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THE EFFECT OF INHIBITOR ON THE PLASMID-BEARING AND
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Abstract. This paper deals with a chemostat model with an inhibitor in the context of competi-
tion between plasmid-bearing and plasmid-free organisms. First, sufficient conditions for coexistence
of the steady-state are determined. Second, the effects of the inhibitor are considered. It turns out
that the parameter p, which represents the effect of the inhibitor, plays a very important role in
deciding the number of the coexistence solutions. The results show that if u is sufficiently large this
model has at least two coexistence solutions provided that the maximal growth rate a of u lies in
a certain range and has only one unique asymptotically stable coexistence solution when a belongs
to another range. Finally, extensive simulations are done to complement the analytic results. The
main tools used here include degree theory in cones, bifurcation theory, and perturbation technique.
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1. Introduction. The chemostat is a common model in microbial ecology. It is
used as an ecological model of a simple lake, as a model of waste treatment, and as a
model for commercial production of fermentation processes. It is important in ecology
because the parameters are readily measurable and, thus, the mathematical results are
readily testable. For a general discussion of competitive systems see [29], while a de-
tailed mathematical description of competition in the chemostat can be found in [30].

Our study focuses on a chemostat model in the context of competition between
plasmid-bearing and plasmid-free organisms. This issue has recently received consid-
erable attention. The theoretical literature on this model includes Ryder and DiBiaso
[25], Stephanopoulos and Lapidus [28], Hsu, Waltman, and Wolkowicz [17], Lu and
Hadeler [22], Levin [20], Luo and Hsu [18], and Macken, Levin, and Waldstétter
[23]. In industry, genetically altered organisms are frequently used to manufacture
a desired product, for instance, a pharmaceutical. The alteration is accomplished
by introducing a piece of DNA into the cell in the form of a plasmid. The burden
imposed on the cell by the task of production can result in the genetically altered (the
plasmid-bearing) organism being a less able competitor than the plasmid-free organ-
ism. Unfortunately, the plasmid can be lost in the reproductive process. Thus, it is
possible for the plasmid-free organism to take over the culture. To avoid “capture” of
the process by the plasmid-free organism, the obvious choice is to alter the medium
in such a way as to favor the plasmid-bearing organism. An example of this would be
to introduce an antibiotic into the feed bottle. See [10, 15, 16] for a detailed biological
and chemical background. Models in this direction have been studied in Lenski and
Hattingh [21], Hsu and Waltman [13, 15, 16], Hsu, Luo, and Waltman [12], Nie and
Wu [24], and the references therein.
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This paper is concerned with the competition model between plasmid-bearing
and plasmid-free organisms in the unstirred chemostat in the presence of an inhibitor.
Here the plasmid-bearing organism devotes a partition of its resource to produce an
inhibitor, which diminishes the growth rate of the plasmid-free organism but does not
reduce that of the plasmid-bearing organism. The pioneering work on this model is
that of Hsu and Waltman in [15]. They proposed an ODE model (see [15]) based on the
study of Chao and Levin [1] and Levin [20]. Moreover, they obtained some results on
the global asymptotic behavior. In our current paper, we allow a heterogeneous envi-
ronment and so we remove the well-stirred hypothesis and consider the corresponding
PDE system. Let s(z,t) be the nutrient concentration at time t; let u(x,t) and v(z, t)
be the concentrations of the plasmid-bearing and plasmid-free organisms in the culture
vessel, respectively, and let p(x,t) be the concentration of the inhibitor. Then using
similar arguments as in [6, 14, 34, 32, 24] the model in the unstirred case takes the form

1 = e — Laufi(s) — Lofa(s)e ™, @€ (0,1),t >0,

Ut :duzz+a(17q7k)ufl(s)a (07 1)5t>07

vy = dvge + bufa(s)e ™ P + aqufi(s), x € (0,1),¢> 0,

Dt = dpzy + akufi(s), (0,1),t >0
with boundary conditions and initial conditions

5:(0,t) = =89 s, (1,¢) +vs(1,t) =0, t>0,
ug(0,1) = uz(1,t) +yu(l,t) =0, t>0,
vm(O t) = vy(1,t) +yv(1,t) =0, t>0,
Pz(0,t) = pa(1, 1) +yp(1,1) =0 t>0
( T, ) = 50(1') >0, p(l‘,O) :p0(m) >0,#0,
(:L’,O) = uO( ) >0,#0, ’U(IE,O) = UO('T) >0,#0,

where s > 0 is the input concentration of the nutrient, which is assumed to be
constant; d is the diffusion rate of the chemostat; r is the growth yield constant
and a,b are the maximal growth rates of the plasmid-bearing and plasmid-free or-
ganisms (without an inhibitor), respectively. The response functions are denoted by
fi(s) = s/(ki; + s),i = 1,2, where k; are the Michaelis-Menten constants. The term
e #P used by Lenski and Hattingh in [21] represents the degree of inhibition of p
on the growth rate of v, where p > 0 is a constant and represents the effect of the
inhibitor on v. The constant ¢ is the fraction of plasmid lost, and k is the fraction
of consumption devoted to the production of the inhibitor. Hence, 0 < ¢,k < 1,
and 1 —q—k > 0. v is a positive constant. In this model, the corresponding yield
constants are assumed to be equal, just as in [17, 15, 20].

For the sake of convenience, by nondimensionalizing the parameters, which are
indicated below with bars, 5 = s/s%, 4 = u/rs®, v = v/rs%, p = p/rs®, k; = k;/s°, i =
rs%u, f;(3) = fi(s°5), we can rewrite this model in the form

)

0

8t = dsge — aufi(s) — bufo(s)e™HP, €(0,1),t >0,
Ut :duacx+a(1*q*k)ufl(5)’ (051) t>0,
vy = dvg, + bufa(s)e ™ P + aqu fi(s), € (0,1),t >0,
Pt = dpge + akufi(s), € (0,1),t >0,
(1.1) $2(0,1) = =1, 8, (1,¢) +vs(1,t) = t >0,
’ Um(07t)_ux(1 t)+’yu(1’t):0 t>0,
U;c(()?t) Ux(lat) +7U(1’ ) 0, t>0,
pm(oat) = pm(lvt) + ’Yp(lv ) 0, t>0,
S(LC,O) = SO(x) >0, p(xvo) = ( ) > 7§é 0
u(x,0) = up(x) > 0,# 0, U(JJ»O)—UO( )>0,#0

For simplicity, we drop the bars over the nondimensional quantities.
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Introduce the new variables ®(z,t) = s +u + v + p and ¥(x,t) = p — cu into
(1.1), where ¢ = k/(1 — ¢ — k). Then one can argue in exactly the same way as in
[24, 33, 34, 36] to conclude that the limiting system of (1.1) may be written as

up = dugy +a(l —q—k)ufi(z — (1 + c)u — v), z € (0,1),t >0,
vy = AUz + b0 fa(z — (1 + c)u — v)e He

(PP) +aqufi(z — (1 + c)u —v), x € (0,1),t>0,
U (0,8) = ug(1,t) +yu(l,t) = 0, t>0,
v:(0,t) = v, (1,t) + yv(1,t) =0, t>0,

u(z,0) = uo(x)’ > 0,20, v(z,0) =vg(z) > 0,20, x€]0,1],

where z(z) = (1+7)/v — z, (1 + c)ug(z) + vo(z) < z(x), # z(z).

The purpose of the present paper is to investigate nonnegative steady-state so-
lutions of system (1.1) and the effect of the inhibitor on coexistence states of this
system. Thus we will concentrate on the simplified elliptic system:

du” +a(l —q—kufi(z— (1 +c)u—v) =0, x € (0,1),
(EP) dv" 4+ bufa(z — (1 + c)u —v)e P + aqufi(z — (1 + ¢)u —v) =0,
u'(0) =u/'(1) +yu(1) =0,  v'(0) =v'(1) +~v(1) =0,

which is obtained from the steady-state system of (1.1) by introducing the variables
®(z) =s+u+v+pand U(x) = p— cu. Since the proof is standard, we omit it here.
Interested readers can refer to [14, 24, 32, 33, 34] for details.

We are mainly interested in coexistence states of (EP), that is, the positive solu-
tions of (EP). Hence, we redefine the response functions as follows:

= _ | fi(s), $20,
fi(s) = { tan=1(2s/k; +1) — /4, s<O.

It is easily seen that f; € C'(—o0, +00). We will denote f;(s) by f;(s) for the sake of
simplicity.

This work is motivated by numerical simulations that seem to indicate that, when
the parameters sit in a certain range, there exists a coexistence solution of (EP). More
interestingly, it is possible that (EP) has exactly two coexistence solutions if v is a
better competitor than v and the parameter p is suitably large. From the biological
standpoint, the numerical results mean that the inhibitor plays an important role
in determining the number of coexistence solutions of (EP). As mentioned before,
the main purpose of this paper is to determine when the numerical results hold and
confirm them rigorously.

Turning now to a description of the main results, we start by introducing some
notation and recalling some well-known facts. Let A1, o1 be, respectively, the principal
eigenvalues of the problems

dgy +Mfi(2)e1 =0 in (0,1), @1(0) = @i(1) + 71 (1) = 0;
dyy +o1fa(2)r =0 in (0,1), ¢1(0) =41(1) +¢1(1) =0,
with the corresponding positive eigenfunctions uniquely determined by the normal-

ization maxg 1)1 = maxjg 191 = 1. It is well known (see [14, 33]) that, if a <
A1/(1 — g — k), the boundary value problem

(1.2) du” +a(l—q—kufi(z—u)=0, ze€(0,1), u'(0)=u(1)+~ul1)=0
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has zero as its unique nonnegative solution, and if @ > A\;/(1 — ¢ — k), then it has a
unique positive solution, which is denoted by 1 and satisfies the following properties.

