )) = Ry = 0 by definitions, and Z(0,0(0)) = X(0,0(0)) =0

i=1 i=1

by Lemmal. Hence, (1) and (2) hold.
I.H. Assumethat (1) and (2) are true for k-1, where k-1 isintherange0<k-1<s.

I.S. We proceed to establish (1) and (2) for k by considering the three cases a(k) > hy; a(k) < hy
and o(k-1) < h,_, ; and o(k) < h, and a(k-1) > h,_;.

Case 1. o(k) > h,: Wefirst obtain the following
k-1 k-1
S B(i,0(i)) + Z(k-1,0(k-1)) ~Rc1 < ¥ C'(i, o)) (I.H.)
i=1 i=1

R -R=W(K) -C(k1)  (def.of Ry
B (k, o(k)) + W(k) = B(k,o(k))  (Lemma 3)
Z (k, a(k))+B (k, 6(k))-C (k, o(k))
<Z(k-1,0(k)) (Eq.(2.3) and o (k) > 1)
<Z(k-10(k-1) (a(k-1)=0(k) and Eq.(2.3))

Adding these four equalities and inequalities yields:

k k
> B(i, o(i)) + Z(k,0(k)) =R < 3 C(i, o(i))

i=1 i=1

Case 2: o(Kk) < h and o(k-1) < h._;: From the induction hypothesis, we have
k-1 k-1
S B(i, o(i))+X (k-1,0(k-1)) < 5 C (i, o(i)). (2.6)
i=1 i=1

From Eq.(2.5) and the fact that o(k-1) = o(k) = 1, we get:
X (k-1,0(k-1)) = X (k—1,0(k)) = [X+B-A-C+D](k, o(k)).
Using Lemma 3, this reduces to
X (k-1,0(k-1)) = X (k, 5(k))+ B’ (k, 5(k))-C’ (k, 5(K)).

Combining with (2.6) yields:

%B’(i, 0(i))+X (k o(K)) < ﬁc(i,c(i)). 2.7)

i=1 i=1
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Since R =Y (k,h) = Y(k,a(k)) (Lemmas 4 and 3) we conclude that Z(k,o(k)) - R < X(k,a(K)).
Substituting into (2.7) yields

k k
S B (i,0(i)) + Z(k 0(K)) - Res 3 C (i, o(i)).

i=1 i=1

case 3. o(k) <hand a(k-1) > h,_,: From the induction hypothesis, we get
k-1 k-1
S B(i, 0(i))+Z(k-1,0(k-1)) - Re.1 < 3 C (i, 0(i)). (2.8)
i=1 i=1

Since h,_; # g, we obtain from Lemma 2:
Ry < Y(K-1,h;+1) < Y(k-1,0(k-1)). (2.9)
From Lemma 3, Eq. (2.5), and the inequality o(k-1) = a(k) = 1, we get
[X+B -C](k, 0(k)) < X (k-1,0(K)) < X (k-1,0(k—1)). (2.10)

Adding (2.8), (2.9), and (2.10) yields:
fB’(i, a(i)) + X(k, o(k)) < %C’(i, a(i)).
i=1 i=1

Using the same reasoning as in case 2, we may how conclude the truth of (1) fork. O

Theorem 1. There exists afeasible preemptive schedule for the given n jobsif and only if

iB(i,c(i))s iC(i,o(i)) for every o € 1.

i=1 i=1

Proof: We have already pointed out that if a feasible schedule exists, then the above inequality is
satisfied for every o € ;. So, we need only show that when the above inequality is satisfied for
every o € 1y, there is afeasible schedule. Assume that

iB(i,o(i))s iC(i,o(i)) for every o € 1. (2.11)
i=1 i=1

From (2.11) itisclear that when g = 1, thet;sand Eq (1.1) yield f* <8, - §, and so afeasible
schedule exists.

For the induction hypothesis, we assume that there exists a feasible schedule when (2.11) is
satisfied and g =r for somer, 1 <r. We show that if (2.11) is satisfied when g = r+1, then there is
a feasible schedule. From Lemma 2, we see that Q. # ¢ for any k. Hence procedure
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k
COMPUTE_W successfully computes the w;s. Let P(k) = 'Dlpi' Itis clear from COMPUTE W
1=

that w; < a(j,d) < 3, - & whered = g or hy+1 and that Z;ep oW < [P (k) [ (8:-8) - Rq < [P (K) | (3,—5)
for every k. Hence, the w;s satisfy (1.1) (i.e., f* < &, - §y) and may be scheduled from &, to 3,
using the Kafura-Shen algorithm.

