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Abstract

Jackson and Wormald conjectured that if G is a 3-connected n-vertex graph with
maximum degree d > 4 then G has a cycle of length Q(n!°8¢-12) and showed that
the bound is best possible if true. In this paper we prove that this conjecture holds
when d — 1 is replaced by max{64,4d + 1}. Our proof implies a cubic algorithm for
finding such a cycle.

1 Introduction

From the point of view of approximation algorithms, finding a longest cycle in a graph
is one of the “hardest” NP-hard problems. There is no known polynomial time algorithm
which guarantees an approximation ratio better than n/polylog(n). For graphs with a
cycle of length k, it is shown in [1] that one can find in polynomial time a cycle of length
Q((log k)?/loglog k). Gabow [6] showed how to find in polynomial time a cycle of length
exp(2(y/log k/loglog k)) through a given vertex v in a graph that contains a cycle of
length k through v. Recently, Feder and Motwani [5] obtained a cubic algorithm which,
given a graph with maximum degree d and containing a k-vertex 3-cyclable minor, finds
a cycle of length k/(2¢1°8d) for some ¢ > 2. A consequence of their result improves
Gabow’s result in certain situations.

Karger, Motwani, and Ramkumar [10] showed that unless P = NP it is impossible
to find, in polynomial time, a path of length n — n€ in an n-vertex Hamiltonian graph
for any € < 1. They conjecture that it is as hard even for graphs with bounded degrees.
On the other hand, Feder, Motwani, and Subi [4] showed that there is a polynomial
time algorithm for finding a cycle of length at least n(°%32)/2 in any 3-connected cubic
n-vertex graph. They also proposed the problem for 3-connected graphs with bounded
degrees. For a graph G, let A(G) denote its maximum degree. Jackson and Wormald [9]
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proved that every 3-connected n-vertex graph G with A(G) < d has a cycle of length at
least %nlogﬂ + 1, where b = 6d°. Recently, Chen, Xu, and Yu [3] gave a cubic algorithm
that, given a 3-connected n-vertex graph G with A(G) < d, finds a cycle of length at
least 182 where b = 2(d—1)2+1. It was conjectured in 1993 by Jackson and Wormald
[9] that for d > 4 the right value for b should be d — 1. The main result of this paper
shows that this conjecture holds for a linear function b of d. (This result appears in the
extended abstract [2].)

(1.1) Theorem. Let n > 4 and d > 4 be integers. Let G be a 3-connected graph with
n vertices and A(G) < d. Then G contains a cycle of length at least 1nl°8»2 + 3, where
b = max{64,4d + 1}.

For 3-connected graphs, this improves the above-mentioned result of Feder and Mot-
wani [5]. Our proof of Theorem (1.1) implies a cubic algorithm for finding a cycle of
length at least $n'°8+2 4 3. The multiplicative constant 1/2 and the additive constant 3
are for induction purpose. As in [3], we prove the following three statements simultane-
ously.

(1.2) Theorem. Letn > 5 and d > 4 be integers, let b = max{64,4d+1} and r = log; 2,
and let G be a 3-connected graph with n vertices. Then the following statements hold.

(a) Let zy € E(G) and z € V(G) — {z,y}, and let t denote the number of neighbors
of z distinct from x and y. Assume A(G) < d+ 1, and that every vertex of degree
d+ 1 (if any) is incident with edge zx or zy. Then there is a cycle C' through zy
in G — z such that |C| > 1(Y=Umyr o

(b) Suppose A(G) < d. Then for any distinct e, f € E(G), there is a cycle C through
e and f in G such that |C| > $(2)" + 3.

(c) Suppose A(G) < d. Then for any e € E(G), there is a cycle C through e in G such
that |C| > in" + 3.

Note the degree condition in (a): zx and zy need not be edges of G, but if = (respec-
tively, y) has degree d + 1 then zx (respectively, zy) must be an edge of G, and if z has
degree d + 1 then zx or zy must be an edge of G. This condition is due to the addition
of edges in order to maintain 3-connectivity.

When n > 5, Theorem (1.2)(c) clearly implies Theorem (1.1). When n = 4, The-
orem (1.1) is obvious. The next result says that Theorem (1.2) holds for graphs with
bounded size, which will enable us to avoid dealing with small graphs in inductive proofs.
We omit its proof, since it is rather straightforward.

(1.3) Lemma. Let G,n,d,b,r be the same as in Theorem (1.2). If n < 4d + 1 then
Theorem (1.2)(a) and (b) hold, and if n < (4d + 1)? then Theorem (1.2)(c) holds.

To prove Theorem (1.2), we need to deal with graphs obtained from 3-connected
graphs by deleting a vertex (such as G — z in (a)), and such graphs need not be 3-
connected. By using a result of Tutte [11] and an algorithm of Hopcroft and Tarjan
[7], we can decompose such graphs into “3-connected components”. We then find long
paths through certain 3-connected components and use properties of the function z!°82



to account for the unused 3-connected components. (For a brief outline of our approach,
the reader is referred to the Algorithm in section 6.) Our approach is similar to that in [3],
but here we prove stronger properties of the function 2'°% 2 and analyze the 3-connected
components in a more sophisticated way.

We organize this paper as follows. In section 2, we recall notation of Hopcroft and
Tarjan [7] concerning the decomposition result of Tutte [11] of 2-connected graphs into
3-connected components. We then define cycle chains of 3-connected components, and
prove several results on paths in cycle chains. We prove in section 3 several useful
properties of the function f(z) = z'°%2. We also define block chains of 3-connected
components, and prove lemmas concerning paths in block chains. Theroem (1.2) will
be shown inductively. So in sections 4 and 5, we show how to reduce Theorem (1.2) to
smaller graphs. In Section 6, we complete the proof of our main result, and outline a
cubic algorithm for finding a long cycle in a 3-connected graph with bounded degree.

For graphs G and H, we use G =~ H (respectively G % H) to mean that G
is isomorphic to (respectively, not isomorphic to) H. Let G be a graph, H a sub-
graph of G, and S := {v1,..., vk, T1y1,...,2pYp}, Where v;, z;,y; are vertices of G and
{z1,y1,. .., 2p,yp} C{v1,..., 0} UV(H). Then H + S denotes the simple graph with
VH+S)=V(H)U{v,...,vp}and E(H+S)=EH)U{z1y1,...,TpYp}-

2 Paths in cycle chains

For convenience, we recall the decomposition of a 2-connected graph into 3-connected
components. A detailed description can be found in [3] and [7].

Let G be a 2-connected graph. We allow multiple edges for the description of this
decomposition. Then, F(G) in this section is treated as a multi-set. We say that {a,b} C
V(G) is a separation pairin G if there are subgraphs G1, G2 of G such that G1 UGy = G,
V(G1 N Gs) = {a,b}, E(Gi NGz) = 0, and |E(G;)| > 2 for i = 1,2. Let G, :=
(V(G,), E(G;) U {ab}) for i = 1,2. Then G} and G, are called split graphs of G with
respect to the separation pair {a, b}, and the new edge ab added to G; is called a virtual
edge. It is easy to see that, since G is 2-connected, G} is 2-connected or G consists of
two vertices and at least three multiple edges between them.

Suppose a multigraph is split, and the split graphs are split, and so on, until no more
splits are possible. Then each remaining graph is called a split component. No split
component contains a separation pair and, therefore, each split component must be one
of the following: a triangle, a triple bond (two vertices and three multiple edges between
them), or a 3-connected graph.

It is not hard to see that if a split component of a 2-connected graph is 3-connected
then it is uniquely determined. It is also easy to see that, for any two split components
G1,G> of a 2-connected graph, we have |V(G1 N Ga)| < 2, and if [V(G1 N G2)| = 2 then
either G; and G9 share a virtual edge between the vertices in V(G1 N G2) or there is
a sequence of triple bonds such that the first shares a virtual edge with G1, any two
consecutive triple bonds in the sequence share a virtual edge, and the last triple bond
shares a virtual edge with Gs.

In order to make such decomposition unique, some triple bonds and triangles need
to be merged. Let G, = (V/, E!), i = 1,2, be two split components, both containing a
virtual edge ab. Let G' = (V/UVY, (E] —{ab})U (E5 —{ab})). The graph G’ is called the



merge graph of G and GY. Clearly, a merge of triple bonds gives a graph consisting of
two vertices and multiple edges, which is called a bond. Also a merge of triangles gives
a cycle, and a merge of cycles gives a cycle as well.

Let D denote the set of those 3-connected split components of a 2-connected graph
G. We merge the split components of G not in D as follows: the bonds are merged as
much as possible to give a set of bonds B, and the cycles are merged as much as possible
to give a set of cycles C. Then BUC U D is the set of the 3-connected components of G.
Note that any two 3-connected components either are edge disjoint or share exactly one
virtual edge. The following theorem is a combination of a result of Tutte [11] and an
algorithm of Hopcroft and Tarjan [7].

(2.1) Theorem. The 3-connected components of any 2-connected graph are unique and
can be found in O(E) time.