(A)0<d <z

(B) ¥ is continuously differentiable for a € (A1/(1 — ¢ — k), +00) and is pointwise
increasing when a increases.

(C) limg_y, /(1—g—&) ¥ = 0 uniformly for z € (0,1), and lim, .o ¥ = z(z) for
almost every z € (0, 1).

(D) Let L, = d% +a(l—q—Fk)(fi(z —9) —9df]{(z — 1)) be the linear operator
of the above equation at ¥. Then L, is a differential operator in C%([0,1]) = {u €
C?([0,1]) : v/ (0) = /(1) +~yu(1) = 0}, and all eigenvalues of L, are strictly negative.

Remark 1. For the other steady-state one-species problem

' +bofa(z—v) =0,  x€(0,1), v'(0)=1(1)+~v(1) =0,

we have the same outcomes. Since we will need this later, we denote the unique
2
positive solution by 6 and the linear operator by Ly, = d-1; +b(f2(z—0) —0f5(2—0)).
Next, we introduce A; as the principal eigenvalue of

dgy +Mfi(z = 0)@1 =0 in (0,1), @}(0) = @ (1) +~p1(1) =0,

with the corresponding eigenfunction ¢; normalized by maxg 1) 91 = 1.

Now we are ready to state the main results of this paper, which give analytic
confirmation of some of the numerical results.

THEOREM 1.1. (EP) has a coezistence solution if either (1) a > A\ /(1—q—k), b <
oy or (i) a> A /(1—q—k), b> oy

THEOREM 1.2. Suppose b > o1. Then for any € > 0 small and any A >
there exists M = M(e, A) large such that for p > M,

() ifae M/(A—qg—k)+e /(1 —q—k)), there exist at least two coexistence
solutions of (EP);

(ii) if a € [\ /(1 — q — k), A], there exists a unique coezistence solution of (EP),
and it is asymptotically stable.

THEOREM 1.3. Suppose b > o1. Then there exist ¢g > 0 small and My > 0
large, both independent of a, such that if a € [\ /(1 —q—k) — e, \ /(1 —q—k)) and
w > My, then (EP) has exactly two coexistence solutions, one asymptotically stable
and the other unstable.

The main tools in proving Theorems 1.1-1.3 include degree theory and bifurcation
theory. A crucial point of the proof for Theorems 1.2 and 1.3 is to make use of the
limiting equations of (EP) which are obtained by letting u — oo formally in (EP). It
turns out that one of the limiting problems can be understood fully. For the other
limiting problem, we can also attain some properties. Finally, perturbation theory
leads to the main results of this paper.

The contents of the present paper are as follows: In section 2, some preliminary
results are given which are needed in the later sections. In section 3, we consider the
general case and prove Theorem 1.1. For the case p large, the uniqueness and non-
uniqueness of the coexistence solutions to (EP) are obtained in section 4. The stability
is also obtained for some cases. Finally, in section 5, some numerical simulations are
given complementing the analytical results.

A
1—q—k’

2. Preliminaries. We begin by providing the following well-known lemmas as
preliminaries without proofs. They are useful for obtaining the results in this paper.
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LEMMA 2.1 (see [9, 19]). Suppose q(z) € C(Q) and q(x) > 0 on Q in the
eitgenvalue problem

(21) A+ M)p=0, z€Q  LLoq@)e=0, xedQ,
where y(x) € C(0) and y(x) > 0. Then all eigenvalues of (2.1) can be listed in order
0 < Ai(g(x)) < Azfg(x)) <+ — 00

with the corresponding eigenfunctions 1, ¢, . .., where 1 > 0 on , and the principal
eigenvalue

o JalVoPRdn + [y 1 () s
M) = e

is simple. Moreover, the comparison principle holds: Aj(q1) < Aj(g2) for j > 1 if
@1 > q2 on Q, and strict inequality holds if q1(z) Z qo(x).
LEMMA 2.2 (see [27]). Suppose € C(Q), v(x) €C(9R), and v(z) >0. Let o1(q)
be the first eigenvalue of the problem —Aw+qw = Aw,x € Q, ‘g—Z—i—'y(x)w =0,z € 09.
Then o1(q) depends continuously on q, and ¢1 < q2,q1 Z q2 imply 01(q1) < 01(g2).
LEMMA 2.3 (see [31]). Let q(z) € C(Q) and q(z) +p > 0 on Q with p > 0, and
let m be the first eigenvalue of the eigenvalue problem

0
—Ap —q(x)p = np, r€Q, ({7:: +7(z)p =0, x € 09,

where y(x) € C(0Q) and y(x) > 0. If ;1 > 0 (orny < 0), then the eigenvalue problem

—Dp+pp =t(g(z) +p)p,  zE€Q, gfi +(@)e =0,  zecdf
has no eigenvalue less than or equal to 1 (or has eigenvalues less than 1).

Now, we introduce some more notation that will be used throughout this paper.
Let X be a real Banach space, and let W C X be a closed convex set. W is called
a wedge provided that aWW C W for all & > 0. A wedge W is said to be a cone if
WN{-W} =0. Let y € W, and define a wedge

Wy :=cl{z € X|y+ve € W for some v > 0},

where “cl” means the closure of the set. Let Sy be the maximal linear subspace of X
contained in W,. Assume that T" is a compact and Fréchet differentiable operator on
X such that y € W is a fixed point of T and T(W) C W. Then the Fréchet derivative
T'(y) of T at y leaves W, and S, invariant (see [4, 26]). If there exists a closed linear
subspace X, of X such that X =S, & X, and W, is generating, then the index of T'
at y can be found by analyzing certain eigenvalue problems in X, and S, as follows.
Let @ : X — X, be the projection operator of X, along S,. In view of Theorems 2.1
and 2.2 of [26], indexy (T, y) exists if the Fréchet derivative T"(y) of T" at y has no
nonzero fixed point in W,,. Furthermore,

(1) indexw (T, y) = 0 if Q o T'(y) has an eigenvalue A > 1;

(2) indexw (T, y) = indexg, (T"(y),0) if Q o T’(y) has no such eigenvalues.
Here indexg, (T (y), 0) is the index of the linear operator T"(y) at 0 in the space S,,.
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Next, we derive some a priori estimates for positive solutions of (EP). For an
accurate estimate for positive solutions of (EP), we first consider the boundary value
problem

dv” + bufa(z —v) + i‘ﬁfl(z—v)—o x € (0,1),

v'(0) = v'(1) +v(1) = 0.

LEMMA 2.4. There exists a unique positive solution of (2.2), denoted by v(x),
which satisfies 0 < v(x) < z. In particular, 0 < v(x) < z if b > o;.

Proof. First, we claim that if v(x) is a positive solution of (2.2), then 0 < v(z) < z
and that, in addition, if b > o4, then 0 < v(x) < z. Indeed, let w = z — v. Then

(2.2)

dw” —bu fo(w)— aq19

fl( )= xz € (0,1), W'(0) = -1, W' (1)+yw(1) = 0.

Suppose inf,¢,1jw(z) = w(z0) < 0. Then o & (0,1). Otherwise, w" (z¢) > 0. By the
previous equation for w, we have dw” () = bv(zo) f2(w(x0)) + 2220 £, (w(x0)) < 0,

1+c
a contradiction. If zp = 0, then w’(z¢) > 0, contradicting the boundary condition
w'(0) = —1. Similarly, we can see that zy = 1 is also impossible. Hence, one must

have w > 0,%# 0 on [0, 1].

Assume w(zg) = 0 for some point zy € [0,1]. Then zop = 0 or 1 by the strong
maximum principle. On the other hand, from the Hopf boundary lemma, it is easy
to see that both = 0 and 1 are impossible, which implies w > 0 on [0, 1]. That is,
v < z on [0, 1]. Moreover, since

dv”—i-bvfg(z—v) fl(z—v)>dv +bufa(z —v),

1 —|—
it is easy to see that v > 8 if b > o1. Hence, our assertion holds.

On the other hand, for sufficiently small 6 > 0, dp1, 2 are the sub- and super-
solutions of (2.2), respectively. It follows from the existence-comparison theorem for
elliptic systems that the minimal and maximal solutions vy, vs to (2.2) exist and satisfy
the relation 61 < v1 < vy < z. Next, we show that v; = v, to obtain the uniqueness.
Since vy, v9 are the solutions of (2.2),

dvy + b fo(z —v1) + Tﬁfl(z —v1) =

0,
dvy + bua fo(z — vg) + 1+Cf1(z —vg) = 0.

Multiplying the first equation by vy and the second equation by v; and considering
the integral I = fol d(v;/UQ — v;vl)da:, we have

1 1
a
/ b’Ul”Ug(fQ(Z — ’Ul) fQ(Z — ’l)Q))diL’ -+ 71 f [’Ugfl(z — Ul) — vlfl (Z — ’L}Q)]dx =0.
0
By the monotonity of f;(i = 1,2) and since v; < vy, we have v1 = vs. O

The next lemma gives a priori estimates for positive solutions of (EP).
LEMMA 2.5. Assume (u,v) s a nonnegative solution of (EP) with u # 0 and
v Z0. Then
Ho<u

[0, 1], where v defined by Lemma 2.4;

1+c 1+c’ —
2) (1—|—c)u+v <z on |0, 1];
3)a> =
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Proof. Clearly, u > 0 on [0, 1] by the strong maximum principle and Hopf
boundary lemma. Since 0 = du +a(l — g — )ufl(z - (1 +ou—v) <du +a(l-—
B)ufi(z— (1 +c)u ) it is easy to check that u < 7 and a > Moreover,
one can find that u < %= because v # 0.
For v, we have

1qk

0=dv’ +bvfa(z— (14 c)u—v)e ¥ + aqufi(z — (1 + ¢)u — v)

< dv// + bny(z - U) + %fl(z — 'U)-

By Lemma 2.4 and the strong maximum principle, it follows that 0 < v <0 < z. It
remains to show that (14 ¢)u + v < z on [0, 1]. This proof is similar to the proof of
Lemma 4.2 in [33] and so is omitted here. O

3. Existence of coexistence solutions. The goal of this section is to discuss
the existence of coexistence solutions of (EP) in the general case and to establish
Theorem 1.1.

