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We consider the nonlinear elastic energy of a thin membrane whose
boundary is kept fixed, and assume that the energy per unit volume
scales as h?, with h the film thickness and 3 € (0,4). We derive, by
means of I' convergence, a limiting theory for the scaled displace-
ments, which takes a form similar to the one proposed by Foppl
in 1907. The difference can be understood as due to the fact that
we fully incorporate the possibility of buckling, and hence derive a
theory which does not have any resistence to compression. If forces
normal to the membrane are included, then our result predicts that
the normal displacement scales as the cube root of the force. This
scaling depends crucially on the clamped boundary conditions. In-
deed, if the boundary is left free then a much softer response is
obtained, as was recently shown by Friesecke, James and Miiller.

1 Introduction

Reduced theories for thin elastic bodies have been proposed and used since the early
days of the theory of elasticity, but only in the last decade it has become possible to
derive them rigorously from three-dimensional nonlinear elasticity. The convergence
criterion which has been used for these problems is I'-convergence, and the different
physical regimes are reflected by different energy scalings and different topologies
on the space of deformations [13, 14, 8, 9, 16, 17, 10] (we refer to [10] for a review
of the recent mathematical literature and of the mechanical context).

One key property of the elasticity of thin bodies is that tangential displacements
enter the strain to first order, but normal displacements only to second order (see
Figure 1). Therefore linear theories are not usable, as they would describe all normal
displacements as completely stress-free (soft). The first nonvanishing contribution of
normal displacements to strain is quadratic, and correspondingly the leading energy
contribution is of fourth order.

A generalization of the linear theory which incorporates the normal displacements
to leading order was proposed by Foppl [7]. In a variational language, and for the
special case of isotropic elastic moduli and zero Poisson’s ratio, his model corresponds



Figure 1: Consider a rod of unit length. If one endpoint is displaced tangentially
by €, the length also changes by €. If instead the endpoint is displaced by € in the
normal direction, then the length only changes to order €2.

to minimizing
1
§/|Vu+VuT+VU®VUQd:E’ (1)
s

subject to appropriate boundary conditions and forces. Here S C R? represents
the cross-section of the membrane, u : S — R? the tangential displacement, and
v : S — R the normal displacement.

The functional (1) is not lower semicontinuous. Physically, a sheet subject to
moderate compression can relax its strain by forming fine-scale folds, which are not
penalized by the functional (1) since it does not contain any curvature term. (We
note in passing that even if bending energy is included compression is often still
relaxed by fine-scale oscillations, see e.g. [3, 6]).

It is therefore to be expected that a variational derivation will not lead to the
functional (1), but to its relaxation. Indeed, we show here that under suitable scaling
assumptions and with clamped boundary conditions three-dimensional elasticity re-
duces, in the sense of I'-convergence, to a functional corresponding to the relaxation
of (1), which, for the same special case, takes the form

1
3 / Wiel (Vu + (Vu)' + Vo ® Vv) da’ (2)
s

where Wy (F) = (AT (F))? + (A\§ (F))?, M\ (F) and X\o(F) are the eigenvalues of the
symmetric matrix F' and AT = max{A, 0}.

Our result, as it will be explained in greater detail in the next section, has impor-
tant consequences for the scaling behavior of the response of clamped membranes.
Consider indeed application of a force fy(z') = h*f(z’) normal to the membrane.



If a € (0,3), then our convergence result applied for 5 = 4a/3 implies that the
three-dimensional variational problems converge as h — 0 to the relaxed prob-
lem Io(u,v) + [¢ fvda', for Iy like in (2). The tangential displacements scale as
hP/? = h?2/3_ the normal one as h%/* = /3.

For o > 3 one obtains a different limiting theory, which is quadratic and involves
only bending energy (see e.g. [10]). The limit functional takes the form [ |V2v|?+ fu.
In this regime the out-of-plane displacement is linear in the applied force and thus
scales like h*. Understanding the cross-over from the linear to the sublinear scaling,
which had also been observed experimentally, was an important motivation for the
work of Féppl and von Karmén [20]. Indeed von Kérmén points out that his theory
interpolates between the linear (pure bending) theory and Féppl’s theory [20, p.
350]".

Notation The vectors e;, es and e; form an orthonormal basis of R?, and R? is
the space generated by e; and es. To every element o = x1e1 + T2e9 + w363 € R3 we
associate 7’ := x1e; + r9ey € R?. Thus = = ' + x3e;.

The space of tensors generated by {e; ® €;}; j—123 is denoted by R**? and R?*?
is the subspace of R**? generated by the tensors {e; ® €;};j=12. To every F =
> i—10s Fijei ® ej € R we associate F' := Y, ., Fije; ® e € R By R
we denote the space of symmetric matrices, and by R’*" the subsets of positive
semidefinite symmetric ones (i.e. {F € RY" : F' > 0}). Finally Id,, is the identity
matrix in R™*".

2 The relaxed Foppl functional

We consider the nonlinear elastic energy of a thin three-dimensional body €2, := S X
(—h/2,h/2), where S C R? is the cross section and h > 0 the (small) thickness. The
deformation is a map wy, € W2(Qy,, R?), and its elastic energy per unit thickness is

E(wn, ) ;:% [ W @)

The stored energy function W is assumed to satisfy

(W1) W : R*3 — [0,00] is a Borel measurable function of class C* in an open
neighborhood of SO(3);

(W2) W(RF) = W(F) for every R € SO(3) and every F € R**3; furthermore
W (Ids) = 0.

(W3) W (F) > Cdist?*(F, SO(3)) for every F' € R3*3,

1“In dieser Hinsicht liegt die wirkliche Platte zwischen den beiden Grenzfillen der vollkommen
steifen Platte nach Gl. (27) und der vollkommen biegsamen Platte, deren Gleichungen sich aus dem
System (29) mit D = 0 ergeben.” In this regard the real plate lies in between the two limiting
cases of the completely stiff plate according to Eq. (27) and the completely flexible plate, whose
equations are obtained from the system (29) [i.e the vK equations] with D = 0.



