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MODIFIED GRAM-SCHMIDT (MGS), LEAST SQUARES,
AND BACKWARD STABILITY OF MGS-GMRES*
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Abstract. The generalized minimum residual method (GMRES) [Y. Saad and M. Schultz, STAM
J. Sci. Statist. Comput., 7 (1986), pp. 856-869] for solving linear systems Az = b is implemented
as a sequence of least squares problems involving Krylov subspaces of increasing dimensions. The
most usual implementation is modified Gram—Schmidt GMRES (MGS-GMRES). Here we show that
MGS-GMRES is backward stable. The result depends on a more general result on the backward
stability of a variant of the MGS algorithm applied to solving a linear least squares problem, and uses
other new results on MGS and its loss of orthogonality, together with an important but neglected
condition number, and a relation between residual norms and certain singular values.
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1. Introduction. Consider a system of linear algebraic equations Az = b, where
A is a given n X n (unsymmetric) nonsingular matrix and b a nonzero n-dimensional
vector. Given an initial approximation xg, one approach to finding z is to first compute
the initial residual rg = b — Axg. Using this, derive a sequence of Krylov subspaces
Kir(A,r0) = span{rg, Arg,..., A*¥"1rg}, k = 1,2,..., in some way, and look for ap-
proximate solutions xy € x¢ + K (A, 7). Various principles are used for constructing
Zk, which determine various Krylov subspace methods for solving Az = b. Similarly,
Krylov subspaces for A can be used to obtain eigenvalue approximations or to solve
other problems involving A.

Krylov subspace methods are useful for solving problems involving very large
sparse matrices, since these methods use these matrices only for multiplying vectors,
and the resulting Krylov subspaces frequently exhibit good approximation proper-
ties. The Arnoldi method [2] is a Krylov subspace method designed for solving the
eigenproblem of unsymmetric matrices. The generalized minimum residual method
(GMRES) [20] uses the Arnoldi iteration and adapts it for solving the linear system
Ax = b. GMRES can be computationally more expensive per step than some other
methods; see, for example, Bi-CGSTAB [24] and QMR [9] for unsymmetric A, and
LSQR [16] for unsymmetric or rectangular A. However, GMRES is widely used for
solving linear systems arising from discretization of partial differential equations, and
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as we will show, it is backward stable and it does effectively minimize the 2-norm of
the residual at each step.

The most usual way of applying the Arnoldi method for large, sparse unsymmetric
A is to use modified Gram-Schmidt orthogonalization (MGS). Unfortunately in finite
precision computations this leads to loss of orthogonality among the MGS Arnoldi
vectors. If these vectors are used in GMRES we have MGS-GMRES. Fortunately,
experience suggests that MGS-GMRES succeeds despite this loss of orthogonality; see
[12]. For this reason we examine the MGS version of Arnoldi’s algorithm and use this
to show that the MGS-GMRES method does eventually produce a backward stable
approximate solution when applied to any member of the following class of linear
systems with floating point arithmetic unit roundoff € (o means singular value):

(1.1) Az =b#0, AcR"™™, bER", 0min(A) > n’e||AlF;

see also the appendix. The restriction here is deliberately imprecise; see below. More-
over we show that MGS-GMRES gives backward stable solutions for its least squares
problems at all iteration steps, thus answering important open questions. The proofs
depend on new results on the loss of orthogonality and backward stability of the MGS
algorithm, as well as the application of the MGS algorithm to least squares problems,
and a lot of this paper is devoted to first obtaining these results.

While the kth step of MGS produces the kth orthonormal vector vy, it is usual
to say vy is produced by step k—1 in the Arnoldi and MGS-GMRES algorithms. We
will attempt to give a consistent development while avoiding this confusion. Thus
step k—1 of MGS-GMRES is essentially the kth step of MGS applied to [b, AVj_1] to
produce vy in [b, AVi_1] = Vi Ri, where Vi, = [v1,...,vg] and Ry is upper triangular.
In practice, if we reach a solution at step m—1 of MGS-GMRES, then numerically b
must lie in the range of AV;,_1, so that B,, = [b, AV,,,_1] is numerically rank deficient.
But this means we have to show that our rounding error analysis of MGS holds for
rank deficient B,,—and this requires an extension of some results in [5].

In section 2 we describe our notation and present some of the tools we need which
may be of more general use. For example we show the importance of the condition
number £p(A) in (2.1), prove the existence of a nearby vector in Lemma 2.3, and
provide a variant of the singular value-residual norm relations of [17] in Theorem 2.4.
In sections 3.1-3.2 we review MGS applied to nxm B of rank m, and its numerical
equivalence to the Householder QR reduction of B augmented by an m x m matrix
of zeros. In section 3.3 we show how the MGS rounding error results extend to the
case of m > n, while in section 4 we show how these results apply to the Arnoldi
algorithm. In section 5 we analyze the loss of orthogonality in MGS and the Arnoldi
algorithm and how it is related to the near rank deficiency of the columns of B or its
Arnoldi equivalent, refining a nice result of Giraud and Langou [10] and Langou [14].
Section 6 introduces the key step used to prove convergence of these iterations. In
section 7.1 we prove the backward stability of the MGS algorithm applied to solving
linear least squares problems of the form required by the MGS-GMRES algorithm, and
in section 7.2 we show how loss of orthogonality is directly related to new normwise
relative backward errors of a sequence of different least squares problems, supporting
a conjecture on the convergence of MGS-GMRES and its loss of orthogonality; see
[18]. In section 8.1 we show that at every step MGS-GMRES computes a backward
stable solution for that step’s linear least squares problem, and in section 8.2 we show
that one of these solutions is also a backward stable solution for (1.1) in at most n+1
MGS steps.
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The restriction on A in (1.1) is essentially a warning to be prepared for difficulties
in using the basic MGS-GMRES method on singular systems; see, for example, [6, 23].
The imprecise nature of the condition (using >> instead of > with some constant) was
chosen to make the presentation easier. A constant could be provided (perhaps closer
to 100 than 10), but since the long bounding sequence used was so loose, it would
be meaningless. The appendix suggests that the form n%e||A||r might be optimal,
but since for large n rounding errors tend to combine in a semirandom fashion, it is
reasonable to replace n? by n, and a more practical requirement than (1.1) might be

(1.2) For large n, nellA||p/omin(A4) < 0.1.

2. Notation and mathematical basics. We describe the notation we will use,
together with some generally useful results. We use “=” to mean “is defined as” in
the first occurrence of an expression, but in any later occurrences of this expression
it means “is equivalent to (by earlier definition).” A bar above a symbol will denote
a computed quantity, so if V} is an ideal mathematical quantity, V} will denote its
actual computed value. The floating point arithmetic unit roundoff will be denoted
by e (half the machine epsilon; see [13, pp. 37-38]), I,, denotes the nxn unit matrix,
e; will be the jth column of a unit matrix I, so Be; is the jth column of B, and
B;.; = [Be;,...,Be;]. We will denote the absolute value of a matrix B by |B], its
Moore-Penrose generalized inverse by BY, || - || will denote the Frobenius norm, o (-)
will denote a singular value, and k2(B) = 0max(B)/0min(B); see (2.1) for &p(-).
Matrices and vectors whose first symbol is A, such as AV}, will denote rounding error
terms. For the rounding error analyses we will use Higham’s notation [13, pp. 63-68]:
¢ will denote a small integer > 1 whose exact value is unimportant (¢ might have
a different value at each appearance) and v, = ne/(1 — ne), 3, = éne/(1 — éne).
Without mentioning it again, we will always assume the conditions are such that the
denominators in objects like this (usually bounds) are positive; see, for example, [13,
(19.6)]. We see 7,,/(1 — 4,,) = éne/(1 — 2¢ne), and might write 4,,/(1 — 7,) = 4., for
mathematical correctness, but will refer to the right-hand side as 7,, thereafter. F,,,
Em, E,, will denote matrices of rounding errors (see just before Theorem 3.3), and
|Eme;jll2 < v||Bejl|2 implies this holds for j = 1,...,m unless otherwise stated.