In order to use the functional analytic framework of degree theory we introduce
the spaces

C([0,1]) x ¢(]o, 1})

{(u, )EX|u<1+ ,v < maxpg 1) U + 1},
W {(u,v) € X|u>0,v>0 for ze€[0,1]},
(ntD)ﬁW

X
D=

Then W is a cone of X and D’ is a bounded open set in W.
We consider the system

du:: +71a(l—qg—FKufi(z— 1+ c)u—v) =0,
(3.1)  dv +7bufalz — (1 +c)u—v)e " + raqufi(z — (1 +c)u —v) = 0,
W/ (0) = u'(1) +yu(l) =0, 0'(0) =o'(1) +~v(1) =0,

where 7 € [0,1]. Assume (u,,v,) is a nonnegative solution of (3.1). Then it is not
hard to show that u, < %,’UT <o for all 7 € [0,1].

Since f1(z — (1 + c)u —v) > fi(z — (1 + ¢)u) — Kyv for some positive constant
K; >0, we can define A, : X — X, 7 € [0,1] as

A (u,v) = (—d d2 + M) Y(ra(l — q — k)ug:i(u,v) + Mu,
Tbvgg(u v) + Taqugr (u, v) + Mv)

where (—d - & = T M)~! is the inverse operator of d — M subject to the boundary
conditions u "0) =« (1) + yu(l) =0, gi(u,v) = f1(z — 1+ u—v), g2(u,v) =
fa(z—(14+c)u—v)e # and M is large enough such that M +7a(l—qg—k)g1(u,v) > 0
and M + 7bga(u,v) — TaquKy > 0 for all (u,v) € D" and 7 € [0,1]. Clearly, A, is
compact. Let A = A;. Then A : D’ — W is continuously differentiable. It follows
from Lemma 2.5 that (EP) has nonnegative solutions if and only if the operator .4
has a fixed point in D’. Moreover, A, has no fixed point on dD’. By the homotopic
invariance of the degree, we obtain

index(A, D', W) = index(A,, D', W) = index(Ag, D', W) = indexy (Ao, (0,0)).

By some standard calculations, we can obtain indexy (Ag, (0,0)) = 1. Hence, we have
the following.
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LEMMA 3.1. index(A, D', W) = 1.
LeEMMA 3.2. (i) Suppose a # 22— and b # o,. Then indexy (A, (0,0)) = 1 if

1—qg—k
a < 1—);11—1@ and b < o1, and indexW(A,A(O, 0)=014ifa> 1_’\ql_k orb>o. A
(ii) indexw (A4, (0,0)) =1 ifa < 1_271_,“ and indexy (A, (0,0)) =0 if a > 1—);;1—1@'

Since the proof of this Lemma is very lengthy and quite standard, we include the
proof in Appendix A. Now, we turn to prove Theorem 1.1.

Proof of Theorem 1.1. (i) If a > A;/(1 —q — k) and b < oy, then (EP) has no
semitrivial nonnegative solution. In view of Lemmas 3.1 and 3.2, indexy (A, D') =1
and indexy (A, (0,0)) = 0, which implies that A must have a positive fixed point in
D’. That is, (EP) has a positive solution in D’.

(ii) If a > A1 /(1—gq—Fk),b > o1, then (EP) has a semitrivial nonnegative solution
(0,0). Suppose A has no positive fixed point in D’. Then by Lemma 3.1 and the
additivity of index,

indexy (A, (0,0)) + indexyy (A, (0,60)) = indexy (A, D’) = 1.

However, by Lemma 3.2, indexw (A, (0,0)) = 0, and indexy (A, (0,6)) = 0 in this
case, a contradiction. Hence there must exist a positive solution of (EP) in D’. This
completes the proof. ]

4. The effect of inhibitor. The purpose of this section is to examine the effect
of the inhibitor on the multiple coexistence states. In view of the model, the effect
of the inhibitor increases as the parameter p increases. Motivated by the numerical
simulations, we consider only the case of b > o7 and p large enough. Using a pertur-
bation technique, we show that the system has two positive solutions if u is sufficiently
large and the other parameters sit in some suitable range.

First of all, we observe that if a is bounded away from A; /(1—¢—k) and p is large,
positive solutions to (EP) are of two types. More precisely, let (u,v) be any positive
solution of (EP); then either (u,v) is close to a positive solution of the problem

du” +a(l —q—k)ufi(z— (1+c)u—v) =0, xz € (0,1),
(4.1) dv" + aqufi(z — (14 ¢)u —v) =0, z € (0,1),
W(0) = /(1) +yu(1) =0, v/(0) = /(1) +40(1) =0,

or (uu,v) is close to a positive solution of the problem

dow” +a(l—q—kwfi(z—v)=0, x € (0,1),
(4.2) " + bufa(z —v)e™ =0, x € (0,1),
W'(0) =w'(1) + yw(1) = 0, v'(0) ='(1) +yv(1) = 0.

Since the above two equations play an important role in determining the coexis-
tence solutions of (EP), we first study positive solutions of (4.1) and (4.2).

LEMMA 4.1. Assume a > A1/(1 —q — k). Then there exists a unique positive
solution ((1 —q — k)V,q¥) of (4.1), and it is linearly asymptotically stable.

Proof. Suppose that (u,v) > 0 solves (4.1). Let w = qu — (1 — g — k)v. Then we
have

U
€
I
o
€
/‘:
=
Il

W'(1) +yw(1) =0,

which implies w = 0. That is, v = #&cu. Substituting v = H;%,Cu into the first



1868 JIANHUA WU, HUA NIE, AND GAIL S. K. WOLKOWICZ

equation of (4.1), we obtain that

du“Jra(lquk)ufl <21_Z_k> =0, z € (0,1),
u'(0) = u/(1) + yu(l) = 0.

Then u = (1 — ¢ — k)9 due to a > A /(1 — g — k), and v = ¢¥. That is, (4.1) has a
unique positive solution ((1 — ¢ — k)9, ¢¥). It remains to establish the stability. For
this purpose, noting that ¢ = k/(1 — g — k), we consider the linearized eigenvalue
problem

dg" +a(l—q—k)fi(z =) — (1 - @Vfi(z = 9]¢
dy +aq(fi(z —9) — (1 = @)0fi(z = 9)]¢ — aq(1 — q — k)Ifi(z = D) = —ny,
¢'(0) = ¢'(1) +7¢(1) =0, ¢'(0) =¢'(1) +y¥(1) = 0.

Let w = g¢ — (1 — ¢ — k). Then

"

dw = —nw, W'(0) =W (1) +yw(1) = 0.

If w#0, then n > 0. If w =0, then ¢ = which leads to

1— q 1—q—k’
de” + a(l —q- )(fl(z — ) —9fi(z = 9))p = —ng,
#'(0) = ¢'(1) +v9(1) =
(2—

From Lemma 2.2, o1 (a(1—q—k)(f1(z—=9) =9 f](2—1))) < o1(a(l—q—k) f1(2—9)) = 0.
Hence, we can claim that n > 0. Therefore, (4.3) has no eigenvalue n with Ren < 0
and so the stability follows. O

LEMMA 4.2. Suppose b > o1 fized. Then (4.2) has a positive solution if and only

if 77 <a<j3 . Moreover, all positive solutions of (4.2) are unstable.

Proof Suppose (w v) is a positive solution of (4.2). Then a(l—g—k) = A (f1(z—
v)) > A1 (f(2)) = A1. On the other hand,

0=dv +bvfa(z—v)e ™ <dv +bvfa(z —v),

which means v < 0. Thus, a(l —q — k) =M(f1(z — v)) < M (fi(z —0)) = A Hence,
if (4.2) has a positive solution, then m <a<

Next, we show that (4.2) has a positive solution if Ay /(1 — ¢ — k) < a < A /(1 —
g — k). To this end, we first prove that for any given A > ;\1/(1 — g — k), there exists
a constant C' > 0 such that |Jw|s < C for any nonnegative solution of (4.2) with a €
(M/(1—g—k), A]. At first, one can find that (4.2) has only two nonnegative solutions
(0,0) and (0, 9) ifa > A1 /(1—q—Fk). It remains to show that any positive solution (w, v)
of (4.2) with 14 < a < 1 - satisfies ||w||oc < C. Suppose this is not true. Then

we may assume that there ex1sts a; — a € [\ /(1—q—Fk), A1/ (1—q—k)], (wi, v;) positive
solutions of (4.2) with a = a; and ||w;|lcc — 00. Set U; = v;/||Vi||0os @i = wi/||willoo-
Then

d@/;; +ai(l1—q—k)@ifi(z _~||'Ui||c>077i> =0,
dﬁi + b’[)l‘fg(z — ’Ui)e_c‘lw'iuoowi =0,
@j(0) = @j(1) +y@i(1) =0,  95(0) = ¥;(1) +v24(1) = 0.
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By LP estimates and the Sobolev embedding theorem, we may assume ©; — @ > 0,#
0, o — ¥ >0, 0 in C1([0,1]), and & satisfies

A" +a(l—q - k)ofi(z— Bo) =0, &'(0)=a(1) +~@(1) =0,

where B = lim; o0 [|[Vi|loo < 00. (In view of the equation for v; and 0 < v; < 6, this
limit exists by passing to a subsequence.) Thus @ > 0 on [0, 1] by the strong maximum
principle and Hopf boundary lemma. Hence e~ = e~clwille® _ 0 as i — 0o, which
implies v; — 0, and ¥ satisfies

dv’ =0, ¥(0)=v(1)+~(1) = 0.

