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N U M ER IC A L M O D ELIN G O F ELA ST IC W AV ES

A C R O SS IM P ER FEC T C O N TA C T S.

BRU N O LO M BA R D �
A N D JO �EL PIR AU X y

A bstract. A num ericalm ethod is described for studying how elastic waves interact with im -

perfectcontacts such as fractures orglue layersexisting between elastic solids.These contacts have

been classicaly m odeled by interfaces,using a sim ple rheologicalm odelconsisting ofa com bination

of norm aland tangential linear springs and m asses. The jum p conditions satis�ed by the elastic

�elds along the interfaces are called the "spring-m assconditions". By tuning the sti�ness and m ass

values,itispossibleto m odelvariousdegreesofcontact,from perfectbonding to stress-freesurfaces.

The conservation laws satis�ed outside the interfaces are integrated using classical�nite-di�erence

schem es. The key problem arising here is how to discretize the spring-m ass conditions,and how to

insertthem into a �nite-di�erence schem e: this wasthe aim ofthe present paper. Forthis purpose,

weadapted an interfacem ethod previously developed forusewith perfectcontacts[J.Com put.Phys.

195 (2004)90-116].Thisnum ericalm ethod also describesclosely the geom etry ofarbitrarily-shaped

interfaces on a uniform Cartesian grid,at negligible extra com putationalcost. Com parisons with

originalanalyticalsolutions show the e�ciency ofthisapproach.

K ey w ords. elastic waves,interface m ethods,spring-m ass jum p conditions,discontinuous co-

e�cients,im perfectcontact,hyperbolic conservation laws.

A M S subject classi�cations. 35L40,65M 06

1. Introduction. Here it is proposed to study the propagation ofm echanical

waves in an elastic m edium divided into severalsubdom ains. The wavelengths are

assum ed to be m uch largerthan the thickness ofthe contactzones between subdo-

m ains,orinterphases[18].Each interphase isreplaced by a zero-thicknessinterface,

whereelastic�eldssatisfy jum p conditions.In elastodynam ics,thecontactsbetween

elastic m edia are usually assum ed to be perfect[1]. They can therefore be m odeled

by perfectjum p conditions,such asperfectly bonded,perfectly lubricated,orstress-

freeconditions.Forexam ple,perfectly bonded conditionswillm ean thatboth elastic

displacem entsand norm alelastic stressesare continuousacrossthe interface ateach

tim e step.

In practice,contactsare often im perfectbecause ofthe presence ofm icrocracks

or interstitialm edia in the interphase. Take,for exam ple,fractures in the earth,

which are�lled with airorliquid,and wherejum psoccurin theelasticdisplacem ents

and elastic stresses. The sim plest im perfect conditions are the spring-m ass condi-

tions (which are som etim escalled "linearslip displacem ents"): these conditionsare

realistic in the case ofincident waveswith very sm allam plitudes [17]. The spring-

m assconditionshavebeen extensively studied,both theoretically and experim entally

[18,20,21]. This approach has been applied in various disciplines,such as nonde-

structiveevaluation ofm aterials[2,22]and geophysics[17].

However,very few studieshavedealtsofarwith thenum ericalsim ulation ofwave

propagation across im perfect contacts described by spring-m assconditions. To our

knowledge,only three approaches have been proposed for this purpose. First,G u

et al. developed a boundary integralm ethod which can be applied to arbitrarily-

shaped interfaces [7]; but this m ethod requires knowing the G reen’s functions on
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both sides ofthe interface,which com plicates the study ofrealistic heterogeneous

m edia. Secondly,a �nite-elem entm ethod hasbeen proposed by Haney and Sneider

[8]. The jum p conditions are incorporated autom atically here into the num erical

schem e,via the variationalform ulation,and attem pts have been m ade to perform

num ericalanalysis.The m ain drawback ofthisapproach isthatitrequiresadapting

the m esh to the interface,which increases the com putationale�ort. Thirdly,other

authors have approached this problem by im plicitly accounting for the boundary

conditions by using an equivalent m edium ,and then deriving new �nite-di�erence

form ulas [3,4]. This approach can be applied to arbitrarily-shaped interfaces on a

uniform Cartesian grid,butthe accuracy islow,and thism ethod involvesexplicitly

changing the num ericalschem enearthe interface.Notethatthe inertiale�ectswere

notinvestigated in any ofthese three cases,although they m ay be im portantfactors

[18].

The aim ofthis paper is to describe a procedure for incorporating the spring-

m ass conditions into existing �nite-di�erence schem es,on a regular Cartesian grid.

The geom etry ofarbitrarily-shaped interfacesisproperly taken into account,reduc-

ing the unwanted di�raction classically induced by the Cartesian grid. Lastly,the

extra com putationalcostislow.Forthispurpose,we adapted the explicitsim pli� ed

interface m ethod (ESIM ) previously developed for dealing with perfect contacts in

1D [15]and 2D [12]. A study hasalso dealtwith im perfect contactsin 1D [11]. In

thepresentstudy,thisapproach isextended to 2-D con�gurations.The focushereis

on the description ofim perfectcontacts;to avoid additionalcom plications,we take

m edia with sim ple constitutive laws(elastic and isotropicm edia),butthe procedure

should besuitablefordealingwith m orerealisticm edia.Theinertiale�ectsaretaken

into account.

Thispaperisorganized asfollows.In section 2,theproblem isstated in term sof

thecon�guration,theconservation lawsand thespring-m assconditions.In section 3,

a num ericalstrategy isdescribed forintegrating the conservation lawson the whole

com putationaldom ain: the sam e schem e is used throughout the dom ain,but near

an interface,m odi� ed values ofthe solution are used,which im plicitly account for

the spring-m assconditions. Section 4 is the core partofthis paper: it describes in

detailhow to com pute the m odi�ed values. Num ericalexperim entsare described in

section 5,and com parisons with originalanalyticalsolutions show the e�ciency of

the m ethod. Note that although no rigorous m athem aticalproofofthe validity of

thealgorithm swasobtained,theresultsofthenum ericalexperim entsperform ed were

extrem ely satisfactory.

2. P roblem statem ent.

2.1. C on�guration. Letusconsidertwo isotropicelasticm edia 
0 and 
1 sep-

arated by astationary interface� (�gure 2.1).W estudy atwo-dim ensionalcon�gura-

tion with plane strains,and adoptCartesian coordinatesx and y pointing rightward

and upward, respectively. The interface is described by a param etric description

(x(�);y(�)).The unittangentialvectortand the unitnorm alvectorn are

t=
1

p
x
02 + y

02

0

@
x
0

y
0

1

A ; n =
1

p
x
02 + y

02

0

@
� y

0

x
0

1

A ; (2.1)

where x
0

= d x

d �
and y

0

=
d y

d �
. � is assum ed to be su�ciently sm ooth to ensure that

x(�),y(�)and theirsuccessivespatialderivativesarecontinuousallalong �,up to a
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Fig.2.1.Interface � between two elastic m edia 
 0 et
 1.

given orderofderivation.

Thephysicalparam etersarethedensity �,theelasticspeed ofthecom pressional

P-wavescp,and the elastic speed ofthe shearSV-wavescs. Forthe sake ofsim pli-

�cation,these param etersare taken to be piecewise constant;however,they m ay be

discontinuousacross�

(�;cp;cs)=

8
<

:

(�0;cp0;cs0) if (x;y)2 
0;

(�1;cp1;cs1) if (x;y)2 
1:

(2.2)

Theelastic�eldsarethetwocom ponentsoftheelasticvelocity v(v1;v2)and thethree

independentcom ponentsoftheelasticstresstensor�(�11;�12;�22).Theprojections,

norm aland tangentialto theinterface,oftheelasticdisplacem entu(u1;u2),thoseof

the velocity v,and thoseofthe norm alstress�:n aredenoted by

�
�
�
�
�
�

uN = u:n;

uT = u:t;

�
�
�
�
�
�

vN = v:n;

vT = v:t;

�
�
�
�
�
�

�N = (�:n):n;

�T = (�:n):t:

(2.3)

LetP bea pointon � (�gure 2.1),and tbethetim e.G iven a function f(x;y;t),the

lim itvaluesoff atP on both sidesof� arewritten

fl(P;t)= lim
M ! P;M 2
 l

f(M ;t); (2.4)

wherel= 0;1.The jum p off across�,from 
 0 to 
1,isdenoted by

[f(P;t)]= f1(P;t)� f0(P;t): (2.5)

2.2. C onservation law s. To study the propagation ofsm allperturbations in


i (i= 0;1),weusea velocity-stressform ulation ofelastodynam icequations.Setting

U = T (v1;v2;�11;�12;�22); (2.6)

the linearization ofm echanicsequations gives a �rst-orderlinear hyperbolic system

in each subdom ain

@

@t
U + A l

@

@x
U + B l

@

@y
U = 0; l= 0;1; (2.7)
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which issatis�ed outside�.The5� 5piecewise-constantm atricesA land B l(l= 0;1)

are[1]

A l= �

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0
1

�
0 0

0 0 0
1

�
0

�c2p 0 0 0 0

0 �c2s 0 0 0

�
�
c2p � 2c2s

�
0 0 0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;

B l= �

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 0 0
1

�
0

0 0 0 0
1

�

0 �
�
c2p � 2c2s

�
0 0 0

�c2s 0 0 0 0

0 �c2p 0 0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

: (2.8)

2.3. Spring-m assconditions. An incidentwaveattheinterfacegeneratesfour

other waves: a reected P-wave,a reected SV-wave,a transm itted P-wave,and a

transm itted SV-wave. To pose the problem suitably,it is necessary to de�ne four

independent jum p conditions satis�ed by the �elds along � (�gure 2.1). Perfectly

bonded conditionsaregenerally used forthispurpose,nam ely

[uN (P;t)]= 0; [�N (P;t)]= 0;

[uT (P;t)]= 0; [�T (P;t)]= 0;

(2.9)

corresponding to a perfectly bonded contactbetween the two solidsin question.