Remark 2.1 (see also the appendix). An important idea used throughout this
paper is that column bounds of the above form lead to several results which are
independent of column scaling, and we take advantage of this by using the following
condition number. Throughout the paper, D will represent any positive definite
diagonal matrix.

The choice of norms is key to making error analyses readable, and fortunately
there is a compact column-scaling-independent result with many uses. Define
(2.1) k()= min JAD|lr/0min(AD).

This condition number leads to some useful new results.

LEmMMA 2.1. If E and B have m columns, then for any positive definite diagonal

matriv D: |Ee;lla < 1|Bejla, j=1,...,m, = [ED||p < | BD||r;
|Ee;ll2 < 7| Bejlla for j =1,...,m and rank(B) =m = |EB'|r < vkp(B).
With the QR factorization B = Q1 R, this leads to |ER™Y||r < vir(B) = vir(R).

Proof. || Be; 2 < | Be, |z implies | EDe; |2 < | BDe,lls s0 |ED|x < |[BD|r-

For B of rank m, (BD)! = D™'Bf, |(BD)||y = ¢,,} (BD), and so

1EBY|p = |ED(BD)!|lp < ||ED|F|(BD) |2 < 4|BD|lp/0min(BD).
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Since this is true for all such D, we can take the minimum, proving our results. ]
LEMMA 2.2. If m x m R is nonsingular and PT P, = I in PLR = B + E, and
vEp(B) <1, then

1Eejllz <Al Bejll2, j=1,....m,= [|[ER™ | < vip(B)/(1 - vip(B)).

Proof. For any D in (2.1), ||Eej|l2 < 7| Bejll2 = [[ED|r < v||BD||F, and then
Omin(RD) > 0pin(BD) —~||BD||F, so |[ER™Y|r = ||[ED(RD)~ || is bounded by
VBD|[r VBD|r/omin(BD)

ED|¢||(RD)™ |2 < = .
IEDIeIRE) e < Dy A [BD ~ 1= 11BD]r/omn(BD)

Taking the minimum over D proves the result. 0

Suppose V,, = [01,...,0,,] is an nxm matrix whose columns have been compu-
tationally normalized to have 2-norms of 1, and so have norms in [1—4,, 14+7,]. Now
define V,, = [01,...,0m) where 9 is just the correctly normalized version of v;, so

(2.2) Vin = V(I + A, A, = diag(vy), where |vj| <Fn, j=1,...,m;
VIV = ViV + VIV Ay + A VIV + A VIV, Ay,
Vi Vin = Vi Vin | 2/ 1Vin Vil < 30 (2 + Fn) = 3,

From now on we will not document the analogues of the last step ﬁn(2_—|— Fn) = A5, but

finish with <, In general it will be as effective to consider V,;, as V,,,, and we will
develop our results in terms of V,,, rather than V,,. The following will be useful here:

23) Vi, Inlll3 = 1+ Vin Vil ll2 = 1+ Vi Vil ll2 = 14 Vi |13 < 14|Vl = 14m.

Lemma 2.3 deals with the problem: Suppose we have d € R™ and we know for
some unknown perturbation f € R("+") that Hm —|—fH = p. Is there a perturbation
2

g of the same dimension as d, and having a similar norm to that of f, such that
ld + gll2 = p also? Here we show such a g exists in the form g = Nf, [|[N|2 < v/2.
LEMMA 2.3. For a given d € R" and unknown f € R(™T™)  if

[d ffg] = m +f=pp= Bj p,  where |]plla =1,

then there exists 0 < o <1, v € R™ with ||v|2 = 1, and nx (m+n) N of the form

(2.4) N = [v(1+0) 'pT 1),

(2.5) so that d+ Nf=wp.

@) msgves | [ o] <+ NR=p 1<V < VR
2

Proof. Define o = ||p2]l2. If 0 = 0 take any v € R™ with ||v]]2 = 1. Otherwise
define v = py /o so ||v||z2 = 1. In either case ps = vo and pf'p; = 1 — 0. Now define
N asin (2.4), so

d+Nf=d+v(l+0) " pil3p+ fa = p2p+v(1 —0)p = vp,
NNT =T +v(1+0)7%(1 — 0?7,
L<|IN|3=|INNTla =1+ (1-0)/(140) <2,

proving (2.5) and (2.6). 0
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This is a refinement of a special case of [5, Lem. 3.1]; see also [13, Ex. 19.12].
The fact that the perturbation g in d has the form of N times the perturbation f is
important, as we shall see in section 7.1.

Finally we give a general result on the relation between least squares residual
norms and singular values. The bounds below were given in [17, Thm. 4.1] but
subject to the condition [17, (1.4)] that we cannot be sure will hold here. To prove
that our results here hold subject to the different condition (1.1), we need to prove a
related result. In order not to be too repetitive, we will prove a slightly more general
result than we considered before, or need here, and make the theorem and proof brief.

THEOREM 2.4. Let B € R™** have rank s and singular values o1 > --- > o4 > 0.
For 0 # ¢ € R™ and a scalar ¢ > 0, define § = Bic, # = c— By, 0(¢) = 0541([co, B]),
and 8(p) = 0(¢)/os. If 7 # 0, then o(p) > 0. If po = os/||c||, then for all ¢ € [0, o)
we have 0 < §(¢) < 1. Finally, for all ¢ > 0 such that 6(¢) < 1, we have

R R e

Proof. # is the least squares residual for By =~ ¢, so ¢ # 0 means [c¢, B] has
rank s+1 and o(¢) > 0. If 0 < ¢ < ¢, then |lco| < |lego|| = 05, so via Cauchy’s
interlacing theorem, 0 < 0(¢) = 0s41([cp, B]) < 05, giving 0 < §(¢) < 1. Using the
singular value decomposition B = W diag(%,0)Z7, WT = W1, ZT = Z~1 write

01 a1 1
T _|a1 > 0 _ . _ . ~ hM al
VV[C,BZ]L2 0 0}, 3= i , a; = ; ,yZ{ 0 }
Then it can be shown (see, for example, [26, (39.4)], [17, (2.6)], [15, pp. 1508-10], e

al.) that for all ¢ such that ¢ > 0 and 6(¢) < 1, o(¢) is the smallest root of
a; /O’
Plo72+ Z 502 ]

s 2 s 2 2 ~112
5 2 af _ 2/o? /O’ _ 19115
ut I913 =305 < 31577 _Z 2o = 1-8%(3)

=1 i=1

I7]]* =

/\

while 6(¢) = 0(¢)/os < 1, and the result follows. d
We introduced ¢ to show §(¢) < 1 for some ¢ > 0. For results related to
Theorem 2.4 we refer to [15, pp. 1508-1510], which introduced this useful value ¢y.

3. The modified Gram—Schmidt (MGS) algorithm. In order to under-
stand the numerical behavior of the MGS-GMRES algorithm, we first need a very
deep understanding of the MGS algorithm. Here this is obtained by a further study
of the numerical equivalence between MGS and the Householder QR factorization of
an augmented matrix; see [5] and also, for example, [13, section 19.8].

We do not give exact bounds but work with terms of the form 7, instead; see
[13, pp. 63-68] and our section 2. The exact bounds will not even be approached for
the large n we are interested in, so there is little reason to include such fine detail. In
sections 3.1-3.3 we will review the MGS-Householder equivalence and extend some of
the analysis that was given in [5] and [13, section 19.8].
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3.1. The basic MGS algorithm. Given a matrix B € R™*™ with rank m < n,
MGS in theory produces V,,, and nonsingular R,, in the QR factorization

(3.1) B=V,R,, Verm =1, R,, upper triangular,

where V,,, = [v1,...,0n], and m x m R,, = (p;;). The version of the MGS al-
gorithm which immediately updates all columns computes a sequence of matrices
B =BW B® . BM+) =V, e R™™ where B® = [vy,...,0:_1,0",...,b7)].