Thus ¥ = 0. This is a contradiction to © #Z 0 and 9| = 1.
Let D = {(w,v) € W [lw[lec < C +1,[[v][oc <suUpp1)2+ 1},
d2
B, (w,v) = < dﬁ + M) -1 ( (1-g—kwfi(z—v)+ Mw, bufa(z —v)e ™ + Mv),
where W defined in section 3 is the positive cone of X and M is sufficiently large such
that M +7(1 —q — k) fi(z —v) > 0 and M + bfa(z — v)e~ > 0 for all (w,v) € D
and 7 € (A1 /(1 —q— k), A].

By virtue of our a priori estimates and the homotopic invariance property of the
fixed point index, we obtain indexy (B,, D) = const for 7 > A /(1 — ¢ — k). On the
other hand, if a > A /(1 — ¢ — k), then (4.2) has only two nonnegative solutions (0, 0)
and (0,6). Hence for 7 € (A, /(1 — ¢ — k), A], indexy (B, D) = indexyy (B, (0,0)) +
indexw (B-, (0,6)). Next, we calculate the index of the two nonnegative solutions.

Let B.(0,0) be the Fréchet derivative of B, at (0,0). Then

d2

B0,0)(wx0) = (=g +30) (71— 4= R)ofa(s) + Mo, buf(() + 210

for each (w,v) € X. Therefore, an eigenvector (w,v) of B.(0,0) satisfies

—dw:// + Mw = 3(t(1 — q— k) f1(2) + M)w,
—dv" + Mv = 1(bfa(2) + M)v,
W'(0) =w'(1) +yw(1) =0, v’ (0) =2'(1) + yv(1) = 0.

>

Since b > 01,7 > A1 /(1 — g — k), it is easy to check that I — B.(0,0) is invertible in
W00 = {(w,v) € X : w > 0,v > 0}. Moreover, a similar argument as in the proof
of Lemma 3.2 (see Appendix A) shows that B, (0,0) has eigenvalues larger than 1. It
follows from Theorem 2.2 of [26] that indexy (B, (0,0)) =0 for 7 > A\ /(1 — ¢ — k).

Let B. (0, 0) denote the Fréchet derivative of B, at (0,60). Then B (0,6)(w,v) =
(—d=Es + M)~ (r(1 — g — K)o f1 (= — 0) + Mo, b(fo(= — 0) — 0f3(2 — )0 — bed o (= —
0w + Mwv) for each (w, v) € X. In order to apply Theorem 2.2 of [26], we introduce
the notation y = (0,60), W, = {(w,v) € X : w > 0},S, = {(0,v) : v € Cp([0,1])}, and
X, ={(w,0) e X :we C’B([O 1))}. Then X = S, @X with projection @ given by
(w,v) — (w,0).

Suppose (w,v) € Wy, is a fixed point of B.(0,8). Then (w,v) satisfies

dw: +717(1—qg—k)wfi(z—6)=0,
dv +b(f2(z —0) = 0f3(z — 0))v — beh fo(z — O)w = 0,
w'(0) = (1) +qw(1) =0,  v'(0) = v'(1) +7v(1) = 0.
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It is easy to check that I — B.(0,0) is invertible in W, as long as 7 # Ay /(1 — ¢ — k).
Hence, indexy (B, (0,0)) is well defined if 7 # A; /(1 —q— k). Next, we determine the
index of B, at (0,0). In view of the definition Q(w, v) = (w,0), every eigenfunction of
Q o B.(0,60) has the form (w,0), where w is a nonzero solution of the equation

i+ Mw = %(7(1 —q— ) fi(z = 0) + M)w, '(0) = &/ (1) + yw(1) = 0.

We can proceed further as in the proof of Lemma 3.2 (see Appendix A) to show that
indexyy (B, (0,0))=0if 7>\, /(1—q—k) and indexyy (B, (0, 0))=1 if 7<), /(1—q—Fk).
Hence, for any 7 € (A /(1 — q — k), A, indexy (B,, D) = indexy (B, (0,0)) +
indexw (B, (0,6)) = 0. Meanwhile, by the homotopic invariance property of the
fixed point index, we can claim that indexy (B,, D) = 0 for any 7 € (A1/(1 —q —
k), A]. However, for \;/(1 — ¢ —k) < 7 < A/(1 —q— k), indexy (B, (0,0)) +
indexw (B, (0,0)) =1 # indexw (B,, D), which implies B, has at least a positive
fixed point in D for A /(1 — ¢ — k) <7< /(1 — q — k). Namely, (4.2) has a positive
solution when a € (A\1/(1 —q— k), A\ /(1 —q—k)).

It remains to prove the instability of any positive solution (wg,vg) of (4.2). To
this end, let us consider the eigenvalue problem

de” +a(l =g —k)fi(z = vo)p — a(l — g — k)wofi(z = vo)v + 1 = 0,
(44) dy + b[fQ(z - UO) - 'UOfé(Z - UO)]e—cwgw — cbug fa(z — ’Uo)e_cwo(p +nyp =0,
©'(0) =¢'(1) +7¢(1) =0,  ¢'(0) =¢'(1) + (1) =0.

It is well known (see, e.g., [11]) that one can put this eigenvalue problem in the context
of spectral theory of compact strongly positive operators with respect to the order
cone P = {(p,9) € X : ¢ > 0,7 < 0}. In particular, by the Krein-Rutman theorem
[5, 11], one can show (4.4) has an eigenvalue 77, which has the following properties:
it is real, algebraically simple, and all other eigenvalues have their real part greater
than n;. Moreover, 1; corresponds to an eigenfunction (¢, ) in the interior of P, and
it is the only eigenvalue with an eigenfunction in P. Thus it is called the principal
eigenvalue of (4.4). The linearized stability criterion for (wp,vg) can be expressed
in terms of the principal eigenvalue: (wp,v) is asymptotically stable if 1, > 0; it is
unstable if 77 < 0. On the other hand, multiplying the first equation of (4.4) by wq
and integrating, we obtain

1 1
m / pwodr = a(l —q — k)/ Wi f1(z — vo)da.
0 0

Noting that (¢, 1) belongs to the interior of P, we must have n; < 0, which implies
the instability. 0
The rest of this section is devoted to the proof of Theorems 1.2 and 1.3, which are
important in understanding the effect of the inhibitor on the number of the coexistence
solutions. In order to establish Theorem 1.2, we need the following technical results.
LEMMA 4.3. For any € > 0 small, there exists M = M(e) large such that if
a>MN/(1—q—k)+e p> M, (EP) has a positive solution (,v) which satisfies

(45)  (A=-0)(A—-g-kW<a<(l-qg—Fk)J, (1-6)q) <0< (q+06)V,

where ¥ are the unique positive solutions of (1.2), and 0 < § < b8y, where 69 > 0 is
small such that (1 + 60)Y < z on [0,1].
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Proof. Suppose that (u,v) solves (EP). Let x = (1 — g — k)v — qu. Then (u, )
satisfies

du” +a(l—q—k)ufi(z — {525) =0,

1—q—k

dx" +b(x + qu) fo(z — 75525 )eHen = 0,

(4.6)

with the usual boundary conditions. Since 0 < ¢ < z on [0, 1], we can claim that
there exists 6y > 0 small such that (1 + )Y < z on [0, 1]. Set

Y={(u,x) € X:(1-6)(1—qg—k)d<u<(l—qg—k)v,0<x<b(l—gq—k)}.

Next, we show (4.6) is quasi-monotone decreasing [35] on ¥ provided that u is large

enough. Clearly, h1(u, x) = a(l —q—k)ufi(z — 1:_1(1@) is quasi-monotone decreasing

on X. On the other hand, let ha(u, x) = b(x + qu) fa(z — 1?21%)6"““. Then

Ohs(u, — u U u N
Oha(uX) = peheu[qfy(z — 1EX0) — XY fh (2 — 1020) — pe(x + qu) fa(z — T2E250)].

Recalling that (14 60)¥ < z on [0, 1], it is easy to see that W < 0 on ¥ provided
that u is large enough. That is, ho(u, x) is quasi-monotone decreasing on ¥ provided
that p is large enough.

