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MULTIADAPTIVE GALERKIN METHODS FOR ODES III:
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Abstract. The multiadaptive continuous/discontinuous Galerkin methods mcG(g) and mdG(q)
for the numerical solution of initial value problems for ordinary differential equations are based on
piecewise polynomial approximation of degree ¢ on partitions in time with time steps which may vary
for different components of the computed solution. In this paper, we prove general order a priori
error estimates for the mcG(g) and mdG(q) methods. To prove the error estimates, we represent the
error in terms of a discrete dual solution and the residual of an interpolant of the exact solution. The
estimates then follow from interpolation estimates, together with stability estimates for the discrete
dual solution.
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1. Introduction. This is part 3 in a sequence of papers [32, B3] on multiadap-
tive Galerkin methods, meG(q) and mdG(g), for approximate (numerical) solution of
ODEs of the form

1.1 u(t) = f(u(t)vt)a le (07 T],
(L) u(0) = wo,

where u : [0,7] — R¥ is the solution to be computed, uy € RY a given initial
condition, T > 0 a given final time, and f : RY x (0,7] — R a given function that
is Lipschitz-continuous in v and bounded.

In the previous two parts of our series on multiadaptive Galerkin methods, we
proved a posteriori error estimates, through which the time steps are adaptively de-
termined from residual feedback and stability information, obtained by solving a dual
linearized problem. In this paper, we prove a priori error estimates for mcG(q) and
mdG(q). We also prove the stability estimates and interpolation estimates which are
essential to the a priori error analysis.

Standard methods for the time-discretization of (II]) require that the resolution
is equal for all components U;(t) of the computed approximate solution U (t) of ().
This includes all standard Galerkin or Runge-Kutta methods; see [9] [4, 23] 24], [4T]
[2]. Using the same time step sequence k = k(t) for all components could become
very costly if the different components of the solution exhibit multiple time scales of
different magnitudes. We therefore propose a new representation of the solution in
which the difference in time scales is reflected in the componentwise time-discretization
of (L)), that is, each component U;(t) is computed using an individual time step
sequence k; = k;(t).
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The multiadaptive Galerkin methods mcG(g) and mdG(q) first presented in [32]
are formulated as extensions of the standard continuous and discontinuous Galerkin
methods ¢G(g) and dG(q), studied earlier in detail by Hulme [28, [27], Jamet [29],
Delfour, Hager, and Trochu [7], Eriksson, Johnson, and Thomée [16] B0, [1T], 12, 10
13, 14, 15, 8], and Estep et al. [I7, 18] 19, 21, 20]. As such, the analysis of the
mcG(q) and mdG(g) methods can be carried out within the existing framework, but
the extension to multiadaptive time-stepping leads to some technical challenges, in
particular, proving the appropriate interpolation estimates.

Local (multiadaptive) time-stepping has been explored before to some extent for
specific applications, including specialized integrators for the n-body problem [37, [5, [T]
and low-order methods for conservation laws [39, 22 [6]. Early attempts at local
time-stepping include [25] 26]. Recently, a new class of related methods, known as
asynchronous variational integrators (AVI) with local time steps, has been proposed
[31].

1.1. Main results. The main results of this paper are a priori error estimates
for the mcG(q) and mdG(q) methods, respectively, of the form

2 2
(1.2) le(T) i, < CSMOEWC| L om0
and
2 1,.(2 1
(1.3) le(T)|ls, < CS(T)||k*aH ulat )HLDO([O,T],ll)

for p = 2 or p = oo, where C' is an interpolation constant, S(T') is a (computable) sta-
bility factor, and k29u(?® (or k24+14(24+1)) combines local time steps k; = k;(t) with
derivatives of the exact solution u. The norm Lo (1, || - ||) is defined by [[v]|z_ (7,1 =
sup,cy ||[v(t)||. These estimates state that the mcG(g) method is of order 2¢ and that
the mdG(q) method is of order 2¢ 4+ 1 in the local time step. We refer to section
for the exact results. It should be noted that superconvergence is obtained only
at synchronized time levels, such as the end-point ¢ = T'. For the general nonlinear
problem, we obtain exponential estimates for the stability factor S(T"). In [34], we
prove that for a parabolic model problem, the stability factor remains bounded and
of unit size, independent of T' (up to a logarithmic factor).

1.2. Notation. The following notation is used throughout this paper. Each
component U;(t), i =1,..., N, of the approximate m(c/d)G(q) solution U(t) of (1)
is a piecewise polynomial on a partition of (0,7 into M; subintervals. Subinterval j
for component ¢ is denoted by I;; = (¢;j—1,%:;], and the length of the subinterval is
given by the local time step k;; = t;; —t; j—1. This is illustrated in Figure[Il On each
subinterval I;;, Ui|1ij is a polynomial of degree ¢;; and we refer to (I;;, Ui|1ij) as an
element.

Furthermore, we shall assume that the interval (0,7] is partitioned into blocks
between certain synchronized time levels 0 = Ty < Ty < -+ < Tpy = T. We refer to
the set of intervals 7, between two synchronized time levels T,,_1 and T}, as a time
slab:

T ={Lij : Tno1 <t;j-1 <t; <T,}.

We denote the length of a time slab by K,, = T,, — T;,,_1. We also refer to the entire
collection of intervals I;; as the partition 7.

Since different components use different time steps, a local interval I;; may contain
nodal points for other components, that is, some t;j € (t; j—1,t;;). We denote the
set of such internal nodes on a local interval I;; by N;;.



2626 ANDERS LOGG

I;

Fic. 1. Individual partitions of the interval (0,T] for different components. Elements between
common synchronized time levels are organized in time slabs. In this example, we have N = 6 and
M =4.

1.3. Outline of the paper. The outline of this paper is as follows. In section 2]
we give the full definition of the multiadaptive Galerkin methods mcG(g) and mdG(q).
We also introduce the dual methods mcG(g)* and mdG(q)*, which are of importance
to the a priori error analysis. In sectionsBland [, respectively, we then prove existence
and stability of the discrete solutions as defined in section

In section [B] we prove the interpolation estimates that we later use to prove the
a priori error estimates in section 6l Proving the interpolation estimates is technically
challenging, since the function to be interpolated may be discontinuous within the
interval of interpolation. To measure the regularity of the interpolated function, it is
then necessary to take into consideration the size of the jump in function value and
derivatives at each point of discontinuity.