If we define a graph whose vertices are the 3-connected components of G and two
vertices are adjacent whenever the corresponding 3-connected components share a virtual
edge, then this graph is a tree, which we call the block-bond tree of G. For convenience,
3-connected components that are not bonds are called 3-blocks. An extreme 3-block is a
3-block that contains at most one virtual edge. That is, either it is the only 3-connected
component (in which case G is 3-connected), or it corresponds to a degree one vertex in
the block-bond tree.

A cycle chain in a 2-connected graph G is a sequence C1C5...C}y of 3-blocks of G
such that each C; is a cycle and there exist bonds (possibly empty) B1, Ba, ..., By—1 in G
such that C1B1C2Bs ... Bp_1C} is a path in the block-bond tree of G. For convenience,
we sometimes write H := (...} for a cycle chain, and view H as the simple graph
obtained from the union of C; (1 < i < k) by identifying virtual edges between the
vertices of C; N Cjy1 (1 < i < k —1). The following is a direct consequence of the
definition of a cycle chain.

(2.2) Proposition. Let G be a 2-connected graph and H := C ...Cy be a cycle chain
in G. Then deleting all edges of H with both ends in V(C;NCjy1), 1 <i < k—1, results
in a cycle.

The next result finds a path linking two edges in a cycle chain.

(2.3) Proposition. Let G be a 2-connected graph, let H := C ...C}y be a cycle chain
in G, let wv € E(Cy) with {u,v} # V(C1 N Cs) when k # 1, and let ab € E(Cy) with
{a,b} # V(Cr—1NCy) when k # 1. Then there is a path in H — {v,ab} from u to {a,b}
and containing V(U;“;f(ci NCit1)) — ({a,b} U{u,v}).

Proof. We apply induction on k. The result holds trivially for £k = 1. So assume k > 2.
Let H := Cy...Cy and V(C; N Cy) = {u1,v1}. Without loss of generality, we may
assume that C; — {v, v1} contains a path P from u to u;. Suppose v; = v. By induction,
we find a path @ in H — {v1,ab} from u; to {a,b} and containing V(Ui-:;(Ci NCit1)) —
({a,b}U{ui,v1}). Then PUQ gives the desired path. Now assume v; # v. By induction,
we find a path Q' in H’ — {uy, ab} from v; to {a,b} and containing V ((J¥=) (CiNCii1)) —
({a,b} U{u1,v1}). Now (PUQ') + ujv; gives the desired path. O



Remark. The path, say R, found in Proposition (2.3), may use edges between the
vertices of C; N Ci11 (1 < i < k—1). However either G also has an edge between the
vertices of C; N Ciy1, or C; N Ci1q is contained in a 3-block of G not in H. Hence, from
R we can produce a path in G by replacing virtual edges in R with appropriate paths in
G, and this new path is at least as long as R. This observation applies to the next three
results as well, and will be frequently used.

A similar argument establishes the following result, which finds a path in a cycle
chain between two vertices and avoiding a specific vertex.

(2.4) Proposition. Let G be a 2-connected graph, let H := C ...C}, be a cycle chain
in G, let uv € E(Cy) with {u,v} # V(Cy N Cy) when k # 1, and let © € V(C}) with
x #v whenk =1 and x ¢ V(Ci_1 N Cy) when k # 1. Then there is a path in H — v
from u to x and containing V(Uf;ll(C’i NCiy1)) —{v}.

It is clear that the paths and cycle in the above three propositions can be found in
O(V) time. The following two results are Propositions (2.7) and (2.8) in [3], which find
in O(V) time paths through a given edge in a cycle chain.

(2.5) Proposition. Let G be a 2-connected graph, let H := C1 ...C} be a cycle chain
in G, let wv € E(C1) with {u,v} # V(C1 N Cs) when k # 1, ab € E(Cy) with {a,b} #
V(Cr—1 N Ck) when k # 1, and cd € E(Uf:1 C;) — {ab}. Suppose ab # uwv when k = 1.
Then there is a path P in H — ab from {a,b} to {c,d} such that uv € E(P), c¢d ¢ E(P)
unless cd = uv, and V(-G N Cipq)) C V(P).

(2.6) Proposition. Let G be a 2-connected graph, let H := C ...C} be a cycle chain
in G, let wv € E(Cy) with {u,v} # V(C1) NV (C2) when k # 1, x € V(Cy) with x ¢
V(Cr—1NCy) when k # 1, and cd € E(Ui-“:1 C;). Then there is a path P in H from x to
{c,d} such that uv € E(P), cd ¢ E(P) unless cd = wv, and V(Uf;ll(CiﬂCZ-H)) CV(P).

We conclude this section by recalling from [3] two graph operations and three lemmas.
Let G be a graph and let e, f be distinct edges of G. An H-transform of G at {e, f} is
an operation that subdivides e and f by vertices z and y respectively and then adds the
edge zy. Let x € V(G) such that z is not incident with e. A T-transform of G at {z, e}
is an operation that subdivides e with a vertex y and then adds the edge xy. If there
is no need to specify e, f, x, we simply speak of an H-transform or a T-transform. The
following result is Lemma (3.3) in [3].

(2.7) Lemma. Letd > 3 be an integer and let G be a 3-connected graph with A(G) < d.
Let G’ be a graph obtained from G by an H-transform or a T-transform. Then G’ is a
3-connected graph, the vertex of G involved in the T-transform has degree at most d+ 1,
and all other vertices of G' has degree at most d.

The next two results are Lemmas (3.6) and (3.7) in [3], where it is shown that the
path P can be found in O(V') time.

(2.8) Lemma. Let G be a 3-connected graph, let f € E(G), let ab, cd,vw € E(G)—{f},
and assume that {c,d} # {v,w}. Then there exists a path P in G from {a,b} to some
z € {e¢,d}U{v,w} such that (i) f € E(P), (ii) cd € E(P) orvw € E(P), (iii) ifcd € E(P)
then z € {v,w} and vw ¢ E(P), and (iv) if vw € E(P) then z € {c¢,d} and cd ¢ E(P).



(2.9) Lemma. Let G be a 3-connected graph, let f € E(G), let x € V(G) such that x
is not incident with f, let cd,vw € E(G) — {f}, and assume that {c,d} # {v,w}. Then
there exists a path P in G from x to some z € {c,d} U {v,w} such that (i) f € E(P),
(ii) ed € E(P) or vw € E(P), (iii) if cd € E(P) then z € {v,w} and vw ¢ E(P), and
(iv) if vw € E(P) then z € {c,d} and cd ¢ E(P).

3 Paths in block chains

We first prove four lemmas concerning the function z'°% 2. These lemmas will then
be used to find long paths in block chains. First, we recall Lemma (3.1) in [3].

(3.1) Lemma. Let b > 4 be an integer, and let m > n be positive integers. Then
mlong + nlogbZ > (m + (b _ 1)n)logb2'

When m is sufficiently larger than n, we have the following result.

(3.2) Lemma. Let b > 9 be an integer, let m and n be positive integers, and assume
m > b(b4—1)n' Then mlong + nlogb2 > (m + @n)logb 2.

Proof. By dividing m!°8»2 to the above inequality, we see what we need to prove is
equivalent to the statement: for any 0 < s < (b L 1+ slog2 > (1+ b(b 1) s)logy 2,

Let f(s) = 14582 — (1421 gylogy 2, cmaﬂy,f«nzzo.Nounmatub—1)>qu—1)
when b > 5. Hence f(1) =2 — (1 4 Y ))logb < 2 b8 2 = (. Taking derivative about
s, we have f'(s) = (log, 2)(s(o82)—1 bb— 1 )(1 + b(bll)s)(logb 2)=1). A simple calculation
shows that f’(s) = 0 has a unique solution. Therefore, if f(¢) > 0 for some 0 < ¢ < 1,
then f(s) >0 for all 0 < s <e.

Note that 0 < ﬁ < 1 and f(ﬁ) > 14 ()02 — 282 > 1.25 — 210892
0.005587... > 0. Therefore, we have f(s) > 0 for all s € [0, ﬁ]. O

When m is not sufficiently larger than n, we have the following complementary result.

(3.3) Lemma. Let b > 64 be an integer, let m > n be positive integers, and assume
m < b(b YOV, Then ml°8»2 4 ploss2 > (4m)'oss 2,

Proof. The statement of Lemma (3.3) is equivalent to 1+ s!°%62 > 4198+ 2 for all ﬁ <

s < 1. Therefore, it suffices to show 1 + (b(b4_1))logb2 > 41982 This is true because
1+ (b(bél_l))l()gﬂ > 1+ (p)los2=1+ > 41982 (since b > 64). O

We shall also use the following observations in the proof of Theorem (1.2).

4logb 2

(3.4) Lemma. Letm be an integer, d > 3, and b > d—l—l Ifm > 4 thenm > tm'°& 243,
If m > 3 then m > $(2)°&2 4+ 2. If m > 2 then m > 1(2)lo#n2 4 1.

Proof. Let f(z) =2 — 12'°%:2. We can show that f’(z) > 0 for « > 1. Hence f(z) is an
increasing function when = > 1. Thus, when x > 4, we have f(z) > f(4) = 4—%410%2 >3
(since b > 4). The first inequality holds.