Let (8, x) = (1 - g — k)(a), 0) and (u, ) = (1 - 6)(1 —q— k)9, 6(1—q — K)).
By the super- and subsolution method, it suffices to show that (@, y) and (u, ) are
pairs of super-sub solutions of (4.6) for large p. That is, we need to show that the
inequalities

du” +a(l - g k)afi(z — 1) <0,

dx" +b(x + qi) fo(z — Torp)eHeT 2 0

and

du’ +a(l — g —kufi(z — £255) > 0,

dX" +b(X + qu) fo(z — (25255 )e e <0

hold. Tt is trivial to check the inequalities for #, x, and u. For ¥ to satisfy the above
inequality, it suffices to have

o he(1=6)(1—g—k)9 ba(l—q—k)(k2 +2—10)
T (1 -q)0+q)(ki+2z—0)

It is well known that there exists B > 1 large enough such that Bk; > ko. Hence,

ﬁfiz:z > Bifgl. Since a > A\ /(1 —qg—k) 4+ € and ¢ = ¥(a) > 19'(17)(‘117,€ + €), we need

to have only

e—pc(l—é)(l—q—k)ﬂ(1_Aq1_k+e) < 6[)‘1 + 6(1 —4q— k)]kZ
= (1= q)6+q) Bk

where ¥( 1—/\111—1@ +¢€) is the unique positive solution of (1.2) with a = 1—):11_/@ +e¢. Clearly,

this inequality holds as long as p is sufficiently large. Namely, as long as p is large
enough, we have

d)_(// + b(>_< + qy)fQ (Z — 15—;—)(]@) e e S 0.
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Thus (4, x) and (u,x) are the order upper and lower solutions of (4.6). It follows
the existence-comparison theorem for elliptic systems that (4.6) has a solution (4, ),
which satisfies

1-8)N—-g-—kW<a<(1l-qg—k)Y, 0<x<61—q—k).

Noting that v = 1"_2‘7_“” we know that (EP) has a positive solution (@,?), which
satisfies (4.5). 0

LEMMA 4.4. For any € > 0 small and any A > A\ /(1 — q — k), there exists
M = M(e, A) > 0 large such that if a € (M /(1 —q—k) +¢,A] and p > M, then any
positive solution of (EP) that satisfies (4.5) is nondegenerate and linearly stable.

Proof. If a € (M /(1 —q—k) +e¢, A] and (u,v) satisfies (4.5), then it is easy to see
that (EP) is a regular perturbation of (4.1) when p is large. Since (4.1) has a unique
positive solution ((1 — ¢ — k)9, ¢¥¥) which is linearly stable, this lemma follows from a
standard regular perturbation argument. |

As noted before, the next lemma shows rigorously that the positive solutions to
(EP) are of two types.

LEMMA 4.5. Suppose a; — a € (ﬁ, +00), p; — 00, and (u;,v;) s a positive
solution of (EP) with (a,un) = (as, p;). Then for large i, either (u;,v;) is close to
(1 —q— k)9, qV9) or (uiui,v;) is close to (w,v) in C([0,1]) x C1([0,1]), where (w,v)

is a positive solution of (4.2). Moreover, if a; > ﬁ for all large © and a; — a,

I
then (u;,v;) converges to ((1 —q — k)9, q9) in the C* norm.

Proof. We argue by contradiction. Suppose we can find a; — a € (ﬁ, +00),
;i — 00, and positive solution (u;,v;) bounded away from ((1 — g — k)9, ¢v¥) and any
positive solution of (4.2). First, by Lemma 2.5, 0 < (1 + ¢)u; + v; < z(z). Hence, by
elliptic regularity and the Sobolev embedding theorems, we may assume the existence
of a subsequence (if necessary), such that u; — u and v; — v in C1(]0, 1]) for some

u,v € C([0,1]). Set w; = piu; and x; = (1 — ¢ — k)v; — qu;. Then (w;, ;) satisfies

dw; +a;(1 —q—k)wifi(z — (1+c)u; —v;) =0,

4.7 g,
o dx; +b0(1 —q—k)vifo(z — (14 c)u; —v)e” =0,

with the usual boundary conditions. By passing to a subsequence, we have two
possibilities.

Case a: ;]|tu;]]oo — 00. In this case, one must have y; — 0. Indeed, it suffices to
show e~ — ( almost everywhere in (0, 1) as i — 0. Let @; = w;/||wi| s Then @;
satisfies

—d®, = ai(1 = q—k)@ifi(z — (14 )u; —v;), @L0) = @(1) + @i (1) = 0.

By LP estimates and the Sobolev embedding theorem, we may assume w; — © > 0,# 0
in C*([0,1]), and & satisfies

"

—di" = a(l — g~ WBfi(z— L+ Ju—v), &(0)=&'(1) +1(1) =0,

Here 0 < (1 4+ c¢)u +v < z because 0 < (1 + ¢)u; +v; < z. Therefore, @ > 0 on
[0, 1] by the strong maximum principle and Hopf boundary lemma. Thus e~ =
e~ cllwille®: 0 as i — oo, which implies x; — 0. Hence, (1 — ¢ — k)v = qu, and

u

dur! =+ a(l —q— k)ufl <Z — m

) =0, u'(0) = u/(1) + yu(1) = 0.
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This implies u = 0 or u = (1 — ¢ — k)¥. If u =0, then v = H;%ku = (. That is,
(us,v;) — (0,0) as i — oo. Hence, ; = u;/||ui]|co satisfies

di, +a;(1—q—k)afi(z — (1+c)u; —v;) =0, @(0) = @\(1) + vii; (1) = 0.

Similarly, by LP estimates and the Sobolev embedding theorem, we may assume that
U; — @ > 0,%# 0 in C', and in view of the strong maximum principle, @ > 0 and
satisfies

dil" +a(1—q—k)ifi(z) =0, @'(0)=a'(1)+~i(l) =0,

which means a = A1 /(1 — ¢ — k), a contradiction. Hence u = (1 — ¢ — k)¢ and v = g,
which contradicts our assumption.

Case b: ;]|u;]lo is uniformly bounded, which implies u; — 0 as ¢ — oo. Hence,
xi = (1—q¢—k)v; —qu; — (1—q—k)v. Since w; is uniformly bounded, by the equation
for w;, we may assume that w; — w in C1([0,1]). It follows from (4.7) that (w,v)
satisfies (4.2). If w > 0,# 0, then the strong maximum principle tells us that w > 0.
On the other hand, we claim that v > 0 on [0, 1]. Otherwise,

dw’ +a(l—q—kwfi(z) =0, 2€(0,1), &(0)=w'(1)+yw(l)=0,

which implies a = A\ /(1—¢—k), a contradiction. Hence, (a,w,v) is a positive solution
of (4.2), which contradicts our assumption that (a;,w;,v;) is bounded away from any
positive solution of (4.2). Therefore, we must have w = 0. It follows that v = 0 or
v = 6. Suppose v = 0. Then v; — 0 and @; = w;/||w;||c satisfies

Ao, +ai(1—q— k)@ fi(z — (14 )i — v;) =0, @(0) = &L(1) +v@;(1) = 0.

By LP estimates and the Sobolev embedding theorem, we may assume @; — © > 0, % 0
in C1([0,1]), and by virtue of the strong maximum principle, © > 0 satisfies

A" +a(l —q—k)ofi(z) =0, &'(0)=a'(1)+~@(1) =0,

which means a = A1 /(1 — ¢ — k), a contradiction. Thus (w;,v;) — (0,6), and hence
ai(l—q—k) = M(fi(z — (1 + us — v;)) — A(fi(z — 0)) = Ay. That is, a; —
A/(1 — ¢ — k). On the other hand, we can show that (4.2) has a positive solution
branch bifurcating from (a,w,v) = (A /(1 — g — k), 0,0) (see Lemma 4.7). Hence, we
can find @ = a; — A /(1 — ¢ — k) such that (4.2) with a = @; has a positive solution
(@;, ;) converging in L to (0,60). Thus (a;, pius,v;) is close to (a;, &y, 0;) for i large.
This again contradicts our assumption. This finishes the proof of the first part of this
lemma.

Now, we prove that if a; > A, /(1—q—Fk) for all large i and a; — a as i — 0o, then
(us,v;) — (1 — g — k)Y, q¥). Again we use an indirect argument. We suppose that
this is not true. Then by the first part of this lemma and by choosing a subsequence
if necessary, we may assume that (u;u;, v;) is close to a positive solution of (4.2). This
implies u; — 0 as i — oo. We divide the arguments into two cases: (i) a > A1 /(1—q—k)
and (i) a = A\ /(1 —q—k).
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In case (i), suppose for any € > 0, there exists a; — a > A\ /(1 — ¢ — k) 4 € such
that u; — 0 as pu; — 0o. Then w; = piu;, xi = (1—q—k)v; — qu; satisfy (4.7). Passing
to a subsequence, we have two possibilities.

Case a: ||willoo = il|ti]]oo — 00. Noting Lemma 2.5, we claim that x; — 0 as
before, which means v; = % — 0. Let @; = u;/||ui]|co. Then by LP estimates and
the Sobolev embedding theorem, we may assume @; — @ in C*([0,1]), and by the
strong maximum principle, @ > 0. Moreover, @ satisfies

dil’ +a(l—q—k)ifi(z) =0,  @(0)=(1)+~a(l) =0,

which implies a = A1 /(1 — ¢ — k), a contradiction.

Case b: |lwilloo = pilltillce < C. Then by using a priori estimates for v; (see
Lemma 2.5), we may assume that (w;,v;) — (w,v) in C1([0,1]), where w,v > 0 on [0,
1]. Noting that y; = (1—g—k)v; —qu; and u; — 0, one has y; — (1—g—k)v. It follows
from the equations in (4.7) that (w,v) satisfies (4.2). Namely, (w,v) is exactly the
nonnegative solution of (4.2). If w > 0,% 0, then by the strong maximum principle,
w > 0. Hence, (A\; <)a(l —q — k) = A (f1(z — v)), which implies v # 0. It follows
from the strong maximum principle that v > 0. This contradicts Lemma 4.2; that is,
(4.2) has no positive solution provided that a > A1 /(1 — ¢ — k). Therefore, w = 0 and
v = 0 (the possibility v = 0 can be ruled out by similar arguments as in the proof
of the first part of this lemma). Set @; = u;/||t;|loo. A similar argument shows that
a=M\ /(1 — g — k), a contradiction. Therefore, our assertion holds.