Finally, in section [{l we present some numerical evidence for the a priori error
estimates by solving a simple model problem and showing that we obtain the predicted
convergence rates, k¢ and k?¢+1 respectively, for the mcG(q) and mdG(q) methods.

2. Definition of methods. In this section, we give the definitions of the mul-
tiadaptive Galerkin methods mcG(g) and mdG(g). The multiadaptive methods are
obtained as extensions of the standard (monoadaptive) Galerkin methods c¢G(g) and
dG(q) by extending the trial and test spaces to allow individual time step sequences
for different components.

As an important tool for the a priori error analysis in section[G we also introduce
the discrete dual problem and the discrete dual methods mcG(g)* and mdG(q)*.

2.1. Multiadaptive continuous Galerkin, mcG(q). To formulate the mcG(q)
method, we define the trial space V and the test space V as

V={velc(o, T :vilr, € P4 (L), j=1,...,M;, i=1,...,N},

@1 V= {v:ivln, €P9 ' 1y), j=1,....,M;, i=1,...,N},

where P9(I) denotes the linear space of polynomials of degree ¢ on an interval I C R.
In other words, V' is the space of vector-valued continuous piecewise polynomials of
degree ¢ = (q;(t)) with ¢;(t) > 1 on the partition T, and V is the space of vector-
valued (possibly discontinuous) piecewise polynomials of degree ¢ — 1 = (¢;(t) — 1) on
the same partition.
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We now define the mcG(g) method for (II)) as follows: Find U € V with U(0) =
ug such that

T T
(2.2) /O(U,v)dt:/o (f(U,),v)dt YveV,

where (-, -) denotes the RY inner product. With a suitable choice of test function v, it
follows that the global problem (Z2]) can be restated as a sequence of successive local
problems for each component: For i =1,...,N, j =1,..., M;, find Us|r,, € P% (1)
with U;(t; j—1) given such that

(23) / Ui’l} dt = fi(U, ')’U dt Yv e ’Pqij_l(lij),
Iij Iij
where the initial condition is specified for i = 1,..., N by U;(0) = u;(0). .
We define the residual R of the approximate solution U by R;(U,t) = U;(t) —
fi(U(t),t). In terms of the residual, we can rewrite [23)) in the form

(2.4) Ri(U, vdt=0 YveP4 Y I;), j=1,....,M;, i=1,...,N,

Iij
that is, the residual is orthogonal to the test space on each local interval. We refer to
24) as the Galerkin orthogonality of the mcG(gq) method.

2.2. Multiadaptive discontinuous Galerkin, mdG(q). For mdG(q), we de-
fine the trial and test spaces by

(2.5) V=V={v:ivly, e P (Iy), j=1,....,M;, i=1,...,N},

that is, both trial and test functions are vector-valued (possibly discontinuous) piece-
wise polynomials of degree ¢ = (g;(t)) with ¢;(¢) > 0 on the partition 7. By definition,
the mdG(q) solution U € V is left-continuous.

We now define the mdG(g) method for (L)) as follows: Find U € V with U(0~) =
ug such that

N M, T
(26) Z Z [Ui]iyjflvi (t;)rj_l) —|—/ Ul"Ui dt = / (f(U, -), 1}) dt V’U S V,
i=1 j=1 ij 0
where [Uj];j—1 = Ui(t;fjfl) —U;(t;;_,) denotes the jump in U;(t) across the node

t =t; j—1, and where v(tT) = lim,_,;+ v(s).
The mdG(g) method in local form, corresponding to (Z3]), reads as follows: For
i=1,...,N,j=1,..., M, find Ui|lij S ,Pqij(Iij) such that

(27) [Ui]i,j—lv(ti,j—l) + / Ui’l} dt = fi(U, ')’U dt Vv e P (Iij),
Iij Iij
where the initial condition is specified for i = 1,..., N by U;(07) = u;(0).
The residual R is defined on the inner of each local interval I;; by R;(U,t) =
Ui(t) — fi(U(t),t). In terms of the residual, (Z7) can be restated in the form

(28) [Ui]iyjflv(t:j_l) + / Rl(U, ')’U dt=0 Yo e P9 (IZJ)
I

forj=1,...,M;,i=1,...,N. We refer to ([2.8)) as the Galerkin orthogonality of the
mdG(g) method.
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2.3. The dual problem. The dual problem is the standard tool for error anal-
ysis, a priori or a posteriori, of Galerkin finite element methods for the numerical
solution of differential equations; see [8, [3]. For the a posteriori error analysis of the
multiadaptive Galerkin methods mcG(g) and mdG(q) in [32], we formulate a continu-
ous dual problem. For the a priori error analysis of this paper, we formulate instead a
discrete dual problem. The discrete dual problem was first introduced for the family
of discontinuous Galerkin methods dG(q) in [16]. As we shall see, the discrete dual
problem can be expressed as a Galerkin method for a continuous problem.

The discrete dual solution ® : [0,7] — RY is a Galerkin approximation of the
exact solution ¢ : [0, T] — RY of the continuous dual problem

—o(t) = J " (ru, U, t)g(t) + g(t), te€[0,T),
o(T) = ¢,

where 7u is an interpolant or a projection of the exact solution w of (IL1l), g : [0,7] —
R¥ is a given function, 1y € RY is a given initial condition, and

(2.9)

1
0
(2.10) I (mu, U, t) = < a—z(Sﬂ'u(t) + (1 =s)U(t),t) ds)T,
0
that is, an appropriate mean value of the transpose of the Jacobian of the right-hand
side f(-,t) evaluated at 7mu(t) and U(t). Note that by the chain rule, we have

(2.11) J(mu, U, ) (U — 7u) = f(U,-) — f(7u,-).

The data (1, g) of the dual problem allow us to obtain error estimates for different
functionals Ly 4 of the error e = U — .

We define below two new Galerkin methods for the dual problem (29): the dual
methods mcG(g)* and mdG(q)*. We will later use the mcG(q)* method to express
the error of the mcG(q) solution of (1)) in terms of the mcG(g)* solution of (3.
Similarly, we will express the error of the mdG(g) solution of (L) in terms of the
mdG(q)* solution of (2.9).

2.4. Multiadaptive dual continuous Galerkin, mcG(q)*. In the formula-
tion of the dual method of mcG(q), we interchange the trial and test spaces of meG(q).
With the same definitions of V and V as in (21]), we thus define the mcG(g)* method
for [ZT) as follows: Find ® € V with ®(T1) = ¢ such that

T T
(2.12) /0 (0, ®)dt :/0 (J(mu, U, - )v,®) + Ly 4(v)

for all v € V with v(0) = 0, where

T
(2.13) Ly 4(v) = (v(T),v) —l—/o (v, g) dt.