We study the asymptotic behavior as h — 0 of the minimization problems

inf {W cwy, € W, R?), wy () = 2 on 9S x (—h/2, h/2)}

in the range 5 € (0,4), by means of I'-convergence theory.

In order to define an appropriate convergence criterion for a sequence of deforma-
tions wy,, which are all defined on different domains, we rescale (following standard
practice) to a unique domain. Precisely, for each w; € Wh2(,,R3) we define
yn € WH2(Q1,R3) by yp(z) = wp(2' + hazes). Then

Eh(wh,Qh) == W(Vhyh(x))dx,

Q1

where V), is the operator Vj, := V' + (1/h)05 ® es, i.e.,

1
Viy(z) = Oy(z) ® e + Ooy(z) ® ea + ﬁa?’y(x) ®e;s.

In terms of the rescaled deformations, and including the constraint given by the
boundary conditions, our problem corresponds to minimizing the functional [}, :

Wh2(Qy,R?) — [0, 00] given by

W(Viy(z))dz if y(z) = 2’ + hase for v € S x (=1, 1),
In(y) == o
400, else.

Due to the boundary conditions and to the energy regime under consideration, the
behavior of a low energy sequence y;, will be understood by considering the scaled
displacements

(@) = 7 [ (nle) = o) dos 3)
vp(z) = ﬁ/o (yn(z) — hx) - e3 dws. (4)

Note that for every h we have u, € Wy?(S,R?) and v, € W,*(S). However,
for a sequence y;, such that h=PI,(y;,) stays bounded, we shall prove that, up to
extracting subsequences, (up,v,) is only weakly-x convergent in the larger space
BD(S) x Wy?(S) (compare with Part T of Theorem 1 below). We recall that BD(S)
denotes the space of the deformations u € L'(S,R?) such that the symmetric part
of the distributional gradient D'u is a Radon measure on S, namely

sym D'u € M(S,R2%2)

sym

(the symbol M is used for spaces of Radon measures). The limit of the in-plane
displacements wu, will take values in the smaller space

X(S) :={u e BD(S) : IM € M(R*,R*®) s.t. sym D'u+M € L'(R*, R*?)}, (5)

4



where @ := u in S and w := 0 in R*\ S. This corresponds to requiring that
the symmetrized distributional derivative is the sum of an L' term and a negative
definite measure, singular with respect to Lebesgue measure. This sign condition
does not bring any additional regularity, as X (S) still contains elements that are not
in BV (S,R?). The formulation of (5) in terms of the extension u corresponds to a
sign condition on the boundary values of u (in the sense of inner traces). Precisely,
functions u € X (S) obey tr (u) = Avg, where A > 0 and vg is the outer normal. The
structure of X (.5) is discussed in more detail in the Appendix.

The main result of this paper is that for all 5 € (0,4), as h — 0 the functionals
h=PI,, converge (in the sense of I'-convergence) to the limit functional I : X (S) x
Wy?(S) — [0, 0c], defined as

To(u, v) == inf {% /S Qs ((sym D+ M) + L0 fv/”@)) dz’

: M € M(R*,RY*?), symD'u+ M € L%R{Ri“)} :

Here Q5 : R**? — [0, 00) is the quadratic form
Qa(A) := min {Q3(sym A +sym (a @ e3)) : a € R},
and Q3 : R¥® — [0, 00) is the Hessian of the energy at the identity, i.e.
Q3(F) := V*W (Id3)[F, F.

By (W3) the quadratic forms @2 and Q)3 are positive definite on symmetric matrices.
If u e WHH(S,R?) and Io(u,v) < oo, as one can see, the above expression for I
reduces to

1
Io(u,v) = 5/WF(')'(V/U([E/),V,U<JI,>>C[I, (6)
s
where Wrs : R?*2 x R? — [0, 00) is defined by
. b b .
Wrs(A,b) = minq Qo symA—i—T+M M=M" M2>0;.

We notice that Wgy is a convex function, see Lemma 3 in the Appendix. In the
special case mentioned in the Introduction, which corresponds to Q3(F) = |F|?
we get Qa(A) = |A|* and Wrs(A,b) coincides, up to a normalization factor, with
Wia(A +b®b) as given after (2).

The minimization over positive-definite matrices entering the definition of Wgs
corresponds to the relaxation of compression by means of oscillations, and implies
that Wy vanishes on all compressive strains. This minimization was not present
in the original theory by Foppl (i.e. he used Wy = Q2(sym A+ b ® b/2)). This
difference is the geometrically linear analogue of the one between the membrane
theory rigorously derived by Le Dret and Raoult [13, 14] and the ones that had been
heuristically proposed before.

We now give a precise statement of our convergence result.



Theorem 1. Let S € R? be a bounded, strictly star-shaped, Lipschitz domain and

let W satisfy (W1), (W2), (W3). Then for every 3 € (0,4) the functionals h=°1,

[-converge (as h — 0) to the relaxed Féppl functional 1y. More precisely we have:
I. Compactness. For every sequence h — 0 and every y;, such that

limsup h ™" I, (yp,) < oo
h—0

the sequences (up,vy) defined by (3-4) have a subsequence such that

Up —u weakly in L*(S,R?),
sym V'u;, = sym D'u weakly-* in M (S, R**?),
vp— v weakly in Wy* (S, R?)

for some u € X(S) and v e Wy(S).
II. Lower bound. Under the same assumptions, and along the same subse-
quence,

lim inf In(yn)
h—0 B

ITI. Upper bound. For every pair of functions u € X(S) and v € Wy*(S)
and every sequence h — 0 there exists a sequence of functions y, € C*(y,R3)
with yn(x) = 2’ 4+ hxses for x € S x (—=1/2,1/2) and such that the pair (up,vy) €
Ce(S,R?) x C§°(S) defined via (3-4) converges to (u,v) as above, and

In(yn)

]%li)% 7 = I()(U, U).