Here the first (i—1) columns are final columns in V;;,, and bgi), R b\ have been made
orthogonal to vy,...,v;_1. In the ith step we take
(3.2) Pii 1= ||b£i)||2 #0 since rank(B) =m, wv; = bgi)/pii,
and orthogonalize bgl, RN bS,? against v; using the orthogonal projector I — v;v]
i i+1 i .
(3.3) Pij ::vin§), b§+)::b§)fvip,-j, j=i+1,...,m.

We see B = BUTD R where R has the same ith row as R,, but is the unit
matrix otherwise. Note that in the mth step no computation is performed in (3.3),
so that after m steps we have obtained the factorization

(3.4) B =BW = B@RMD = BB R@RML — pm+Hpm) ... pgM) _ v R,

where in exact arithmetic the columns of V,,, are orthonormal by construction.
This formed R, a row at a time. If the jth column of B is only available after
v;_1 is formed, as in MGS-GMRES, then we usually form R,, a column at a time.

This does not alter the numerical values if we produce p; j, b§-2); P25, b§-3); etc.
It was shown in [3] that for the computed R, and V,,, in MGS

(3.5) B+ E=VaRu, |E|2<ci(m,n)e|Bllz, 1=V Vinllz < c2(m, n)erz(B),

where ¢;(m, n) denoted a scalar depending on m, n and the details of the arithmetic.
We get a deeper understanding by examining the MGS-Householder QR relationship.

3.2. MGS as a householder method. The MGS algorithm for the QR factor-
ization of B can be interpreted as an orthogonal transformation applied to the matrix
B augmented with a square matrix of zero elements on top. This is true in theory
for any method of QR factorization, but for Householder’s method it is true in the
presence of rounding errors as well. This observation was made by Charles Sheffield
and relayed to the authors of [5] by Gene Golub.

First we look at the theoretical result. Let B € R™ ™ have rank m, and let
O, € R™*™ be a zero matrix. Consider the QR factorization

= _ |Om]| _ Rl _ |Pu Pi2| |R T _ p—1
ool B

Since B has rank m, Py is zero, P51 is an n X m matrix of orthonormal columns, and,
see (3.1), B = V,,, R, = P»1 R. If upper triangular R,, and R are both chosen to have
positive diagonal elements in BB = RL R,, = RTR, then R,, = R by uniqueness,
$0 Py; = Vj, can be found from any QR factorization of the augmented matrix B.
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The last n columns of P, are then arbitrary up to an n x n orthogonal multiplier, but
in theory the Householder reduction produces, see [5, (2.7)—(2.8)], the (surprisingly
symmetric) orthogonal matrix

On VT

showing that in this case P,, is fully defined by V,,.

A crucial result for this paper is that the Householder QR factorization giving (3.6)
is also numerically equivalent to MGS applied to B. A close look at this Householder
reduction, see, for example, [5, (2.6)—(2.7)], shows that for the computed version

(3'8) 7T£Ep(m).'.p(l)’ P<]>:Iﬁﬁ]ﬁ3"7 ﬁ]|:_ .:|7 j:]‘?""m7

where the ©; are numerically identical to the computed 9, in (3.2), so for example after
the first two Householder transformations, our computed equivalent of P(?) PV B is

P11 P12 P13 P1m ]

0 P22 pa3 P2m
0 0 0 0
59 o .
0 0 0 0

o o Y b |

where the p;;, and 131(3 ) are also numerically identical to the corresponding computed

values in (3.2) and (3.3). That is, in practical computations, the v;, p;i, and chj) are

identical in both algorithms; see [5, p. 179]. Note that the jth row of R,, is completely
formed in the jth step and not touched again, while 135-3 ) is eliminated.

3.3. MGS applied to n xm B with m > n. The paper [5] was written
assuming that m <n and nxm B in (3.1) had rank m, but it was mentioned in
[5, p. 181] that the rank condition was not necessary for proving the equivalence
mentioned in the last paragraph of section 3.2 above. For computations involving
n X m B with m > n, Householder QR on B will stop in at most n—1 steps, but
both MGS on B, and Householder QR on B in (3.6), can nearly always be carried
on for the full m steps. The MGS-Householder QR equivalence also holds for m >n,
since the MGS and augmented Householder methods, being identical theoretically
and numerically, either both stop with some pir = 0, k<m, see (3.2), or both carry
on to step m. It is this m > n case we need here, and we extend the results of [5]
to handle this. Because of this numerical equivalence, the backward error analysis
for the Householder QR factorization of the augmented matrix in (3.6) can also be
applied to the MGS algorithm on B. Two basic lemmas contribute to Theorem 3.3
below.

LEMMA 3.1. In dealing with Householder transformations such as (3.8), Wilkin-
son [26, section 4.2] pointed out that it is perfectly general to analyze operations with
P = I-pp™ for p having no zero elements. (This means we can drop the zero elements
of p and the corresponding elements of the unit matrixz and vector that P is applied
to. In (3.8) each p has at most n+1 nonzero elements that we need to consider.)
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LEMMA 3.2 (see [13, Lem. 19.3]). In practice, if j Householder transformations
are applied to a vector b € R™, the computed result ¢ satisfies

¢=P;---P,Pi(b+ Ab), |Abl2 < j7nb]]2-

In Theorem 3.3, E,, will refer to rounding errors in the basic MGS algorithm,
while later E,, will refer to errors in the basic MGS algorithm applied to solving the
equivalent of the MGS-GMRES least squares problem, and E,, will refer to errors in
the MGS-GMRES algorithm. All these matrices will be of the following form:

tm

In

THEOREM 3.3. Let R, and Vi, = [0y, ...,0,] be the computed results of MGS
applied to B € R™™™ as in (3.1)—(3.4), but now allowm >n. For j=1,...,m, step

!
(3.10) E,, € RUmxm g — Eﬂ

j computes v; and the jth row of R, and b(jjll O A (see (3.9)). Define
(3.11) b = |:_56J:| , PU g _ﬁjﬁ;; pm = pW) p@), ..P(m)7
j
05 = 0;/|vjlle,  Pj = {—v@a] L PO — Tt B, = POP@ .. pm)
j

Then PY is the orthonormal equivalent of the computed version PY) of the House-
holder matriz applied in the jth step of the Householder QR factorization of B in
(3.6), so that PLP,, = I, and for the computed version R,, of R = R, in (3.6), and

any positive definite diagonal matriz D, see Lemma 2.1 (here j =1,...,m),
(3.12) P, Bl _ [ En . P,, orthogonal; R, E,, € R™™;
. m O B+E” ) m q y my ~m 9
E! . ~
En= ] ¢ 1Bneill < AullBe;lla, 1BnDlr < mi BD] e
(3.13) [Rmejllz < [|Bejll2 + HEmej||2 (1+59m) [ Bejll2;
(3.14) Ejer =0, | Epejlla <529alBejlla, 5=2,...,m;
”E/ Dllr < mQ'Y?LH(BD)Q mllF;
D Sm ( S’ )~ D pT
1 P,=1 -~ ~ ~ , PP, =1,
319 AT R Ayri "

where mxm E! and S, are strictly upper triangular. The jth row of E! is wholly
produced in step j, just as the jth row of Ry, is. The jth column of Sy, is not defined
until step j and is not altered thereafter. (If MGS stops with pxr = 0, see (3.2), rows
k,...,m of R,, and E!, are zero, and columnsk,...,m of V,,, and S, are nonexistent,
S0 we replace m above by k.)