Notice the extra condition that the test functions should vanish at ¢ = 0, which is
introduced to make the dimension of the test space equal to the dimension of the trial
space. Integrating by parts, (Z.12) can alternatively be expressed in the form

N M;

(214) Z Z [—[@i]ijvi(tij) — / . (i)i’Ui dt

i=1 j=1 i

T
:/ (JT(FU,U,')(I)-FQ,’U) dt.
0
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2.5. Multiadaptive dual discontinuous Galerkin, mdG(q)*. With the same
definitions of V and V" as in (2.5), we define the mdG(g)* method for ([2.9) as follows:
Find ® € V with ®(7T") = ¢ such that

N M;

(2.15) ZZ [[vi]i,j_@i(tjjl) +/voz-<1>idt1 Z/OT(J(TFU, U, )v,®)dt + Ly 4(v)

i=1 j=1 i

for all veV with v(07)=0. Integrating by parts, (2.15) can alternatively be expressed
in the form

N
(2.16) >

i=1 j=1

T
= / (J T (7w, U, )® + g,v) dt.
0

_[<I>Z-]Z—jvl- (t:ﬂ) —/ (I)l’Ul dt

Iij

3. Existence of solutions. To prove existence of the discrete meG(q), mdG(q),
mcG(q)*, and mdG(q)* solutions defined in the previous section, we formulate fixed
point iterations for the construction of solutions. Existence then follows from the
Banach fixed point theorem if the time steps are sufficiently small.

LEMMA 3.1 (fixed point iteration). Let T, be a time slab with synchronized
time levels Ty,—1 and T,,. With time reversed for the dual methods (to simplify the
notation), the mcG(q), mdG(q), mcG(q)*, and mdG(q)* methods can all be expressed
in the following form: For all I;; € Ty, find {&jn} (the degrees of freedom for U; on
I;;) such that

(31)  Eym=wl0) + / syt + / Wl (g (0)) (U, ),

Ii]‘

where T;;(t) = (t — tij-1)/(tij — tij—1) and {wi{m]} is a set of polynomial weight
functions on [0, 1].

Proof. The result follows from the definitions of the mcG(q), mdG(q), mcG(q)*,
and mdG(q)* methods, using an appropriate basis for the trial and test spaces. See
[34] for details. O

THEOREM 3.2 (existence of solutions). Let K = max K,, be the mazimum time
slab length and define the Lipschitz constant Ly > 0 by

(3.2) 1f(zt) = F@, )l < Lyllz =yl Yt €[0,T] Va,y € RY.
If now
(3.3) KCLf <1,

where C' = C(q) > 0 is a constant depending only on the order and method, the

fized point iteration I converges to the unique solution of (Z2), (Z4), ZI2), and
@I3), respectively.

Proof. The result follows by Lemma [B.1] and an application of the Banach fixed
point theorem. See [34] for details. O

4. Stability of solutions. Write the dual problem (Z9) for ¢ = ¢(¢) in the

form

—o(t) + AT(1)p(t) =g, te[0.T),

(1) o(T) = v.
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For simplicity, we consider only the case ¢ = 0. With w(t) = ¢(T —t), we have
w(t) = —¢(T —t) = —AT(T — t)w(t), and so @I) can be written as a forward
problem for w in the form

w(t)+ B(t)w(t) =0, ¢e (0,77,
(4.2)
w(0) = wy,
where wg = 1 and B(t) = AT (T — t). Below, w represents either u or ¢(T — -) and,
correspondingly, W represents either the discrete mc/dG(q) approximation U of u or
the discrete mc/dG(q)* approximation ® of ¢.

4.1. A general exponential estimate. The general exponential stability esti-
mate is based on the following version of the discrete Gronwall inequality.

LEMMA 4.1 (discrete Gronwall inequality). Assume that z,a : N — R are non-
negative, a(m) < 1/2 for all m, and z(n) < C + >0 _, a(m)z(m) for all n. Then

z(n) < 2Cexp(X.7_Y 2a(m)) forn=1,2,....

Proof. By astandard discrete Gronwall inequality [38], z(n) < Cexp(>_1
if z(n) < C' + Zn710 a(m)z(m) for n > 1 and 2(0) < C. Here, (1 — a(n))z(n) <
C+ Em 1 a(m)z(m), and so z(n) < 2C + 22;11 2a(m)z(m), since 1 — a(n) > 1/2.
The result now follows if we take a(0) = z(0) = 0. O

THEOREM 4.2 (stability estimate). Let W be the mcG(q), mdG(q), meG(q)*, or
mdG(q)* solution of [@2). Then there is a constant C = C(q), depending only on
the highest order max q;j, such that if K C||B| L (1, . 1.)0,) <1 forn=1,..., M,
then

—oa(m)

~—

m=1

n—1
(4.3) WL o (71, 7010) < Cllwoll, exp (Z KmC|B||Loo([Tm1,Tm],lp)>

form=1,... M,1<p< 0.

Proof. By Lemma[3.1] we can write the mcG( ), de( ), mcGﬁ q)*, and mdG(q)*
methods in the form &, = w;(0 —l—ft” ! dt—i—fI [q” (735 (t )) (W, -)dt.
Apphed to the linear model problem H2), we have Eijns = wZ fo E ); dt—
f] q” (145 (t))(BW); dt, and so

tij—1
Eijns | < |wi(0)] + '/O (BW)idt’ +

/1 w% (7 (1)) (BW); dt’

ij
Tn

< Jur(0)] + 0/0 T |BW)ldt < [wi(0)] + 0/0 (BW),| dt,

where T;, is smallest synchronized time level for which ¢;; < T},. It now follows that
for all t € [Ty,—1,Ty], we have [Wi(1)] < Clw;(0)]| + C [, [(BW);|dt, and so

Tn n Tm
WOl < Cllwoly, +C [ 1BWlh, e = Clluoll, +0 32 [ 15w, ar
m=1"+tm-1

The result now follows by letting Wy, = Wl (1, _y 7u].1,)- O
REMARK 4.1. See [34] for an extension to multiadaptive time-stepping of the
strong stability estimate Lemma 6.1 for parabolic problems in [11].
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5. Interpolation estimates. In this section, we introduce a pair of carefully
chosen interpolants, ﬂ'gé and Wéq(]}, which are central to the a priori error analysis
of the mcG(g) and mdG(g) methods. The interpolants are defined in section Bl
In section (2] we discuss the interpolation of piecewise smooth functions, that is,
the interpolation of functions which may be discontinuous within the interval of in-
terpolation, and then Fresent the basic general interpolation estimates for the two
interpolants 7, Q] and 7]

For the a prlorl error analysis of the meG(g) and mdG(g) methods, we will also
need a special interpolation estimate for the function ¢ = J'®, where .J is the
Jacobian of the right-hand side f of (II]) and ® is the discrete dual solution as
defined in section 2] including estimates for the size of the jump in function value and
derivatives for the function ¢ at points of discontinuity. These estimates are proved in
section [5.3] based on a representation formula for the mcG(g) and mdG(q) solutions

of (TI).