To describe an im perfectcontact,one can generalize(2.9)into spring-m ass con-

ditions.W ith the notationsde�ned in (2.4),the spring-m assconditionsare

[uN (P;t)]=
1

K N

�N 0(P;t); [�N (P;t)]= M N

@2

@t2
uN 0(P;t);

[uT (P;t)]=
1

K T

�T 0(P;t); [�T (P;t)]= M T

@2

@t2
uT 0(P;t);

(2.10)

whereK N > 0,K T > 0,M N � 0,M T � 0,arecalled thenorm alsti�ness,thetangen-

tialsti�ness,the norm alm ass,and the tangentialm assofthe interface,respectively.

The conditions(2.10)are called "spring-m assconditions" because ofanalogieswith
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Fig.2.2.Spring-m ass rheologicalm odelofthe contact.

theequationsgoverningthedynam icsofa spring-m asssystem (�gure 2.2).O nebasic

underlying assum ption m adehereisthatthe elasticstressesdo nota�ectthenature

ofthe contact,and hence,thatK N ,K T ,M N ,and M T do notdepend on toron the

�elds.They can vary with space,and hencewith the param eter�.

The spring-m ass conditions provide an easy way ofdescribing a wide range of

contactsbetween solids,from perfectcontactto disconnected m edia.ForK N ! + 1 ,

K T ! + 1 ,M N = 0,and M T = 0,we obtain the perfectly bonded conditions(2.9).

For K N ! + 1 ,K T ! 0,M N = 0,and M T = 0,we obtain �T (P;t) ! 0,which

am ountsto a perfectslip with no friction. Lastly,forK N ! 0,K T ! 0,M N = 0,

and M T = 0,we obtain �N (P;t)! 0 and �T (P;t)! 0,hence �:n(P;t)! 0: the

m edia 
0 and 
1 tend to havestress-freeboundaries,which m eansthatno wavesare

transm itted from onem edium to the other.

The spring-m ass conditions entailan im portant property: the plane waves re-

ected and transm itted by a plane interface with conditions (2.10) are frequency-

dependent[21].These wavesthereforeshow a distorted pro�lethatisquite di�erent

from the pro�le ofthe incident wave,even below the criticalangle. In addition,

even ifthe incident wave is spatially bounded in the direction ofpropagation,the

reected and transm itted wavesare notspatially bounded:a "coda" followseach of

thesewaves.Phenom ena ofthiskind,which do notoccurwith perfectconditions,are

observed experim entally (seee.g.[17]).

By choosing appropriatevaluesofK N ,K T ,M N ,and M T ,itispossibleto m odel

realisticcon�gurations.Thespring-m assconditions(2.10)can also beobtained quite

rigorouslyin som ecases;thevaluesofK N ,K T ,M N ,and M T willthereforedepend on

the physicaland geom etricalpropertiesofthe interphase. Take a plane elastic layer

sandwiched between two hom ogeneous isotropic half-spaces. Ifthe thickness ofthe

interm ediate layeris m uch sm allerthan the wavelength,the spring-m assconditions

can bededuced from an asym ptoticanalysisofthewavepropagation behaviorinside

the layer[18].

Thespring-m assconditionsm odel(2.10)hassom elim itations.First,ifK N < + 1

and M N 6= 0,or ifK T < + 1 and M T 6= 0,these conditions are asym m etrical. In

Appendix A, we establish that the inuence of this asym m etry is either null(in

the case ofreected waves)or negligible (in that oftransm itted waves)in the one-
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dim ensionalcontext. W e have checked num erically that this is also the case in the

2-D context. Setting up sym m etricalconditions would considerably com plicate the

jum p conditions,in return forabsolutely negligiblee�ects.

The second drawback followsfrom the �rstequation given by (2.10):there isno

reason why a negativejum p ofuN should notoccur,whith an absolutevaluegreater

than the realthickness ofthe interphase. Since a penetration ofboth faces on the

interphaseisnotphysically realistic,theconditions(2.10)arevalid only in thecaseof

very sm allperturbations. W ith largerperturbations,�ner m odeling proceduresare

required,based on nonlinearcontactlaws[23]. Jum p conditionsofthiskind,which

arecurrently understudy,requirem orecom plex num ericalm ethods.

3. T im e-m arching.

3.1. N um erical schem e. To integrate the hyperbolic system (2.7),we intro-

duce a uniform lattice ofgrid points: (xi;yj;tn)= (i�x;j�y;n�t),where �x =

�y are the spatialm esh sizes,and �t is the tim e step. The approxim ation U
n
i;j

ofU (xi;yj;tn)iscom puted using explicittwo-step,spatially-centred �nite-di�erence

schem es.The tim e-stepping ofthese schem esiswritten sym bolically

U
n+ 1
i;j = H i;j

�

U
n

i+ ~i;j+ ~j
;(~i;~j)2 �

�

: (3.1)

H i;j isa discreteoperator,and � isthestenciloftheschem e.Thesubscriptsin H i;j

referto the physicalparam etersat(xi;yj). See [9]fora review ofthe huge body of

literatureon num ericalm ethodsforconservation laws.

The interface � isim m ersed in the regularm eshing,so thatone can distinguish

between two sets ofgrid points: the regular points,where the stencilofthe schem e

involvesa singlem edium ,e.g.
0 or
1,and theirregularpoints,wherethestencilof

the schem ecrosses�.Thedistribution ofirregularpointsalong � obviously depends

on thegeom etry of� and on thestenciloftheschem e.Atregularpoints,theschem e

(3.1)isapplied classically,asin hom ogeneousm edia.Atirregularpoints,however,the

schem e(3.1)ism odi�ed to takethespring-m assconditions(2.10)into account.This

m odi�cation iscarried outusingan interfacem ethod,and them ain aim ofthepresent

article isto describe thisprocedure,which willbe presented in detailin subsequent

sections.

In thenum ericalexperim entsdescribed in section 5,weuseasecond-orderschem e:

theW avePropagation Algorithm (W PALG ),originally developed by LeVequein the

�eld ofcom putationaluid dynam ics [10]. Its stencilis (~i = � 2:::2;~j = � 2:::2)

and (~i;~j)6= (� 2;� 2). W PALG is a usefultoolfordealing with linear elastic wave

propagation,foratleastthreereasons.First,itinvolvestheuseofnonlinearux lim -

itersthatpreventnum ericaldispersion.Secondly,thisschem e reducesthe num erical

anisotropy introduced by the Cartesian grid.Thirdly,W PALG isstable in 2D up to

CFL= 1. Forthe convergencem easurem entsperform ed in section 5 (test1),we also

used the standard second-orderLax-W endro� schem e.

Notethatotherschem escan beused:in particular,wehavesuccessfullycom bined

the interface m ethod with staggered schem es,such as [19]. It should therefore be

possible to adapt m ost solvers for use with the interface m ethod described in the

forthcom ing discussion.

3.2. Interface m ethod. From now on,wewillfocuson thetim e-stepping pro-

cedure nearthe interface. To take into accountthe spring-m assconditionssatis�ed

along �,the schem e (3.1)isalso applied atirregularpoints,butsom e ofthe num er-

icalvalues used for the tim e-stepping procedure are changed. The use ofso-called
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Value Num berof

nv 5(k+ 1)(k + 2)=2 com ponentsofU
k
l

nc 2(k+ 1)(k + 2) jum p conditions

nm k(k� 1)=2 com patibility conditions

nq variable grid pointsto estim ateU
k
l

Table 3.1

n with indices used throughoutthe text(l= 0;1).

m odi� ed values deduced from the jum p conditionsisthe key feature ofthe interface

m ethod developed in ourpreviousstudies:the "explicitsim pli�ed interfacem ethod"

(ESIM )[11,12,15].Attim etn,thegeneralm ethod used to com putem odi�ed values

isasfollows. O n each side of�,one de�nesa sm ooth extension U
�
(x;y;tn)ofthe

exactsolution on the otherside.Theextension U
�
isbuiltsatisfying the sam ejum p

conditions as the exact solution U . At any irregularpoint,the m odi�ed value is a

num ericalestim ateofU
�
atthispoint.

Let us introduce som e notations. Take an irregular point M with coordinates

(xI;yJ),belonging to 
1 (the following discussion can easily be adapted to the case

where M (xI;yJ) 2 
0). Let P (xP ;yP ) be a point on � near M ,for exam ple the

closest orthogonalprojection ofM onto � (�gure 3.1). The vector containing the

lim itvaluesofthe exactsolution U (x;y;tn)and those ofitsspatialderivativesatP

up to the k-th orderisdenoted by

U
k
l = lim

M ! P;M 2
 l

T

�
T
U ;:::;

@�

@x�� � @y�
T
U ;:::;

@k

@yk
T
U

�

; (3.2)

wherel= 0 or1,� = 0;:::;k and � = 0;:::;�.Thisvectorhasnv = 5(k+ 1)(k+ 2)=2

com ponents.Throughoutthetext,m any n with indiceshavebeen used;to avoid any

confusion,they aresum m ed up in table3.1.Toobtain conciseexpressionsforthek-th

orderTaylorexpansionsatP ofquantitiesat(xi;yj),we de�nethe 5� nv m atrix

�
k
i;j =

�

I5;:::;
1

� !(� � �)!
(xi� xP )

�� � (yj � yP )
�
I5;:::;

(yj � yP )
k

k!
I5

�

; (3.3)

whereI5 isthe5� 5identity m atrix,� = 0;:::;k and � = 0;:::;�.Them odi�ed value

U
�

I;J isthen de�ned asa num ericalestim ateofthe sm ooth extension

U
�
(xI;yJ;tn)= �

k
I;J U

k
0: (3.4)

NotethatU
k
0 isthelim itvalueofthesolution and itsspatialderivativeson theother

sideof� with respectto M .
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Γ

0

Ω1

Ω P

M

Fig.3.1.Zoom on an irregular pointM ;orthogonalprojection P ofM onto �.