In case (i), since a; — Ay /(1 —¢— k) and u; — 0, one can assert that v; — 6 and
piu; — 0 in C norm. Indeed, let @; = u;/||u;||«- Then @; satisfies

dii; +a;(1 —q—k)aifi(z — (1+ us —v;) =0, @(0) = @, (1) 4 vt (1) = 0.
Similarly, we may suppose ; — % in C1([0,1]) and @ > 0 satisfies
(4.8) di + Aafi(z —v) =0, @(0)=a(1)+~a(l) =0,

which implies v # 0; otherwise, 5\1 = )1, a contradiction. Noting that a; — 5\1/(1 —
q—k),u; — 0,v; = v #£0, and

dv; + bvifa(z — (14 c)u; — vy)e~ Il 4 qiqu, f1 (2 — (1 + )u; — v;) = 0,

we can show that 1;]|u;]| s is uniformly bounded. Hence we may assume that pu; — w
in C1([0,1]) for some w > 0. Letting i — oo, we must have dv” + bvfa(z — v) > 0,
which means v < 6. Multiplying (4.8) by ¢1, integrating over [0, 1], and applying
Green’s formula, we obtain

Ay / @61 (f1(2 — v) — fu(z — 0))dz = 0,

which implies v = 0 since v < 0. Moreover, @ = ¢;. That is, v; — 0. Next, we show
w=0.Ifw>0,%0, then w > 0 by the strong maximum principle. Noting that
a; = A /(1—q—k),u; — 0,v; = 0, y;u; — w, we have

d0" + b0 fy(z —0)e= =0, ¢(0)=0(1)+~6(1) =0.

This means b = A (fa(z — 0)e™) > A (f2(z — 0)) = b, a contradiction. Hence our
assertion holds. Next, we show (14 ¢)u; +v; < 0 for large i. Let Q; = (1 + ¢)u; + v;.
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Clearly, Q; — 6, and

dQ; + asuifi(z — Qi) + bui fo(z — Qy)e™M% =0, QL(0) = Qi(1) +~Qi(1) = 0.
Hence

dQ; +bQifa(z — Qi)

= ui[b(1 +¢) f2(2 — Qi) — ai f1(z — Qi)] + bvi f2(2 — @) [1 — e~ H7]

= u[b(1 4 ¢) f2(z — Qi) — ai f1(z — Qi) + bu; fo(z — Qs)cpi + O(pZw;)]
=ui[b(1+ ) f2(z — Qi) — aifi(z — Qi) + (bevi f2(z — Qi) + O(piuq)) pil

Since p;u; — 0 and p; — oo, we have dQ;/ + 0Q;f2(z — Q;) > 0 for large i, which

implies @Q; < 6 for large i.
Now multiplying the equation for w; by ¢; and integrating over [0, 1], we obtain

1
/0 a1~ q— B)fi(z — Qi) — M a2 — O))prusda = 0.

Since a;(1 —q — k) > A and fi(z — Q;) > fi(z — 0) for large i, fol[ai(l —q -
k) f1(z— Q) — A1 f1(z — 0)]prusde > 0 for all large i, a contradiction. Hence (u;, v;) —

(1 — q — k)9,q9) in the C' norm when a; > 1_)(‘11_k for all large i, a; — a, and
Ly — Q. O
LEMMA 4.6. (i) For any A > 12—, there exists M > 0 large such that if > M

and a € [%,A], then any pOSthe solutwn (u,v) of (EP) is nondegenerate and
linearly asymptotically stable, and indexy (A, (u,v)) = 1.

(ii) For any €,6 > 0 small, there exists M, s > 0 large such that if a € [2

1— q k +
€, #) and p > M. s and if (u,v) is a positive solution of (EP), then either (a)
[u—(1—g=k)dct +lv—gdllcr <6 or(b) [pu—&lcr +|lv—0llcr +[[a—allcr <6,
where (0,0) is a positive solution of (4.2) with a = a. Moreover, if (a) occurs, then
(u,v) is nondegenerate linearly asymptotically stable and indexy (A, (u,v)) = 1.

Proof. (i) We prove the nondegeneracy and linear stability first. For this purpose,
we consider the linearized eigenvalue problem

do" +a(l—q—K)[filz— (1 +)u—v) — (1 +)ufl(z— (1 +c)u—v)]op
—a(l—g—kufi(z = (1 +cju—v)p = —ng,
dip + [b(fa(z = (T +cJu—v) —vfi(z — (1 + cJu —v))eHe

—aqufi(z — (1+ )u— o)
—bulf3(z — (14 u—0)(1+0) + pefalz — (1 + cJu — v)]ereng
ragf(z = (14 O —0) = (L JufiC: — (1+ ou =)o = =i

9'(0) = @'(1) +76(1) =0, /(0) = ¥/(1) +yp(1) =

By Lemma 4.5, (EP) has no positive solution with a small u component when a €
[1_’}171_k,A] and g is large. Therefore, we can establish this assertion by a simple
variant of the proof of Lemma 4.4.

Next, we prove the statement concerning the fixed point index. Since any positive
solution (u,v) to (EP) is nondegenerate, we have

indexy (A, (u,v)) = indexx (A, (u,v)) = indexx (A’ (u,v), (0,0)).
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Let Qu(¢,v) = (—d-L, + M)~'(f, g), where 0 < ¢ < 1 and

F= al—q=Rfilz— L+ cju—v) = (L+Jufi(z — (1+Ju—v)lé + Mo
—ta(1— g — K)ufi(z — (1+ c)u — o),

9= [Bfalz — (1+)u—1v) —vfj(z — (1+ c)u—v))e e
—taqufi(z — (1+ cJu — v + M
—bol(1+ ) f(z — (1 + )u—v) + pefalz — (1 + c)u — v)le ¢
+aglfi(z = (L+ Ju—v) = (L+ ufi(z — (1 +Ju—v)]é.

Then there exists a neighborhood Us C X of (0,0) such that @; has no fixed point on
OUs provided p is large enough. Moreover, we can choose Us such that A’ (u, v) (¢, v¢) =
(¢,%) has only the solution (¢,v) = (0,0) in Us. By similar arguments as in
Lemma 2.5 in [7] and Theorem 3.1 in [8], we can show indexx(A’(u,v),(0,0)) =
indexx (A’(u,v),Us) = indexx (Q1,Us) = indexx (Qo, Us) = indexx (Qo, (0,0)) = 1.
Hence indexy (A, (u,v)) = 1.

(ii) The statement on the location of the positive solutions follows directly from
Lemma 4.5. The other statements are proved in the same way as in (i) above. |

Proof of Theorem 1.2. (i) For any € > 0 small, let M = max{M (), M (e, \/(1 —
q—k))}, where M(e), M(e, A1/(1 —q—k)) are given by Lemmas 4.3 and 4.4, respec-
tively. Assume that for x> M and a € [\ /(1 —q—k)+ €, A\ /(1 — g —k)), (EP) has
only a unique positive solution (%, ) as shown in Lemma 4.3. In view of Lemma 4.4,
I — A'(4,?) is invertible in X and A’(%, 0) has no real eigenvalue greater than one,
where A’(1, 0) is the Fréchet derivative of A at (4, 7). We can argue in the same way
as in the proof of Theorem 3.1 in [8] to draw a conclusion that indexy (A, (4,0)) = 1.
By virtue of Lemmas 3.1 and 3.2, it follows that

1 = indexw (A, D') = indexy (A, (0,0)) + indexy (A, (0,0)) + indexy (A, (,0)) = 2.

This contradiction completes the proof. A
(ii) It follows from Lemma 4.6 that for any A > 1_);171_k, there exists M > 0
large such that any positive solution (u,v) of (EP) is nondegenerate and linearly
A

asymptotically stable for a € [m,A] and p > M. Hence, it suffices to show the

uniqueness. Set D; = {(u,v) € X : Wﬁ <u< %, 39 < v < maxjy ) 0 + 1},
and define F, : D1 — W by

2 —1
F(u,v) = (dc;dgc? + K> (a(1—g—k)ug:i (u,v)+Ku, Tbvgs(u,v)+aqug; (u,v)+Kv),
where 7 € [0,1], ¢1(u,v) = fi(z—(1+c)u—v), ga(u,v) = fa(z—(1+c)u—v)e #*, and
K is large enough such that K+a(1—q—k)g1 (u,v) > 0 and K+7bga(u,v)—aquK; > 0
(K is given in section 3) for all (u,v) € Dy and 7 € [0,1]. Clearly, F, is a compact
and continuously differentiable operator. Moreover, it follows from Lemma 4.5 that
there exists M > 0 large such that if 4 > M and a € [A\1/(1 — q — k), A], then any
positive solution (u,v) of (EP) is close to ((1—g— k)9, ¢¥). Hence, (u,v) € Dy fora €
[\1/(1—q—k), Al and 1 > M. Namely, if a € [\;/(1—q—Fk), A] and p > M, then (u,v) is
a positive solution of (EP) if and only if it is a fixed point of F} in D;. Again by Lemma
4.5, F, has no fixed point on dD; for a € [A1/(1 —q — k), A] and p > M. Therefore,
indexyy (F-, D1) = const. In particular, indexw (Fy, D1) = indexw (Fp, D1). It is easy
to show that Fy has a unique fixed point ((1—g—k)¥, ¢9) in Dy and indexyy (Fo, D1) =
indexw (Fo, (1 — g — k)9, ¢9¥9)) = 1. Hence, indexy (Fy, D1) = 1.
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As mentioned before, from Lemma 4.6, we know that, for p > M and a €
[5\1 /(1 —q—k), A], all fixed points of F} in D; are nondegenerate and linearly stable.
Hence by a compactness argument it is easy to show that there are at most finitely
many fixed points of Fy, which are denoted by {(u;,v;)}? ;. By Lemma 4.6 again,
indexw (A, (u;,v;)) = 1. In view of the additivity property of the fixed point index,
we have for a € [A\;/(1 — ¢ — k), 4]

n = ZindexW(Fl, (u,v;)) = indexw (Fy, D1) = 1.
i=1

Hence for ;> M and a € [\ /(1 —q—k), A], (EP) has only a unique positive solution
and it is stable. The proof of Theorem 1.2 is completed. ]

Next we wish to establish Theorem 1.3, but first we give the following lemma,
which is crucial in proving Theorem 1.3.