Proof. The MGS-augmented Householder QR equivalence for the case of m < n
was proven in [5], and that this extends to m > n is proven in the first paragraph of
section 3.3. As a result we can apply Lemmas 3.1 and 3.2 to give (3.12)—(3.13). The
ideal P in (3.6) has the structure in (3.7), but it was shown in [5, Thm. 4.1, and (4.5)]
(which did not require n>m in our notation) that P, in (3.11) and (3.12) has the
extremely important structure of (3.15) for some strictly upper triangular mxm S
Since E!, = SRy, this is strictly upper triangular too.
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The rest follow with Lemmas 3.1 and 3.2. We have used 7, = 4, rather
than 9,4+, because in each step, p; in (3.11) has only n+1 elements; see (3.9) and
Lemma 3.1. Row j in R,, is not touched again after it is formed in step 7, see (3.9),
and so the same is true for row j in E/, in (3.12); see Lemma 3.1. Since E/, = S,,, Ry,
the jth column of S, is not defined until pj; is computed in step j, and since these
three matrices are all upper triangular, it is not altered in later steps. Finally we
obtain new bounds in (3.14). The element p;; is formed by the one transformation

P® in (3.11) applied to Bg-i) in (3.9), and so from Lemma 3.2 we can say (remember
(E;n)ii = 0)

(E0)ii| < Al )l2 < 30l Bejlla, j=i+1,...,m,

which is quite loose but leads to the bounds in (3.14). |

Note that (3.14) involves j %, rather than the j in previous publications.

Remark 3.1. It is counterintuitive that E, is strictly upper triangular, so we will
explain it. We need only consider the first augmented Householder-MGS transforma-
tion of the first vector to form py; in (3.9). We can rewrite the relevant part of the

first transformation ideally as, see (3.11) and Lemma 3.1,

0 0 ol
PM:B]’ P:[ T}, b=uvp, |vlz=1.

v I —ov

From b we compute p and ¢ and then define & = 4/(|9]|2 so ||U||2 = 1. In order for
E! e1 =0 in (3.12), there must exist a backward error term Ab such that

ER | R ]

which looks like n + 1 conditions on the n-vector Ab. But multiplying throughout by
P shows there is a solution Ab = 0p — b. The element above Ab is forced to be zero,
so that there are actually n+1 conditions on n+1 unknowns. An error analysis (see
Lemma 3.2) then bounds ||Ab|la < 7, ||b]|2-

4. The Arnoldi algorithm as MGS. The Arnoldi algorithm [2] is the basis
of MGS-GMRES. We assume that the initial estimate of z in (1.1) is 29 = 0, so that
the initial residual ro = b, and use the Arnoldi algorithm with p = ||b||2, v1 = b/p, to
sequentially generate the columns of V11 = [v1,..., vgt1] via the ideal process:

(4.1) AVy, = VieHy ko + veg1his1ker = Vi1 Higr ks Vi Vi1 = Iigr.

Here k x k Hy, = (hij) is upper Hessenberg, and we stop at the first hy4q = 0.
Because of the orthogonality, this ideal algorithm must stop for some k£ < n. Then
AVy, = Vi Hy, i, where Hy j;, has rank at least k—1. If hy41 = 0 and Hy p has rank
k—1, there exists a nonzero z such that AVyz = Vi Hy 2z = 0, so that A must be
singular. Thus when A is nonsingular so is Hy j, and so in MGS-GMRES, solving
Hy ry = e1p and setting = Viy solves (1.1). But if A is singular, this might not
provide a solution even to consistent Az = b:

0 1 0 1
A|:O O:|, IL'|:1:|, 1)le1’|:0:|, AV1:V1H171, H171:0.

Thus it is no surprise that we will require a restriction of the form (1.1) to ensure
that the numerical MGS-GMRES algorithm always obtains a meaningful solution.
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To relate the Arnoldi and MGS-GMRES algorithms to the MGS algorithm, we
now replace k+1 by m and say that in the mth MGS step these produce v,,, and
MGS-GMRES also produces the approximation z,, 1 = Vy,_1¥m_1 to the solution
x of (1.1). Then apart from forming the Av;, the algorithm we use to give (4.1) is
identical to (3.2)—(3.3) with the same vectors v;, and

bi=0b, pi1=p; andfor j=1,...,m—1, bj11 = Av;, pij+1 =hiji=1,...,5+1,

except that Av; cannot be formed and orthogonalized against vy,...,v; until v; is
available. This does not alter the numerical values. Thus with upper triangular R,,,

(42) Bm =A [SC, Vm—l] = [b, Avm—l] = Vm, [elpa Hm,m—l] = ‘/Wlan VTZVm =TI

So in theory the Arnoldi algorithm obtains the QR factorization of By, = [b, AVp—1]
by applying MGS to B,,. Computationally we can see that we have applied MGS
to B, = [b, fl(AV,,_1)], where V,,,_1 = [01,...,0m_1] is the matrix of supposedly
orthonormal vectors computed by MGS, and see, for example, [13, section 3.5],

fU(AD)) = (A+AA)T;,  |AA; < ylAl, so fU(AVp_1) = AV, 1 +AV,, 4,
(43) |Avm—1| < 77L|A‘-|‘7m—1‘7 HA‘/m—lnF < m%V'n‘HAH‘Q < m%'}/n”A”Fa

gives the computed version of AV,,_;. We could replace n by the maximum number
of nonzeros per row, while users of preconditioners, or less simple multiplications,
could insert their own bounds on AV,,_; here.

Remark 4.1. The bounds in (4.3) are not column-scaling independent. Also any
scaling applies to the columns of AV,,_;, not to A, and so would not be of such an
advantage for MGS-GMRES as for ordinary MGS. Therefore it would seem important
to ensure the columns of A are reasonably scaled for MGS-GMRES—e.g., to approach
the minimum over positive diagonal D of ||AD| r/0min(AD); see the appendix.

The rounding error behavior of the Arnoldi algorithm is as follows.

THEOREM 4.1. For the computational version of the Arnoldi algorithm (4.1)
(with m = k + 1) with floating point arithmetic unit roundoff € producing Vm~ and

Ry, = [e1p, Hpym—1], see (4.2), there ezists an n+m square orthogonal matriz P, of
the form (3.15) where V,, is Vi, with its columns correctly normalized, such that if

(44) Bm = [b’ fl(AVm—l)] = [ba Af/m—l} + [07 AVm—l]a

where we can use the bounds on AVy,_q in (4.3), then all the results of Theorem 3.3
apply when B there is replaced by B,, here.

Thus whatever we say for MGS will hold for the Arnoldi algorithm if we simply
replace B by By, = [b, fI(AViu_1)] = [b, AVp_1]+[0, AV,,,_1]. The key idea of viewing
the Arnoldi algorithm as MGS applied to [b, AV,,] appeared in [25]. It was used in [8]
and [1], and in particular in [18], in which we outlined another possible approach to
backward stability analysis of MGS-GMRES. Here we have chosen a different way of
proving the backward stability result, and this follows the spirit of [5] and [10].

5. Loss of orthogonality of V;,, from MGS and the Arnoldi algorithm.
The analysis here is applicable to both the MGS and Arnoldi algorithms. B will
denote the given matrix in MGS, or B,, = [b, fl(AV;,_1)] in the Arnoldi algorithm.
Unlike [10, 14], we do not base the theory on [5, Lem. 3.1], since a direct approach
is cleaner and gives nicer results. It is important to be aware that our bounds will
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be of a different nature to those in [10, 14]. Even though the rounding error analysis
of MGS in [10, 14] is based on the ideas in [5], the bounds obtained in [10] and [14,
pp. 32-38] are unexpectedly strong compared with our results based on [5]. This
is because [10, (18)—(19)] and [14, (1.68)—(1.69)] leading to [10, Thm. 3.1] and [14,
Thm. 1.4.1] follow from [26, p. 160, (45.3)]. But in Wilkinson [26], (45.3) follows
from his (45.2), (45.1), and (44.6), where this last is clearly for fls arithmetic (double
precision accumulation of inner products). Since double precision is used in [10, 14],
their analysis is essentially assuming what could be called fl;—quadruple precision
accumulation of inner products. This is not stated in [10, 14], and the result is
that their bounds appear to be much better (tighter) and the conditions much easier
(less strict) than those that would have been obtained using standard floating point
arithmetic. We will now obtain refined bounds based on our standard floating point
arithmetic analysis and attempt to correct this misunderstanding.