The m odi�ed valuesatallthe irregularpointssurrounding � are com puted in a

sim ilarwayattn.Thetim e-steppingatan irregularpoint(i;j)iswritten sym bolically

U
n+ 1

i;j = H i;j

�

Û
n

i+ ~i;j+ ~j;(
~i;~j)2 �

�

; (3.5)

where

Û
i+ ~i;j+ ~j

=

8
<

:

U
n

i+ ~i;j+ ~j
if(x

i+ ~i
;y

j+ ~j
)2 
1;

U
�

i+ ~i;j+ ~j
if(x

i+ ~i
;y

j+ ~j
)2 
0:

(3.6)

The tim e-stepping procedure iscom pleted overthe whole com putationaldom ain by

applying (3.1)attheregularpoints.Itonly rem ainsnow to calculateU
�
’s,sinceU

k
0

in (3.4)isunknown.

4. C alculating m odi�ed values.

4.1. D i�erentiation ofthe spring-m assconditions. In the�rststep towards

calculating the m odi�ed value (3.4),welook forthe jum p conditionssatis�ed by U
k
l

(3.2),forany k.Theseconditionsarededuced from thespring-m assconditions(2.10)

satis�ed by uN ;T and �N ;T . Before describing the procedure,letusintroduce a new

notation.The vectorcontaining the lim itvaluesofthe (k + 1)-th spatialderivatives

ofU (x;y;t)atP isdenoted by

U
k+ 1

l = lim
M ! P;M 2
 l

T

�
@k+ 1

@xk+ 1
T
U ;:::;

@k+ 1

@xk+ 1� � @y�
T
U ;:::;

@k+ 1

@yk+ 1
T
U

�

; (4.1)

wherel= 0 or1,� = 0;:::;k+ 1.Thisvectorhas5(k+ 2)com ponents.O nceagain,

the pointP considered and the instanttareom itted.

For k = 0,the two equations in (2.10) that dealwith the jum p in the elastic

displacem ent are di�erentiated in term s oft. The geom etry of� and sti�ness and

m assvaluesdo notdepend on t;since v = @u

@ t
,weobtain

[vN (P;t)]=
1

K N

@

@t
�N 0(P;t); [�N (P;t)]= M N

@

@t
vN 0(P;t);

[vT (P;t)]=
1

K T

@

@t
�T 0(P;t); [�T (P;t)]= M T

@

@t
vT 0(P;t):

(4.2)
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Thetim ederivativesin (4.2)arereplaced by spatialderivativesthanksto theconser-

vation laws(2.7).W e sum up the relationsthusobtained in m atrix term s

C
0

1 U
0

1 = C
0

0 U
0

0 + E
0

0 U
1

0: (4.3)

C
0

l (l= 0;1)are4� 5m atrices;U
0

l arethevectors(3.2)fork = 0(i.e.thelim itvalues

of(2.6));E
0

0 is a 4� 10 m atrix;lastly,U
1

0 is the vector(4.1)for l= 0 and k = 0.

M atricesC
0

l describetheperfectly bonded conditions(2.9).M atrix E
0

0 describesthe

correction induced by the springs and m asses in (2.10). Both m atrices C
0

l and E
0

0

depend on �,butthey are independentoft;they are dealtwith in greaterdetailin

Appendix B.

To com pute the conditionssatis�ed up to k = 1,we di�erentiate (4.3)in term s

oftand �.First,the di�erentiation of(4.3)in term softyields

C
0

1

@

@t
U

0

1 = C
0

0

@

@t
U

0

0 + E
0

0

@

@t
U

1

0: (4.4)

Thetim ederivativesin (4.4)arereplaced byspatialderivatives,usingtheconservation

laws(2.7);with the notations(3.2)and (4.1),onereadily obtains(l= 0;1)

@

@t
U

0

l =
�
0 � Al � Bl

�
U

1

l;
@

@t
U

1

0 =

�
� A0 � B0 0

0 � A0 � B0

�

U
2

0;

which areinjected into (4.4).Secondly,thedi�erentiation of(4.3)in term sof� yields

�
d

d�
C

0

1

�

U
0

1+ C
0

1

@

@�
U

0

1 =

�
d

d�
C

0

0

�

U
0

0+ C
0

0

@

@�
U

0

0+

�
d

d�
E

0

0

�

U
1

0+ E
0

0

@

@�
U

1

0:

(4.5)

Since U
0

l (l= 0;1)and U
1

0 depend on x(�)and y(�),the chain-rulegives

l= 0;1;
@

@�
U

0

l = x
0 @

@x
U

0

l + y
0 @

@y
U

0

l;

=
�
0 x

0

I5 y
0

I5

�
U

1

l;

and

@

@�
U

1

0 =

�
x
0

I5 y
0

I5 0

0 x
0

I5 y
0

I5

�

U
2

0:

Due to the norm alization ofvectorsn and tin (2.1)and (2.3),specialcare m ustbe

taken with the di�erentiation procedure d

d �
E

0

0 in (4.5)(see Appendix B).From the

previousdiscussion,onebuildsthree12� 15m atricesC
1

0,C
1

1 and D
1

0,and one12� 15

m atrix E
1

0,so that

C
1

1 U
1

1 =
�
C

1

0 + D
1

0

�
U

1

0 + E
1

0 U
2

0: (4.6)

M atricesC
1

l describe the inuence ofperfectly bonded conditions.M atricesD
1

0 and

E
1

0 describethe changesintroduced by the springsand m asses.

By iterating a sim ilarprocedure(k� 1)tim es,onecan �nd m atricessuch that

C
k
1 U

k
1 =

�

C
k
0 + D

k
0

�

U
k
0 + E

k
0 U

k+ 1

0 ; (4.7)
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where C
k
0,C

k
1 and D

k
0 are nc � nv m atrices,with nc = 2(k + 1)(k + 2) and nv =

5(k + 1)(k + 2)=2;E
k
0 isa nc � 5(k+ 2)m atrix (in practiceand asshown in section

4.4,the lastm atrix isnevercom puted). Thisisa tediousprocedure,however,even

with low values ofk (e.g. k = 1). This task can be carried out autom atically by

developing appropriateform alcalculustools;thesim ulationsshown in section 5 were

obtained in thisway.

4.2. C om patibility conditions. Som ecom ponentsofthespatialderivativesof

U arenotindependent.W e set

�1 =
� + 2�

4(� + �)
=

c2p

4
�
c2p � c2s

�; �2 =
� �

4(� + �)
=

2c2s � c2p

4
�
c2p � c2s

�; (4.8)

where� and � aretheLam �ecoe�cients.Then,thestandard planeelasticity com pat-

ibility conditionsofSaint-Venant[6,13]are,in term sofstresses,

�2
@2 �11

@x2
+ �1

@2 �22

@x2
�
@2 �12

@x@y
+ �1

@2 �11

@y2
+ �2

@2 �22

@y2
= 0: (4.9)

Equation (4.9) is di�erentiated (k � 2)-tim es in term s ofx and y,giving the nm =

k(k� 1)=2 relations

�2
@k �11

@xk� j @yj
+ �1

@k �22

@xk� j @yj
�

@k �12

@xk� j� 1 @yj+ 1

+ �1
@k �11

@xk� j� 2 @yj+ 2
+ �2

@k �22

@xk� j� 2 @yj+ 2
= 0; k � 2;j= 0;:::;k� 2:

(4.10)

Conditions (4.10) are satis�ed at each point in 
 l (l = 0;1),especially at P (see

�gure 2.1). O ne can therefore express the lim it values U
k
l in term s ofa vector V

k
l

with nv � nm independentcom ponents

U
k
l = G

k
l V

k
l; l= 0;1 (4.11)

where G
k
l is a nv � (nv � nm ) m atrix deduced from (4.10). The relation (4.11) is

usefulto reduce the num berofcom ponentsin (4.7),asseen in the nextsubsection.