LEMMA 4.7. There exists € > 0 small such that if \/(1 —q—k) —e < a <
M/(1—q—k), then (4.2) has a unique positive solution.

Proof. Here, we prove this lemma by the local bifurcation theorem of Crandall
and Rabinowitz [3]. We regard a as the bifurcation parameter and try to construct a
positive solution branch from the semitrivial nonnegative solution branch {(a,0,9) :
a€RT}

After some standard calculations, we obtain that (A /(1—g—k),0,0) is a bifurca-
tion point. Close to this bifurcation point, (4.2) has a positive solution (a(s), s(¢1 +
B(s)),0+s(x1+U(s)) (0 < s < 1), where a(0) = A\, /(1—g—k), x1 = beLy MO fa(z—
0)¢1) < 0,2(0) = ¥(0) = 0. Putting this positive solution into the first equation of
(4.2), dividing by s, and differentiating with respect to s, it follows that the derivative
of a(s) with respect to s at s = 0 is less than 0. That is, a’(0) < 0, which implies
the positive solution bifurcation branch is to the left. Namely, there exists ¢ > 0
sufficiently small such that if A; /(1 —qg—k)—e < a < A /(1 —q—k), then (4.2) has a
positive solution with the form of (a(s), s(¢1 + ®(s)),0 + s(x1 + ¥(s))) (0 < s < 1).
Furthermore, it is unique as long as € is sufficiently small. In fact, it is also unstable.
We leave the proof of this assertion to the reader. O

Proof of Theorem 1.3. First we show that for large p (EP) has a unique asymp-
totically stable positive solution which is close to ((1 — ¢ — k)¢, ¢%). In fact, if we
choose 6 > 0 small enough in Lemma 4.6, then by Lemma 4.6 any positive solution
of (EP) close to ((1 — ¢ — k)¥, ¢¥) is nondegenerate and linearly stable. Next, by a
simple variant of the proof of part (ii) of Theorem 1.2, we can find that (EP) has only
one positive solution of type (a), and it is asymptotically stable.

On the other hand, we can show that (EP) has a unique unstable positive solution
of type (b). If this assertion holds, then by Lemma 4.6 our proof is completed. Hence,
our main task is to establish this assertion.

Suppose (u,v) is a positive solution of type (b) of (EP). It follows from Lemmas
4.6 and 4.7; (pu,v) is close to (w,v), where (w,v) is the unique positive solution of
(4.2). Hence to prove the uniqueness, it suffices to show that, for a € [A,/(1 — ¢ —
k) —eo, A\ /(1 —q—k)) and p > My, there is a unique pair (pu,v) close to (w,v) for
certain €g and M.

Set 4 = pu, e = i, and consider the following problem with the usual boundary
conditions

(4.9) di +a(l1 —q—k)afi(z — (1+c)et —v) =0, x € (0,1),
’ dv” +bufa(z — (14 c)eti — v)e " + agetf,(z — (1 + ¢)et — v) = 0.
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Clearly, (u,v) is a solution of (EP) if and only if (uu,v) is a solution of (4.9) with
€ = 1/p. Thus it suffices to prove the uniqueness of (4.9). For fixed € > 0, regarding
a as a bifurcation parameter, we see that (A, /(1 —q—k),0,6) is a simple bifurcation
point of (4.9). By virtue of a variant of Theorem 1 in Crandall and Rabinowitz [2],
there exists §; > 0 and C! curves

Te = {(ale, s),a(e, s),v(e, 8)) : 0 < s < b1}, 0<e<éy,

such that if 0 < e < &y, then all positive solutions of (4.9) close to (A, /(1—g—Fk), 0, 6) =
(a(0,0),4(0,0),v(0,0)) lie on the curve T'.. Hence, we need show only that for fixed

e, T uniformly cover an a-range: a € [\1/(1 —q—k) — €0, \1/(1 — ¢ — k)) only once
for suitably chosen ¢j. It is easy to obtain

@(070)_ 5\1f01¢1f{(2— 0)x1
Os (1—q—k) [y $3f1(2—0)

based on x; = L; ' (beff2(z — 0)¢1) < 0. By taking & small, we may assume that
%(e,s) <0 for 0 <e¢,s < 6. Hence :\1/(1 —q—k)—a(0,61) = a(0,0) — a(0,61) > 0.
Since a(e, s) is continuous, there exists § € (0,6;] such that ey = ming<c<s(A; /(1 —
q— k) —a(e,6,)) > 0. Therefore, if @ > A\ /(1 — g — k) — €0, then a(e,8,) < a for
any € € [0,6]. This shows that for each e € [0,6], I'c covers the a-range [A;/(1 —
q—k) — €0, A /(1 — q — k)). Moreover, since %(e s) < 0 for 0 < €8 < 6, each
curve covers the range only once. By taking My = 1/6, we see that, for u > My and
M/(1—q—k)—e <a<A/(1—q—Fk), (EP) has exactly one positive solution of
type (b).

It remains to show the instability. A simple computation shows that 7 is an
eigenvalue of the linearization of (EP) at (u,v) with eigenfunction (¢, ) if and only if
it is an eigenvalue of that of (4.9) with e = 1/p at (pu,v) with eigenfunction (ud, ).
Hence it suffices to show that the linearization of (4.9) has a negative eigenvalue at
any point on the bifurcation curves I'.. This follows from a simple application of a
variant of Theorem 1.16 in Crandall and Rabinowitz [3]. More precisely, by Lemma
1.3 in [3], we can obtain a variant of Corollary 1.13 there. That is, there exist 7 > 0
and C! functions v : (A /(1 —q—k) — 7, A1 /(1 —q—k)+7) x (—7,7) — R! and
B:(—7,7) x (=7,7) — R! such that v(a,€) is a simple eigenvalue of the linearization
of (4.9) at (a,0,0) and (s, ¢€) is a simple eigenvalue of the linearization of (4.9) at
(a,u,v) = (ale, s),a(e, s),v(e, s)) with 0 < e, s < 7. Moreover, v(A1 /(1 — q — k), ¢) =
5(0,€) = 0. It is easy to check that, in fact, y(a,€) is a simple eigenvalue of

d¢" +a(l —q—k)pfi(z —0) = —v(a,€)p

with the usual boundary conditions. Hence, %(;\1/(1 —q—k),e) < 0 because of
the monotone property. Then it follows from Theorem 1.16 in [3] that ((s,0) ~
~592(0,5) 22 (A1 /(1 — ¢ — k),0) for 0 < s < 1, which implies 3(s,0) < 0 and
the pObltlve “solution of type (b) of (EP) is unstable. This completes the proof of
Theorem 1.3. 0

5. Numerical simulation. In this section, we present some results of our nu-
merical simulations that complement the analytic results of the previous sections. All
computations in this section are performed with Matlab.
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Fi1G. 1. Effect of p: (a) and (b) are the bifurcation diagrams of u and v, respectively, with
respect to p with the parameters a = 4,b = 1.5. Here the two solid lines in (a) and (b) represent
the L' norm of components u and v of the stable coexistence solution (u,v), respectively. The two
dashed lines in (a) and (b) represent the L' norm of components 0 and 0 of the unstable semitrivial
nonnegative solution (0,0), respectively. Similarly, the pair of (c) and (d) and the pair of (e) and
(f) are the bifurcation diagrams of u and v, respectively, with respect to p all with a = 2.5,b = 5.
Here solid lines denote the stable solutions and dashed lines represent the unstable solutions. Note
that p € [10,15] in (c¢) and (d) and that p € [100,500] in (e) and (f). The aim of plotting in the
above domain is to explicitly show the change tendency of u and v.

Several parameters are common for all simulations: the diffusion rate d = 1.0 and
parameters k1 = 1,ko = 1.1,v = 1,q = 0.1, and &k = 0.2. The other parameters are
varied in order to illustrate different outcomes. In Figures 1 and 2, the vertical axis
is the Ly norm of u or v. In Figures 3 and 4, the coexistence solutions to (PP) are

plotted.
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F1G. 2. Bifurcation diagrams with respect to a: (a) and (b) with up = 50,b =5 and (c) and (d)
with p = 100,b = 5 also represent the bifurcation graphs of u and v with respect to a, respectively.
Here solid lines denote the stable solutions and dashed lines represent the unstable solutions.

Fi1c. 3. Two coezistence solutions of (PP) with p = 1,a = 6.4,b = 5. This indicates (PP) also

has two coexistence solutions when p is not large.