Remark 5.1. The 4, in each expression in (3.12)—(3.14) is essentially the same
An, that from Lemma 3.2, so we will call it 4,,. We could legitimately absorb various
small constants into a series of new 7,,, but that would be less transparent, so we will
develop a sequence of loose bounds based on this fixed ,,.

To simplify our bounds, we use “{<}” to mean “<” under the assumption that
mAnkr(B) < 1/8. Note that this has the following consequences:

(5.1) minfr(B) <1/8 = {(1-minkr(B)™' <8/7 &
p=miinip(B)8/T<1/T & (1+p)/(1—p) < 4/3}.
The basic bound is for S,,, = E/ R;'; see (3.12), (3.15). This is part of an orthogonal

m m

matrix so ||§m||2 < 1. From (3.12) and (3.14) for any m x m diagonal matrix D >0,

1Smll 2 = |1 B} D(Rin D) e < (|, DIl £ |(Rin D) l2 = | Er, Dl /0 min(Rm D)
B O'min(BD) - HEmDHQ o O'mm(BD) - m;}/n”BD”F’

(53) 1Snlle < m¥uRr(B)/ (1L-miufr(B)) {<) Sm¥d.ke(B) (<) 7.

(5.2)

with obvious restrictions. The bounds (5.3) took a minimum over D.

V= [01, ..., U] is the n xm matrix of vectors computed by m steps of MGS,
Vin = [01, . . ., O] s the correctly normalized version of V,,,, so V,,, satisfies (2.2)(2.3).
Since I—.S,, is nonsingular upper triangular, the first m rows of P, in (3.15) give
(I = Sp)V,i Vi (I = 8p)" =1 8,57
=T —=58,)IT—-8)T+T—-58,)SE +8,,(I-5.,)7,
(5.4) TT7 = 1487 (1= 8)T + (I — S) 5,
(5.5) (I=S8,)"15,, = Spu(I—S,) 7t

= strictly upper triangular part(f/nf Vm)

Since Vg_lﬁm is the above diagonal part of the last column of symmetric f/,f Vin—1,
(5.5) and (5.3) give the key bound (at first using 2m4,kr(B) <1; see (5.1)),

(5.6) V2|V, omlle < 1 I-VIViullr = V2)(I~50) Sl
< V2|8 llr /A= 1Smll2) < (2m)2Anfp(B)/[1—(m+m? )4,k p(B)],
(<) SCmbaEe(B) (e 3,5, G,
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and similarly for V,,; see (2.2). This is superior to the bound in [5], but the scaling
idea is not new. Higham [13, p. 373] (and in the 1996 first edition) argued that x2(B)
in [5, 3], see (3.5), might be replaced by the minimum over positive diagonal matrices
D of k2(BD), which is almost what we have proven using #r(B) in (2.1).

One measure of the extent of loss of orthogonality of V,, is Hg(Vm).

LEmMMmA 5.1. If f/gf/m =1+ Fm+ﬁ;£ with strictly upper triangular F.,, and S,,
in F, = Sp(I—5,)71, see (5.4), then for all singular values o;(Vy,)

||§m||2 (‘7 ) 1+ ||Sm||2 (f/ ) 1+ ||§m||2
1+||S ||2 7 1= |[Smll2” 1= |[Smll2

Proof.  Obviously | F 2 < [E ll2/(1 — |Smll2). For any y € R* such that
Iolls = 1. 7ong3 = 14207 Fyy < 1421 Py < (14]1S02)/ (1 3 ). which gives
the upper bound on every o2(V,,). From (5.4) (I—S, )VTV (I-S,)F =1-8,,SL,
so for any y € R¥ such that lylla = 1, define z = (I — S,,)%y so ||z]la < 1+ ||Sm H2
and then

ZTVrngZ 1= TSmSmy 1-— HS ”% 1— ||§mH2

2z 2z ( F18ml12)2 ~ 1+ 1Sl
giving the lower bound on every o2(V,,). The bound on 2(V;,) follows. O
Combining Lemma 5.1 with 5 1) and (5.3) gives the major result

(5.7) for j=1,....m, jAkr(B;) <1/8 = |Sllr <1/7

= ra(V)), Vi), Omaz(Vi) <4/3.

mln(
At this level the distinction between kg (V) and ko(V;,) is miniscule, see (2.2), and
by setting j = m we can compare this with the elegant result which was the main
theorem of Giraud and Langou [10]; see [14, Thm. 1.4.1].

THEOREM 5.2 (see [10, Thm. 3.1; 14, Thm. 1.4.1]). Let B € R™*™ be a matriz
with full rank m < n and condition number k2(B) such that

(5.8) 2.12(m +1)e < 0.01 and 18.53m3ery(B) < 0.1.

Then MGS in floating point arithmetic (present comment in 2005: actually fla, or
fly if we use double precision) computes V,, € R"*™ as

ke(Vy) <13, O

Note that the conditions (5.8) do not involve the dimension n of each column of
Vin, and this is the result of their analysis using fly. We can assume m satisfying the
second condition in (5.8) will also satisfy the first.

To compare Theorem 5.2 with j = m in (5.7), note that m#, essentially means
¢mne for some constant ¢ > 1, probably less than the 18.53 in Theorem 5.2. We
assumed standard (IEEE) floating point arithmetic, but if we had assumed fly arith-
metic, that would have eliminated the n from our condition in (5.7). We used (2.1),
which involves |BD||z < mz||BD||5. If we inserted this upper bound, that would
mean our condition would be like that in Theorem 5.2, except we have the opti-
mal result over column scaling; see (2.1). So if the same arithmetic is used, (5.7) is
more revealing than Theorem 5.2. It is worth noting that with the introduction of
XBLAS [7], the fls and fl4 options may become available in the near future.
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6. A critical step in the Arnoldi and MGS-GMRES iterations. It will
simplify the analysis if we use (5.7) to define a distinct value 7 of m. This value will
depend on the problem and the constants we have chosen, but it will be sufficient for
us to prove convergence and backward stability of MGS-GMRES in m—1 < n steps.
For the ordinary MGS algorithm remember B,, = B,,, and think of m as increasing.

(6.1) Let m be the first integer such that xo(Vis,) > 4/3

then we know from (5.7) that for By, in the Arnoldi algorithm, see (4.4) and (2.1),
(6.2) A EFR(Bg) > 1/8, 80 Omin(BsD) < 8MA,||BsD||r ¥V diagonal D > 0.
But since oy,in (V;) < 01(91) = [[#1]l2 = 1 < Gpmax(Vj), (6.1) also tells us that

(6.3) ko (Vy), o b (Vi)y Omae(V;) <4/3, j=1,...,1m—1.

The above reveals the philosophy of the present approach to proving backward
stability of MGS-GMRES. Other approaches have been tried. Here all is based on
#r(Bpm) rather than the backward error or residual norm. In [12, Thm. 3.2, p. 713] a
different approach was taken—the assumption was directly related to the norm of the
residual. The present approach leads to very compact and elegant formulations, and

it is hard to say now whether the earlier approaches (see [18]) would have succeeded.

7. Least squares solutions via MGS. The linear least squares problem

(7.1) ¢ = argmin ||b — Cy||2, F=b—Cy, C e RX(m=1),
y

may be solved via MGS in different ways. Here we discuss two of these ways, but first
we remind the reader how this problem appears in MGS-GMRES with C = AV,,,_;.