An algorithm has been proposed in [12]for com puting the non-nullcom ponents of
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G
k
l butthere wasa m istakefork � 3.The correctalgorithm is(l= 0;1)

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

� = 0; � = 0;

for = 0;:::;k;for� = 0;:::;

if� = 0 then for"= 1;:::;5

� = � + 1; � = � + 1; G
k
l[�;�]= 1

if 6= 0 and � 6= 0 and  6= � then

if = 2 then � = 0;� = 0;

else if� = 1 then � = 0;� = 1;

else if� =  � 1 then � = 1;� = 0;

else � = 1;� = 1;

� = � + 1; � = � + 1; G
k
l[�;�]= 1

� = � + 1; � = � + 1; G
k
l[�;�]= 1

� = � + 1; � = � + 1; G
k
l[�;�]= 1

� = � + 1; � = � � 5+ �; G
k
l[�;�]= �2

� = � + 2� �; G
k
l[�;�]= �1

� = � + 7; G
k
l[�;�]= �1

� = � + 2� �; G
k
l[�;�]= �2

� = � + 1; � = � � 5+ �; G
k
l[�;�]= 1

if 6= 0 and  = � then for"= 1;:::;5

� = � + 1; � = � + 1; G
k
l[�;�]= 1:

(4.12)

4.3. Solution of underdeterm ined system s. It is now required to express

V
k
1 in term s ofV

k
0. For this purpose,we inject the com patibility conditions (4.11)

into the jum p conditions(4.7).Setting

S
k
1 = C

k
1 G

k
1; S

k
0 =

�

C
k
0 + D

k
0

�

G
k
0; (4.13)

weobtain the underdeterm ined system

S
k
1 V

k
1 = S

k
0 V

k
0 + E

k
0 U

k+ 1

0 : (4.14)

To �nd the fullrangeofsolutionsof(4.14),a singularvaluedecom position (SVD)of

S
k
1 [16]iscom puted.Setting (S

k
1)

� 1 to denotethe(nv � nm )� nc generalized inverse

ofS
k
1,and R

k
s1
to denotethe(nv � nm )� (nv � nm � nc)m atrix associated with the

kernelofS
k
1,weobtain

V
k
1 =

��

S
k
1

�� 1
S
k
0 jR

k
s1

�
0

@
V

k
0

�
k

1

A +

�

S
k
1

�� 1
E

k
0 U

k+ 1

0 ; (4.15)

where� k isa (nv � nm � nc)vectorofLagrangem ultipliers.A sim ilarprocedurecan

be used to expressV
k
0 in term sofV

k
1.
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4.4. N um ericalestim ates oflim it �elds. Considera setB ofnq grid points

surrounding P ;for practicalpurposes,we de�ne B as the set ofgrid points whose

distance from P is less than a given distance q. W e successively exam ine each grid

pointin B,writing the k-th orderTaylorexpansionsofU (xi;yj;tn)atP .If(xi;yj)

isincluded in 
0,we deducefrom (3.3)and (4.11)that

(xi;yj)2 B \ 
0; U (xi;yj;tn) = �
k
i;jU

k
0 + O (�x k+ 1)

= �
k
i;jG

k
0 V

k
0 + O (�x k+ 1)

= �
k
i;jG

k
0 (1j0)

0

@
V

k
0

�
k

1

A + O (�x k+ 1);

(4.16)

where 1 is the identity m atrix (nv � nm )� (nv � nm ), and 0 is the nullm atrix

(nv � nm )� (nv � nm � nc).If(xi;yj)isincluded in 
1,wededucefrom (3.3),(4.11),

and (4.15)that

(xi;yj)2 B \ 
1; U (xi;yj;tn) = �
k
i;jU

k
1 + O (�x k+ 1)

= �
k
i;jG

k
1 V

k
1 + O (�x k+ 1)

= �
k
i;jG

k
1

��

S
k
1

�� 1
S
k
0 jR

k
s1

�
0

@
V

k
0

�
k

1

A

+ �
k
i;jG

k
1

�

S
k
1

�� 1
E

k
0 U

k+ 1

0 + O (�x k+ 1):

(4.17)

Relations(4.16)and (4.17)aresum m ed up in m atrix term sasfollows

(U
n
)
B
= M

0

@
V

k
0

�
k

1

A + N U
k+ 1

0 +

0

B
@

O (�x k+ 1)
...

O (�x k+ 1)

1

C
A ; (4.18)

where(U
n
)
B
refersto thesetofexactvaluesU (xi;yj;tn)atthegrid pointsofB,M

isa 5nq � (2nv � 2nm � nc)m atrix,and N isa 5nq � 5(k+ 2)m atrix.Thevalueof

nq dependson B;thissetischosen so that(4.18)isoverdeterm ined.In view ofTable

3.1 and Table 4.1,thism eansthat

nq � (2nv � 2nm � nc)=5;

� 2
�
k2 + 5k+ 3

�
=5:

To ensurethisinequality,

q= (k+ 0:2)�x (4.19)

can beused asa radiusto obtain B.From now on,num ericalvaluesand exactvalues

areused indiscrim inatelyin (4.18).W ealsorem oveN U
k+ 1

0 and therem ainderterm s.

The least-squaresinverseM
� 1

ofM iscom puted using classicaltechniques,such as
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LU or SVD [16]. The set ofLagrange m ultipliers �
k
is not usefulfor com puting

m odi�ed values;therestriction M
� 1

ofM
� 1

isthereforede�ned by keeping only the

(nv � nm )�rstlinesofM
� 1
.Thisgivesthe least-squaresnum ericalestim ate

V
k
0 = M

� 1
(U

n
)
B
: (4.20)

4.5. M odi�ed value. W enow haveallthetoolsrequired to beableto com pute

the m odi�ed value at M (xI;yJ),as de�ned in section 3.2. The m odi�ed value at

(xI;yJ)isdeduced from (3.4),(4.11),and (4.20)

U
�

I;J = �
k
I;J G

k
0 M

� 1
(U

n
)
B
: (4.21)

A sim ilarprocedureisapplied ateach irregularpointsurrounding�.Allthem atrices

required to com pute the m odi�ed valuesarerecalled in Table 4.1,with theirsizes.

M atrix Size Com m ent

C
k
l nc � nv jum p conditions:perfectcontact(4.7)

D
k
l nc � nv jum p conditions:im perfectcontact(4.7)

G
k
l nv � (nv � nm ) com patibility conditions(4.11)

S
k
l nc � (nv � nm ) (4.13)

R
k
sl

(nv � nm )� (nv � nc � nm ) kernelofS
k
l (4.15)

�
k
i;j 5� nv Taylorexpansions(3.3)

1 (nv � nm )� (nv � nm ) identity (4.16)

0 (nv � nm )� (nv � nc � nm ) null(4.16)

M 5nq � (2nv � 2nv � nc) (4.18)

M
� 1

(nv � nq)� 5nq restriction ofM
� 1

(4.21)

Table 4.1

M atrices used for com puting the m odi�ed values (l= 0;1).

4.6. C om m ents about the algorithm . Thisalgorithm can easily beadapted

to existing codeswithouthaving to change the schem e. Ateach tim e step,one only

needsto com putea few "m odi�ed values" (4.21),which do notdepend on theschem e

selected.
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Since the interface is stationary and the nature ofthe contacts does not vary

with tim e,m ost ofthe algorithm can be built up during a preprocessing step,con-

sisting in determ ining irregular points, deriving interface conditions (4.7), solving

underdeterm ined system s(4.15),and com puting the m atricesinvolved in (4.21).All

these quantitiesare stored forfuture use. Ateach tim e step,we need only to carry

out one m atrix-vector m ultiplication (4.21) at each irregular point,before running

tim e-stepping procedure.Them atricesinvolved herearesm all:5� 5nq com ponents,

usually with nq � 20.In addition,thenum berofirregularpointsism uch sm allerthan

the num berofgrid points. The extra com putationalcostistherefore very low. The

CPU tim e m easurem entsarelikely to be approxim ately the sam easthose presented

in [12].

Them ain aim oftheinterfacem ethod isto incorporatethejum p conditionsinto

�nite-di�erence schem es. But it also givesa �ner resolution ofthe geom etriesthan

the poorstair-step description induced by the Cartesian grid.Thedi�erentiationsof

spring-m assconditionsinvolvesuccessivederivativesofx
0

and y
0

(seesection 4.1).In

addition,theTaylorexpansionsin (4.16),(4.17)and (4.21)givean inform ation about

the position ofP inside the m esh.

In section 3.1,wehavestated thatthe interfacem ethod can be adapted to stag-

gered grid schem es. This adaptation requires the algebra in sections 3 and 4 to be

com pletely rewritten (although thisisquite straightforward).To give an idea ofthe

changesinvolved,letusfocuson thestaggered schem e[19],with a grid (xi;yj;tn)for

stressesand a grid (xi+ 1

2

;yj+ 1

2

;tn+ 1

2

)for velocities. Two di�erentsets ofirregular

pointsnow need to bestored.Thejum p conditionsforvelocitiesand stressesarenot

correlated (see (4.3)and Appendix B);two independantsystem sofjum p conditions

(4.7)arethereforewritten.Sincethejum p conditionssatis�ed by thevelocitiesyield

asm any equationsasunknowns,they do notrequire a SVD.The com patibility con-

ditions(4.10)are applied only to the jum p conditionssatis�ed by the stresses,that

constitutean underdeterm ined system .Them odi�ed valuescalculated in sections4-4

and 4-5 are also splitin two parts:attim e tn+ 1

2

,the m odi�ed valuesofthe stresses

are com puted (based on num ericalvalues of� attn)before being inserted into the

tim e-m arching procedureperform ed on thevelocities.In thesam eway,attim etn+ 1,

them odi�ed valuesofthevelocitiesarecom puted (based on num ericalvaluesofv at

tn+ 1

2

)before they areused to perform the tim e-m arching procedureon the stresses.

4.7. O pen questions. Fourquestionsrelating to num ericalanalysisrem ain to

be solved. First,what are the e�ects ofthe term N U
k+ 1

0 which was neglected in

(4.18)? In 1D [11],weestablished thatthisterm isofthesam eorderastherem ainder

term s. The proofin 1D was based on perform ing explicit calculations on M APLE;

thisapproach seem sdi�cultto apply in the 2-D context,because itdependson the

geom etry of� nearP .

Secondly,whatis the localtruncation erroratthe irregularpoints obtained by

com bining the interface m ethod with the schem e ? In the 1-D context [11,15],we

established that the following was true: ifr is the order ofthe schem e,the local

truncation error at irregularpoints is stillequalto r ifk � r (which m eans k � 2

in thecaseofsecond-orderschem essuch asW PALG ),when thisschem eiscom bined

with the interface m ethod. Extending this result to the 2-D context would require

answering the previousquestion aboutN U
k+ 1

0 ,and bounding the m atrix M
� 1
. In

practice,theconvergencem easurem entsindicatethatthisproperty isfalsein the2-D

context (at least for r = 2): we need k = 3 to ensure second-order accuracy (see
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section 5.2).