2 [O<U'7 U)'

By strictly star-shaped we mean that there is a point z € S such that for each
y € S the open segment (z,y) is contained in S. Parts I and II of the Theorem
hold for generic bounded Lipschitz domains.

We recall that such a I'-convergence result implies convergence of minimizers,
in the sense that Theorem 1 implies that the set of minima of Iy coincides with
the set of accumulation points of asymptotically minimizing sequences for h=51,.
Explicitly, (u,v) is a minimizer of Iy if and only if there is a sequence yy,, converging
to (u,v) as above, such that h=%[I},(ys) — inf I,] — 0.

Further, the same holds if a continuous perturbation, such as external forces,
is included. In the relevant case of normal forces, this means that the sequence of
functionals

hs [myh) # [0 o)~ 1) e

['-converges to

In(u,v) +/Sf(a:’)v(a:’)da:’,

provided that h3%/4 f, (') converges to f in L?(S).

We remark that the range of scalings covered by the present result (3 € (0,4)) is
much broader than the one covered by the corresponding I'-convergence results ob-
tained without clamped boundary conditions. Indeed, without boundary conditions,



different T-limits for h=°I}, have been determined for 3 € (0,5/3), 3 =2, 8 € (2,4)
(no result is yet known for 5 € [5/3,2)). The two extreme cases § = 0 and =4
are special both in the presence or in absence of clamped boundary conditions. We
refer to [10] for a more complete presentation of these different regimes.

3 Proof of Theorem 1.

We prove the three parts in sequence. We start from the argument for the com-
pactness part, which is the one more specific to this situation where the energy has
very little coercivity and different growth conditions in different variables. The form
(1) shows that in this scaling regime one cannot expect to have a local coercivity.
Compactness is gained by means of the boundary conditions. Indeed, the boundary
values imply that Vuy, has zero average, hence the integral of |Vuy,|? is controlled
by the energy. This gives control of Vuvy, in L?, but of sym Vuy, only in L.

The lower bound is obtained by a standard argument exploiting the form of W
close to the minimum, again with some subtleties arising from the weakness of the
topologies.

Finally, in the upper bound an explicit construction is needed, which character-
izes the folds which are used to reduce the energy of compressive deformations. In
a first step we reduce to smooth displacements (u,v) with compact support, using
the star-shapedness of S and the convexity of Wgs. Then we provide a construction
which reverses the relaxation. This is based on the explicit definition of oscillatory
sequences which reduce the energy of compressive deformations. From the viewpoint
of nonlinear elasticity the typical construction can be seen as a laminate between
isometric deformations, whose average is, in general, a short deformation - i.e. a
deformation whose gradient lies in the convex hull of the set of isometries O(2, 3).

Proof. Part One: compactness. We have a family of deformations y, such that
yn(z) = 2’ + hxzes, Va € S x (—1/2,1/2); (7)

i W(Vyyn(z))dz < ChP. (8)

We now introduce new functions which characterize the deviation of the elastic
deformation y;, from the identity ' + hxses. Since we are dealing with thin sheets
it is natural to separate the tangential and the normal displacement. Therefore we
consider U;, € W2(Qy,R?) and V}, € W'%(Q) defined by

yn(x) = 2’ + hases + Up(x) + Vi(2)es .
Equivalently,
Un(x) := (yn(x) — )",  Vi(x) := (yn(x) — hx) - e3.

The gradients are related by
1
Vhyh(a:) = Id3 + V/Uh(.CE) +e3® V/Vh<33) + E((%Uh(a:) + 83Vh<33)€3) X es.

7



The tangential nonlinear strain takes the form
[(Vayn) Vi — 1ds]" = 2s5ym VU, + (V'U)E(V'U) + V'V, @ V'V, (9)

(recall that F’ denotes projection of F onto R?**?  and that (Id3 + F)T(Id3 + F) =
Id; 4+ 2sym F + FTF).

Integrating (9) over ' € S the first term cancels, since [ V'U(z)dz’ = 0 by (7).
Taking the trace and integrating over z3 € (—1/2,1/2) leads to

VUL )]? + |V'Vh(2)[2dz = Tr / (V)" Vagn — 1ds] dz < ChPP.

Ql Q1

In the last step we used |FTF —1d| < Cdist(F, SO(3))+Cdist*(F, SO(3)), (W3) and
(8). Plugging this information back into (9) gives an analogous bound for sym V'U,
in L'(Qy; RZ57). Summarizing we have

lsym V' Uy (2)| + |[V'Up () + |V'Vi(2)|2dz < ChP2. (10)
951
Therefore it is natural to rescale the tangential displacement U, by h?/2, and the
normal one Vj, by h?/%.

Taking averages over x3, we define the rescaled displacements u;, € Wy%(S, R?)
and v, € W,*(S) by

1 1/2 1 1/2
up(2) = W/_ Un(2', x3)dxs, wvp(2') = W/_ Vi(2!, x3)dxs.

1/2 1/2

This definition is equivalent to (3) and (4) above.

By (10) the sequence V'vy, is bounded in L?(S,R?), hence there is a subsequence
such that

v, — v weakly in W, 2(9). (11)

By (10) the sequence sym V'uy, is bounded in L*(S,R2?), and since uy € Wy
we can apply the Poincaré-Korn inequality [18] (see also [11, 12] and [19, Sect. 11.1])
to find

[unllz2srey < Cllsym Viup |11 (s r2xz) < C.