5.1. Interpolants. The interpolant w[q] V — P%([a,b]) is defined by the fol-
lowing conditions:

wglgv(a) =wv(a) and W([:(év(b) = v(b),
(5.1) b
/a (v— [q] v)wde =0 Yw € PI>([a,b]),

where V' denotes the set of functions that are piecewise C¢™! and bounded on [a, b].
In other words, 7T£qc];’U is the polynomial of degree ¢ that interpolates v at the end-
points of the interval [a, b] and additionally satisfies ¢ — 1 projection conditions. This
is illustrated in Figure We also define the dual interpolant 7T£qc];* as the standard

Lsy-projection onto P471([a, b]).

FiGc. 2. The interpolant 7r£‘év (dashed) of the function v(z) = x sin(7x) (solid) on [0,1] for
g=1 (left) and g = 3 (right).

The interpolant w[ql : V — Pi([a, b)) is defined by the following conditions:
T () = v(b),
(5.2) b
/ (v— qu(]}v)wdx =0 Ywe P ([a,b]),

that is, wgqc];v is the polynomial of degree ¢ that interpolates v at the right end-point of
the interval [a,b] and additionally satisfies ¢ projection conditions. This is illustrated
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FiGc. 3. The interpolant ﬂ([iqc];v (dashed) of the function v(x) = x sin(7z) (solid) on [0,1] for
q=0 (left) and q = 3 (right).

™V

a X1 X9

S

Fic. 4. A piecewise smooth function v and its interpolant mv.

in Figure 3l The dual interpolant qu(]}* is defined similarly, with the difference being

that the left end-point x = a is used for interpolation.

5.2. Basic interpolation estimates. To estimate the size of the interpolation
error Tv — v for a given function v, we express the interpolation error in terms of the
regularity of v and the length of the interpolation interval, k = b — a. Specifically,
when v € C971([a,b]) C V for some ¢ > 0, we obtain estimates of the form

(5.3) H(m;)(p) — v(p)H < C’k‘Hl*pHv(‘Hl)H, p=0,...,q+1,

where || - || = || - ||z ([a,5)) denotes the maximum norm on [a,b]. This estimate is
a simple consequence of the Peano kernel theorem [40] if one can show that the
interpolant 7 : V' — P%([a,b]) C V is linear and bounded on V and that 7 is exact on
P4([a,b]) C V, that is, mv = v for all v € P%([a, b]).

In the general case, where the interpolated function v is only piecewise smooth
(see Figure M), we also need to include the size of the jump [v(P)], in function value
and derivatives at each point x of discontinuity within (a,b) to measure the regularity
of the interpolated function v. In [34], we prove the following extensions of the basic
estimate (B.3)).

LEMMA 5.1. If 7 is linear and bounded on V and is exact on P([a,b]) C V,
then there is a constant C = C(q) > 0 such that for all v piecewise CI*1 on [a, b] with
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tij—1 1 tij

Fig. 5. If some other component | # i has a node within I;;, then ®; may be discontinuous
within I;j, causing @; to be discontinuous within I;;.

discontinuities at a < x1 < --- < T, < b,

(5.4) | (m0)®) — @ || < CR™P oD || + cz Z kP[]

Tj
j=1m=0

forp=0,...;r+1,r=0,...,q.

LEMMA 5.2. If 7 is linear and bounded on V and is exact on Pi([a,b]) C V,
then there is a constant C' = C(q) > 0 such that for all v piecewise CIT on [a,b] with
discontinuities at a < x1 < --- < x, < b,

n p—1

(5.5) lro)? || < Clo@ |+ 30 >0 kP[], |

j=1m=0

forp=0,...,q.

Lemmas [5.1] and apply to both the 71'31(]; interpolant (for ¢ > 1) and the qu(]}
interpolant (for ¢ > 0) defined in section[5l The linearity of both interpolants follows
directly from the definition of the interpolants. The proofs that both interpolants are
bounded and exact on P?([a,b]) are given in detail in [34] and [35].

5.3. A special interpolation estimate. To prove a priori error estimates for
mcG(q) and mdG(q) in section [, we need to estimate the interpolation error mo — ¢
for the function ¢ defined by

N
(5.6) i = (J " (mu,u, )®); = Z Jii(mu,u, )Py, i=1,...,N.
=1

We note that ¢; may be discontinuous within I;; if I;; contains a node for some other
component, which is generally the case. This is illustrated in Figure[Bl Note that on
the right-hand side f is linearized around a mean value of mu and wu.

An interpolation estimate for o — ¢ follows directly from Lemmal5.Il To use this
estimate, we need to estimate the size of the jump in function value and derivatives at
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each internal node ¢;; of the partition 7. To obtain this estimate, we need to make a
number of additional assumptions on the right-hand side f of (II]) and the partition
T. These assumptions are discussed in section Based on the assumptions and
the representation formula presented in section (3.1, we obtain the jump estimates
in section [£.3.3 and, finally, in section [£.3.4] the interpolation estimate for ¢.

5.3.1. A representation formula. The proof of jump estimates for the multi-
adaptive Galerkin methods mcG(q) and mdG(q) is based on expressing the solutions
as certain interpolants. These representations are obtained as follows. Let U be the
mcG(q) or mdG(q) solution of (LI and define, for i =1,..., N,

(5.7) @@:m@+AﬁWQMMs

Similarly, for ® the mcG(g)* or mdG(q)* solution of (Z9), we define, fori =1,..., N,
} T
(5.9 By =vi+ [ 506
t

where f*(®,-) = J ' (7u,U,)® + g. We note that U = f(U,-) and —® = f*(®, ).