Thirdly,whathappens in the extrem e case ofa hom ogeneousm edium (that is,

�0 = �1,cp0 = cp1,cs0 = cs1,K N ! + 1 ,K T ! + 1 ,M N = 0 and M T = 0) ?

The idealwould obviously be that U
�

i;j = U
n
i;j,in order to recover the schem e in

hom ogeneousm edium .In 1-D con�gurations[11],we haveshown thatitisthe case,

given sim pleconditionsaboutthesetB used toestim atethem odi�ed values.In a2-D

context,these conditionscannotbe satis�ed because estim ating the m odi�ed values

requiresleast-squarescom putations.However,itwould beinteresting to estim atethe

di�erencebetween U
�

i;j and U
n
i;j,which m ightlead to an optim alchoiceofB.

Fourthly and lastly,the stability analysisstillrem ainsto be perform ed. W ith a

nonlinearschem e (such asW PALG ),thisseem soutofreach so far,butan analysis

could perhapsbecarried outwith linearschem es(such astheLax-W endro� schem e).

In theabsenceoftheoreticalrules,wehavenum erically considered m any geom etrical

con�gurations,physicalparam eters values,sti�ness and m ass values. W ith a wide

range ofparam eters,no instabilitiesare usually observed up to the CFL lim it,even

after very long integration tim es (a few thousands oftim e steps). However,insta-

bilitiesare observed in two cases. First,instabilitiescan increase when the physical

param etersdi�erconsiderablybetween thetwosidesofan interface.Thisproblem was

previously m entioned in [12]in connection with perfectcontacts.In practice,itisnot

too penalizing when dealing with realisticm edia:even quitelargedi�erencesbetween

the im pedancevalues,such asthoseencountered in the caseofPlexiglass-alum inium

interfaces,yield stable com putations. Secondly,the instabilitiescan increase atlow

valuesofK N ;T ,when thetwo m edia tend to bedisconnected.Thism ay bedueto the

sm alldenom inatorsin (2.10).In thiscase,increasing theorderk providesan e�cient

m eansofim proving the stability lim it(see subsection 5.4).

5. N um ericalexperim ents.

5.1. C on�gurations. Five num ericalexperim entsare perform ed here. Except

fortest3,the physicalparam etersare the sam e on both sidesof�: thisenablesus

to underscoreboth the e�ectsofthe spring-m assconditionsand the accuracy ofthe

interfacem ethod,sinceallwavereectionsand changesobserved willresultfrom the

spring-m assconditions,described num erically by the interfacem ethod.

Three geom etricalcon�gurations are studied: a plane interface,a circular in-

terface,and a non-canonicalobjectdescribed by cubic splines. Analyticalsolutions

can be obtained forthe �rsttwo con�gurationswhen the spring-m assconditionsare

constant. The analyticalsolution ofthe problem with a plane wave im pinging on

a plane interface with spring-m ass conditions can be quite easily calculated using

Fourier analysis;this procedure willtherefore not be described here. W e have not

found articles dealing with the m ore intricate case ofa circularinterface;since this

analyticalsolution is usefulto validate the algorithm ,it has been described in Ap-

pendix C.Exceptforthe convergencem easurem entsin Test1,allthe com putations

wereperform ed with the W PALG .

Apart from test 5,the com putations are allinitialized by a plane right-going
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Fig.5.1.Test1: plane interface between identicalm edia att= t0 + 75i�t.



ELA STIC W AV ES A N D IM PER FECT CO N TACTS 17

P-wave

U (x;y;t0)= "

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

�
cos�

cp1

�
sin�

cp1

�1 + 2�1 cos
2 �

c2p1

2�1 sin� cos�

c2p1

�1 + 2�1 sin
2
�

c2p1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

f

�

t0 �
xcos� + ysin�

cp1

�

; (5.1)

where " is an am plitude factor,�1 = �1 c
2
s1 and �1 = �1(c

2
p1 � 2c2s1) are the Lam �e

coe�cients,� isthe angle between the direction ofpropagation and the x-axis,and

t0 isthe initialinstant.Function f isa C 2 spatially-bounded sinusoid

f(�)=

8
><

>:

sin(!c�)�
1

2
sin(2!c�) if 0< � <

1

fc
;

0 else;

(5.2)

wherefc isthe centralfrequency,and !c = 2� fc.

W e willconclude this section by m aking som e com m ents on the �gures. �11 is

shown with a green-red palette for P-waves,and a m agenta-yellow palette for SV-

waves(in the electronic version ofthisarticle,the platesare color). The distinction

between these wavesdepends on num ericalestim ates ofdiv v and curlv. M ostof

thesnapshotsshown areaccom panied by a slice;the position ofa sliceisdenoted by

a horizontallineon thecorrespondingsnapshot.O n each slice,theexactsolution and

the num ericalsolution areindicated by a solid line and by points,respectively.

5.2. Test 1: plane interface betw een identical m edia. Here we take the

case ofa Lx � Ly = 400� 400 m2 dom ain,with a plane inclined interface �. The

points(x = 168 m ,y = 17 m )and (x = 241 m ,y = 253 m )belong to �,and hence

the angle between � and the x-axis is roughly equalto 72.8 degrees. The physical

param etersareidenticalon both sidesof�

8
>>>><

>>>>:

�0 = �1 = 1200 kg/m
3
;

cp0 = cp1 = 2800 m /s;

cs0 = cs1 = 1400 m /s;

which correspondsto realistic valuesin the case ofPlexiglass.The spring-m asscon-

ditionsareconstantalong �;the sti�nessand m assvaluesare

8
<

:

K N = 109 kg/s
2
; K T = 107 kg/s

2
;

M N = 2000 kg/m
2
; M T = 1000 kg/m

2
:
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Schem e N x L1 error L1 order L1 error L1 order

Lax-W endro� 50 6.265e-1 - 4.676e3 -

100 1.760e-1 1.832 1.336e3 1.807

+ 200 4.755e-2 1.888 3.718e2 1.845

400 1.228e-2 1.953 9.437e1 1.978

ESIM 800 3.164e-3 1.956 2.311e1 2.030

1600 7.916e-4 1.999 5.667e0 2.028

W PALG 50 4.570e-1 - 6.259e2 -

100 1.472e-1 1.634 1.504e2 2.058

+ 200 4.260e-2 1.789 3.954e1 1.926

400 1.398e-2 1.607 1.071e1 1.884

ESIM 800 4.464e-3 1.647 2.833e0 1.919

1600 1.503e-3 1.570 7.369e-1 1.943

Table 5.1

Convergence m easurem ents in Test1.

TheincidentP-wave(5.1)isde�ned by:� = 40 degrees,fc = 49:9 Hz,t0 = 0:1 s,and

"= 210� 3.Thenum ericalexperim entsareperform ed with N x � Ny = 400� 400grid

points,which am ountsto56and 28grid pointspercentralwavelengthforP-wavesand

SV-waves,respectively.W etakeCFL= 0.9,and k = 2 fortheextrapolationsinvolved

in the interface m ethod. To initialize the com putation,one also needs to com pute

reected and transm itted P-and SV-waves,via discrete Fouriertransform s (DFT).

To obtain therequired levelofaccuracy,weperform theDFTson 32768 points,with

asam plingfrequency of0.018125Hz.Ateach tim estep,theexactsolution isim posed

atthe boundariesofthe com putationaldom ain.

Figure 5.1 shows the solution at tim e steps ti = t0 + 75i�t(i= 0;1;2). The

slicesareperform ed from

� i= 0:(x = 70 m ,y = 26 m )to (x = 360 m ,y = 26 m ),

� i= 1:(x = 156 m ,y = 162 m )to (x = 207 m ,y = 162 m ),

� i= 2:(x = 246 m ,y = 198 m )to (x = 282 m ,y = 198 m ).

Looking from the left to the right on the �rst slice (i = 0),one can successively

observethereected SV-wave,thetransm itted SV-waveand thetransm itted P-wave.

Asm entioned in section 2.3,thesewavesdonothavethesam esinusoidalpro�leasthe

incidentP-wave.A "coda"occursafterthereected and transm itted P and SV-waves:

asin [11],these�eldsarenotspatially bounded in the direction ofthe propagation.

The second slice (i= 1)crossesthe reected SV-wave. The agreem entbetween

exactand num ericalvalues isgood;one only observesa sm allam ountofnum erical

di�usion induced by W PALG .Thisisalsosoin thecaseofthelastslice(i= 2)across

the transm itted SV-wave.

In table5-1,weshow convergencem easurem entsperform edwiththeLax-W endro�

schem e and with W PALG ,by taking k = 3. Thistable wasobtained by taking suc-
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cessively re�ned m esheswith a constantCFL and m easuring the di�erencesbetween

theanalyticaland num ericalvalues.Theordersofaccuracy (2 forLax-W endro�,1.5

in norm L1 and 2 in norm L1 forW PALG )arethesam easin hom ogeneousm edium .

Sim ilarresultscan be obtained by increasing k.However,fork = 2,the convergence

ordersfallbelow 1.4. (we recallthatk = 2 su�ciesto ensure second-orderaccuracy

forperfectcontactsin 2-D contexts[12],and forim perfectcontactsin 1-D contexts

[11]).