In particular there is a subsequence and u € L? such that
up, —u  weakly in L*(S,R?). (12)
Further, V'uy;, converges to D’u in the sense of distributions, and by (10)

sym V'uy(2')dr’ = sym D'y weakly* in M(S, R2%2) . (13)

Sym

This is the compactness entailed in the functionals under considerations. We
now pass to use these information to obtain a lower bound, that in turn will also
allow us to prove that u € X(S).

Part Two: lower bound. The first part of the argument is along the lines
of [9], and in a sense it constitutes the “generic” lower bound argument used in

8



the regime I (yy) — 0, i.e. for V,y, close to SO(3). In this range it is natural to
“normalize” the deformation gradients V,y, in order to use the structure of W near
SO(3). This amounts in considering a field of rotations Ry, : ; — SO(3) such that

|Viyn(x) — Rp(x)| = dist(Viyn(z), SO(3)).

The function R, can be chosen to be measurable (see Lemma 7 in the Appendix),
and hence in L>(Q, R3*3?). We also note, see Lemma 2 in the Appendix, that

Ry, (ZE)thyh<I) € R?’X?)

sym *

Consider now

o Ry Vyyy — 1ds
h-— hB/2

Since |G| = dist(Vuyn, SO(3))/h?/2, from (W3) and (8) we get that G, is uniformly

bounded in L?, and taking a subsequence

(14)

Gp— G  weakly in L*(Q, R3?).

We now use Taylor’s formula to obtain a lower bound in terms of the second
derivatives of W at the identity. Precisely, by (W1) and (W2) there is p: Ry — R
such that lim, o p(t)/t* = 0 and

W (Vayn) = W(ds + RFViy, — 1ds)
1
> §Q3<R£vhyh —1ds) — p (|R} Vay, — 1ds]) .

It is convenient to consider separately the part of the domain where V,y;, is close
to a rotation, which is large, and the small exceptional set. To do this, let

wp = {z € Qy : dist(Vipyn(z), SO(3)) < WP/},

Let xp be the characteristic function of wy. By (W3) and (8) we get |wn| — |Q4].
Restricting the integration to w, we get

Ih( h) 1 Rh<l')TVh h(ﬂf) — Id5
2= g [ e (PSR 6 (19
i | ) (0t (V). SO(8))

The second term goes to zero as h — 0, for it is equal to the integral of

xn p (dist(Vayn, SO(3)))  dist*(Vayn, SO(3))
dist*(Vyyn, SO(3)) h8 '

By the definition of wy, the first fraction converges uniformly to zero as h — 0, at
the same time the second one is uniformly bounded in L' by (8).

As xp(z) € {0,1} we also have x,Q3(Gr) = Q3(xnGr), and since x,Gp —G
weakly in L?(Q;, R¥*3) we easily conclude from (15) that

o Ielyn) (1
> —
h%n 1£1f 13 5 /Q1 Qs(G(x))dz.

9



Note that G is symmetric as G, was.
In order to extract further information on G is useful to express it as a limit of
a sequence not involving Rj. Since Viy, = Ry(Ids + h%/2G),) we get

(Vaun)T (Viyn) = Ids + 20°%G), + RPGT G,
and thus

(Vayn)"(Viyn) —1ds _ hP2
2hP/2 2

G — GIGy — 0 strongly in L*(Q, R3*%). (16)

In particular

(Vayn)T (Vays) — Ids
2hB/2

As G(x) is symmetric we have Q3(G(x)) > Q2(G(x)'). Furthermore, as @ is
convex, we can apply Jensen’s inequality in the z3 direction and find

— @G weakly in L'(Qy, R?*3). (17)

.. [h(yh) 1 / /
ALY N
llgllljglf 525 /SQQ(A(x ))dx
where
1/2
A(ZE/) = G(ZE/ + $363),d$37 Vx' €s.
~1/2

It remains to relate A to u and v. To do this, we consider the integral over
x3 € (—1/2,1/2) of the nonlinear strain,

ey = [ LT i) 1]

= » YL €3 .
By (17) we have
A — A weakly in L'(S, R?*?). (18)
At the same time, dividing (9) by 2h%/? and integrating over x5 gives
12 V'V V'V VU (2)TV'U
An(@) = = [ sy VU (@) + L@ ©VVale) | VU2) V() )
WE |, 2 2

The first term equals sym V'uy(z’), the other two can be bounded via Jensen’s

inequality leading to

V(") @ V' (2')
2

Ap(2') > sym V'uy (2') + + WP g (1) TV g, ().

As vy, is bounded in W12(S) we have that Vv, ® Vuy, converges weakly* to a measure

p € M(S,R**?) and by a standard lower semicontinuity argument u > Vv ®

Vo. Using (13) and the fact that the third term on the right hand side is positive

semidefinite we conclude that

V'o(z") @ V'vu(z')
2

A(a") da’ > sym D'u + da’. (19)

10



The difference of the two sides of this inequality defines a Radon measure on S
with values in Ri“ that we denote by M. In particular sym D'u + M is absolutely
continuous with respect to the Lebesgue measure as

!/ / / /
sym D'u+ M = {A(a:’) — Vv(x)@Vv(x)}dm,.

2
Finally,
I 1 / / / /
li in h(‘gh) > S inf {/ Qs <(Sym D+ M) + L0 ? Vi(z )> dx’}
- S

where the infimum runs over all M € M(S,R¥*?) such that sym D'u + M €
LY(S,R22).

Finally, we repeat the argument for y,(z) := yp(x) if x € S x (=h/2,h/2),
Up(x) := 2/ + hazes if z € (R*\ S) x (=h/2,h/2). As W(Id3) = 0 and Q3(0) =
(02(0) = 0 the above argument can be repeated without any change and we find that
there exists a measure M € M(R* R3*?) such that sym D'z + M € L*(R?* R2%2).
Thus v € X(5).