After carrying out step m — 1 of the Arnoldi algorithm as in section 4 to produce
[b, AV,—1] = ViR, see (4.2), the MGS-GMRES algorithm in theory minimizes the
2-norm of the residual ||ry,—1ll2 = ||b — AZpm—1]l2 over m_1 € g + Km—1(A,70),
where for simplicity we are assuming xo = 0 here. It does this by using V,,_; from
(4.1) to provide an approximation Zy,—1 = Vin—1Ym—1 to the solution z of (1.1). Then
the corresponding residual is

Ym—1 —Ym—-1

where R, = [e1p, Hym,m—1]. The ideal least squares problem is

(72) Tm—1= b—A.’l?mfl = [b, Amel] |:

. 1
73) s = arganin 3,4V, Vo
but (in theory) the MGS-GMRES least squares solution is found by solving
. 1
(7.4) Ym—1 = argmin || Ry, { } 2.
y Y

7.1. The MGS least squares solution used in MGS-GMRES. If B =
[C,}] in (3.1)-(3.4), and C has rank m—1, then it was shown in [5, (6.3)], see also
[13, section 20.3], that MGS can be used to compute g in (7.1) in a backward stable
way. Here we need to show that we can solve (7.1) in a stable way with MGS applied



ROUNDING ERROR ANALYSIS OF MGS-GMRES 277

to B = [b,C] (note the reversal of C' and b) in order to prove the backward stability

of MGS-GMRES. Just remember B = [b,C] = B,, in (4.4) for MGS-GMRES. The

analysis could be based directly on [5, Lem. 3.1], but the following is more precise.
Let MGS on B in (3.1) lead to the computed R,, (we can assume R,, is nonsin-

gular; see later) satisfying (3.12), where B = [b,C]. Then (3.12) and (7.1) give

- [Rn, 0 N )
15 Ba || = o]+ s 1Ewesl <l Clesle =1,

1 1
7.6 = in | B , Fr=B | .|.
(7.6) p=argmin|s |1 r-n |
To solve the latter computationally, having applied MGS to B to give R,,, we
(7.7 carry out a backward stable solution of min||R,, [ 1y] Il2
Y _

by orthogonal reduction followed by the solution of a triangular system. With (3.13)
we will see this leads to
(7.8)  OT(Ry + ARy = [ﬁ ve Al

1ARwmesllz < Al Besllz < Aunll Besll = 3B, Clellz, 5 =1,....m,

], U+ AU)y =1,

where Q is an orthogonal matrix while 7, #, nonsingular upper triangular U, and ¢
are computed quantities. Here AU is the backward rounding error in the solution of
the upper triangular system to give g, see, for example, [13, Thm. 8.3], and AR,,, was
obtained by combining AU with the backward rounding error in the QR factorization
that produced 7, t and U; see, for example, [13, Thm. 19.10] (where here there are
m—1 stages, each of one rotation). Clearly ¥ satisfies

(7.9) y = argmin ||(R,, + AR,,) [ 1y]
Y _

2
In order to relate this least squares solution back to the MGS factorization of B,
we add the error term AR,, to (7.5) to give (replacing j¥n+%m by jin)
Rn+AR,)] [ 0
0 T [b,C

HEAmejH2 SJ&nH[bvc]e‘]”% J: 17"'7m'

(7.10) P [( ] +Ep, En=FEn,+ P, [Agm] ,

Now we can write for any y € R™~!

@11 r=r=b-Cy. p=pli)=Po |t 1P, ).

and we see from (2.6) in Lemma 2.3 that for any y € R™~! there exists N(y) so that

N2 < V2.

2

Defining [Ab(y), AC(y)] = N(y)E,, shows that for all y € R™~!

lp(¥)ll2 = =

(Ron + ARy) { ly} b— Cy+ N(y)En “J

2

= [1b+ Ab(y) — [C + AC(Y)]yll2-

(7.12) H(Rm +AR,,) {_ﬂ .
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Thus ¢ in (7.9) also satisfies
(7.13) g = argmin [[b+Ab(y) - [C+AC(y)]y]2,
[[Ab(y), AC(y)lejllz < jAnlllb, Clejll2, j=1,...,m,

where the bounds are independent of y, so that § is a backward stable solution for
(7.1). That is, MGS applied to B = [b, C] followed by (7.7) is backward stable as long
as the computed R, from MGS is nonsingular (we can stop early to ensure this). The
almost identical analysis and result applies wherever b is in B, but we just gave the
B = [b,C] case for clarity.

Since we have a backward stable solution g, we expect various related quantities
to have reliable values, and we now quickly show two cases of this. If | E||r < 7| B||F,
then || Ey|3 = X2, leT Eyll3 < 32, IeL EIZIwlIZ = IEI2y]3 < 2 BI2]lylZ- So from

the bounds in (7.10) we have for any y € R™~! the useful basic bound

< Ymnthm (), m(y) = 0l2+(Clleyll2-
2

(7.14) HEm [_111]

Multiplying (7.8) and (7.10) on the right by [_1@} shows that the residual 7 satisfies

_ = [OQe,r 0] = = 1 ~ _ By ~
(7.15) T=b—-Cy, Py [Qe() T] - [F] + B, [ g} s 2 = 17 | < Amn¥m (§),
so that |7| approximates [|7]|2 with a good relative error bound. Multiplying the last
equality in this on the left by [V,, I,,], and using (3.15), (3.12), (7.10), (7.8), (3.14),
and (2.3) with the argument leading to (7.14), we see that

(7.16) ViQemT =7 + [Vin, L] E {1@} =7+ [Vin(E}, + ARm) + Epy)] [15] ;
|7 = VinQemTll2 < Finthm (§) for m < i in (6.1).

Thus Verm? also approximates 7 = b — C'y with a good relative error bound; see
(2.2) and its following sentence.

7.2. Least squares solutions and loss of orthogonality in MGS. An ap-
parently strong relationship was noticed between convergence of finite precision MGS-
GMRES and loss of orthogonality among the Arnoldi vectors; see [12, 19]. It was
thought that if this relationship was fully understood, we might use it to prove that
finite precision MGS-GMRES would necessarily converge; see, for example, [18]. A
similar relationship certainly does exist—it is the relationship between the loss of or-
thogonality in ordinary MGS applied to B, and the residual norms for what we will
call the last vector least squares (LVLS) problems involving B, and we will derive this
here. It adds to our understanding, but it is not necessary for our other proofs and
could initially be skipped.

Because this is a theoretical tool, we will only consider rounding errors in the
MGS part of the computation. We will do the analysis for MGS applied to any
matrix B = [b1,...,by]. After step j we have nxj V; and jxj R;, so that

(7.17) Rj:{Uj tj]’ Uj—j:{j7 J; = argmin Rj[_ly} ) |7_'j|_HRj|:_iyj}
Y

2 2
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In theory §; minimizes ||b; — Bj_1yl|2, but we would like to know that loss of orthogo-
nality caused by rounding errors in MGS does not prevent this. One indicator of loss
of orthogonality is V" ;0. From (7.17) we see that

_ vt Ut Ut — s _ — s

-1 _ J _ Yj| =—1 -1, = _ Yy
(7.18) R;' = [ i - } _[ / [ 13} 7 } R; eJTJ_[ 1]},
so that with (5.5) we have with 7; = b; — B,;_17; (see (7.14) and (7.15) but now using

B and its bound in (3.14) rather than £j; and its bound in (7.10))

719) (I—-8S. qullf)j —S.e.—=FE'R7le.—=E' “Yil——1 )= =l < i34 7
(7.219) (I=55) | 7 | =Ssei=E; Ry ey =E5 | 7177 Irsllz = 17511 < 72 3ntm (55)-
Now define a normwise relative backward error (in the terminology of [13, Thm. 7.1])

_ aAD G.f _ b= Ayll:
(7.20)  Br(b,Ay) =0r"(b,A,y), where G727 (b A y) = TS
Remark 7.1. The theory in [13, Thm. 7.1] assumes a vector norm with its sub-
ordinate matrix norm, but with the Frobenius norm in the denominator Rigal and
Gaches’ theory still works, so this is a possibly new, useful (and usually smaller) con-
struct that is easier to compute than the usual one. A proof similar to that in [13,
Thm. 7.1] shows that

77 (0, Ayy) = min{n: (A+6A4)y = b+ 6b, [|5Allr <l|Gllr, [8b]l2 < nllll2)-

Using (7.20) with the bounds in (3.14), (5.6), (7.19), and the definition in (7.14)
(see also (5.3)) shows that

BT ol = (-3 85| ]

‘ < P35t (5)/ (1 — 1851]12),
2

i

(7.21) ﬁF(bjaijlagj)Hf/jjllﬁjHQS — =
L—11S;ll2

Remark 7.2. The product of the loss of orthogonality ||1~/JT_11~)J |l2 at step j and the
normwise relative backward error 8p(b;, B;_1,y;) of the LVLS problem is bounded
by O(e) until ||Sj]2 ~ 1, that is, until orthogonality of the @,...,#; is totally lost;
see (5.5) and Lemma 5.1.