It now turns out that U can be expressed as an interpolant of U. Similarly, ¢
can be expressed as an interpolant of ®. We present these representations in Lemmas
B3 and 5.4l We remind the reader about the interpolants WE‘IC];, [‘é*, ([fcl;, and [qC];“
defined in section [B.1

LEMMA 5.3. The mcG(q) solution U of (1)) can expressed in the form U = w([:‘éﬁ.
Similarly, the mcG(q)* solution ® of (Z3) can be expressed in the form ® = 71'([:1(];*&),

that is, U; = ﬂ'[qé]]U and ®; = W[%]*](I) on each local interval I;;
Proof. The representation formulas follow by the deﬁnltlons of the meG(q) and

mcG(g)* methods and the interpolants w[q] and FCG*. See [34] for details. o
LEMMA 5.4. The mdG(q) solution U of (@I can expressed in the form U = wgc];U.

Similarly, the mdG(q)* solution ® of 23) can be expressed in the form & = qu(];*i),

that is, U; = qué]]U and ©; = Wg(%]*]q) on each local interval I;;

Proof. The representation formulas follow by the deﬁn1t1ons of the mdG(q) and

mdG(¢)* methods and the interpolants wgq(]; and de*. See [34] for details. O

5.3.2. Assumptions. To estimate the size of the jump in function value and
derivatives for the function ¢ defined in (5.6), we make the following assumptions.
Given a time slab 7, assume that for each pair of local intervals I;; and I,,,,, within
the time slab, we have

and
(A2) kij >« kmn

for some ¢ > 0 and some « € (0,1). The dependence on « in the error estimates is
weak (see Remark [5.1]), so assumption (A2) does not prevent multiadaptivity.
We also assume that the problem (L)) is autonomous,

(A3) 8f; )0t =0, i=1,... N,
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noting that the dual problem nevertheless will be nonautonomous in general. Fur-
thermore, we assume that

(A4) ||fi||Da+1(7-) <oo, t=1,...,N,

where || - || pr(7 is defined for v : RY = Rand p > 0 by vl pr(7y = maxp—o,...p
| D™ |1 (T.1.), with the norm |[D™v| (7. ) defined by [|[D™v w! cew™||p ) <
D™l (s llwt i -+ lw"]i. for all w',... ,w™ € RN, and D™v the nth-order

tensor given by

n

N N
D"v T
Z: lz_ 8x11 ’ axln "
Furthermore, we choose Cy > max;—1 ...~ | fil| pa+1(7) such that

(5.9) la? /dt? (Df /0u) T (x(t))lli. < CrCE

forp=0,...,q, and
(5.10) (@ /der @f fou) (@(t))e], < Cy Zcp "=

for p=0,...,4—1 and any given z : R — R”", where C, > 0 denotes a constant such
that |21 _(7..) < O for n=1,...,p. Note that Cy = Cy(t) defines a piecewise
constant function on the partition 0 = Ty < 71 < --- < Tpy = T. Note also that
assumption (A4) implies that each f; is bounded by Cj.

We further assume that there is a constant ¢; > 0 such that

(A5) kijOf S CL

for each local interval I;;. We summarize the list of assumptions as follows:
(A1) the local orders g¢;; are equal within each time slab;
(A2) the local time steps k;; are semiuniform within each time slab;
(A3) f is autonomous;
(A4) f and its derivatives are bounded;
(A5) the local time steps k;; are small.

5.3.3. Estimates of derivatives and jumps. To estimate higher-order deriva-
tives, we face the problem of taking higher-order derivatives of f(U(t),t) with respect
to t. In Lemmas and [0.6] we present basic estimates for composite functions v o x
with v : RN — R and # : R — RY. The proofs are based on a straightforward
application of the chain rule and Leibniz rule and are given in full detail in [34].

LEMMA 5.5. Let v : RV — R be p > 0 times differentiable in all its variables,
let z : R — RY be p times differentiable, and let C, > 0 be a constant such that
H‘T(n)HLw(R,lm) < C» form =1,...,p. Then there is a constant C = C(p) > 0 such
that

dP(v o x)

o < Clvllprw) CF-

(5.11) ’

Lo (R)

LEMMA 5.6. Let v: RN = R be p+1 > 1 times differentiable in all its variables,
let  : R — RY be p times differentiable, except possibly at some t € R, and let
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C, > 0 be a constant such that ||33(n)||Loo(R,loo) <CP forn=1,...,p. Then there is
a constant C' = C(p) > 0 such that

Plvox P
(512 [2522] | < holloma 3 ez,
t n=0

We now prove estimates for derivatives and jumps of the mcG(q) or mdG(q)
solution U of the general nonlinear problem ([J), under the assumptions listed in
section Similarly, one can obtain estimates for the discrete dual solution ® and
the function ¢ defined in (5.6, from which the desired interpolation estimates follow.

To obtain estimates for the multiadaptive solution U, we first prove estimates for
the function U defined in section 531l The estimates for U then follow by induction.

To simplify the estimates, we introduce the following notation. For given p > 0,
let Cyp > C be a constant such that

(5.13) ot S Chy n=1p.

Mo

For p = 0, we define Cyo = C¢. Temporarily, we assume that there is a constant
¢ > 0 such that for each p,

(A5/) kijCU,p S C;c'

This assumption will be removed in Lemma In the following lemma, we use
assumptions (A1), (A3), and (A4) to derive estimates for U in terms of Cyy,, and Cy.

LEMMA 5.7 (derivative and jump estimates for U). Let U be the mcG(q) or
mdG(q) solution of (LI) and define U as in (50). If assumptions (A1), (A3), and
(A4) hold, then there is a constant C = C(q) > 0 such that

(5.14) 10PN, ruy SCCh,rs p=10ia+ 1,
and
~ p_l
5.15) [T, . =ced e, L p=Lia+
n=0

for each local interval I;;, where t; ;1 is an internal node of the time slab T .

Proof. By definition, Ui(p ) = j;:l 1:(U), and so the results follow directly by
Lemmas and [0.6] noting that Cy < Cyp—_1. a

By Lemma [5.7] we now obtain the following estimate for the size of the jump in
function value and derivatives for U.