Let f(z) =z — 1(%)1°82; then f(z) is increasing when x > 1. The second inequality
follows from f(3) > 2, and the third inequality follows from f(2) > 1. O

We now turn to paths in block chains. Let G be a 2-connected graph. A block chain
in G is a sequence H; ... H) for which (1) each H; is either a cycle chain in G or a
3-connected 3-block of G, (2) for any 1 < s < h — 1, Hg or Hgy; is 3-connected, and
(3) there exist bonds (possibly empty) Bi,..., By_1 such that H1B1HsBs...Bn_1Hj,
form a path in the block-bond tree of G (by also including the tree paths corresponding
to H; when H; is a cycle chain). A detailed description with examples can be found in
[3]. For convenience, we sometimes write H := H; ... H}, for a block chain and view H
as the simple graph obtained from |J;, H; by identifying edges between the vertices in
H;NH;jy (1 <i<n-—1). The edges of H between the vertices of H; N H;y; are called
separating edges of H. Such edges are to be avoided when we find paths in block chains.

Let Hy ... Hp, be a block chain and let V(Hs N Hst1) = {xs,ys}, 1 < s < h—1. For
each 1 < s < h, we define A(Hj) as follows. If Hy is 3-connected then A(Hy) := V (Hy).
If H; = Cy...C} is a cycle chain then let

o A(H,) = V(U (CinCiv1)) = ({@s-1,ys-1} U{xs,ys}) when 1 < s < h,

o A(Hy) == V(U= CinCiyy) when s = 1 = h, A(H,) == V(U (Cin Cigr)) —
{zs,ys} when s =1 < h, and

o A(H,) := V(U= (CinCiv1)) = {ws-1,ys-1} when 1 < s = h.

We write o(H) == " |A(H,)| and |H| := |[V(U", Hi)|. For convenience, we define
Bi1(H) = {H; : H; is 3-connected or |A(H;)| < 1} and Bo(H) = {H; : H; is a cycle chain
and |A(H;)| > 2}.

In the remainder of this section, we show how to find long paths in block chains (in
terms of o(H)). All proofs imply O(V') algorithms that reduce the problem of finding a
path to Theorem (1.2) for smaller graphs.

(3.5) Lemma. Let n > 6 be an integer and assume Theorem (1.2) holds for graphs
with at most n — 1 vertices. Let H := H1Hs--- Hy, be a block chain in a 2-connected
graph such that |H| < n and A(H;) <d for 1 <1i < h. Let wv € E(Hy) such that {u,v}
is not a cut of Hy, and if h > 2 then {u,v} # V(Hy N Hy). Then there is a path P in H
from wu to v such that |E(P)| > %(%)r + 2 and P contains no separating edge of
H.

Proof. When h > 2, we use a, b to denote the vertices in V (Hy N Hs). Suppose |A(Hi)| >
%. First assume H; is a cycle chain or H; = K,4. Then there is a Hamilton path
Py in Hy from u to v (by Proposition (2.2) when Hj is a cycle chain). If |H;| = 3 then
|A(H1)| = 0, and hence, |E(Py)| > 1|A(H1)[" + 2. If |Hi| > 4 then |E(P;)| > 3, and
by Lemma (3.4), |E(Py)| > 3|H|" + 2 > 1|A(H;)|" + 2. Now assume H; is 3-connected
and H; 2 K4. Then by Theorem (1.2)(c), H; has a cycle Cy through uv such that
|E(C)| > 3| H1|" +3 = 3|A(H1)[" + 3. Let P, := Cy —wv. If h =1 or ab ¢ E(P;) then
P := P; gives the desired path. If h > 2 and ab € E(P;) then, by replacing ab with
a path in Hy ... Hj, between a and b and not containing any separating edge of H, we
obtain the desired path P.



So we may assume |A(H7)| < %. In particular, h > 2. If H; is a cycle chain

or Hy = K, then, as in the above paragraph, we find a Hamilton path P; from u to v in
H;y through ab such that |E(P;)| > $|A(H1)|" + 2. Now assume H; is 3-connected and
Hy, 2 K4. Then by Theorem (1.2)(b), H; has a cycle C; through uv and ab such that
|E(Ch)| > %(@)T +3; let P :=Cq — uw.

By induction, we find a path P’ in ‘H' := Hy... H, from a to b and containing no
separating edges of H' such that |E(P’)| > %(W)T +2. Let P:= (P, —ab)UP'.
Since o(H) < A(Hy) + o(H') and |A(H;)| < (dflglo(m, ‘A(fl)‘ < (dfl)dU(Hl). Hence by
Lemma (3.2),

) > AU L2 Dol
» Lo plAml | @- Vo0t
> ;(W)T +2.
So P gives the desired path. O

For the next two lemmas, we define uv and z in a block chain H := HoH; - - - Hy, (in
a 2-connected graph). Suppose h = 0. If Hy is 3-connected or Hj is a cycle then let
wv € E(Hp) and = € V(Hy) — {u,v}, and if Hy = C;...C} is a cycle chain with k& > 2
then let uv € E(Cy) with {u,v} # V(C1NCs) and let x € V(C)—V (Ck—_1). Now assume
h > 1. If Hy is 3-connected or Hy is a cycle then let uv € E(Hp) with {u,v} # V(HoNH1),
if Hy = Cy...Cy is a cycle chain with £ > 2 and V(Hp N Hy) = V(Cx N Hy) then let
w € E(Ch) with {u,v} # V(C1 N Cy), if Hy is a cycle or Hy is 3-connected then
let x € V(Hp) — V(Hp—1), and if H, = Cy...Cy is a cycle chain with & > 2 and
V(Hp—1 N Hy) =V (Hp_1NCY) then let z € V(C) — V(Ck—_1).

(3.6) Lemma. Let n > 6 be an integer and assume Theorem (1.2) holds for graphs with
at most n — 1 vertices. Let H := HyH; --- Hy, uv,x be defined as above, and assume
|H| < n, A(H;) < d for 0 < i < h, and the degree of x in Hy, is at most d — 1. Then
there exists a path P in H — v from u to « and containing no separating edge of H such
that

(i) |B(P)| 2 5(Sig (PG +1 2 5(732) + 1, and

1=

(i) |B(P)| > LS{(AURy ¢ fy e Bi(H)}) + (X {max{L,|A(H)| — 2} : H; €
1.

Proof. We apply induction on h. Suppose h = 0. If Hy is 3-connected and Hy 2 Ky,
then by assumption and because x has degree at most d — 1, Theorem (1.2)(a) holds
for Hy + {vz,ux}. Hence, Hy — v contains a path P from u to x such that |E(P)| >

%(@)T + 1. If Hy = K4, then we can find a path P from u to z in Hy — v such that

|[E(P)| =2 > %(@)T + 1. If Hy is a cycle chain, then by Proposition (2.4), there
is a path P from u to z in Hy — v containing A(Hy) — {v}. Note that = ¢ A(Hy) and
if v € A(Hp) then u ¢ A(Hy). Thus, |[E(P)| > |A(Hp)|. Because |[E(P)| > 1 and since



|A(Ho)| = 0 or |A(Hp)| > 2, we have |E(P)| > 4 (AFH)lyr 1 (hy Lemma (3.4)). Clearly,
|E(P)| > max{1,|A(Hp)| — 2} + 1 when Hy € B2(H).

Now assume h > 1. Let V(Ho N Hy) = {uo,v0}, and assume the notation is chosen
so that ug ¢ {u,v}. By the above argument for h = 0, if Hy is a cycle chain or Hy = Ky
then Hy — v has a path Py from u to ug such that |E(FPy)| > %(@)T + 1, and
|E(Py)| > max{1,|A(Ho)| — 2} + 1 when Hy € By(H). (Note in the case Hp is a cycle
chain, ugp ¢ A(Hp) because h > 1.) Now assume Hj is 3-connected and |Hp| > 5. If
v = vy then we apply Theorem (1.2)(a) to find a path Py from u to ug in (Ho + uug) — v
such that |E(Py| > %(@)T + 1. If v # vy then let H{, be obtained from Hj by a
T-transform at {v, ugvp} and let «’ denote the new vertex. By Theorem (1.2)(a), we find
a path P} in (H) 4+ uu') — v from u to «’ such that |E(FPy)| > %(@)T + 1; and let
Py := Py —u/ (in this case ugvg ¢ E(P).

Let P} := Py if upvg ¢ E(Py); otherwise, let P} := Py — up. Then P} is a path
in Hy — {v,uovo} from w to {up,vo} such that |E(FPj)| > %(@)T, and |E(P))| >
max{1, |A(Hoy)| — 2} when Hy € B2(H). Without loss of generality, we may assume that
P} is from ug to u.

By applying induction to H' := Hj...Hp, there is a path P; from uy to x in
H' — vy containing no separating edge of H' such that |E(P;)| > %(ZLI(%)T) +
1> L@y 41 and |E(P)| > J(S{(AEy o B € Bi(H) and i # 0}) +
(> {max{1,|A(H;)| — 2} : H; € Bo(H) and i # 0}) + 1.