Part Three: upper bound. We are given u € X(S) and v € W,*(S) with
In(u,v) < oo (otherwise there is nothing to prove), and we have to construct a
recovery sequence. We shall now first use star-shapedness of S to show that it
suffices to consider v and v with compact support in S, then use convexity of Wgg
to show that it suffices to consider smooth u and v, and finally provide an explicit
construction.

After a translation we can assume that S is star-shaped with respect to the
origin. Fix € > 0 and consider the functions

ue (') a((1+¢e)2), ve (") o((1+e)2').

T 14+e T 14+e

As above, we denote by a bar extension by zero outside S, so that e.g. w =wu on S
and ¢ = 0 in R?\ S. Tt is clear that u. and v, are supported on S/(1+¢) CC S. At
the same time u. € X(S) (as u € X(S)), v. € Wy(9), and, as € — 0,

(ue, ve) = (u,v) weakly-+ in X (S) x WH2(S),
(i.e., in the convergence stated in Part I). Now we remark that
To(ue,v.) < (14 ¢)2Io(u,v). (20)

This follows from a change of variables, once one has proven that V'v.(2') = V'v((1+
g)z')), and that for any M € M(R? R2*?) such that sym D'u + M € L'(R? R¥*?)
we can find M. € M(R? R2*?) such that

sym D'u; + M. = (sym D'u+ M)((1 + ¢)z")dz’.

We now show how to construct M,. Since

1 1
(14+¢e)? |[1+¢

sym D'u; = Idy#sym D'u| |

11



(where # stands for push-forward of measures, that is f#u(E) := u(f~'(E))), it
suffices to choose

1 1
M, = Ido# M| .
(1+¢)? [1-1-6 27 ]
This concludes the proof of (20). From now on we assume that (u,v) is supported
on S() cCS.
To show that (u,v) can be assumed to be smooth, fix § < dist(Sp, 05), and set

us(a’) = / ol — Ny, () = / oa(e’ — Yoy )dy'

where ps is a standard mollification kernel on the scale §, i.e. ps(z’) = 6 2?p(x’'/9)

for p € C*(B?), [z p = 1. Then automatically (us,vs) € C°(S,R?) x C°(S), and

as § — 0 we have (us,vs) — (u,v) weakly in X(S) x W12(S). Tt remains to show

that lim sup,_ o To(us, vs) < Io(u,v). To see this let M € M(R? R3*?) be such that

f=symDu+ M e L'(R* RZ2), and

Vu(z') ® V(')
2

Io(u,v) < 1/Qg ((symD'u + M) (z') + ) dz' + 0
2Js

(M and f will depend on ¢§). Then
Vs = [ sle’ =)0y = [ psta’ =)aM ()

where the second integral takes values in the (convex) set R**. We now use that
Wrs is nondecreasing in its (matrix-valued) first argument, and that it is convex, to
obtain

/Wpa(vlua,vlva)dxl < /WFa(Pé*ﬂPE*V/U)dx/
s s
< [ Wl Vo
s

On the smooth functions (ug, vs) we can use (6), and since Wgs; < Q2 we get
In(ug,vs) < Ip(u,v)+ 6.

It remains to prove the thesis for the case u € C°(S,R?), v € C°(S). We first
show that for every j € N we can find M; € L®(S,RY*?) and a; € C°(S,R?) such
that

V'v® Vv

1 C
3 /SQg (sym (V'u+a; ®es) + 5 + Mj> dr’ < Iy(u,v) + —, (21)

J

with M; taking only a finite number of values, each of them on a Lipschitz subset
of S. To see this, consider a subdivision of S' into small squares, say of side ;. The
oscillation of the smooth fields Vu and Vv on each square is uniformly small, hence
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— provided /; is small enough — on each square we can pick one value of a and one
value of M so that

V'v® Vv

Qs (sym (V'u+a; @e3) + 5

+ M]-> < Wrs(V'u, V') + i
Further, on the squares intersecting 0S we can choose a = 0, since u and v have zero
boundary values. This defines piecewise constant fields a; and M; with the required
property. Smoothing a; concludes the proof of (21).

Claim. Given u € Cg°(S,R?), v € CF(S), a € CF(S,R3) and M € L>=(S, R¥*?)
taking finitely many values on Lipschitz subsets of S, there exists a sequence y, €
C>(Qy,R3) such that y,(x) = 2’ + hases for z € IS x (—1/2,1/2), the functions
up, and vy, defined as in (3) and (4) satisfy (11), (12), and (13), the scaled nonlinear

strain .
7 (Vayn) (Vayn) — Ids
h-= 2h8/2
converges to
\% \%
Fp — sym (V'u 4+ a® e3) + Yue vy + M, strongly in L*(Q, R*?) (22)

2
and such that there is a field of rotations R, € L>(£2;, SO(3)) such that
| RV hyn — 1ds|| poo(s.m3xs) < CRP/Z, (23)

for some constant C' which does not depend on h.
Assume for the moment that this can be done. By (W1) and (W2) we get

1
W (Vnyn) = W(RL Viyn) = §Q3 (Ri Viyn — Ids) + o(| Ry Viys — 1ds]?),

so that by (23) it follows

}Lli% 7 / W (Vpyp)de = hm / Qs (Gh) dx < 0,
where G), := h™%/2(RI'V,,y, — Id3). By (23) G}, is bounded in L*. Then Fj, — G, =
271'hP2GT G, (compare with (16)) converges strongly to zero in L*°, while by (22)
F), itself has a strong limit in L?. Therefore G}, converges strongly in L? to the same
limit as [}, and this limit is

V'o(z") @ V'v(z')
2

G(z) :==sym (V'u(2') + a(z') @ e3) + + M(2").