LEMMA 5.8 (jump estimates for U). Let U be the mcG(q) or mdG(q) solution
of ). If assumptions (A1)—(A5) and (A5') hold, then there is a constant C =
C(q, ck, ¢, ) > 0 such that

(5.16) [, <CEUPCRtY, p=0,...r+1, r=0,....q,

ij—1 H oo
for each local interval I;;, where t; ;1 is an internal node of the time slab T .
Proof. The proof is by induction. We first note that at ¢ =t; ;_1, we have

@7 — 77+ 7(P) 4+ 7(P) 4+ () (41— (P)(4— (P) (4—

U], =070 =07 ) + 0P ) =P ) + U () = U ()

=ertegte_.
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By Lemma (or Lemma [5.4), U is an interpolant of U and so, by Lemma 5.1, we
have

e SO, 40 Y SR,
z€N;; m=1

forp=0,...,r+1andr=0,...,q. Note that the second sum starts at m = 1 rather
than at m = 0, since U is continuous. Similarly, we have

le_| < Ck;T2P||O Y o, oy +C 3 Zk -

z€N;, j—1 m=1

To estimate eg, we note that ey = 0 for p = 0, since U is continuous. Forp=1,...,q+
1, LemmalB.Tgives |eg| = |[U(p)] |<CYP, : Cr - MUl . By assumption (A2),
it then follows that (B.16]) holds for r = 0.

Assume now that (&I6) holds for » = 7 — 1 > 0. Then, by Lemma 7] and
assumption (A5'), it follows that

m—1
lep| < CRLTPCR 0 Y ka e g 11260 MW
z€N;; m=1 n=0

< CKTPORE w03 ke kT ey T

< CRF P (14 Y (kyCupa)™ ™) < CHET PO
Similarly, we obtain the estimate |e_| < C’kfflfp Og}l. Finally, we use Lemma [5.7]
and assumption (A5’) to obtain the estimate

p—1
un" n r—1)+1—n r—1)4+1
|60| <CZCUP 1 ]’leoo SCZCII}ZJ 1k( " C[(Jr )1jL

—1
B Ftl—p ~Ft+1 1 Fl—p 741
=Ck; POy Z(kijcw)l’ "< Ok PO

Summing up, we thus obtain |[U(p)] | < leq| +leo| + le—| < Ckr+l pC{]tl, and so
(EI6) follows by induction. 0

By Lemmas 5.7 and B8, we now obtain the following estimate for derivatives of
the solution U.

LEMMA 5.9 (derivative estimates for U). Let U be the mcG(q) or mdG(q) solution
of (LI). If assumptions (A1)—(A5) hold, then there is a constant C = C(g, cx, ) > 0
such that

(5.17) |U® <CCh, p=1,....q

loseri =

Proof. By Lemma[5.3] (or Lemmal[5.4), U is an interpolant of U and so, by Lemma
B.1 we have

0N, 1y = TP,y < CNT N, ry + € D Z’f 1.l

z€N;; m=1
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for some constant C’ = C’(g). For p = 1, we thus obtain the estimate

Uil Lo (1) < C'NUill L1y = C'NFi @) wriy) < C'Cyr

by assumption (A4), and so (5I7) holds for p = 1.
For p = 2,...,q, assuming that (A5’) holds for Cyp—1, we use Lemmas [5.7 and
B8 (with » = p — 1) and assumption (A2) to obtain

p—1 m—1

HUi(p)HLao(Iij) < ch,p—l +C Z Z k;?_p Z C[T]r?;ln—lu [U(n)}zulm

IeNij m=1 n=0

<chp 1+CZ/€’" pcgjnmnlk(P 1)+1— nC(ZD 11 +1
<ccy, (1 + Z(kijCU,m—l)m_n) <CCp1s

where C' = C(q, ¢, ¢},, &). This holds for all components i and all local intervals I;;
within the time slab 7', and so

HU H <CCUp 1 p:17"-7(77

(T o)
where by definition Cpj,—1 is a constant such that [|[U™| 7,y < Cp U p1 forn=
1,...,p—1. Starting at p = 1, we now define Cy; = C1Cy with C’l ' = C'(q). It
then follows that (A5’) holds for Cya with ¢), = C'¢g, and thus

(Lo HLOO (T S CChay = CCFy = CoCF,

where Cy = C2(q, ¢k, ). We may thus define Cy o = max(C1Cy,+/C2Cy). Continu-
ing, we note that (A5") holds for Cp 2, and thus

|U® HLOO (Tuny < CClz 1 = CCly = C5CF,

where C5 = C3(q, ¢k, ). In this way, we obtam a sequence of constants Ci,...,Cy,
depending only on g, ¢, and «, such that ||U® ||L (Tile) < OPO? forp=1,...,7,
and so (517 follows if we take C max;=1,..,5Ci. O

Having now removed the additional assumption (A5’), we obtain the following
version of Lemma

LEMMA 5.10 (jump estimates for U). Let U be the mcG(q) or mdG(q) solution
of (LI). If assumptions (A1)—(A5) hold, then there is a constant C = C(q,ck, ) >0
such that

(5.18) |[TU®)] N [P CEIHTPCI™, p=0,...,q,

for each local interval I;;, where t; ;_1 is an internal node of the time slab T .
Similarly, we obtain estimates for the discrete dual solution ® and the function
. In Lemma [5.10] we present the estimates for the function ¢.
LEMMA 5.11 (estimates for ¢). Let ¢ be defined as in (B6). If assumptions
(A1)—(Ab) hold, then there is a constant C = C(g, cx, ) > 0 such that

(519) HSO;D)HL <Ccp+1||q)||Loo(Tlm)7 pzoa"'uqiju
and
(5.20)  |[¢{"].| < CkLF OB (i) VT ENG, p=0,...,q5 1

with ri; = qi; for the meG(q) method and ri; = q;j + 1 for the mdG(q) method. This
holds for each local interval I;; within the time slab T.

)



MULTIADAPTIVE GALERKIN METHODS FOR ODES III 2639

5.3.4. Interpolation estimates. Using the basic interpolation estimate of sec-
tion [5.2] we now obtain the following important interpolation estimates for the func-
tion ¢.

LEMMA 5.12 (interpolation estimates for ¢). Let ¢ be defined as in (B.0).
assumptions (A1)—(A5) hold, then there is a constant C = C(q, cx, ) > 0 such that

ij ij—1 ij =
(5.21) ||l =2, — will L (1) < CEL O @ L (7o) 4 =T > 2,
and

i i3 ~ig 1 _
(5.22) [| e i %HLW(LJ) SORFCF @l e (T o)y 45 =021,

for each local interval 1;; within the time slab T .
Proof. To prove (5.21]), we use Lemma 5.1l with r = ¢;; — 2 and p = 0, together
with Lemma 5111 to obtain

qij —2

I = il ) < ORI, o+ S 3 A
zGNij m=0

qij—

m.9i; —m i +1
Ol (i) +C Y Z Kk CF @ L (T )
zeN;; m=0

ij—1 ~Qij ij ~qij+1
= Cki T CP 1@ L7 i) + O CF T 1@ 1 (7

o)

< CRl e

from which the estimate follows. The estimate for wgqg 1]<p ©; is obtained simi-

larly. d

REMARK 5.1. Note that there is only a weak dependence on ¢ and o, since the
Jjump term contains an extra factor k;;. If higher-order terms can be ignored, then the
dependence on ci and o can be removed.