Let P := P/ U P;. Because h > 1, Hy or H; is not a cycle chain, and hence,
o(H) < |A(Ho)| + o(H'). Tt is easy to see that P satisfies (i) and (ii). Note that the

second inequality in (i) follows from the first in (i) by applying Lemma (3.1). O

(3.7) Lemma. Assume the same hypothesis of Lemma (3.6). Then for any 0 <t < h
and for any pq € E(H;) such that |H;| < n — 3 when h > 1, there exists a path P in H
from x to {p,q} and containing no separating edge of H such that

(i) pg & E(P), and |E(P)| > YAH)|" + 5(S{(MY8) - H; € Bi(H) and i #
0}) + O {max{1,|A(H;)| — 2} : H; € Bo(H) and i # 0}) + 1.

(ii) if we require wv € FE(P), then pq ¢ E(P) unless pg = uv, and |E(P)|
LA -y € Bi(H)Y) + (S {max{1, |A(H;)| - 2} : H; € Bo(H)}) + 1
1@y 4,

>
>

Proof. We apply induction on h. Note that the second inequality in (ii) follows from the
first in (ii) by applying Lemma (3.1).

Case 1. h=0.

First, assume Hj is a cycle chain. Then by Proposition (2.6), there is a path P from
x to {p, ¢} in Hp such that uv € E(P), pq ¢ E(P) unless pq = uv, and A(Hy) C V(P).
Because x ¢ A(Hy), |[E(P)| > |A(Hp)|. Because z ¢ {u,v}, |E(P)| > 2. So |E(P)| >
max{1, |A(Ho)| — 2} + 1. Moreover, if [A(Hp)| < 3 then |E(P)| > 2 > 1|A(H)["+1, and
if |[A(Ho)| > 4 then by Lemma (3.4) we have |E(P)| > |A(Ho)| > 3| A(Ho)|" +3. Clearly
(i) and (ii) hold.

Now assume Hy = K. Let P denote a Hamilton path in Hy from z to {p,q} such
that wv € E(P), and pq ¢ E(P) unless pg = uwv. Then |E(P)| =3 > |A(Ho)|" + 1 and
(i) and (ii) hold.



Finally, assume Hj is 3-connected and Hy % K4. Then 5 < |Hp| < n. If z €
{p,q}, then we apply Theorem (1.2)(c) (respectively, Theorem (1.2)(b)) to find a cycle
C through pq (respectively, pg and uv) such that |C| > %|A(H0)|T + 3 (respectively,
|C] > (|A(H0)|) + 3). Now it is easy to see that (i) and (ii) hold with P := C' — pq. So
assume x ¢ {p, ¢}. Then let H be obtained from Hy by a T-transform at {z,pq} and let
2’ denote the new vertex. By Theorem (1.2)(c) (respectively, Theorem (1.2)(b)), we find
a cycle C through z2’ (respectively, 22’ and uwv) such that |C| > §|Ho|" +3 (respectively,

|C| > (|H°|) + 3). Now it is easy to see that (i) and (ii) hold with P := C — 2'.

Case 2. h > 1.

Let {a, b} = V(Hop N Hy).

Suppose pq € H' := Hj ... Hy. By applying induction to H’ (with ab playing the role
of uv), we find a path P’ in H' from z to {p, ¢} and containing no separating edge of H'
such that ab € E(P'), pg ¢ E(P') unless pq = ab, and |E(P')| > (Z{('A(H )" H; €
Bi(H) and i # 0}) + (O_{max{1,|A(H;)| — 2} : H; € Ba(H) and i ;é 0})+1. If Hyis a
cycle chain or Hy =& K4, then Hy has a Hamilton cycle C' through ab and wv. If Hy is
3-connected and |Hp| > 5, we apply Theorem (1.2)(c) (respectively, Theorem (1.2)(b))
to find a cycle C' through ab (respectively, ab and uv) such that |C] > %|H0|’” +3
(respectively, |C| > (‘HO‘) +3). Then P := (C — ab) U (P" — ab) gives the desired path
for (i) and (ii).

Therefore, we may assume pg € Hy and pg # ab. Let H|, be obtained from Hj by
an H-transform at {pq,ab}, and let o/, p’ denote the new vertices. By Theorem (1.2)(c)
(respectively, Theorem (1.2)(b)) we find a cycle C' in Ho through a'p’ (respectively, a'p’
and uv) such that |C| > §|Ho|"+3 (respectively, |C| > (‘HO‘) +3). Let Py := C—{d’,p'}
and, without loss of generality, let a be the end of Po By Lemma (3.6), we can find
a path P in H' — b frorn z to a and containing no separating edge of H’ such that
|EP)| > L(o{(BYR By € Bi(H) and i # 0}) + (X {max{1, |A(H;)| — 2} : H; €
By(H) and i #0})+ 1. Now P := Py U P’ gives the desired path, except for (ii) when
pg = wv. In the exceptional case, we may assume v ¢ {a,b}. Let H{ be obtained from
Hy by a T-transform at {v,ab}, with new vertex a”. We apply Theorem (1.2)(a) to find
a cycle C in (H{ + ua”) — v through ua” such that |C] > (|H°‘) + 2. Without loss
of generality, we may assume a is the end of C' — a’. Let P’ be found as above. Then
P:=((C —d")UP'") + uv gives the desired path for (ii). O

4 Cycles through two edges

We reduce Theorem (1.2)(a) and (b) to Theorem (1.2) for smaller graphs. Note that
finding a long cycle in Theorem (1.2)(a) through zy avoiding z is equivalent to finding a
long cycle through edges zz and yz. First, we reduce Theorem (1.2)(a); our proof implies
an O(F) time reduction.

(4.1) Lemma. Let n > 6 be an integer, and assume that Theorem (1.2) holds for
graphs with at most n — 1 vertices. Let G be a 3-connected graph with n vertices, let
xy € E(G) and z € V(G) —{z,y}, and let t denote the number of neighbors of z distinct
from x and y. Assume A(G) < d+ 1, and every vertex of degree d+ 1 in G (if any) is

10



incident with the edge zx or zy. Then there is a cycle C' through xy in G — z such that
€12 5“5 +2.

Proof. By Lemma (1.3), we may assume n > 4d + 2. Since G is 3-connected, ¢ > 1.

Assume that G — z is 3-connected. By assumption, A(G — z) < d. Since n > 6,
|G — z| > 5. So by Theorem (1.2)(c), G — z contains a cycle C' through zy such that
|C| > 3(n—1)" + 3. By Lemma (3.1), |C| > n" +2 > ((d Ln )+ 2.

Therefore, we may assume that G — z is not 3- connected By Theorem (2.1), we
decompose G — z into 3-connected components. Let H := H;p...Hj, be a block chain
in G — z such that (i) Hj contains an extreme 3-block of G — z, (ii) zy € E(H;) and
{z,y} # V(H1) NV (Hz2) when h # 1, and if H; = C;...C} is a cycle chain with k > 2
and V(H; N Hy) = V(Cr N Hy) (when h # 1) then zy € E(Cy) and {x,y} # V(C1NCa),
and (iii) subject to (i) and () U(H) is maximum.

We claim that o(H) > “—==*. Since G is 3-connected, each extreme 3-block of G — z
distinct from H; contains a nelghbor of z. Therefore, there are at most 2t degree 2
vertices in G — z and at most ¢ extreme 3-blocks of G — z different from H;. Note that
the vertices of G — z with degree at least 3 are counted in o(K) for some block chain K
(defined as H above except condition (iii)). It then follows from (iii) that o(H) > 2=1=2,

Since n > 4d+1 and t < d, o(H) > 2. By Lemma (3.5), there is a path P from x to
y such that |E(P)| > %(%j’(m)r + 2. Let C* := P+ xy. Then

7] = [E(P)|+1
> ;(W +(b—1))"+2 (by Lemma (3.1))
. ;((d—1)(n—1:it2t)+dt(b—1)>r+2
> ;((d;tl)n)ﬁﬂ (since b > 4d + 1).

The desired cycle C' can now be obtained from C* by replacing virtual edges in C* with
appropriate paths in G. O

We now reduce Theorem (1.2)(b); our proof implies an O(FE) time reduction.

(4.2) Lemma. Let n > 6 be an integer, and assume that Theorem (1.2) holds for
graphs with at most n — 1 vertices. Suppose G is a 3-connected graph on n vertices and
A(G) < d. Then for any {e, f} C E(G), there is a cycle C through e, f in G such that
IC| > (%) + 3.

Proof. By Lemma (1.3), we may assume n > 4d+2. First, assume that e is incident with
f. Let e = zz and f = yz, and let G’ := G+ zy. Then G’ is 3-connected, A(G') < d+1,
and the possible vertices of degree d + 1 in G’ are x and y. By applying Lemma (4.1)
to G', xy, z, there is a cycle C’ through zy in G’ — z such that |C'] > %((d n )+ 2,
where ¢ is the number of neighbors of z in G’ distinct from x and y. Since 2z, zy € E(G),
t<d—1. Let C = (C' — zy) + {e, f}; then [C| > (=) 13> L(nyr 4.3 S0 C
gives the desired cycle in G.
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Therefore, we may assume that e and f are not incident. Let e = xy; then f €
E(G —y). Since G is 3-connected, G — y is 2-connected.