Now, consider thet’;s.  We know that X(s,d) = Z(s,d) =0, 0 < d < r+1. If he<r+1, then
fromLemma2, weobtain 0< R; < Y(shstl) =0o0r R, =0. Using thisin Lemma4 yields:

iB’(i, a(i)) < iC’(i, o(i)) forevery o € T, 41
i=1 i=1

such that a(s) = 1. (2.12)

If he=r +1 then o(s) < hs and from Lemma 4 we once again obtain (2.12). One readily sees that
(2.12) isequivalent to

iB’(i, o(i)+ 1)5§C'(i, o(i)+1) for every oeTr,. (2.13)
i=1 i=1
Following the scheduling from &, to 5,, we are left with the problem of scheduling the t';s
from 6, t0 &;,,. The number of distinct due timesis now r (note that t'; = O for every j such that d
=9,). Relabel the start time 8, as &'y and the due times 3., . . ., O.+1858,..., &’,. Defineb'(j,d),
B"(k,d), and C"(k,d) to be the values obtained for b, B, and C when t'; is used in place of t; and
& 4 isused in place of 3;. We immediately see that B"(k,d) = B’ (k,d+1), and C"(k,d) = C'(k,d+1),
forevery k,d, 1<k <s 0=<d<r. Substituting into (2.13) yields:

S B"(i,0(i)) < 5 C'(i,0(i)) for every G £ 1.

i=1 i=1

It now follows from the induction hypothesis that the t';s can be scheduled. []

From Theorem 1, it is clear that by repeatedly using COMPUTE W to determine the
amount to be scheduled in each interval, a feasible schedule can be obtained whenever such a
schedule exists. Each time COMPUTE_W is used, we need to recompute b, a, Z, X, and Y. The
time needed for this is O(nq)(note that recurrences 2.3 and 2.5 will be used to compute Z and X).
The for loop may be executed in O(gs + n) time. We may assume that s < n and so the complex-
ity of COMPUTE_W is O(gn). The Kafura-Shen algorithm is of complexity O(n). Hence, the
overall computing time for the g phases of our scheduling algorithm is O(g?n). An additional
O(nlogn) time is needed to sort the jobs by memory size m. Hence, the overall complexity of our
preemptive scheduling algorithm is O(g?n + nlogn). As for preemptions, since each job may be
preempted at most twice in each interval [84, 84:1], 0 <i < ¢-1, the total number of preemptionsis
O(ng).
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3. Minimizing maximum lateness

Let S be a preemptive schedule for (t;, d;, m)), | <j <n. Let f; bethefinishtime of job j in S. If
fi<d;, 1<j<nthen Sisafeasble schedule and no job islate. The lateness of jobj isf; - d; and
the maximum lateness of the n jobs is L g = max{fj —d; : 1<j <n}. Notethat L, <0iff al jobs
finish by their due times. Also, note that if L. < 0then &g - 8; < L.

From the definition of L, it follows that by changing the release time from &y to 8y - L max
we obtain a job set that can be scheduled such that no job finishes after its due time. Hence, to
determine the minimum L., we need to determine the least x such that the condition of
Theorem 1 is satisfied when arelease time of §, - X isused. This x may be obtained from aform

equivalent to that of Theorem 1. We observe that iB(i,o(i ) < iC(i, a(i)) for every o € Tt iff
i=1 i=1

max{ iB(i,cy(i ) - iC(i,o(i )N} <0. Itishepful to rewrite this form seperating out the case when
OFTt i=1 i=1

o(i)=0, 1<i<s Forthis g, we see that iB(i,o(i)) - iC(i,cr(i)) = %b(j,O). For every other g,

i=1 i=1 i=1
thereisak, | <k < ssuchthat o(k) = 1.
Define H, as below:

He=  max {fB(i,o(i))—fC(i,o(i))}, 1<ks<s.
i=1

oemo(k)z1l 53

We immediately see that

mex{ 3 B(i.o(1)) - 3 Ci,0())}
oeT (1

i=1

= max{ib(j,o), S PN - PR Hs}
j=1

Letx, = [2% {tj—d, + 3} and let x, = 1rrs1|§2<s{Hk/|P(k) [}, where |P(k)| is the cardinality of P(k)
=0P.
i=1
Clearly, if we <change the release time to & - max{xy, X} then
max{Zb’(j,0), H"1, H'5, ---, Hs} = 0 (the b, H"; values are computed with respect to the new
release time g - max{xy, X»}). Hence, maxq{Z B'(i,0(i)) - Z C'(i,0(i))} <0and Z B'(i,0(i)) = =
C'(i,0(i)) for every o € TL Moreover, X = max{xy, X,} is the least value of x for which this hap-
pens. Hence,

(Lmax)min = max{xl, XZ}-

The H,s may be computed in O(gs) time as follows. Define H{ as below:
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H = max{is(i,o(i)) - %C(i,o(i))}, 1<kss, 1=d<q.