The simulations presented below illustrate the following major outcomes of the
plasmid-bearing and plasmid-free competition in the unstirred chemostat with an

internal inhibitor.
(1) If u is a better competitor than v, there exists only a unique globally stable

coexistence state of (PP) for any > 0 (see Figures 1(a) and 1(b)). That is, if u is a
better competitor, then it cannot eliminate its competitor but forces the existence of
a coexistence state. This reflects the difference between the plasmid model and the

standard competition model in the chemostat.
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Fi1Gc. 4. The difference between the plasmid model and the standard chemostat competition
model in the presence of inhibitor: (a) and (b) with ¢ = 0, (c) and (d) with ¢ = 0.01, (e) and (f)
with ¢ = 0.1, and (g) and (h) with ¢ = 0.2. Here a = 2.5,b = 5,4 = 50. The simulations suggest
that for large p the plasmid model (¢ > 0) has two coexistence solutions; one asymptotically stable,
(c), (e), and (g) with ¢ = 0.01,0.1,0.2, respectively, and the others unstable, (d), (f) and (h) with
q = 0.01,0.1,0.2, respectively. However, the basic chemostat model (q = 0) seems to have only one
unstable coezistence solution, (b). Moreover, when ¢ — 0+, the stable coezistence solution of (PP)
goes to the semitrivial nonnegative solution (¢,0), (a).
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(2) If uw is a weaker competitor than v, then there exists a unique number p* > 0
such that if g < p* there is no coexistence state of (PP) and the semitrivial non-
negative solution (0, @) is globally stable; if ;1 > p* there are exactly two coexistence
states of (PP) (see Figures 1(c)—(f)). One is asymptotically stable, and the theoretical
results and plenty of numerical analysis strongly suggest the other coexistence state
is the most possibly unstable. Namely, if v is the better competitor, then it will elim-
inate u unless the effect of the inhibitor is sufficiently large, reflected by the condition
w > p*. This result exactly indicates that the inhibitor can help the genetically al-
tered (plasmid-bearing) organism to avoid capture of the process by the plasmid-free
organism.

(3) If w is sufficiently large and b suitably large, then there exists a unique constant

a, > 17’\61717,6 such that (PP) has exactly two coexistence states for a, < a < (1:\(1717@:
one asymptotically stable and the other (most possibly) unstable. Meanwhile, the

semitrivial nonnegative solution (0, ) is stable as well. But for a > (1—):171—/%)7 (PP)
has only a unique coexistence state, and it is asymptotically stable (see Figure 2).
The simulations indicate that it is also globally stable, but we cannot give a rigorous
proof. Furthermore, a, goes to 17’\(117 + When p1 — oo, which is just consistent with our
analytic outcomes.

(4) In fact, (PP) may also have two coexistence states in the case that p is not large
enough. For example, taking the parameters p = 1,a = 6.4, and b = 5 and the same
parameters as above, (PP) has two positive solutions; see Figure 3. Moreover, the
simulations also suggest that the coexistence solution in Figure 3(a) is asymptotically
stable and the coexistence solution in Figure 3(b) is (most possibly) unstable.

(5) We discuss the difference between the plasmid model and the standard chemo-
stat competition model in the presence of inhibitor. In (1), we mention the difference
between the above two kinds of chemostat models when the plasmid-bearing organism
is a better competitor. Here, we mainly concentrate on the case that the plasmid-
bearing organism is a weaker competitor than the plasmid-free organism. It is easy to
see that the introduction of the plasmid-free organism destroys the competitive prop-
erty of the system. However, it is this property of the plasmid model that leads to the
complex dynamical behavior. Now, numerical simulations help us understand this; see
Figure 4. Take the parameters a = 2.5,b = 5, and p = 50 and the same parameters
as before except that ¢ = 0,0.01,0.1,0.2 for Figures 4(a)—(h). Simulations convince
us that when the effect of the inhibitor is very large, represented by large u, if ¢ = 0,
that is, for the standard chemostat model with inhibitor, there is only one positive
coexistence solution (see Figure 4(b)). Moreover, both the analytic results and many
numerical simulations convince us that it is unstable. But once ¢ > 0, the plasmid
model has one asymptotically stable coexistence solution (see Figures 4(c), 4(e), 4(g))
and one (most likely) unstable coexistence solution (see Figures 4(d), 4(f), 4(h)).

Appendix A. In this section, we give the proof of Lemma 3.2.

Proof. (i) Let y = (0,0). By computation W, = {(u,v) € X : v > 0,v > 0},
Sy = (0,0). Hence X, = X, and Q = I ([ is the identity operator in X). We first
examine the eigenvalues of A’(0,0), where .A’(0,0) is the Fréchet derivative of A with
respect to (u,v) at (0,0). By direct computation,

A(0,0)(u, v) = (—dd2 + M) -

dxz?
x (a(l = ¢ — k)ufi(z) + Mu, bufa(z) + Mv + aqufi(z))
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for each (u,v) € X. Hence an eigenvector (u,v) of A’(0,0) satisfies

—du:: + Mu = 1(a(l — q— k) f1(z) + M)u,
—dv + Mv = 5((bf2(2) + M)v + aqufi(2)),
' (0) = v (1) +yu(l) =0, v'(0) ='(1) +~vv(1) = 0.

It is easy to see that I — A’(0,0) is invertible in W, since a # A1/(1 — ¢ — k) and
b # g1.
If u = 0, then X is an eigenvalue of

" 1
(A1) —dv + Mv = X(be(Z) + M)v, v'(0) =" (1) + yv(1) = 0.
Let 777 be the principal eigenvalue of

—dw” = bfs(2)w = mw, W' (0)=w(1)+yw(1)=0.

Then 3 > 0if b < o1, and 91 < 0 if b > o;. It follows from Lemma 2.3 that
if b < o1, then (A.1) has no eigenvalue larger than or equal to 1; if b > o7, then
(A.1) has eigenvalues larger than 1. Namely, .A’(0,0) has no eigenvalue larger than
or equal to 1 with the corresponding eigenvector of the form (0,v) if b < o1; A’(0, 0)
has eigenvalues larger than 1 with the corresponding eigenvector of the form (0,v) if
b>o.

If w # 0, then A is an eigenvalue of

' Mu = S (a(l— g - KA + M, /(0) = /(1) +yu(l) =0.

By Lemma 2.3, we know that if a < A\;/(1 — ¢ — k), then A’(0,0) has no eigenvalue
larger than or equal to 1 with the associated eigenfunction (u,v), where u # 0; if
a > A\/(1—q—k), then A’'(0,0) has eigenvalues larger than 1 with the associated
eigenfunction (u,v)(u # 0). Hence, by Theorem 2.2 in [26], indexy (A4, (0,0)) = 1 if
a<A/(1—-q—k)and b < o1, and indexy (A, (0,0)) =0ifa > A\ /(1 —qg—k) or
b>o;.

(ii) Let y = (0,0). By computation,

Wy ={(u,v) € X :u >0}, S, ={(0,v) : v e Cp([0,1])}.

Define X, = {(u,0) : w € Cp([0,1])}. Then X = S, & X, with projection @ given
by (u,v) — (u,0). We first determine the existence of indexyy (A, (0,6)). Let A’(0, 6)
denote the Fréchet derivative of A with respect to (u,v) at (0,6). Then

A(0,0)(u, v) = ((—dj; + M) B glu,v), <—dj;2 + M) - (ha (1, v) + ho(u, v)))

for (u,v) € X, where

g(u,v) = (a1 —q—k)f1(z — 0) + M)u,
hi(u,v) = (=b(1 + )0 f5(2 — 0) — bucd f2(z — 0) + aqfi(z — 0))u,
ha(u,v) = (b(f2(z — 0) — 0f3(z — 0)) + M)ov.

Let (u,v) € W, be a fixed point of A’(0,6). Then (u,v) satisfies

dull: +a(l—qg—Fk)ufi(z—0) =0,
dv +b(fa(z—0) —0f5(z—0))v
— (b1 + )B4z — 6) + buchfal= — 6) — agfi(= — B)u.
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Clearly, if a # M /(1 — q — k), then uw = v = 0. That is, I — A(0,6) is invertible
in W, and indexw (A, (0,0)) is well defined. Next, we consider the eigenvalues of
Q o A’(0,0). By virtue of definition Q(u,v) = (u,0), every eigenvector of @ o .A’(0,6)
has the form (u,0), where u is a nonzero solution of the equation

—du” + Mu = §<a(1 —q=k)fi(z = 0)+ Myu,  '(0) =u'(1) +yu(1) = 0.

Let 1 be the first eigenvalue of
—dw — a(l—qg—kwfi(z—0) =nuw, W'(0) = W'(1) + yw(1) = 0.

Then 7 > 0 if a < :\1/(1 —q—k);m<0ifa> ;\1/(1 —q — k). Tt follows from
Lemma 2.3 that @ o A’(0,0) has no eigenvalue larger than or equal to 1 if a <
M/(1—q—k); Qo A0,0) has an eigenvalue larger than 1 if a > A /(1 — ¢ —
k). In view of Theorem 2.2 in [26], indexyw (A, (0,0)) = 0 if a > A\ /(1 — q — k);
indexy (A, (0,0)) = indexg, (A'(0,0),(0,0)) = (-1) if a < A\ /(1 — g — k). Here o
is the sum of multiplicities of the eigenvalues X of A’(0,6) restricted in S, such that
A>1

It remains to prove that indexyy (A, (0,6)) =1 for a < Ay /(1 — ¢ — k). Tt suffices
to show ¢ = 0. Suppose A is an eigenvalue of A’(0,6) in S, with the corresponding
eigenvector (u,v). Then u = 0 and v is a nonzero solution of the equation

(A2) —dv +Muv= %(b(fg(z—e)—9f§(z—9))+M)v, v’ (0) = v/ (1)47v(1) = 0.

It follows from Lemma 2.3 that (A.2) has no eigenvalue larger than or equal to 1,
which implies o = 0 and indexy (A, (0,6)) = indexg, (A’(0,6), (0,0)) = 1. The proof
of this lemma is completed. |
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