5.3. Test 2: circular interface betw een identicalm edia. Asa second ex-

am ple,wetakethecaseofa Lx � Ly = 600� 600 m2 dom ain and a circularinterface

(radiusa = 100m ,centred atx0 = 330:5m ,y0 = 300m ).Thenum ericalexperim ents

areperform ed on N x � Ny = 600� 600 grid points.The physicalparam etersarethe

sam easin the previousexam ple.Thespring-m assconditionsare

8
<

:

K N = K T = 109 kg/s
2
;

M N = M T = 1000 kg/m
2
:

Figures5.2 and 5.3 show the solution atthe initialinstantt0 = 0:08 s,and atti =

t0 + 100i�t(i= 1;:::;5)on a restricted dom ain [100;500]� [100;500]m 2 centred on

them iddleofthecom putationaldom ain.No specialtreatm entisapplied to sim ulate

the wave propagation in in�nite m edium (such asabsorbing boundary conditionsor

perfectly m atched layers),butthe integration tim esare su�ciently shortto prevent

spuriouswavesreected by the edgesofthe com putationalregion from appearing in

the restricted dom ain (the sam e com m ent holds for the further �gures). The slices

arecarried outfrom

� i= 0:(x = 101 m ,y = 301 m )to (x = 289 m ,y = 301 m ),

� i= 1:(x = 144 m ,y = 300 m )to (x = 243 m ,y = 300 m ),

� i= 2:(x = 108 m ,y = 433 m )to (x = 353 m ,y = 433 m ),

� i= 3:(x = 339 m ,y = 339 m )to (x = 413 m ,y = 339 m ),

� i= 4:(x = 340 m ,y = 300 m )to (x = 493 m ,y = 300 m ),

� i= 5:(x = 198 m ,y = 264 m )to (x = 454 m ,y = 264 m ).

Theanalyticalsolutionsarecom puted on N B essel = 90points(see(C.16)in Appendix

C),256 Fourierpoints,with 1-Hzsam pling frequency.

TheincidentP-waveisconverted into transm itted and reected P-and SV-waves

(i= 1;2).A seriesofrefraction-conversion eventsisthen observed (i= 3;4;5).The

agreem entbetween the num ericaland analyticalvaluesisexcellent.

5.4. Test 3: circular interface betw een di�erent m edia. Asa third exam -

ple,weconsiderthesam ecircularinterfaceasin theprevioustest,buttakeitto have

di�erentphysicalparam eterson both each sidesof�

(�;cp;cs)=

8
<

:

�0 = 2600 kg/m
3
;cp0 = 6400 m /s;cs0 = 3200 m /s;

�1 = 1200 kg/m
3
;cp1 = 2800 m /s;cs1 = 1400 m /s:

Theseparam etersarethoseofalum inium (inside�)and Plexiglass(outside�).Apart

from thesephysicalparam eters,thevaluesused forthecom putationsarethesam eas

in section 5.3.The initialvaluesarethe sam easin �gure 5.2,i= 0.

Figure5.4 givestheresultsofa param etricstudy in term softhenorm alsti�ness

K N :perfectcontact(i= 0)which am ountsto K N ! + 1 ,K N = 109 kg/s
2
(i= 1),
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Fig.5.2.Test2-a: cylindar between identicalm edia,t= t0 + 100i�t.
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Fig.5.3.Test2-b: cylindar between identicalm edia att= t0 + 100i�t.
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Fig.5.4. Test3: cylindar between di�erent m edia at t= t0 + 360�t,with various values of

norm alstifness.



ELA STIC W AV ES A N D IM PER FECT CO N TACTS 23

and K N = 108 kg/s
2
(i= 2).The inertiale�ectsand the tangentialsti�nessarenot

taken into accounthere

8
<

:

K T ! + 1 ;

M N = M T = 0 kg/m
2
:

The com putationsare shown in this �gure after350 tim e steps. The slicesare per-

form ed from x = 100 m to x = 500 m ,at y = 300 m . Com pared with the case of

perfectcontact(i= 0),one can see in (i= 1;2)thatthe signsofthe reected waves

are reversed. The waves that have entirely crossed the interface also di�er greatly

between the three cases. The case (i= 2)ism uch m ore di�cultto handle than the

cases(i= 0;1)from the com putationalpointofview.To obtain the good agreem ent

shown in �gure 5.4 (i= 2),itisnecessary to use k = 4 (forthe num ericalsolution),

and 32768Fourierpointswith asam pling frequency of0.018125Hz(fortheanalytical

solution).

Sm allervaluesofK N havealsobeen investigated (�guresnotshown here).Below

K N = 107 kg/s
2
,num ericalinstabilitieshavebeen observed when k = 2 (see subsec-

tion 4.7),whereasthe com putationsrem ain stable when k � 3.Instabilitiesincrease

below K N = 105 kg/s
2
ifk = 3. Stable com putationsand excellentagreem entwith

the analyticalsolutionsareobtained down to K N = 104 kg/s
2
ifk = 4.

5.5. Test 4: cubic spline betw een identical m edia. Up to now,we have

dealtonly with canonicalobjectswith constantcurvature. However,the use ofthe

interfacem ethod isnotrestricted to such sim plegeom etries.In thissection,westudy

a m orecom plex con�guration corresponding to a cubicspline.Theotherparam eters

arethe sam easin section 5.3,exceptt0 = 0:07 s.

Figure 5.5 shows snapshots ofthe solutions at tim es ti = t0 + 150i�t (i =

0;1;2). W e obviously have no analyticalsolutions to com pare with the num erical

values.However,the com putationsrem ain stable,and the wavephenom ena seem to

be realistic.

5.6. Test 5: plane interface w ith variable jum p conditions. In the last

experim ent,we study the case ofa plane interface with variable spring-m asscondi-

tions.The interface � isplaced horizontally aty = 130 m on a L x � Ly = 600� 400

m 2 dom ain.Thephysicalparam etershavethesam evaluesasin section 5.2,and they

areidenticalon both sidesof�.Thevariablevaluesofnorm aland tangentialsti�ness

are

K N = K T =

8
>>>><

>>>>:

1012 kg/s
2
; on [x = 0 m ;x = 270 m ];

g(�) on [x = 270 m ;x = 330 m ];

107 kg/s
2
; on [x = 330 m ;x = 600 m ];

(5.3)

whereg(�)isa cubicpolynom ialthatensuresa C1 continuity (� istheabscissa along

�). The sti�nessvalues(5.3)are those ofalm ostperfectly-bonded m edia on the left

partoftheinterface,and alm ostperfectly-disconnected m edia on therightpartofthe

interface.The inertiale�ectsarenottaken into account:M N = M T = 0 kg/m
2
.

Thecom putationsareinitialized by atransientexplosiveP-wavecentred at(xs =
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(i= 0)

(i= 1)

(i= 2)

Fig.5.5.Test4: cubic spline between identicalm edia,att= t0 + 150i�t.
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300 m ,ys = 200 m ),with an elasticpotential[14]

�IP (x;y;t)=

�
~�IP � f

�

(x;y;t);

~�IP (r;t)=
1

2�

H

�

t� r
cp1

�

r

t2 �

�
r
cp1

�2
; r=

q

(x � xs)
2
+ (y� ys)

2
;

(5.4)

whereH istheHeavisidefunction,� denotesthetim econvolution,and f istheRicker

wavelet

f(t)=
1

2�2 f2c
e
� (� fc(t� tc))

2

: (5.5)

The velocities and stresses ofthe incident wave can be deduced from (5.4) thanks

to classicalelastodynam ics relations [1]. The num ericalexperim ents are perform ed

on N x � Ny = 600� 400 grid points,with fc = 70 Hz,t0 = 0:03 s,tc = 0:01429 s,

CFL= 0.9 and k = 3.

Figure 5.6 showssnapshotsofthe num ericalsolution att= t0 + 150i�t. The

palettesarechanged in each snapshotto m aintain a constantrangeofcoloursdespite

the geom etricalspreading ofthe waves. O n the left part ofthe second snapshot

(i= 1),theincidentwaveistotally transm itted;on therightpart,thewaveisalm ost

totally reected. The rapid change in the sti�ness values occuring nearx = 300 m

acts as a point source for cylindricalP-and SV-waves. O n the last snapshot,one

can alsoobservearightward-m ovingsurfacewave,denoted by ayellow-m agentazone.

Since both sides are alm oststress-free surfaces in that place,this surface wave is a

Rayleigh wave[1].

6. C onclusion. This paper deals with the num ericalsim ulation of 2D wave

propagation in elastic solids separated by im perfect contacts. These contacts are

m odeled by interfaces with linear jum p conditions: the spring-m ass conditions fre-

quently used in geophysics[17]and nondestructive evaluation ofm aterials[22]. The

spring-m assconditionsareincorporated into�nite-di�erencetim e-dom ain schem eson

a uniform Cartesian grid,via an interface m ethod. This is an extension ofprevious

studieson perfectcontactsin 1-D [15]and 2-D [12]contexts,and on im perfectcontacts

in 1-D context[11].Theinterfacem ethod also providesa �nedescription ofthesub-

cellgeom etry oftheinterfaces,ata negligibleextra com putationalcost.Com parisons

with originalanalyticalsolutionsshow the greataccuracy ofthisapproach.

Future paths of study m ight consist of taking into account num erically m ore

realistic m odels for im perfect contact situations. A �rst im provem ent consists of

describing the energy dissipation,as done,for exam ple,in linear viscous bonding

m odels [5]. A second im provem ent consists ofextending the present approach for

including nonlinearcontactlaws,which m odelrealistic fracturesand which prevent

from interpenetration between the m aterials[23].
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(i= 0)

(i= 1)

(i= 2)

Fig.5.6.Test5: plane interface with variable contactatt= t0 + 150i�t.
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A ppendix A . O n the asym m etry of 1-D spring-m ass conditions. The

aim ofthis section isto show that,in som e lim itcases,the asym m etry ofthe jum p

conditions(2.10)hasa negligibleinuence.