L i=1 i=1

Hence, H, = Hi, 1<k <s. Weimmediately obtain the following recurrence for H{:

max{B(1,) - C(L.i)} ifk=1

S S
Hi= | ¥B(.9)-3C(.q) ifd=g
i=1 i=1
max{H{_; +B (k,d)-C (k,d), Hi*} otherwise.

Using this recurrence, all the H{ s may be obtained in O(gs) time (excluding the time
needed to determine the b(j,d)s, B(k,d)s etc.). The additional time needed to compute the
B(k,d)s and C(k,d)sis O(gn + nlogn) (assuming n = m). Hence, the minimum L ,,, may be deter-
mined in O(gn + nlogn) time. Having determined the minimum L .., @ schedule having this L
value can be obtained by changing &, to &y - (L ma)min @1d using the algorithm of Section 2.

4. Conclusions

We have developed an O(qn + nlogn) algorithm to obtain a preemptive schedule for njobs (t;, dj,
m;), 1 <j < non m processors with given memory sizes. This schedule minimizes L ,,, and
contains at most O(gn) preemptions.  The minimum value of L, can itself be obtained in only
O(gn + nlogn) time.

Appendix. Proof of Lemma 1

Assume that

5B, 0()) = 3Ci,0()) (A1)

i=1 i=1

foreveryoet Usingo(i)=0,1<i<sin(A.1),weobtain B(i,0) =0for 1<i <s. Fromthis, we
have b(j,0) =0, 1<j < nand, therefore,

tj<dj—9 1<j<n (A.2)
From Egs. (A.1) and (A.2), it is easy to verify (1), (2), and (3) (except the case when f = Y) of
Lemmal.
Therest of this appendix is devoted to prove (3) forf =Y i.e,

0<Y(kd) < VY(kd+l),0<sk<s 0<d=<gl

To prove thisinequality, since Y isdefined as Z - X, we need to know the relation between X and
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Z. (See Claim 2 below). But X and Z are in turn defined through A and B, so, we first establish
the relationship concerning A and B:

B(kd) - A(kd) _ B(kd)

Claim1: =3, B =5

, 1<sk<s 1<d<q.

Proof: Since a(j,d) = min{b(j,d), 3, - 8y}, a(j,d) = b(j,d) or a(j,d) = 3, - d.

If a(j,d) = b(j,d), then

=By
55 DI <ald

asd, < 8.

If aj,d) =3, - 3, then sincet; < d; - & impliesb(j,d) < 84 - 5, we get

61_6 .
3 b(J d) <8, - = a(j,d).
d
So, in both cases we have
3 - b d)<alid
5,5, (j.d) < a(j,d).
Hence,
% =% B (k.d) < A(k,d)
6d_60 il - il
or
517% ——"Bkd)s 5> d A(kd)
84— 901 [
or
84— o
——[B(k,d)-A(kd)] <B(k,d)
84— 901
or

B(kd) -A(kd) _ B(kd)
540,  83-8

-l

Claim2: (843—8g)X(k,d) < (843—9,)Z (k. d), 0<sk<s 0<d<q
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Proof: The proof is by induction on k and d.

I.B.onk Whenk=sand 0<d<q, X(k,d) =2Z(k,d)=0.

I.H. on k Assumethat the inequality iscorrect when0<k=k'+1l<sand0<d<gq.

.S onk Whenk =k and 0 < d < g, theinequality may be shown correct by induction on d.

I.B.ond Whend=0or1, X(k',d)=0and Z(k',d) =0.

I.H. ond Assume that the inequality is correct whenq=d=d-1= 1.

I.S.ond We need to show the inegquality is correct ford =d’ (and k = k’). From Eq. (2.5), we see
that there are two possibilitiesfor X(k',d’).
Case(i) X(k',d') = X(K',d'-1): Inthiscase,

(Og-1=80)X (K',d) = (8g-1—8p)X (K',d"-1)

< (34-1-81)Z(K,d’=1) (I.H.on d)

S (0g-1-01)Z(K,d) (Eq. (2.3)
Since dy -1 — 0y > dy—1 — 01 = 0, we get

X(K,d)<zZ(K,d)

or

(8 =0g )X (K ,d) < (3 —84-1)Z (K ,d").
Adding thisinequality to the previous oneyields:

(O —8p)X(K',d") < (84 —01)Z (K ,d").