This expression does not depend on x3, and recalling (21) we get

C
}ng%m/ W (Vpyn)dx = Qs diﬂ—/@s da’ :Io(uav)+7

which is the thesis.
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Now we prove the claim. Let us define

yn(x) = '+ hxses + hﬁ/Q(u(x') + &) + hﬁ/4(v(x’) + on(z'))es
+hxy (Wb (2') + K2 s,(2))es + WP a(2)))

where b, € C5°(S,R?), 55, € C5°(S), &, € C5°(S,R?) and ¢, € C5°(S) have to be
chosen properly. The choice of these spaces ensures that the boundary condition
yn(x) = 2’ + hages for x € 05 x (—1/2,1/2) is satisfied. Further, we shall choose
all those functions to be uniformly Lipschitz (i.e. their gradients are bounded by a
constant which can depend on M, u and v, but not on h).

The linear term in x3 cancels under integration over z3 € (—1/2,1/2); the se-
quences uy, and v, defined via (3) and (4) satisfy

up =u+E&, vLb=v+ Q.

We shall choose &, € C°(S,R?) and ¢, € C5°(S) in such a way that

& —0 weakly in W12(S, R?) (24)
on—0 weakly in W14(S) (25)
C
(V') onll oo mexzy < . (26)

for a suitable sequence €, — 0 as h — 0. Note that (24) and (25) ensure the
convergence properties (11), (12) and (13).
Let us now note that we have

vhyh = Idd —+ h6/4H1 + hﬂ/QHQ + h1+ﬁ/4H3 + h1+ﬁ/2H47 (27)
where
Hy = e3®V'u, +b, ®es,
Hy = V'u,+a®es+ spes @ es,
Hy = z3V'by,

Hy = x3(V'sy+V'a).

Expanding the nonlinear strain (V,y,)? (Viys) via the rule (Idz + F)?(Idz + F) =
Id; + 2sym F + FTF we get

(Vayn) T (Vayn) — Ids = 20 4sym Hy + hP/%(2sym Hy + HI Hy) + o(hP/?) 7,

for a suitable tensor field J, we shall consider again later on. In order to obtain a
strain of order h%/? we need to render H; antisymmetric, and this can be done by
choosing

bh = —V/Uh. (28)
In this way we find
HTH, o(h??)
F, = symH,;+ 5 57,572 Jn
V', |2 Vo, @ V', o(h8/?
= sym (V’uh+a®63) + <3h . ’ 2h’ )63 ®€3_|_ h 5 h Q(hﬁ/Z) Jh.
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As we are looking for (22) we choose

V' |?
oy = ol 2’"“, (29)

and then, in order to have (22), it remains to show (i) that &, and ¢, can be chosen
in such a way that (24), (25) hold and

V'on @ Vi,

sym (V’éh +Vr® V'g&h) + 5

— M strongly in L*(S,R**?); (30)

and that (ii) the resulting tensor field J, satisfies

o(h"?) T2 22
A Jp, — 0 strongly in L*(S, R**?). (31)

This can be done as follows. Let us define
& = Yn — V',

for some v, € Wol’oo(S, R?) to be chosen later. Then we find

, o Vion @ V'
sym(V&ﬁ—Vv@Vw)%—w
VeV ,
= Symvw;ﬁ-w_soh(v)%_

Accordingly to Lemma 5 below we can find ¢, € C5°(S,R?) and ¢, € C5°(9)
uniformly Lipschitz and such that (25) and (26) hold (with an ¢, that we can choose
arbitrarily, provided it goes to zero), with

Vien ® Vg,

sym V', + 5

— M,

strongly in L?(S,R?*?) and 1), — 0 weakly in W, (S, R?). As a consequence the
resulting sequence &, will satisfy (24) and also (30) will hold true. We now prove
that (31) is also true and (22) will be established. To this end let us notice that,
with the above choices of by, sp, &, and ¢, we have that, for every h,

||H1||LOO(S’R2><2)+||H2||LN(S7R2X2) < C,
<

[ H 3| oo (s,r2x2) + [ Hall poo s,r252) CL+ (V') enllroe(srex2)).

Then

o(hA/?)

h1—6/4
—ya |l < C (W PV 2al) < © (hﬁ/“ + 7) -

En

Since we are working in the regime 0 < 3 < 4, it suffices to choose ¢, = h1=F/9/2,
In the end we prove (23). First of all let us notice that for every F' € R3*3 we
have
dist(F, SO(3)) < |sym F — Ids| + C|F — Id|?,
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an inequality that reflects the fact that the tangent space of SO(3) at Ids is the
space of antisymmetric matrices. Next we consider a measurable field Ry, : S —
SO(3) such that dist(Viyn, SO(3)) = |Ry — Viyn|. From (27) we deduce that
|Vhyn — 1ds|| zoo(sraxsy < ChP* (in particular R, is uniquely defined) and that
|sym Vyyn — Ids|| peo(srexsy < ChP/2, as sym Hy = 0. Thus from the inequality we
pointed put above we have |R, — Vyyu| < Ch?/2) from which (23) immediately
follows. O
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Appendix

We start by briefly analyzing the properties of the space u € X(.5), the convex cone
in BD(S) that was introduced in (5) and that arises naturally in the determination
of the domain of the I'-limit I,. General references for the space of functions of
bounded deformation BD(S) are, for example, the monograph by Temam [19] and
the paper by Ambrosio, Coscia and Dal Maso [2].

Let us recall that if u € BD(S) then

sym D'u = f,(2")dx’ + p,

where 1, € M(S, ngxn%) is singular with respect to the Lebesgue measure on .S, and
fu € LY(S,R**?) is the density of sym D'u with respect to the Lebesgue measure.
Then u € X (9) if and only if iz <0, where w=wu in S and 7 =0 in R?\ S.