Suppose G—y is 3-connected. Let y’ # x be a neighbor of y. Then G’ := (G—y)+xy is
a 3-connected graph, A(G') < d, and 5 < |G’| < n. By Theorem (1.2)(b), there is a cycle
C’ through xy' and f in G’ such that |C’| > %(”T_I)W—?). Let C := (C"—zy')+{y, zy, yy'}.
Then [C| = |C'| +1 > $(%2)" + 4. By Lemma (3.1), |C| > $(%)" + 3. So C gives the
desired cycle in G.

Hence, we may assume that G — y is not 3-connected. By Theorem (2.1), we decom-
pose G — y into 3-connected components. Let H := H; ... H, be a block chain in G — y
such that (a) f € E(H;) and z € V(Hp), (b) if h =1 and H; = C;...Cy is a cycle
chain with & > 2 then x € V/(Cj) —V(Ck-1), f € E(C1), and f is not incident with both
vertices in V(C1 N Cy), (¢) if h > 2 then x € V(Hp) — V(Hp_1), if H, =Cy...Cy is a
cycle chain with £ > 2 and V(Hp—1 N Hy) =V (C1 N Hp—1) then x € V(Ci) — V(Ci-1),
f € E(Hy), f is not incident with both vertices in V(Hy N Hs), and if H; = Cy...Cy
is a cycle chain with £ > 2 and V(H; N Hy) = V(Cy N Hy) then f € E(C;) and f
is not incident with both vertices in V(C7 N Cs). Define V(Hs; N Hsy1) = {as,bs} for
1<s<h-1.

Suppose V(H) = V(G —y). If h = 1 then G — y is a cycle chain, and it is easy to
see that G has a Hamilton cycle through e and f, and hence, Theorem (1.2)(b) holds.
So assume h > 2. Let ' € V(H;) — V(Hz) so that yz’ € E(G), and in addition, if f has
an end with degree 2 in H then choose 2’ to be that end (in this case, yz’ € E(G)). Let
G’ be obtained from G — y by adding xz’ and then suppressing all degree 2 vertices and
deleting separating edges of H. Now G’ is 3-connected, |G'| > n —1 — (d — 2) (because
degree of y in G is at most d), and A(G’) < d. Therefore, by Theorem (1.2)(b), G’
has a cycle C’ through f and xz’ such that |C'| > (‘G |) + 3. By replacing edges in
(C" — z2') 4+ {y,yx,yz'} but not in G with approprlate paths in G, we obtain a cycle C
in G through e and f such that |C] > |C'| +1 > %("‘T‘“‘l)r +4 > 2(2)" + 3, where the
final inequality follows from Lemma (3.1). So C' is the desired cycle.

We thus may assume that H # G — y. Then there is a 2-cut {p,q} of G — y such
that pq is a virtual edge in H; for some 1 < ¢t < h. Define G; as the graph obtained
from G by deleting those components of (G —y) — {p, ¢} containing a vertex of H. Note
that G1 — {p, q,y} contains a neighbor of y. We choose {p, ¢} so that |G| is maximum.
Because y has degree at most d in G and yx € E(G), and since all degree 2 vertices of
G — y are neighbors of y, we have (from the choice of G1),

Observation 1. |G1| > ™= U(H).

If there is a 2-cut {v, w} of G —y such that {v,w} C V(HUG) and (G —y) — {v,w}
has a component not containing any vertex of H U G, then let G5 denote the graph
obtained from G by deleting those components of (G — y) — {v,w} containing a vertex
of HUG;. If such a 2-cut does not exist, then let Go = (). From the definition of G1, we
see that {v,w} C V(H), {v,w} # {p,q}, and V(G1 N G2) C {p,q¢,y} N {v,w,y}. Choose
{v,w} so that |G3| is maximum. By the same reason for Observation 1, we have the
following two observations.

Observation 2. If o(H) > |G3| then o(H) > ";El\.

Observation 3. If |Ga| > o(H) then |G| > = |G1|.
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Case 1. o(H) > |G2|.

We use H and G; to find the desired cycle. Choose ¢ so that {p,q} # {a, b}
(Note that ay, by are not defined when ¢t = h.) Clearly, |Hy| < n — 3 when h > 2. By
Lemma (3.7)(ii), there is a path P from x to {p, ¢} in H such that f € E(P), pq ¢ E(P)
unless pg = f, and |E(P)| > %(UTH))T + 1. Assume the notation of {p,q} is chosen so
that P is from z to p.

Since G is 3-connected, G := G1 + {yp, yq, pq} is 3-connected. If G| = Ky, then we
can find a path @ in G| —¢ from p to y such that |[E(Q)| =2 > %(%)T+1. Now assume
that G} 2 K4. Note that A(G}) < d+ 1, and y, p, ¢ are the only possible vertices with
degree d + 1. By Theorem (1.2)(a), there is a cycle Cy through py in G} — ¢ such that

|Cy| > %((d%)l'(;l‘)r + 2, where t; < d — 1 is the number of neighbors of ¢ in G distinct

from p and y. Hence, |C| > %(%)’" + 2.
Let C* := (PU (C —py)) + zy. Then C* is a cycle through e and f and |C*| >
S + (1G] +3. 1 o () < |G1, then

d
1.(b-Do(H) |G|

€ 2 G+ g /' +3 (by Lemma (3.1)
Ln—|Gi| |G
N 7(71 | 1|+‘ 1‘)7“4_3 (by Observation 2)
2 d d
1. n,,
= Gy +s.

So we may assume o(H) > |G1|. Then

|l = ;(U(Zl{) G Z)’Gl’)w:}, (by Lemma (3.1))
> 1(U(H) + 0 U(H))T + 3 (by Observation 1)
2° d d
1.n.,
= 5(3) + 3.

The desired cycle C' can be obtained from C* by replacing virtual edges in C* with
appropriate paths in G.

Case 2. o(H) < |G2|.

Then G5 is non-empty. We use G7 and G to find the desired cycle. There exists
some 1 < u < h such that {v,w} C V(H,), and we may choose u so that {v,w} #
{ay—1,bu—1}. (Note that a,_1,b,—1 are not defined when u = 1.) We may choose t so
that {p,q} # {at—1,b—1}. Again, a;_1,b;—1 are not defined when ¢t = 1.

(1) We claim that there is a path P in ‘H from z to some z € {p,q} U{v,w} and
containing no separating edge of H such that (i) f € E(P), (ii) pg € E(P) or vw € E(P),
(iii) if pq € E(P) then z € {v,w}, and vw ¢ E(P) unless vw = f, and (iv) if vw € E(P)
then z € {p,q}, and pg ¢ E(P) unless pq = f.

We prove (1) for ¢t < u; the case t > u can be treated in the same way.

First, we define Q. When t # 1, we find a cycle Q’ in Uij{ H, through a;_1b;—1 and
f and containing no separating edge of H (except a;—1bi—1). Let Q = Q' — az_1bs—1,
which is a path from a;_1 to b;_1 through f. Let Q = () when t = 1.

Suppose t < w. Since removing separating edges of Hyip...H, different from
vw results in a 2-connected graph, we may choose the notation of {a b;} so that
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(ngt 41 Hs) — by contains a path X from a; to z through vw and containing no sep-
arating edge of H (except possibly vw).

We claim that there is a path C; in Hy — a;by from ay to {p, ¢} through a;—1b;—1 (or
f when t = 1), or a path C} in Hy from a; to b; through a;—1b;—; (or f when t = 1) and
pq. It {p,q} = {a, b}, then the existence of C} follows from 2-connectivity of H;. So we
may assume that {p, ¢} # {as,b}. Again by 2-connectivity of H; there is a cycle D in
H; through pq and a;—1b;—1 (or f when t =1). If a;by € E(D) then Cf := D — a;b; is as
desired. So we may assume a;b; ¢ E(D). By 2-connectivity of Hy, there is a path A in
H; from a; to D and internally disjoint from D. One can easily check that C; exists in
AUD.

If we find Cy, then let P, := Cy — a;—1b;—1 when t # 1 and P, := C; when t = 1. In
this case, P := Q U P, U X gives the desired path for (1). So assume that we find Cj.
Let P, := C} if t = 1, and otherwise let P, := C] — a;—1b;—1. Let H := Hyq ... Hyp. If
x € {v,w}, then we find a cycle C’ in H through a;b; and vw and containing no separating
edge of H (except a;b; and vw), and P := Q U P, U (C" — {a;by, vw}) gives the desired
path for (1). Therefore, we may assume x ¢ {v,w}. Let H' be obtained from H by a
T-transform at {x, vw}, let 2’ denote the new vertex, and let H” be obtained from H' by
deleting all separating edges of H different from a;b;. Then H” is a 2-connected graph.
So there is a cycle C” in H” through a;b; and z2’. Now P := QU P, U (C" — {2/, a1b:})
gives the desired path for (1).