6. A priori error estimates. To prove a priori error estimates for the mcG(q)
and mdG(q) methods, we derive error representations in section and then obtain
the a priori error estimates in section for the general nonlinear case. We refer to
[34] for a sharp a priori error estimate in the case of a parabolic model problem.

6.1. Error representation. For each of the two methods, mcG(¢) and mdG(g),
we represent the error in terms of the discrete dual solution ® and an interpolant 7 of
the exact solution u of (I]), using the special interpolants mu = WE‘éu or Tu = wgqcl;u
defined in section

We write the error ¢ = U — u in the form
(6.1) e==¢e+ (mu —u),

where € = U — 7ru is represented in terms of the discrete dual solution and the residual
of the interpolant. An estimate for the second part of the error, 7u—u, follows directly
from an interpolation estimate.

In Lemma [G.I] we present the error representation for the meG(g) method, and
then present the corresponding representation for the mdG(q) method in Lemma [6.21
The error representations are obtained directly by choosing € as a test function for
the discrete dual problems [2.12]) and (2.13)).

LEMMA 6.1 (error representation for meG(q)). Let U be the mcG(q) solution of
(T3, let @ be the corresponding mcG(q)* solution of the dual problem [23), and let
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mu be any trial space approximation of the exact solution u of (L) that interpolates
u at the end-points of every local interval. Then

T T
MA@E@U%W+A(&@#=—A(MMJ@ma

where e = U — 7u.

LEMMA 6.2 (error representation for mdG(q)). Let U be the mdG(q) solution of
[T, let @ be the corresponding mdG(q)* solution of the dual problem [29), and let
mu be any trial space approrimation of the exact solution u of (LT) that interpolates
w at the right end-point of every local interval. Then

Ld)g ZZ[WUZZJ 1(1) lj 1)"‘/ Rl(wu,)fl)ldt N

=1 j=1 iJ

where e = U — mu.

With a special choice of interpolant, mu = ﬂ'géu and Tu = qu(]}u, respectively, we
obtain the following versions of the error representations.

COROLLARY 6.3 (error representation for meG(q)). Let U be the meG(q) solution
of (1) and let ® be the corresponding mcG(q)* solution of the dual problem [29]).
Then

Lw,g(é)Z/O (f (7B, ) = f(u,), ®) dt.

Proof. Integrate by parts and use the definition of the interpolant w[q] o

COROLLARY 6.4 (error representation for mdG(q)). Let U be the de( ) solution
of (1) and let ® be the corresponding mdG(q)* solution of the dual problem [29]).
Then

T
L@ = [ (el ) = ), 9)

Proof. Integrate by parts and use the definition of the interpolant 7r[ 4] o

6.2. A priori error estimates for the general nonlinear problem. Using
the error representations of section [6.1], the stability estimates of section @l and the
interpolation estimates of section [l we now prove our main results: a priori error
estimates for general order mcG(q) and mdG(q).

THEOREM 6.5 (a priori error estimate for mcG(q)). Let U be the mcG(q) solution
of (LI and let ® be the corresponding mcG(q)* solution of the dual problem ([2.9]).
Then there is a constant C = C(q) > 0 such that

(6.2) |Lyg@)] < CSD)|RHa D oo,

where (k9 alat); (1) = kq”-HH (q”-‘_l)HLw(IU for t € Lj, and where the stability

factor S(T) is given by S(T fo lJ7( C‘éu u, )®||;, dt. Furthermore, if assump-
tions (A1)—(A5) hold, then there is a constant C = C(q, ci, ) > 0 such that

(6.3) |Ly,g(@)l < CSMR*HaV|, o791,y
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where (k21u9),(t) = k?]fhi C’;”_l||u§q”+1)||Lm(1ij) fort € Lj, and where the stability
factor S(T) is given by

1) = [ iy =3 KGOl

n=1

Proof. By Corollary [6.3] we obtain

T T
Lw’g(é)_/o (f(wggu - f(u,~),<1))dt—/0 (71'([:1(];’[1, u,JT( [%]}u u,-)®) dt.

By Lemma [51] it now follows that
|Lg(E)] < Cllk‘”l@‘”l||Lm<{o,T],lz>/ 177 (e, . )], .

which proves (62). To prove (63]), we note that by definition, 7T£qéj Vg =y is orthogonal
to P%i=2(1;;) for each local interval I;;, and so, recalling that ¢ = J T (m [qc];u u, )P,

L@ =3 [ i)t =5 [ (o) o=l )

where we take W£%j_2] ¢, = 0 for g;; = 1. By Lemmas [5.]] and 512 it now follows
that

T
|Lw,g(é)|§/0 | (nu — w, 0 — 7l )| dt
T
= [ ey (= ) 0 - 1l )

T
< CHqua@q)HLOO(O,T],ll)/0 CHIPl Lo (T 100y At

= CS(D)|[K** T, _ o7y

where S(T) = [ Crl| @l iy dt = XN KnCfl|®|oirisy. O
S1m1larly, we obtain the following a priori error estimate for the mdG(g) method.
THEOREM 6.6 (a priori error estimate for mdG(q)). Let U be the mdG(q) solution
of (I) and let ® be the corresponding mdG(q)* solution of the dual problem ([29]).
Then there is a constant C = C(q) > 0 such that

(6.4) |Lyg(@)] < CS@D|FHa D[ oo

where (k9T (t) = kqij+1|| (qij+1)|| w(lij y for t € I;j, and where the stability
factor S(T) is given by S(T fo | JT(m dGu u, )®||;, dt. Furthermore, if assump-
tions (A1)—(A5) hold, then there is a constant C = C(q, cx, ) > 0 such that

(6.5) Ly (@) < CSD)|R*H1aH Do

(qi;+1) I
1

where (K21+1aat1)) () = kff”HC}I.ij u Loo(1,,) Jor t € I, and where the

stability factor S(T) is given by

0= [ i =3 KGOl

n=1



2642 ANDERS LOGG

Using the stability estimate proved in section @l we obtain the following bound
for the stability factor S(T).