Case(ii) X(k',d") = [X+B-A-C+D](k'+1,d'): Now, we obtain:

X(K,d) _ [X+B-A-C+D](K+1d)
543, 3¢ 0, '

Using I.H. onk, Claim 1, and the equality

CK+1,d)-D(K+1d) _ IPeot] = CK+1d)
- K+11 — ’

55 —01 3¢ 30
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we obtain:

X(K.d) _ Z(K+1d)+ BK+1d) - C(K+Ld)
5 -0 3¢ — B

Z(K,d)
<5 -5 (@Y I

We are now ready to show Y (k,d) > Y(k,d-1)20,0<k<s 1<d<q.
Claim3: Y(k,d)>0,0sk<s 0<d<aq.

Proof: For k = 1, thisfollows from Claim 2 and the fact 3-8, > 8,—8; = 0. For k = 0, this follows
from part (2b) of Lemmal. ]

Claim4: Y(k,d)=2Y(k,d1),0<k<s 1<d<q.
Proof: The proof is by induction on k.
I.B. Whenk=sand1<d<q, Y(k,d) =Y(k,d1)=0.
I.H. Assumethat Y(k,d)2Y(k,d-1)forl<k <k<sandl<d<aq.
[.S. We need to show that Y (k',d) > Y(k',d-1) for 1<d<q.
Letdbeintherangel<d<gq.
Case (i) Z(k',d) = Z(k',d-1) and X(k',d) = X(k’,d-1):
Inthiscase, it isreadily seenthat Y (k',d) =2 Y (k' ,d-1).

Case (i) Z(K,d)=2Z(K,d-1) and X (K ,d-1) < X (K ,d) = [X+B-A-C+D](K +1,d):

This case isnot possible. To see this, suppose that this case ispossible. Let k" = k' be the largest
k" for which

Z(k",d) = Z(k",d-1) and X(k",d-1) < [X+B-A-C+D](k"+1,d) (A.3)
for somed. Let d" bethe smallest d for which (A.3) holds. Note that d" > 0. So,

Z(k',d") = Z(k"d"-1) and X (K",d"-1) < [X+B-A-C+D](k"+1,d")
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Since X(k",d"-1) = 0, it follows from Egs. (2.5) and (A.4) that X(k",d") > 0. Assume that
Z(Kd)=zK,d'-1)=2Z(K,d"-2)= -+ = Z(K',d*) £ Z(K',d* -1).
Then, it follows from our choice of k" and d" that
XK d"-1) = X(K',d" =2) = --- = X(K',d¥).

If d* =0, then 0=2Z(k",d*) = Z(k",d") = X(k",d") > 0. Hence, d* 0.  Now, from the choice of
d*, we get

Y(K',d*) = Z(K',d*) - X (K, d¥)

< [Z+B-C](K' +1,d*) - [X+B-A—-C+D](K' +1,d*)

= [Y+A-D](K' +1,d*). (A.5)
Also,
X(K',d" -1) < [X+B-C-A+D](K' +1,d"),
and
Z(k',d" -1) > [Z+B-C] (K" +1,d").
o,

YK d*) = Y(K',d" -1) > [Y+A-D](K' +1,d").
Substituting into (A.5) yields:
[Y+A-D](K' +1,d*) > [Y+A-D](K' +1,d")
or,
Y(K'+1,d*) > [Y+A-D](K'+1,d") - [A-D](K' +1,d*)
>2Y(K'+1,d") (Lemmaland def.of D)
But, k" + 1>k’ and so from |.H., it follows that
YR +1,d") 2 YK +1,d" 1) > --- 2 Y(K' +1,0%).
So, case (i) isnot possible.

Case (i) Z(Kd) = [Z+B-C](k +1,d) and X (K ,d) = [X+B-A-C+D](K +1,d):

Now, Y (K',d) = [Y+A-D](k'+1,d). Suppose that
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Z(k,d-1)=2z2(Kk,d-2)=..=2(K,d*) £ Z(K,d*-1) (A.6)
From the proof of case (ii), it follows that X(k',d-1) = X(k',d-2) = ... = X(K',d*). So, Y (K',d-1) =
Y(K,d*). If d* =0, then Y(k',d-1) =Y(k',0) =0< Y(K,d). If d* #0, then
Y(K,d-1) = Y(K,d*)

<[Y+A-D](K+1,d*) (Egs. A.6, 2.3, 2.5)

<Y(K+1,d)+[A-D](K+1,d*) (I.H.)

<[Y+A-D](k+1,d) (Lemma 1)

=Y(K,d). ]
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