Considerthe following sim pli�ed case:thatofa com pressionalplane waveprop-

agating through 
0 norm ally to the plane interface � located atx = �. Due to the

sym m etries involved in the problem ,we have a 1-D con�guration,with param eters

K = K N ,M = M N ,c0 = cp0,and c1 = cp1 (a sim ilar study could be perform ed

with a shearplanewaveand param etersK = K T ,M = M T ,c0 = cs0,and c1 = cs1).

The norm alized harm oniccom ponentsofthe elasticdisplacem entu and thoseofthe

elasticstress� in m edium 
0 (with k0 = !=c0)are:

û(x;!) = � ik0 e
� ik0x + ik0 R

� eik0x;

�̂(x;!) = � �0 !
2 e� ik0x � �0 !

2 R � eik0x;

and in m edium 
1 (with k1 = !=c1),they are:

û(x;!) = � ik1 T
� e� ik1x;

�̂(x;!) = � �1 !
2 T � e� ik1x;

where! istheangularfrequency,and R � and T � arethereection and transm ission

coe�cientsitisrequired todeterm ine(thesuperscripts� areexplained below).Under

jum p conditions"shifted to the left" (asin the presentpaper),

[̂u(�;!)]=
1

K
�̂(�� ;!); [̂�(�;!)]= � M !

2
û(�� ;!);

a sim ple algebraicproceduregives

R
� =

�1 c1 � �0 c0 � i!

�
�0 c0 �1 c1

K
� M

�

�0 c0 + �1 c1 + i!

�
�0 c0 �1 c1

K
+ M

� e
� i! 2 �

c0 ;

T
� =

2�0 c1

�

1+
M !2

K

�

�0 c0 + �1 c1 + i!

�
�0 c0 �1 c1

K
+ M

� e
i!

�
1

c1
�

1

c0

�

�
:

(A.1)

Underjum p conditions"shifted to the right",

[̂u(�;!)]=
1

K
�̂(�+ ;!); [̂�(�;!)]= � M !

2
û(�+ ;!);

weobtain in the sam eway

R
+ =

�1 c1 � �0 c0 � i!

�
�0 c0 �1 c1

K
� M

�

�0 c0 + �1 c1 + i!

�
�0 c0 �1 c1

K
+ M

� e
� i! 2 �

c0 ;

T
+ =

2�0 c1

�0 c0 + �1 c1 + i!

�
�0 c0 �1 c1

K
+ M

� e
i!

�
1

c1
�

1

c0

�

�
:

(A.2)
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Com parisons between (A.1) and (A.2) show that the re ected waves are the sam e

underboth typesofjum p conditions,and that
�
�
�
�

T � � T+

T �

�
�
�
�=

M !2

K
:

W ith realistic contacts[11,18],the sti�nessand m asssatisfy K � �c2 =h and M �

�h,where� and caretheparam etersoftheinterm ediatem edium (orinterphase)and

h isitsthickness.Since ! = 2� c=� (where � isthe wavelength)and h � � (a basic

assum ption underlying the spring-m assm odel),weobtain

�
�
�
�

T � � T+

T �

�
�
�
�� 4�2

�
h

�

� 2

� 1:

Hence,the coe� cients oftransm ission are very close together under both types of

jum p conditions.

A ppendix B . Zero-th order m atrices of spring-m ass conditions. The

m atricesC
0

l in (4.3)are(l= 0;1)

C
0

l =

0

B
B
B
B
B
B
B
B
@

� y
0

x
0

0 0 0

x
0

y
0

0 0 0

0 0 y
0
2 � 2x

0

y
0

x
0
2

0 0 � x
0

y
0

x
0
2 � y

0
2 x

0

y
0

1

C
C
C
C
C
C
C
C
A

:

Setting

�1 =
�0

K N

1
p
x
02 + y

02
; �2 =

�0

K T

c2s0p
x
02 + y

02
;

�3 =
M N

�0

p
x
02 + y

02; �4 =
M T

�0

p
x
02 + y

02;

the non-nullcom ponentsofE
0

0 in (4.3)are

E
0

0[1;1]= �1

�

y
0
2c2p0 + x

0
2
�
c2p0 � 2c2s0

��

; E
0

0[3;3]= � �3 y
0

;

E
0

0[1;2]= �1

�

� 2x
0

y
0

c2s0

�

; E
0

0[3;4]= �3 x
0

;

E
0

0[1;6]= �1

�

� 2x
0

y
0

c2s0

�

; E
0

0[3;9]= � �3 y
0

;

E
0

0[1;7]= �1

�

x
0
2c2p0 + y

0
2
�
c2p0 � 2c2s0

��

; E
0

0[3;10]= �3 x
0

;

E
0

0[2;1]= �2

�

� 2x
0

y
0

�

; E
0

0[4;3]= �4 x
0

;

E
0

0[2;2]= �2

�

x
0
2 � y

0
2

�

; E
0

0[4;4]= �4 y
0

;

E
0

0[2;6]= �2

�

x
0
2 � y

0
2

�

; E
0

0[4;9]= �4 x
0

;

E
0

0[2;7]= �2

�

2x
0

y
0

�

; E
0

0[4;10]= �4 y
0

:

A ppendix C . Exact solution for a plane w ave on a circular interface

w ith spring-m ass conditions.

Thisanalyticalsolution isobtained in 6 steps:
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1.Fourier-transform ing the incidentwave(5.1);

2.writing the elasticpotentialson the basisofcircularfunctions;

3.expressing the elastic�eldsin term softheirpotentials;

4.com puting the reection and transm ission coe�cientsfrom (2.10);

5.returning to Cartesian coordinates;

6.inverting Fouriertransform ofthe elastic�elds(notdescribed here).

Step 1.TheFouriertransform F ofa function s(t),and itsinverseFouriertransform

F � 1,aredenoted by

ŝ(!)= F (s(t))=
1

2�

Z + 1

� 1

s(t)e� i! t
dt;

s(t)= F � 1(̂s(!))=

Z + 1

� 1

ŝ(!)ei! t
d!;

(C.1)

where! istheangularfrequency.Applying aFouriertransform (C.1)to thefollowing

partofthe initialwave(5.1)

�IP (x;y;t)= f

�

t�
xcos�1 + ysin�1

cp1

�

givesthe harm onicpotentialofthe incidentP-wave

�̂IP (x;y;!)= e
� i !

cp1
(x cos�1+ y sin �1)

f̂(!): (C.2)

The Fouriertransform ofthe bounded sinusoid (5.2)is

f̂(!)= A =
!c

2�

�
1

!2 � !2c
+

1

!2 � 4!2c

� �

e
� i 2 �

! c
!
� 1

�

: (C.3)

Step 2.Thecircularinterfaceiscentred on (x0;y0).A pointM (x;y)2 
1 haspolar

coordinates(x = x0 + r cos�;y = y0 + r sin�).W e set(l= 0;1)

kpl=
!

cpl
; ksl=

!

csl
; S = e

� ikp1(x0 cos�1+ y0 sin �1); � = � � �1:

The �rst-kind BesselfunctionsJn satisfy the classicalproperty [14]

e
� ir cos� =

+ 1X

n= 0

"n i
n (� 1)n cosn�Jn(r); (C.4)

with "n = 1 ifn = 0,2 else. From (C.2),(C.3),and (C.4),we can therefore express

the harm onicpotentialofthe incidentP-waveas

�̂IP (x;y;!)= A S

+ 1X

n= 0

"n i
n(� 1)n cosn�Jn(kp1 r): (C.5)

To satisfy the Som m erfeld condition,the harm onicelastic potential�̂R P ofreected

P-wavesand theharm onicpseudo-potential	̂ R S = (0;0;	̂ R S)ofreected SV-waves

arewritten on thebasisofsecond-kind HankelfunctionsH n.To preventsingularities

from occuring atr= 0,the harm onicpotential�̂T P oftransm itted P-wavesand the
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harm onic pseudo-potential	̂ T S = (0;0;	̂ T S) oftransm itted SV-waves are written

on the basisof�rst-kind Besselfunctions.Hence,wewrite

�̂R P =

+ 1X

n= 0

R
p
n cosn� Hn(kp1 r); 	̂ R S =

+ 1X

n= 0

R
s
n sinn�Hn(ks1 r);

�̂T P =

+ 1X

n= 0

T
p
n cosn�Jn(kp0 r); 	̂ T S =

+ 1X

n= 0

T
s
n sinn� Jn(ks0 r);

(C.6)

whereR p
n,R

s
n,T

p
n and T s

n aretheunknown coe�cientsofreection and transm ission,

which stillrem ain tobedeterm ined.Notethatnum ericalroutines[16]usually provide

Yn and Y
0

n (with Yn = Jn orH n). Laterin the text,we willneed Y
00

n ;to determ ine

this last value,we use the di�erentialequation satis�ed by the Besseland Hankel

functions

Y
00

n (x)+
1

x
Y

0

n(x)+

�

1�

�
n

x

�2
�

Yn(x)= 0:

Step 3. The elastic displacem entu = T (ur;u�)isdeduced from � (forP-waves)or

from 	 = (0;0;	)(forSV-waves)by

u = grad � forP-waves; u = curl	 forSV-waves: (C.7)

In cylindricalcoordinates,the grad and curloperatorsare

grad � =

�
@�

@r
;
1

r

@�

@�

�

; curl	(0;0;	)=

�
1

r

@	

@�
;�

@	

@r

�

: (C.8)

In cylindricalcoordinates,the threeindependentcom ponentsof� are[14]

�rr = (� + 2�)
@ur

@r
+ �

�
ur

r
+
1

r

@u�

@�

�

;