This is another nice result, as it again reveals how MGS applied to B,, loses
orthogonality at each step—see the related section 5. These bounds on the individual
|H~/jT716j||2 complement the bounds in (5.6), since they are essentially in terms of the
individual normwise relative backward errors Br(b;, Bj_1,9;), rather than &p(B;).
However it is important to note that the LVLS problem considered in this section (see
the line after (7.17)) is not the least squares problem solved for MGS-GMRES, which
has the form of (7.6) instead. The two can give very different results in the general
case, but in the problems we have solved via MGS-GMRES, these normwise relative
backward errors seem to be of similar magnitudes for both problems, and this led
to the conjecture in the first place. The similarity in behavior of the two problems
is apparently related to the fact that B,, in MGS-GMRES is a Krylov basis. In
this case it appears that the normwise relative backward errors of both least squares
problems will converge (numerically) as the columns of B; approach numerical linear
dependence; see [17, 18]. Thus we have neither proven nor disproven the conjecture,
but we have added weight to it.
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8. Numerical behavior of the MGS-GMRES algorithm. We now only
consider MGS-GMRES and use k instead of m—1 to avoid many indices of the form
m—1. In section 4 we saw that k steps of the Arnoldi algorithm is in theory just k+1
steps of the MGS algorithm applied to By+1 = [b, AV%] to give [b, AVy] = Vi1 Rp1 =
Vit1le1p, Hi+1,%x)- And in practice the only difference in the rounding error analysis
is that we apply ordinary MGS to Byi1 = [b, fl(AVi)] = [b, AVi] + [0, AVi]; see (4.3).
In section 8.1 we combine this fact with the results of section 7.1 to prove backward
stability of the MGS-GMRES least squares solution g, at every step.

In theory MGS-GMRES must solve Ax = b for nonsingular n x n A in n steps
since we cannot have more than n orthonormal vectors in R™. But in practice the
vectors in MGS-GMRES lose orthogonality, so we need another way to prove that we
reach a solution to (1.1). In section 8.2 we will show that the MGS-GMRES algorithm
for any problem satisfying (1.1) must, for some k, produce V. so that numerically b
lies in the range of AV}, and that MGS-GMRES must give a backward stable solution
to (1.1). This k is 7 — 1, which is < n; see (6.1).

8.1. Backward stability of the MGS-GMRES least squares solutions.
The equivalent of the MGS result (7.13) for MGS-GMRES is obtained by replacing
[b,C] by Bry1 = [b, AVi + AV,] throughout (7.13); see Theorem 4.1. Thus the
computed g at step k in MGS-GMRES satisfies (with (4.3) and section 6)

(8.1) g =argmin||7(y)ll2,  7i(y) = b+ Aby(y) —[AVi+AVi+ACk(y)]y

[Ab(y), ACk(Wejllz < FanllBrsiejllz, 5 =1,....k+1  [AVillp < k2y, ] Allp,
| Abk(Y) |2 <Arnllbll2, JAVE+ACK(Y)I|F < Arnlll Al F+1[AVR | F] <Ak, | All 7 if k<12

This has proven the MGS-GMRES least squares solution gy is backward stable for

min ||b— AViyla YV k <1,
Y

which is all we need for this least squares problem. But even if k> m, it is straight-
forward to show that it still gives a backward stable least squares solution.

8.2. Backward stability of MGS-GMRES for Az = b in (1.1). Even
though MGS-GMRES always computes a backward stable solution g for the least
squares problem (7.3), see section 8.1, we still have to prove that Viy, will be a
backward stable solution for the original system (1.1) for some & (we take this k to be
m—1in (6.1)), and this is exceptionally difficult. Usually we want to show we have
a backward stable solution when we know we have a small residual. The analysis
here is different in that we will first prove that By, is numerically rank deficient, see
(8.4), but to prove backward stability, we will then have to prove that our residual
will be small, amongst other things, and this is far from obvious. Fortunately two
little known researchers have studied this arcane area, and we will take ideas from
[17]; see Theorem 2.4. To simplify the development and expressions we will absorb
all small constants into the 7, terms below.

In (8.1) set k = m—1 < n from (6.1) and write

(82) fk(gk) =b, — Akgk, b, = b+Abk(gk), A, = AVk+AVk(gk),
[Ab (G )ll2 < Frnlbll2, AVi(y) = AVi+ACk(y), [[AVEW)llF <kl Al F-

We need to take advantage of the scaling invariance of MGS in order to obtain our
results. Here we need only scale b, so write D = diag(¢, It,) for any scalar ¢ >0. Since
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Bii1 = [b, fl(AVR)] = [b, AVi + AV4], from (8.2) with the bounds in (8.1) we have

(8.3) [bk¢, Ak = Br1 D + AByD,  ABy, = [Abk(4k), ACk (k)]
[ABkD||F < Ygn||Brt1DIlF < Viep | bx 05 Akl £,
| Brs1Dllr < (1=Fkn) " |[brd, Aklllps  [|bxll2 < (1 + Fon)[[bl2-

In addition, k+1 is the first integer such that ko (Vii1) > 4/3, so section 6 gives

(8.4) Omin(Bry1D) < 8(k+1)3n | Brs1 Dl p < Aknlllbrd, AklllF ¥ ¢ > 0;
wa(Vi)y ot (Vie)y Omaz (Vi) < 4/3;
and similarly || Ag|lr < |AVillF + Ykl AllF < (4/3 4+ kn) || Al 7

We can combine (8.2), (8.3), and (8.4) to give under the condition in (1.1)

(85) Umin(Ak) Z Umzn(AVk) - ||A‘~/k(gk)”2 Z 3Umzn(A)/4 - ;?anAHF > Oa
Omin([0k@, Ak]) < Omin(Br+1D)+||ABrD|l2 < Y| [0 d, Akl F-

The above allows us to define and analyze an important scalar, see Theorem 2.4,

Omin ( [bk¢7 Ak])
Omin (Ak)

where from (8.5) Ay has full column rank. Now g and 7 (gx) solve the linear least
squares problem Apy = by in (8.2); see (8.1). If [by, Ar] does not have full column
rank, then 7(7x) = 0, so &, = Vi is a backward stable solution for (1.1), which
we wanted to show. Next suppose [by, Aj] has full column rank. We will not seek to
minimize with respect to ¢ the upper bound on ||#]|3 in Theorem 2.4, which would be

(8.6) ox(¢) = <1,

unnecessarily complicated, but instead prove that there exists a value QAS of ¢ satisfying
(8.7) below, and use this value:

(8.7) 6>0, o (Ar) = 0o (106, Ar]) = 0 (AR 1713

Writing LHS = 02, (Ax) — 02, (bxé, Ax]), RHS = 02,,, (4)[[76[3 we want to find

min min

¢ so that LHS=RHS. But ¢=0 = LHS > RHS, while ¢=||gx||; ' = LHS < RHS, so
from continuity 3 ¢ € (0, |75 ") satisfying (8.7). With (8.6) this shows that

(8.8) 8(d) <1, 7% = lml3/[L-6(@)°], 0<é<llgllz™.
It then follows from Theorem 2.4 that with (8.5), (8.8), and (8.4),
(8.9) 17K @3 < i (b1, AR]) (672 + 115/ [1 - 81(6)])

< A2 (16k03 + || Arll3)2072.