LEMMA 6.7. Assume that K,CyCy < 1 for all time slabs Tp, with Cy > 0 the
constant in Theorem L2, and take g = 0 in 29). Then

(6.6) S(T) < 9]l e T,

where Cy = maxy 7 Cy.
Proof. By Theorem 4.2 we obtain

M
1P| 2oe (Totoe) < CallPllieg exp < > KquCf> < Cyl|¢lle e =T,

m=n+1
and so
B M M B _
S(T) = KnCyl|®|| (1) At < [[9]l1 Y KnCyClpeCaCs =T
n=1 n=1

T ~ —
< ||¢||lm/ C,CreCaCrt dt < ||o]|; eCaCsT, O
0

Finally, we rewrite the estimates of Theorems and for special choices of
data ¢ and g. We first take 1 = 0. With ¢, = 0 for n # i, g;(t) = 0 for ¢t & I;;, and

9i(t) = sgn(e;(t))/kij, t € Ly,

we obtain Ly, 4(&) = ktj J;. lei(t)dt and so [|&;]| L (1,,) < CLy,g(€) by an inverse esti-
mate. By definition, it follows that ||| (1,,) < CLy 4(€) + Ckf;jﬂ||ugij+1||Lw(1i].).
Note that for this choice of g, we have ||9||L1([0,T],l2) = ||g||L1([O,T],lm) =1

We also make the choice g = 0. Noting that é(T") = e(T), since wu(T) = u(T),

we obtain

Ly 4(€) = (e(T),9) = [ei(T)]

for ¢; = sgn(e;(T)) and ), = 0 for n # ¢, and

Ly,g(8) = (e(T),9) = lle(T) Iz,

for ¢» = e(T)/||e(T)||;,- Note that for both choices of ¥, we have ||, < 1.

With these choices of data, we obtain the following versions of the a priori error
estimates.

COROLLARY 6.8 (a priori error estimate for mcG(q)). Let U be the meG(q)
solution of (LI)). Then there is a constant C = C(q) > 0 such that

1- 1
(6.7) lellno 0,170y < CS(T)|| k9T aler )HLOO([O,T],Z2)’

where the stability factor S(T) = fOT ||JT(7T([%U, u, )®||;, dt is taken as the mazximum

over ¢ = 0 and |||z, jo,1),1.) = 1. Furthermore, if assumptions (A1)—~(A5) and the
assumptions of Lemma G hold, then there is a constant C = C(q, ck, @) such that

(6.8) le(D)s, < CS(T)"k2qﬁ(2q)HLDO([O,T],ll)
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for p = 2,00, where the stability factor S(T) is given by S(T) = ¢©CsT .

COROLLARY 6.9 (a priori error estimate for mdG(q)). Let U be the mdG(q)
solution of (LI)). Then there is a constant C = C(q) > 0 such that

+1(g+1

(6.9) lell o 0.77100) < CS(T)|[R4 )HLOO([O.,T],12)=
where the stability factor S(T) = fOT HJT(W([féu,u, )®||;, dt is taken as the mazimum
over ¢ =0 and ||gl|z,(jo,1),1) = 1. Furthermore, if assumptions (A1)-(A5) and the
assumptions of Lemmal[61 hold, then there is a constant C = C(q, ¢k, «) such that

G 2g+1=(2q+1
(6.10) le(T)|l;, < CS(T)|k>* >||Lm([0)m1)
for p = 2,00, where the stability factor S(T) is given by S(T) = e€aCsT .

The stability factor S(T") that appears in the a priori error estimates is obtained
from the discrete solution ® of the dual problem (£1]), and can thus be computed
by solving the discrete dual problem. Numerical computation of the stability factor
reveals the exact nature of the problem, in particular, whether or not the problem is

parabolic; if the stability factor is of unit size and does not grow, then the problem is
parabolic by definition; see [36].

6.3. A note on quadrature errors. The error representations presented in
section are based on the Galerkin orthogonalities of the mcG(g) and mdG(q)
methods. In particular, for the mcG(g) method, we assume that

T
/ (R(U,-),®)dt = 0.
0

In the presence of quadrature errors, this term is nonzero. As a result, we obtain an
additional term of the form

T
/0 (f(Uv ) - f(U7 ')7 (I)) dt,

where f is the interpolant of f corresponding the quadrature rule that is used. A
convenient choice of quadrature for the mcG(g) method is Lobatto quadrature with
¢ + 1 nodal points [32], which means that the quadrature error is of order 2(¢g+1)—2 =
2¢ and so (super)convergence of order 2q is obtained also in the presence of quadrature
errors. Similarly for the mdG(gq) method, we use Radau quadrature with ¢ + 1 nodal
points, which means that the quadrature error is of order 2(¢ +1) — 1 =2¢ + 1, and
so the 2¢ + 1 convergence order of mdG(q) is also maintained under quadrature.

7. A numerical example. We conclude by demonstrating the convergence of
the multiadaptive methods in the case of a simple test problem.
Consider the problem

’dl = U2,
Uz = —U1,
Uz = —uz + 2uy,

’[L4 = Uy — 2’(1,3,
1.1,5 = —Ug — 2U4 + 4u6,

Ug = u1 + 2uz — 4us



2644 ANDERS LOGG

dG(0)
cG(1)
dG(1y
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dG(4)
cG(5)
dG(5)

10°

Fi1a. 6. Convergence of the error at final time for the solution of the test problem [Tl with
mcG(q) and mdG(q), q < 5.

TABLE 1
Order of convergence p for mcG(q).

mcG(q) 1 2 3 4 5
p 1.99 | 3.96 | 5.92 | 7.82 | 9.67
2q 2 4 6 8 10

TABLE 2

Order of convergence p for mdG(q).

mdG(q) 0 1 2 3 4 5
P 0.92 | 2.96 | 494 | 6.87 | 9.10 | —
2q+1 1 3 5 7 9 |11

on [0, 1] with initial condition «(0) = (0, 1,0,2,0, 3). The solution is given by u(t) =
(sint, cost,sint 4 sin 2t, cost + cos 2t, sint 4 sin 2t 4 sin 4¢, cost + cos 2t + cos4t). For
given ko > 0, we take k;(t) = ko for i = 1,2, k;(t) = ko/2 for i = 3,4, and k;(t) = ko/4
for i = 5,6, and study the convergence of the error ||e(T)||;, with decreasing kg. From
the results presented in Figure [6] and Tables [l and [2] it is clear that the predicted
order of convergence is obtained.
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