�r� = �

�
@u�

@r
�
u�

r
+
1

r

@ur

@�

�

;

��� = (� + 2�)

�
1

r

@u�

@�
+
ur

r

�

+ �
@ur

@r
;

(C.9)

where � and � are the Lam �e coe�cients.From (C.5),(C.6),(C.9),we easily deduce

theharm onic�eldsoverthewholedom ain.Thecom ponentsoftheharm onicincident
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P-waveare

û
ip
r = A S kp1

+ 1X

n= 0

"n i
n(� 1)n cosn� J

0

n(kp1 r);

û
ip

�
= �

A S

r

+ 1X

n= 0

"n i
n n sinn�

r
Jn(kp1 r);

�̂
ip
rr = A S

+ 1X

n= 0

"n i
n(� 1)n cosn�

�

(�1 + 2�1)k
2

p1 J
00

n (kp1 r)

+ �1
kp1
r J

0

n(kp1 r)� �1
�
n
r

�2
Jn(kp1 r)

�

;

�̂
ip

r�
= A S 2�1

+ 1X

n= 0

"n i
n(� 1)n sinn�

�
1

r2
Jn(kp1 r)�

kp1

r
J

0

n(kp1 r)

�

;

�̂
ip

��
= A S

+ 1X

n= 0

"n i
n(� 1)n cosn�

�

�1 k
2

p1 J
00

n (kp1 r)

+ (�1 + 2�1)
kp1
r J

0

n(kp1 r)� (�1 + 2�1)
�
n
r

�2
Jn(kp1 r)

�

:

(C.10)

The com ponentsofharm onicreected P-wavesare

û
rp
r = kp1

+ 1X

n= 0

R
p
n cosn� H

0

n(kp1r);

û
rp

�
= �

1

r

+ 1X

n= 0

R
p
n n sinn� Hn(kp1r);

�̂
rp
rr =

+ 1X

n= 0

R
p
n cosn�

�

(�1 + 2�1)k
2

p1 H
00

n (kp1r)+ �1
kp1

r
H

0

n(kp1r)� �1

�
n

r

�2
H n(kp1r)

�

;

�̂
rp

r�
= 2�1

+ 1X

n= 0

R
p
n n sinn�

�
1

r2
H n(kp1r)�

kp1

r
H

0

n(kp1r)

�

;

�̂
rp

��
=

+ 1X

n= 0

R
p
n cosn�

�

�1 k
2
p1 H

00

n (kp1r)+ (�1 + 2�1)
kp1

r
H

0

n(kp1r)

� (�1 + 2�1)

�
n

r

�2
H n(kp1r)

�

:

(C.11)
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The com ponentsofharm onicreected SV-wavesare

û
rs
r =

+ 1X

n= 0

R
s
n

n cosn�

r
H n(ks1r);

û
rs
� = � ks1

+ 1X

n= 0

R
s
n sinn� H

0

n(ks1r);

�̂
rs
rr = � 2�1

+ 1X

n= 0

R
s
n cosn�

�
1

r2
H n(ks1r)�

ks1

r
H

0

n(ks1r)

�

;

�̂
rs
r� = � �1

+ 1X

n= 0

R
s
n sinn�

�

k
2

s1 H
00

n (ks1r)�
ks1

r
H

0

n(ks1r)+

�
n

r

�2
H n(ks1r)

�

;

�̂
rs
�� = � 2�1

+ 1X

n= 0

R
s
n n cosn�

�
ks1

r
H

0

n(ks1r)�
1

r2
H n(ks1r)

�

:

(C.12)

The com ponentsofharm onictransm itted P-wavesare

û
tp
r = kp0

+ 1X

n= 0

T
p
n cosn� J

0

n(kp0r);

û
tp

�
= �

1

r

+ 1X

n= 0

T
p
n n sinn�Jn(kp0r);

�̂
tp
rr =

+ 1X

n= 0

T
p
n cosn�

�

(�0 + 2�0)k
2

p0 J
00

n (kp0r)

+ �0
kp0

r
J

0

n(kp0r)� �0

�
n

r

�2
Jn(kp0r)

�

;

�̂
tp

r�
= 2�0

+ 1X

n= 0

T
p
n n sinn�

�
1

r2
Jn(kp0r)�

kp0

r
J

0

n(kp0r)

�

;

�̂
tp

��
=

+ 1X

n= 0

T
p
n cosn�

�

�0 k
2

p0 J
00

n (kp0r)+ (�0 + 2�0)
kp0

r
J

0

n(kp0r)

� (�0 + 2�0)

�
n

r

�2
Jn(kp0r)

�

:

(C.13)

Lastly,the com ponentsofharm onictransm itted SV-wavesare

û
ts
r =

+ 1X

n= 0

T
s
n

n cosn�

r
Jn(ks0r);

û
ts
� = � ks0

+ 1X

n= 0

T
s
n sinn� J

0

n(ks0r);

�̂
ts
rr = � 2�0

+ 1X

n= 0

T
s
n cosn�

�
1

r2
Jn(ks0r)�

ks0

r
J

0

n(ks0r)

�

;

�̂
ts
r� = � �0

+ 1X

n= 0

T
s
n sinn�

�

k
2
s0 J

00

n (ks0r)�
ks0

r
J

0

n(ks0r)+

�
n

r

�2
Jn(ks0r)

�

;

�̂
ts
�� = � 2�0

+ 1X

n= 0

T
s
n n cosn�

�
ks0

r
J

0

n(ks0r)�
1

r2
Jn(ks0r)

�

:

(C.14)
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Step 4. W e now com pute the coe�cientsR p
n,R

s
n,T

p
n and T s

n.Forthispurpose,we

deduce from the spring-m assconditions(2.10)that

�
û
ip
r + û

rp
r + û

rs
r

�
(a+ ;�)=

�

û
tp
r + û

ts
r +

1

K N

�
�̂
tp
rr + �̂

ts
rr

�
�

(a� ;�);

�

û
ip

�
+ û

rp

�
+ û

rs
�

�

(a+ ;�)=

�

û
tp

�
+ û

ts
� +

1

K T

�
�̂
tp

r�
+ �̂

ts
r�

�
�

(a� ;�);

�
�̂
ip
rr + �̂

rp
rr + �̂

rs
rr

�
(a+ ;�)=

�
�̂
tp
rr + �̂

ts
rr � M N !

2
�
û
tp
r + û

ts
r

��
(a� ;�);

�

�̂
ip

r�
+ �̂

rp

r�
+ �̂

rs
r�

�

(a+ ;�)=
�
�̂
tp

r�
+ �̂

ts
r� � M T !

2
�
û
tp

�
+ û

ts
�

��
(a� ;�);

(C.15)

forall�.Applying(C.15)tothe�elds(C.10)-(C.14)yieldsan in�nitenum beroflinear

system s.Forcom putationalpurpose,thesesystem sarecom puted up toN B esselterm s,

giving the system s(n = 0;1;:::;N B essel)

Q n X n = Y n; with X n =
T (R p

n;R
s
n;T

p
n ;T

s
n); (C.16)

and

Y n = � A S "n i
n(� 1)n

0

B
B
B
B
B
B
B
B
B
B
B
@

J
0

n(kp1 a)

n

a
Jn(kp1 a)

(�1 + 2�1)k
2
p1 J

00

n (kp1 a)+
�1

a
kp1 J

0

n(kp1 a)

� �1

�
n

a

�2
Jn(kp1 a)

2�1 n

�
1

a2
Jn(kp1 a)�

kp1

a
J

0

n(kp1 a)

�

1

C
C
C
C
C
C
C
C
C
C
C
A

: (C.17)
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The coe�cientsofthe m atricesQ n are

Q n[1;1]= kp1 H
0

n(kp1 a); Q n[1;2]=
n

a
H n(ks1 a);

Q n[1;3]= �

�

kp0 J
0

n(kp0 a)+
1

K N

�

(�0 + 2�0)k
2

p0 J
00

n (kp0 a)

+
�0

a
kp0 J

0

n(kp0 a)� �0

�
n

a

�2
Jn(kp0 a)

��

;

Q n[1;4]= �

�
n

a
Jn(ks0 a)�

2�0 n

K N

�
1

a2
Jn(ks0 a)�

ks0

a
J

0

n(ks0 a)

��

;

Q n[2;1]=
n

a
H n(kp1 a); Q n[2;2]= ks1 H

0

n(ks1 a);

Q n[2;3]= �

�
n

a
Jn(kp0 a)�

2�0 n

K T

�
1

a2
Jn(kp0 a)�

kp0

a
J

0

n(kp0 a)

��

;

Q n[2;4]= �

�

ks0 J
0

n(ks0 a)+
�0

K T

�

k
2

s0 J
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n (ks0 a)

�
ks0

a
kp0 J

0

n(ks0 a)+

�
n

a

�2
Jn(ks0 a)

��

;

Q n[3;1]= (�1 + 2�1)k
2

p1 H
00

n (kp1 a)+
�1 kp1

a
H

0

n(kp1 a)� �1

�
n

a

�2
H n(kp1 a);

Q n[3;2]= � 2�1 n

�
1

a2
H n(ks1 a)�

ks1

a
H

0

n(ks1 a)

�

;

Q n[3;3]= �

�
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�
�1
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�
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a
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Jn(ks0 a):

(C.18)

SincethevaluesofHankelfunctionscan behuge(typically 1060),onem ustbecareful

when inverting (C.16). Norm alisation ofQ n and the use ofextended arithm etic are

required forthispurpose.

Step 5.To return to Cartesian coordinates,we usethe rotation form ulas[6]
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C
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cos� � sin� 0 0 0

sin� cos� 0 0 0
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B
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C
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:

(C.19)
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