But from (8.1) and (8.2) since 7 (Jx) = b — Ak, AF71(Jx) = 0, and from (8.8),

k8112 = |17 (Tk)DlI% + || Argidl13,
< 297, (1bk0lI3 + 1| A&l %) + | Ak]I3(1—6k(0)?)
< 298,10k l5 + (1 + 237, | Al %,

1+232,

8.10 brod||2 < ——ZTkni4, 012,
(8.10) lorolls < 1_2%\\ Kl
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This with (8.4) and (8.5) shows that

Tpmin ([, Ar]) < Aol d, Ax] ||

(8.11)  6i(¢) =

Umm(Ak) - Jmin(A)f'NYkn”A”F
;}/l/c,n”AkHF < ’s/l/clvleAHF < 1 under (1 1)

- Umin(A)_ﬁ/anA”F - Umm(A)_'?kn”A”F -2

since this last bound can be rewritten as c,,in(A) > (29 +7kn)|| Al 7, which we see

will hold if A satisfies (1.1). This bound on & (¢) shows that ¢=2 < 4/|7/|2/3 in (8.8),
and using this in (8.9) gives the desired bound

(8.12) 17k @)l < Frn (10113 + [ANFN7112)2 < Frn(ll6ll2 + [AllF17x]l2)-

But we compute T; = fl(f/jgj), not I7jgjj, so to complete this analysis, we have to
show that Z, is a backward stable solution for (1.1). Now, see (4.3), Z1, = fl(Vixx) =
(Vi + AV)) g with [AV]]| < v,|Vi|. With AV (y) in (8.2) define

AAy = [AVi(9k) — AAV] + Vi = Vi)l 25 2,
so that (A 4+ AAy)Zy, = (AVi + AVi(9k))Jk, and, see (8.1), (8.2), and (2.2),
(8:13)  [[b+Abk(Gr) — (A + Ady)zxlla = min [[b+Abs(y) ~ [AVi+AVi(y)yl2,
[Abk (G2 < Frnllbl2,
(8.14)  AALllF < [IAVE(GR) |+ AAVE+VEAR) 1Tk l2/ |12k 2,

where we know from (8.12) that (8.13) is bounded by i, (||b]l2 + || Al|F||Tkll2). But
[AVF < kZ g, so from (2.2) [[A(AV] + VilAp)|r < k27, All2, and from (8.2)
AV (i) | F <Akn || Al F, so with (2.2) and (8.4)

IZkll2 = (Vi + AV Gkll2 > [Vidicllz — 1AV EllTkll2 > [13]12(3/4 — kZ).
Combining these with (8.1) shows that |[AAx||r < Axn|lAlF in (8.14). Summarizing,
(8.15) 7 (Yr) = b+ Abk(yx) — (A + AAR)Tk,  [|Fr(k)ll2 < Frn([0]l2 + [[ Al Fl[Z]l2),

[Abe (k) ll2 < Frnllbll2,  [1AAR|lF < YeallAllp.

Using the usual approach of combining (8.15) with the definitions

Y P 8 PR 9

= — — TEk y = — — 5
S PR VP AT SRR EA P EAT
shows (A -+ AAy + AALZ, = b+ Aby(Jk) + AbL,
[AA, + AAL|F < AinllAllp, 1Ak (Tk) + Abll2 < Fenllb]l2,

proving that the MGS-GMRES solution Zj, is backward stable for (1.1).

9. Comments and conclusions. The form of the restriction in (1.1) suggests
that we might be able to ease this restriction somewhat by using Zp(A4) as defined
in (2.1), instead of ||Alr/omin(A) in (1.1). However, £p(B;) was useful when we
applied MGS to Bj, see, for example, (5.7), while in MGS-GMRES we apply MGS to
[b, AV;_1], so it looks like we cannot get an a priori restriction involving £ (A) this
way; see also Remark 4.1. The appendix discusses a possibly superior way of meeting
the restriction in (1.1) for difficult problems.

Now to conclude this. Among many other things, we showed that MGS-GMRES
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e gives a backward stable least squares solution at every step (section 8.1);

e obtains a backward stable solution to the problem (1.1) (section 8.2);

e and up until this point y(V;,) < 4/3 (section 6).
Thus we can say that the MGS-GMRES method is backward stable for computing
the solution x to Az = b for sufficiently nonsingular A, answering an important open
question. Despite loss of orthogonality, it provides an acceptable solution within n+1
MGS steps (n steps of MGS-GMRES). The loss of orthogonality is usually inversely
proportional to the level of convergence. Complete loss of orthogonality implies a
solution exists, and MGS-GMRES necessarily finds this under reasonable restrictions
(1.1) (or more practically but less rigorously (1.2)) on the problem. From this we
see that the numerical behavior is far better than was often thought. This means
we do not have to do anything special to ameliorate the effect of rounding errors—
we certainly do not need reorthogonalization—and need only concentrate on finding
solutions more quickly, mainly by seeking better preconditioning techniques.

The final proof was seen to require an instance of a more general result on the
backward stability of a variant of the MGS algorithm applied to a matrix B in order
to solve a linear least squares problem; see section 7.1. In section 5 we showed
more precisely than before how orthogonality could be lost in the MGS algorithm, in
particular by using the condition number zr(B) defined in (2.1).

Appendix. Condition numbers. If kp(A) = ||A||r/0min(A), then (2.1) is

Er(A) = i AD).
Rp(d)= | min  kp(AD)

For m xn A, if positive diagonal D is such that in AD all columns have equal 2-norm,
then van der Sluis [21, Thm. 3.5, (b)] showed that kp(AD) is no more than a factor
V/n away from its minimum (here £r(A)), and this is the first mention of the condition
number £r(A) (and, at least by implication, of £r(A)) that we have seen so far. He
also stated in [22, section 3.9] that if ||6Ae;|| < ||Aejl|/kr(A) for j =1,...,n < m,
then A+06A has full rank n. This is easy to see since it ensures that ||0A||r < omin(A).
He also points out that this is in some sense tight, in that if |0 Ae;| = || Ae;||/ckr(A)
for j =1,...,n < m is allowed, then for any prescribed value of kr(A) > \/n there
exist A and 6 A such that A + 0A is rank deficient. Since the backward error bounds
in this paper were obtained column by column, see Lemma 3.2 and, for example,
the column bounds in (8.1), this suggests that the form of the restriction in (1.1) is
optimal, even down to the factor n2e. See also the first paragraph of section 4.

Moreover, instead of solving (1.1) we can solve (AD)y = b for some positive
diagonal D and then form x = Dy. By taking D = D above we see from van der
Sluis’s theory that we can approach the value of £p(A) with kp(AD) and perhaps
alter a problem with an ill-conditioned A so that it meets the restriction (1.1). This
is another justification for using such a D as a basic simple preconditioner when
MGS-GMRES is applied to ill-conditioned problems.

Acknowledgments. The main approach here was to base the analysis on the
surprising relationship between MGS and the Householder reduction of an augmented
matrix that was discovered by Charles Sheffield and proven and developed by Bjorck
and Paige in [5], and combine this with the elegant result discovered by Giraud and
Langou in [10] (responding to a request by Mario Arioli). Once we had made that
choice the task was still extremely difficult, and we had to draw on many other works
as well—among these the excellent book by Higham [13] facilitated our work greatly.
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This paper is the end result of a long term collaboration of its three authors aimed
at producing a rounding error analysis of the MGS-GMRES method. And although
this is unusual, the second and third authors (alphabetically) would like to thank the
first author for carrying this project to such a satisfying conclusion.

Two referees’ comments added nicely to the history and precision of the paper.
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