The structure of the singular part of the strain u; can be further analyzed:
indeed, it turns out that there is a rectifiable set J, in .S and that, once we have fixed
an orientation of it v, € L®(H!|J,, S'), there are functions u™, u~ € L*(H!|J,, R?),
and a measure (sym D'u)¢ singular with respect to both dz’ and H', such that

g = (sym D'u)® + sym ((u™ — u™) @ v, )dH' | ], + sym (— tr (u) ® vs)dH' DS,

where tr (u) € L'(H'[05,R?) is the trace of u on S and vg is the outer normal to
S. In particular the condition uz < 0 implies the compatibility condition

ut(2) —u= (7)) = A", (2') for H'-ae. 2’ € J,,

for a suitable A € L'(H!'|J,,[0,00)) (we recall that syma ® b < 0, with b # 0, iff
a = —Ab). The sign condition on the boundary term gives analogously

tr (u)(2') = N2 )vg(2’) for H' ae. 2/ € OS
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for a function A € L'(9S, [0, 00)). The geometric meaning of the condition (sym D'u)® <
0 for the Cantor part of sym D’ is instead less clear as the validity of the “rank-one
property” (established in the space BV by Alberti [1]) in BD is at present unknown.
One could ask if the sign condition uz < 0 is sufficient to gain more regularity
for the distributional gradient D'u. It turns out that this is not the case, in the
sense that there are functions in X (S) that are not in BV (S,R?). For example, let
S = (—1,1)% and for i > 2 let Q; = (27%,27""1)2. In each Q; by [15, Theorem 1]
(see also [5, Theorem 1)) there is u; € C5°(Q;, R?) such that

lsym V'u;|dx’ < 2|Qil, / |V'u;|da’ > 2"

Qi Qi

We set u = u; in Q;, u =0 on S\ UQ;. It is clear that u is in BD(S) but not in
BV(S;R?), and that it has zero trace on 9S. To show that it is in X, it suffices to
check that the symmetric part of the distributional gradient is absolutely continuous
with respect to the Lebesgue measure. Since u € C*(S'\ {0}, R?), it suffices to check
that the n-dimensional density of sym D'u at zero is finite. To this end let pB? be
the ball of radius p and center in the origin, then

sym D (pB) < S Jsym D'ul(Q)) < 41pB?.
{1:QinpB2#0}
This concludes the proof.

It is not clear if for the u constructed above we can find a v € VVO1 2(S) such
that Ip(u,v) < oo. In other words, the question of whether the space {u € X(95) :
Io(u,v) < oo for some v € W,(S)} is contained in BV (S, R?) remains open. It is
however clear that this space is not more regular than BV. Indeed, let f : (0,1) —
(0,1) be a generic monotonic BV function, and extend it to R by f(¢) = ¢. Then set
w(z) = —(f(z1) —21,0),v =0, S = (—2,2)% Then Iy(u,v) < co. This construction
provides an example where the jump and Cantor part of Du are nonzero.

The rest of the appendix is devoted to the statement and proof of some lemmas
that were used in the proof of the upper bound. Of particular relevance in the
description of the relaxation process of compressive deformations are Lemma 4 and
Lemma 5.

Lemma 2. Let F' € R"*". Then there is R € SO(n) such that dist(F,SO(n)) =
|RTF —1d,,|. For all such R, the product RTF is symmetric.

Proof. This is well-known. We recall the argument for the convenience of the reader.
Existence is clear. To show symmetry, observe that replacing F' by F' = RT F one can
reduce to the case R = Id,, i.e. it suffices to show that dist(F, SO(n)) = |F — Id,|
implies that F'is symmetric. Consider the function

FQ=IF-QF =|F-2F:Q+QF.

(we write F': G = Tr FTG = Y F;;G;;). The first and the last term are constant
(for @ € SO(n)), hence can be ignored. That @ = Id is a local minimum among all
@ € SO(n) implies that the gradient of the linear term —2F : @, i.e. —2F, is normal
to the constraint SO(n) at the identity. The tangent space to SO(n) at the identity
is the space of skew-symmetric matrices, hence this requirement corresponds to —2F
being symmetric. O
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Lemma 3. Wgy is conver.

Proof. Choose A € (0,1), A, A" € RZx> and b, b € R?, and set
Ay=2A+(1-NA4, by=A+ (1=
We have to show that
Wi (Ax, 03) < AWrg(A,0) + (1 — \) Wi (A1) .
The key observation is that
bh@by=MNRb+ (1-Mbb—-AN1-XN)0-V)(b-1).

Therefore for any M) € R2*? we have

1
Wrs(Ax,by) < Q2 (sym Ay + §b/\ ® by + M,\>

Ve

= @ ()\ [Syme— @1 +(1-=X) [symA’+

5 :|_Mb‘|’M/\>

where M, = A1 — \)(b— ) ® (b — V) € R,
Choose now M, M’ € R3** so that

1
Wpé(A,b) = QQ (symA+ §b®b—|—M) ,

and the same for A’, ¥ and M’, and set My = AM + (1 — \)M’ + M, € RZ**. Then
the previous expression takes the form

Q2 ()\ [SymA—l-@—l-M} +(1=X) [symA'—i—b Q;b +M’D

and the convexity of ()o concludes the proof. O

Lemma 4. For each M € R%? there are 15 € WH=(R? R?) and ps € W1°(R?)
such that

*

s —0 weakly* in W1>(R? R?),

05— 0 weakly* in WH(R?),
as 6 — 0,
/ / / /
sym V'is(z") + Vies() 629 Vies(@) _ M,

for a.e. ' € R?, and ||Ys]|lwre + ||ps]|wie < C(IM|+1).

Proof. Let ((t) be defined as tif 0 <t < 1/2,as (1 —1t)if 1/2 <t < 1 and extended
periodically on the rest of R. Let (5(¢) := d((t/0) for every § > 0 so that (s —*0
weakly* in Wh(R) as 6 — 0.
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We can write M = \a; ® a1 + \aas ® as for a;,as € S' and A\, Ay > 0. We
define
Ys(a') = (\/chh — \/Xzaz)Q((\/le + \/Xzaz) '),

so that
V/¢5(33/) = C(’;((\/Xlal + \/XQQQ) . .I/)(\/Xl(ll — \/XQGQ) & (\/Xlal + \/Xgag).
In particular

)\1(11 X a; — /\2(12 ® ag on S;_
)\2&2 X ag — )\1&1 ®a; on S(S_

sym V'ys(z') = {
where we have put S5 = R*\ S; and
S = {x’ € R?: for a k € N we have (\/Xlal + \/Xgag) cxl e (/{:5, ko + %5)} .