Therefore, we may assume t = u. We claim that there is a path @; in H; from
{at, by} when t # h, or from x when t = h, to some z € {p,q} U {v,w} such that (i)
ai—1bi—1 € E(Q) (or f € E(Q:) when t = 1), (ii) pq € E(Q:) or vw € E(Qy), (iii) if
pq € E(Q¢) then z € {v,w}, and vw ¢ E(Q¢) unless vw = f, and (iv) if vw € E(Qy)
then z € {p,q}, and pqg ¢ E(Q:) unless pg = f. This is easy to see if H; is a cycle
chain (because pg # vw). Otherwise, it follows from Lemma (2.8) or Lemma (2.9) when
f ¢ {pq,vw}, and follows from 3-connectivity of H; when f € {pq, vw}.

Assume without loss of generality that a; is an end of ;. When t # h, we find a
path R from a; to = in (Hy4q ... Hp) — by containing no separating edge of H. When
t=nh,let R=0. Let P, := Q; when t = 1, and otherwise let P; := Q; — a;_1b;—1. Then
P := QU P, U R gives the desired path for (1).

We may assume that vw € E(P) and p is an end of P; since the case pg € E(P) is
similar.

(2) Note that G} := G1 + {yp,yq, pq} is 3-connected, A(G}) < d+ 1, and y,p, q are
the possible vertices of degree d+1 in G. If G| = Ky, then we can find a path P; from p
to y in G| —¢ such that |E(Py)| =2 > %(‘GT;')’"—G—L If G} % K4 then by Theorem (1.2)(a),
there is a cycle Cy through py in G} — ¢ such that |Cy| > %((d%)lmﬂ)ﬂ—l where t; < d—1
is the number of neighbors of ¢ in G} distinct from p and y. Let P, := C; — py; then
[E(Py)| = 515 +1.

(3) Note that G := G2 + {yv, yw, vw} is 3-connected, A(G5) < d+1, and y, v, w are
the possible vertices of degree d+1 in Gf. If G, = K, then we can find a path P, from v
to w in G4—y such that |[E(P)| =2 > %(%)T—l—l. If G, % K4 then by Theorem (1.2)(a),
there is a cycle Co through vw in G —y such that |Cy| > %((d%)l%l)r%—l where t3 < d—1
is the number of neighbors of y in G distinct from v and w. Let Py := Cy — vw; then

Galyr
|E(P)] > 3% 41,
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Let C* := ((P —vw) U Py U P2) + e. Then C* is a cycle through e and f and

I = [E(P)] + [E(PR)] +1

LG, 1 ]G

> (1T LINT (1T 4al\T

> S S22y a3 oy (2) and )
1 |G b—1)|G

> 2(' d1| L d)| 2')%3 (by Lemma (3.1) and since |G1] > |Gal)
1 _

> 2(’(21’ + = d’Gl|)r+3 (by Observation 3 and since |G2| > o(H))
1. n

= 3.
2(d) +

As before, the desired cycle C' can be obtained by modifying C*. m

5 Cycles through one edge

We now reduce Theorem (1.2)(c); our proof implies an O(F) time reduction. Here
we use Lemmas (3.2) and (3.3), and we need b = max{64,4d + 1}.

(5.1) Lemma. Letn > 6 be an integer, and assume that Theorem (1.2) holds for graphs
with at most n—1 vertices. Let G be a 3-connected graph with n vertices and A(G) < d.
Then for any e € E(G), there is a cycle C through e in G such that |C| > %n’" + 3.

Proof. By Lemma (1.3), we may assume n > (4d +1)2. Let e = zy € E(G). If G —y is
3-connected, then let 3 be a neighbor of y other than z. Clearly, G’ := (G — y) + zy/
is 3-connected, A(G’) < d, and 5 < |G’| < n. By Theorem (1.2)(c), there is a cycle C’
through zy' in G’ such that |C’| > %(n —1)"+3. Now let C := (C" — z¢/) + {y, zy, yy'}.
Then C' is a cycle through zy in G and, by Lemma (3.1),

1 1
|C|:\C’\+12i(n—l)r+1+32§nr—|—3.

Therefore, we may assume that G —y is not 3-connected. Since G —y is 2-connected,
we use Theorem (2.1) to decompose G — y into 3-connected components.

Suppose all 3-blocks of G — y are cycles. Let £L = L;...L; be a cycle chain in G — y
such that (i) x € V/(Ly), (ii) Ly is an extreme 3-block of G —y, and (iii) subject to (i) and
(ii), |£] is maximum. Because G is 3-connected, each degree 2 vertex in L is a neighbor
of y or is contained in a 3-block of G — y not in L. Hence, it is easy to see that there is
some y' € V(L) — {z} such that £ contains a Hamilton path P from z to y’ and G has a
path @ from ' to y disjoint from V(L) —{y'}. Let C := (PUQ)+{y, zy,yy'}, which is a
cycle in G. Then |C| > [£|+ 1. f V(G —y) = V(L) then |C| =n > In" +3 (since n > 5
and by Lemma (3.4)). So we may assume V(G —y) # V(L). Write B := L;. Because
x € V(L) and zy € E(Q), it follows from (iii) that |£| > M +|B| = L”B'l
where t is the number of extreme 3-blocks of G — y distinct from Li. So2<t § d— 1
(because V(G —y) # V(L)). Then |C| > |L|+1 > w + 1. Note that |C| -3 >

M — 2> ot 4 (since |B| > 3). Using elementary calculus, we can show that

the function m‘*'tﬁ %x’” is increasing when x > (4d+ 1)2. Hence "+t—4 > 3 in" (because
t<d—1and n > (4d+ 1)%). Therefore, |C| > 3n" + 3 and C gives the desn‘ed cycle in

G.
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Hence, we may assume that not all 3-blocks of G — y are cycles. We choose a 3-
connected 3-block Hy of G —y with |Hp| maximum. Let H = HyH1Hs - -- Hp, be a block
chain in G—y such that either h = 0 and x € V(Hp),or h > land x € V(H)—V (Hp_1),
and if Hy, = C;...CY} is a cycle chain with k£ > 2 and V(Hy,_1 N Hy) = V(C1 N Cs) then
x € V(Ck) — V(Ck_l). For0<i<h-—1,let V(HZ N Hprl) = {az,bl}

If V(G —vy) # V(H), there is a block chain £ := LiLy--- Ly in G — y such that
V(HNL)=V(HNL;) consists of two vertices ¢y and dy, Ly is (or contains) an extreme
3-block of G — y, and if Ly = Cy...C% is a cycle chain with & > 2 and V(L1 N Lg) =
V(CkﬂHQ) when £ > 2 then cody € E(Cl) and {Co,do} 75 V(Cl QCQ). Forl1 <i< /-1,
let V(L; N Lit1) = {ci,d;}. If L exists, we choose £ so that ¢(L£) is maximum.

(1) We may assume V(G —y) # V(H), and (L) + 2 > %.

Suppose V(G—y) = V(H). When h = 0, let 2’ be a neighbor of y in Hy—x, otherwise,
let 2’ be a neighbor of y in Hy— V (H1). Let G’ be obtained from H + xz’ by suppressing
all degree 2 vertices and deleting separating edges of H. Then G’ is 3-connected. By
Theorem (1.2)(c), there is a cycle C" in G’ through zz’ such that |C'| > |G'|" + 3.
Let C* := (C' — z2') + {y,yx,yz'}. Since A(G) < d, |G'| > (n — 1) — (d — 2). Hence,
|IC*| =|C'|+1>4(n—d+1)"+1+3> in"+3 (by Lemma (3.1)). Clearly, the desired
cycle C can be obtained by modifying C*.

So we may assume V(G — y) # V(H). Note that any vertex of G not contained in
any A(H;), 1 < i < h, either is counted in o(L’) + 2 for some block chain £ defined as
L except the maximum requirement (the constant 2 counts the vertices in V(H N L')),
or is a degree 2 vertex in G — y (and hence a neighbor of y). Therefore, since zy € E(G)

—o(H)—1
and A(G) < d, o(L) +2 > "2

(2) There exists a path P in ‘H from z to {cp, do} such that codg ¢ E(P) and |E(P)| >
HHo" + ({0 and H; € Bi(H)}) + (X {max{1, |A(H;)| — 2} : i # 0 and
H; € Bi(H)}) + 1. In particular, |[E(P)| > 3(o(H))" + 1.

The first part of (2) follows from Lemma (3.7)(i). The second part of (2) follows from
Lemma (3.1). When applying Lemma (3.1), we express max{1, |A(H;)| — 2} as the sum
of 1, and we use b > 4d + 1, (b — 1)(JA(H;)| — 2) > |A(H;)| when |A(H;)| > 3, and the
fact that |Hy| > |H;| for all 3-connected H;.

(3) We may assume o(H) < 271

Suppose o(H) > "T_l. Without loss of generality, assume ¢q is an end of the path P

in (2). By Lemma (3.6)(i), there is a path @ in £ —dy from ¢y to some ¢y’ € N(y)NV(Ly)
such that |E(Q)| > %(#)’“ +1. Let C* := (PUQ) + {y,yy’,yz}. Then

(c(H)" +1+ E(Lﬁ))r +3.

7 = |E(P)| + |B(@) +2 (=

N | —

If o(H) < b(bll)%ﬁ), then by Lemmas (3.3) and (3.1),

1 1
C*] = (Ao (H) +1)"+3 = o +3.

If o(H) > b(b4_l) UTL), then by Lemma (3.2) and since b > 4d + 1,

¥ > ;(U(H)+b(b;1)a(d£)+2(b—1))'“+3
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> —(oc(H)+ (4d+1)o(L)+8d)" +3
1
The final inequality holds by (1) and o(H) < n — 1. Now the desired cycle C' can be
obtained from C* by replacing virtual edges in C* with appropriate paths in G.

(4) We may assume |Hy|+4(o0(H)—|Ho|+0(L)) < n. In particular, o(L£) < %'H(’l.

Suppose |Ho| + 4(c(H) — |Ho| + o(£)) > n. Without loss of generality, assume
that the path P in (2) is from x to ¢p. By Lemma (3.6)(ii), there is a path @ in
L — dy from ¢g to some y' € N(y) NV (Ly) such that |E(Q)| > %(E{(%ﬁm)’" : L €
Bi(L£)}) + (3 {max{1,[A(Li)| — 2} : Li € Ba(L£)}) + 1.

Let C* = (PUQ)+{y,yy yx}. Then by (2) and above, |C*| = |[E(P)|+|E(Q )|+2 >
S Hol + S(S{(AE) i # 0 and H; € Bi(H)}) + (S {max{1, |A(H;)| — 2} :
and H; € By(H)}) + §(S{(UFN) i € Bi(£)}) + (T fmax{L [A(L)] - 2} : Li €
By(L)}) + 4. Because |Hp| is maximum among all 3-connected 3-blocks of G — y, it
follows from Lemma (3.1) and the fact b > 4d + 1 that

h
[ = [|H0\+4Z !+Z\A
1
= §[|Ho| +4(o(H) — [Ho| + o (L))]" + 4
> lnr + 3.

2
As before, the desired cycle C' can be obtained by modifying C*. This proves (4).

We need to consider block chains other than H and L£. A block chain M :=
MiMs -+ M, is called an HL-leg if M, contains an extreme 3-block of G — y and
VM N (HULZL)) consists of two vertices zg and yo such that {xg,y0} € V(M) and
{zo,y0} # V(M1NMs) when m > 2, and if M1 = C} ... C} is a cycle chain with k£ > 2 and
V(CkﬂMg) = V(MlﬂMQ) when m > 2 then {x(),yo} - V(Cl) and {l‘o,yo} #* V(ClﬁCQ).
We view degree 2 vertices of G — y (which are neighbors of y) as trivial HL-legs.

(5) We may assume that there is an HL-leg M such that o(M) > Ty > 4d+2.

Note that each extreme 3-block of G — y contains a neighbor of y. Since A(G) < d,
there are at most d — 2 HL-legs in G — y (including those trivial ones). Choose an
HL-leg M such that o(M) is maximum. Note that every vertex of G — y either is

a degree 2 vertex (hence covered in a trivial HL-leg), or is counted in o(H), or in
o(L)+2, or in g(M) + 2 for some HL-leg M. Hence, because o(H) < 232 (by (3)) and

o(L) < =l < 15 (hy (4) and |Ho| > 4) F(M) +2 > nizolt >2“<ﬁ> > 5.
Since we assume n > (4d + 1)%, (M) > 4(d 5y > 4d+2.

Let M be an HL-leg in G — y with (M) > T BY (5), M is nontrivial. Let xg
and yo be the vertices in V(M N (H U L)). We consider three cases.

Case 1. M may be chosen so that = ¢ {zo,yo} N {co,do} and {xo,v0} € V(H).
Then we may assume {xo,y0} C V(L;) with {xo,y0} # {ci—1,di—1}.
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We claim that there is a path P’ in H from z to z € {cg,dp} such that (i) |[E(P")| >
Ll 41, (ii) codo ¢ E(P'), and (iii) if 2 ¢ {co, do}N{wo, 30} then {co,do}N{zo, 0} =0
or {co,do} N{zo,yo} € V(P'). Choose 2’ € {cy,dp} such that, if possible, 2z’ € {cp,dp} N
{zo,y0}. Suppose cody € E(H;...Hp). Since deleting separating edges of Hj...Hp
results in a 2-connected graph, which contains disjoint paths Q1, Q2 from z, 2’ to ag, b,
respectively. In Hy we use Theorem (1.2)(c) to find a cycle Cy through agby such that
‘C()‘ > %‘H()V + 3. If cody € E(Q2) then P = (Co — aobo) UQR1U(Qy — Z/) gives the
desired path; otherwise, P’ := (Cp — apbg) U Q1 U Q2 gives the desired path. So we may
assume cody ¢ E(H; ... Hy). Suppose h = 0. We apply Theorem (1.2)(a) to find a cycle
Co in (Ho + {xco,xdo}) — ({co,do} — {2'}) through 2z’ such that |Cy| > (|HO|) +2;
then P’ := Cy — x2’ gives the desired path. So let h > 1. Then cydy € E(Hy) and
{co,do} # {ap,bp}. Without loss of generality, we may assume ag ¢ {co,dp}. Let Q'
be a path in (H;...Hp) — by from z to ap and not containing any separating edge of
H. If 2/ = by we use Theorem (1.2)(c) to find a cycle Cy through agby in Hy such that
‘C()‘ > %‘Ho‘r-i-?), and P’ := (Co—aobo)UQ/ (When codp ¢ E(Co)) or P := (Co—bo)UQ/
(when cody € E(Cp)) gives the desired path. So assume 2’ # by. If 2/ € {co,do} N
{z0,90}, then 2’ has at most d — 1 neighbors in Hy (since {zo,yo} # {co,do}), and in
(Ho + {ao?’, 2'bp}) — by we apply Theorem (1.2)(a) to find a cycle Cy through agpz’ such
that |Co| > (‘HO‘) + 2; then P’ := (Cy — apz’) U Q' gives the desired path. So we may
assume 2’ gé {co,do} N {{L‘[),yo}. By the choice of 2/, {co,do} N {zo,y0} = 0 (so (iii) is
automatic). Let H, be obtained from Hy by an H-transform at {agbo, codo}, and let o', 2’/
denote the new vertices. By applying Theorem (1.2)(c) we find a cycle Cy through o'’
in H), such that |Cy| > %]HOV + 3. Now Cy — {ad’,2'} is a path from some z € {cg,dp} to
some b’ € {ap,bo}. Then Cy — {a’,2'} and a path in (H;...Hp) — ({ag,bo} — {b'}) from
x to b/ (not containing any separating edge of H) gives the desired path P’.

Without loss of generality, we may assume that P’ is from x to ¢o. Then dy ¢ V(P’)
or do ¢ {xo, yo} Therefore, since each L; is 3-connected or is a cycle chain, there exists
a path Q in |Ji_, L; from cg to some z € {c;,di} U {20, 40} such that (i) Q contains no
separating edge of £ except possibly ¢;d; and gy, (i) Q avoids dy if dyg € V(P’) (since in
that case {zo,y0} N {co,do} = 0), (iii) if z € {¢t,d¢} then xoyo € E(Q), and c:dy € E(Q)
unless zoyp = cidy, and (iv) if z € {xg,yo} then ¢id, € E(Q), and xoyo ¢ E(Q) unless
Toyo = Ctdy.

Suppose z € {¢;,d;}, and assume the notation is chosen so that z = ¢. By
Lemma (3.6)(ii) there is a path Py in (Li41 ... Ly) —d; from z to some y € N(y)NV(Ly)
and containing no separating edge of H such that |E(Py)| > (E{( |A(L it+l1<i</(
and L; € Bi(£)}) + O {max{1,|A(L;)| — 2} : t+1<i < € and L; e By(L)}) +1. By
Lemma (3.5), let P, be a path from z¢ to yp in M such that |E(Py)| > %(W)T—i—l.
Let n* := Zfztﬂ |A(L;)|; then by the choice of £, n* > (M) — 2. Let C* :=
(P'U(Q — zoyo) U PLUP) + {y,yy’,yz}. As in the proof of (4),

|C*| > |E(P’)| +|E(P)| + |E(P2)| +2
> [ 0’ +2+Z —|—Zmax{1 JA(L)| — 2} + (

5[(2 + (b —1)n*/d)" + ((d —1)o(M)/d)"] +4 (by Lemma (3.1))

(d—1)o(M)
d

V

%[2 0t 4 (b—1)(d—=1)o(M)/d]" +4 (by Lemma (3.1))
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> %(4(d _1)o(M)) 43 (since b > dd+1)

> %n +3 (by (5)).

As before, the desired cycle C' may be obtained by modifying C*.