Correspondingly we define

(7)) == (s(2Vhzay - 2'),  if 2’ € SF,
v . C(—=2var-2), ifa’ € Sy .

Note that ¢5 € Wh*°(R?). Indeed if 2’ € S_; N S_(;_ we have that for some j € N
](5 = 2(\/X1a1 + \/X2a2> . ZE/,

and since (y is 0-periodic we deduce that ¢; is continuous on the interfaces, and thus
Lipschitz on R?. On the other hand we have that

v/906<33/) = 2\/X2<(/5(2\/X2 a9 - I/>a27 if 2 e S;_’
=2V MG (=2vV A\ ay - 2)ay, if 2 € Sy .

and since (5 = 1 a.e. we get

’ ’ ’ no__ 4)\2(12 & as, if l’/ € S;_,
V@é(ﬂf)@V@é(m)—{ 4)\1(11@@1’ ifIIGS(S_.
The thesis follows. U

Lemma 5. Let M € L*(S,R%®) be constant on each of finitely many Lipschitz
subsets S; covering S, and let e, — 0, £, > 0. Then there are ¢, € C§°(S,R?) and
on, € C§°(S) such that

Y, —0 weakly in W2(S,R?),

o —0 weakly in WH4(8S),
sym V', (27) + Vien() 65 Vien() — M strongly in L*(S, R**?),
and
5h‘|(vl)280h”Loo(s,R2x2) < 1,
[Unllwree(srey + [|@nllwreesy < C|M|| oo (srex2y + 1) .
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Proof. We can without loss of generality assume that M is constant on the entire S
(if not, we perform the construction independently on each S;).

Let 15, s be the functions given by Lemma 4, S, = {2’ € S :dist(2',05) > p},
and 7, € C5°(B,, R) be a mollification kernel on the scale p, i.e. be such that

[t =1 [ oV 9 e <
R2

We set
Vsp(a') = [ sy )n,(a’ — o' )dy'
Sp

and analogously s ,. Clearly 5, € C5°(S,R?), s, € C(S), and as p — 0
Vs p — &5, ©sp— Ps strongly in WI’Q(S, R2), resp. W1’4(S).

It remains to take a suitable diagonal subsequence. Indeed, for each § we can chose
p(0) such that

1¥s,06) — Vsllwrasrz) + |9s.00) — Psllwragsy < 6.

This ensures all desired convergence properties as 4 — 0. To include the
bound on the second gradient it suffices to choose §(h) as the smallest ¢ for which
enll(V')2@5,p(6) || Loo(s,R2x2y < 1. This is possible since ¢, — 0, and for the same reason
d(h) — 0. Finally, we set ¥ = Vs, p(5(n)) and define ¢y, likewise. O

In the proof of Theorem 1 we have stated the existence of certain measurable
functions. This can be proved by a rather standard application of the measurable
selections principles, which is however typically disregarded in the literature. We
therefore chose to provide here the simple details for the case of interest here.

The basic tool is the following slight simplification of Theorem II1.6 in [4].

Lemma 6. Let X be a set with a o-algebra F, let Y be a complete, separable metric
space and for every x € X let a nonempty subset F(x) of Y be given in such a way
that

{reX : Flx)nU#0}eF (32)

for every open set U in'Y .
Then a measurable map f : X — Y can be defined in such a way that f(x) € F(x)
for every x € X.

For the convenience of the reader we recall the brief proof.

Proof. Let {yi}r be a countable and dense subset of Y and let f; : X — Y be
defined by

fl)(x) = Yko(a)s
ko(z) = min{k € N: F(x) N B(y,2°) # 0}.

Note that fy is measurable as it takes values in {y;}, and as (fo)~*(yx) is measurable
for every k, by (32). Assume that a measurable f; : X — Y has been defined in
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such a way that: f;(x) = yk, ), for k;(z) such that F(z) N B(yk;(),27) # 0. Then
we define f;;1(z) as

fj+1(3?) = Ykjia(a)s ‘ |
kjea() == minf{k € N: F(2) 0 Byr,),277) N By, 27771 # 0}
Once again f;1 is measurable by (32). Furthermore we have easily that
dist(fj(z), F(x)) <277, dist(fj(2), fn(2)) < 277,

so that dist(f;(z), fj+n(x)) — 0 as j — oo for every h. Since Y is complete for every
r € X we find f(z) € F(z) such that f;(x) — f(z), and in particular the map
f X — Y is measurable. This completes the proof of the lemma. O

We then state and prove some consequences of this Lemma that we have used in
the proof of Theorem 1.

Lemma 7. Let M : Q) — R™"™ be measurable. Then there is a measurable R : Q) —
SO(n) such that

(M (z) — R(z)| = dist(M(z), SO(n)) Va € Q.

Proof. We apply Lemma 6 with X = ), F the o-algebra of the Lebesgue measurable
sets of Q, Y = SO(n) and F(z) = {Q € SO(n) : |Q — M(z)| = dist(M(x), SO(n)).
Let U be an open set of SO(3) and let Uy be an increasing sequence of compact sets
exhausting U. Then

{re X :Flx)nU # 0}
= {2z e€Q:3Q €U, |Q — M(x)| =dist(M(x),SO(n))}

= [ J{z € Q:dist(M(z),Up) = dist(M(z), SO(n))}
keN

and each set in this countable union is measurable as it is the coincidence set of two
measurable functions. O
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