Now assume z € {xg,yo}, and that the notation is chosen so that z = zy. By
Lemma (3.6)(ii), there is a path P in M — gy from zy to some y” € N(y) NV (M,,)
and containing no separating edge of M such that |E(P)| > %(Z{(%)T : M; €
Bi(M)}) + (O {max{1, |A(M;)| — 2} : M; € By(M)}) + 1. By Lemma (3.5) there
is a path Py in Lyq...Le from ¢ to dy such that |E(P)| > 3((d — 1)n*/d)". Let
C*:= (P'U(Q — ¢tdy) U PL U Py) + {y,yx,yy"}. Then by applying Lemma (3.1) as in
the above paragraph (by swapping the roles of L; and M;), we have

7] > 212+ o (M) + ((d — )n* fd)'] + 4.
If (d—1)n*/d <2+ o(M), then by Lemma (3.1) and because n* > (M) — 2,
O > L2t o(M) + (b 1)(d— D fd+2(b— 1) +3

> %(4(d —1)o(M))" +3 (since b > 4d + 1)

> %nr+3 (by (5)).

So assume (d — 1)n*/d > 2 + o(M). Applying Lemma (3.1) and (5) again, we have

O > L((d— )" fd + (b= 1)(2+ o (M) +4> L (4do (M) +53> Ln +3

As before, the desired cycle C' can be obtained by modifying C*.

Case 2. M may be chosen so that x ¢ {xo,y0} N {co,do}, {co,do} # {z0,y0}, and
{zo, o} € V(H).

We may assume that {co,do} C V(Hs) and {co,do} # {as—1,bs—1}, and {zo,y0} C
V(H) and {xo,y0} # {at—1,bi—1}. Note that a_; and b_; are not defined. We only
consider the case s < ¢; since the case s > t is similar. By the choice of £ and by (5),
7(0) 2 a(M) > i

We claim that there is a path Py in H from z to some z € {co,dp} U {zg,y0} and
containing no separating edge of H (except possibly codg or zoyo) such that (a) |E(Py)| >
%(|H0|/d)r + 1, (b) cody € E(Po) or ToYo € E(Po), (C) if cqdp € E(Po) then z € {xo,yg}
and zoyo ¢ E(Fy), and (d) if zoyo € E(Pp) then z € {co,do} and cody ¢ E(F).

Suppose h = 0. We may assume = ¢ {xg,y0} (the case = ¢ {co,dp} is symmetric).
Let H|, be obtained from Hy by a T-transform at {x, zoyo}, and let ' denote the new
vertex. By Theorem (1.2)(b) we find a cycle Cy in H through cpdy and zz’ such that
|Co| > %(|Hg|/d)7" + 3. Now Py := Cy — 2’ gives the desired path.

So we may assume h > 1. Let H' be obtained from H; ... Hy, by deleting all separating
edges of H different from agbg, cody and zgyg. Note that H' is 2-connected.

Assume s = t = 0. Since cody # xoyo, we may assume zoyo 7 aoby (the case
codp # apbg is the same). Suppose cody = apbg. By Theorem (1.2)(b) we find a cycle
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Cp in Hy through agbg and zgyg such that |Cy| > %(\Hol/d)’" +3. In H — by we find a
path P’ from z to ag. Then Py := (Cy — agbg) U P’ gives the desired path. So assume
codp # aobp. Let H|, be obtained from Hy by an H-transform at {zoyo,aobo}, and let
2’,a’ denote the new vertices with o’ subdividing agby. By Theorem (1.2)(b), there is
a cycle Cy in H) through codp and a’2’ such that [Co| > £(|Ho|/d)" + 3. Let P’ be a
path in H' — agby from x to the end, say v, of Cy — {d’, 2’} adjacent to o’ and avoiding
{ao,b0} — {v}. Then Py := (Cy — {a’,2'}) U P’ gives the desired path.

Now assume s = 0 < t. Then oy # agby. By 2-connectivity of H’, P’ be a path
in H' — agby from z to z € {ag, bo} through zgyo. By choosing appropriate notation, we
may let z = ag. Suppose apby = codp. By Theorem (1.2)(c), we find a cycle Cy in Hy
through agbg such that |Cy| > %|Ho\r + 3. Now Py := (Cy — apbp) U P’ gives the desired
path. So we may assume agby # codp, and let ¢ ¢ {ao,bp} (by choosing appropriate
notation). If dy € {ap,bo} then let 2’ € {ap,bo} — {do}, and apply Theorem (1.2)(a) to
find cycle Cy in (Hp + 2'co) — bo through agcp such that |Co| > (|Ho|/d)" + 2; then
Py := (Cy — apcy) U P’ gives the desired path. Now assume dy ¢ {ag,bo}. Let H{ be
obtained from Hy by a T-transform at {ag, codp}, and let ¢’ denote the new vertex. We
apply Theorem (1.2)(a) to find a cycle Cp in (H{, + boc’) — by through agc’ such that
|Col > 3(|Hol/d)" + 2. Now Py := (Co — ¢’) U P’ gives the desired path.

Finally, we may assume s > 1. By exactly the same argument as for (1) of Case 2 in
the proof of Lemma (4.2), with agbo, codo, oyo playing the roles of f, pq, vw, respectively,
we find a path P’ through agby in H' from x to z € {cg, do}U{x0,yo} such that P’ satisfies
(b), (c) and (d). By Theorem (1.2)(c), we find a cycle Cp in Hy through agbg such that
|Co| > %|H0\’” + 3. Now Py := (Cy — agbp) U (P’ — agbg) gives the desired path.

Suppose xoyy € FE(Pp). Without loss of generality, assume z = ¢y. By Lemma (3.6)(ii)
there is a path Py in £L—dg from ¢y to some ¢y’ € N(y)NV (L,) and containing no separating
edge of £ such that |[E(Py)| > $(O°{(JA(L:)|/d)" : L; € Bi(L)}) + (3 {max{1, |A(L;)| —
2} : L € Bo(L£)})+ 1. By Lemma (3.5), there is a path P5 from xg to yp in M such that
|E(Py)| > £((d—1)0(M)/d)"+2. Let C* be the cycle obtained from (PyUP)+{y, yy', yz}
by replacing zoyo with P». Then, as in Case 1 (with n* playing the role of ¢(M)), by
Lemma (3.1) and since o(L) > o(M), we have

I = [E(R)|+ [E(P)] + [E(P)| + 1

> Sl o)+ ((d— Do(M)/d)] +4
> (b= 1)~ Do(M)/d] +3

> %nT—FS (by (5)).

Now assume cody € E(Py). Without loss of generality, assume z = xzy. By
Lemma (3.6)(ii), there is a path P; from xy to some y' € N(y) NV (M) in M — yo
such that |E(P)| = Y(S{(AQMG)|/d) = M € Bi(M)}) + (S {max{1, [AQM)| — 2} -
M; € By(M)}) + 1. By Lemma (3.5), there is a path P, from ¢y to dp in £ such that
|E(P)| > %((d%‘)lg(ﬁ))" + 2. Let C* be the cycle obtained from (Py U P1) + {y, vy, yz}
by replacing cody with P». Then as in Case 1 and by Lemma (3.1),

(o [E(Po)l + |[E(P1)] + |[E(P2)] +1

S1@+ oM + ((d — o (L)/a)] + 4

v

v
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If (d—1)o(L)/d > 2+ o(M), then by Lemma (3.1) and by (5),

"] > ((b—l) (M) +4> (4da(/\/l))r+3>%nr+3.

Now assume (d — 1)o(L£)/d < 2+ o(M). Then by Lemma (3.1) and (5) and because
o(L) z o(M),

"] > ((b—l)( Do (L) /d)" +4>%(4(d—1)a(./\/l))r~l—3>%nr+3.

As before, the desired cycle C' can be obtained by modifying C*.

Case 3. For every choice of M with o(M) > Tz We have z € {co,do} N{xo0,y0}
or {co,do} = {zo,y0}-
Let M;, 1 <1 < k, denote the HL-legs with o(M;) > Td—3)- Since Y {o(M) : M

is an HL-leg as in Case 1 or Case 2} < d (2 k))” and because n > (4d + 1)?, it follows

from (3) and (4) that

n—1 n—-1 (d-—2-k)n n
)>(n—1 . . —2d> "
oMi) 2 (n—1) == 1 -2 2177

M»

=1

Let G; denote the graph obtained from G by deleting all components of (G — y) —
V(M; N (HUL)) not containing any vertex of M;. Let z € {¢p,dp} such that z = z if
x € {co,dp}. Since we are in Case 3, z € V(M;) for 1 < i < k. Let ¢; be the number
of neighbors of z in G; different from y and not in V(M; N (H U L)). Then t; > 1. We
claim that ) ,_,¢; < d — 1. This is clear when z = x because yz is an edge of G. Now
suppose z # x. Then {cg,dp} C V(M;) for all 1 <i < k. Since z is incident with edges
in both H — ¢pdp and £ — ¢pdp, we have z 1t <d—1.

Let 1 < s < k such that | j' is maximum. Then |G | > 7 =1 d - This follows from
the following result (which can be proved by induction on k): If a3 4+ ...+ o > « and
ti+ ...+t =m, then max{¢* : 1 <i <k} > =

For convenience, let {z, ys} =V(MsN(HUL)), and assume, without loss of gener-
ality, z = x5 = ¢p. Note that G} := G5 + {yxs, yys, Tsys} is 3-connected, A(GE) < d+1,
and any vertex of degree d + 1 must be incident with z;y or zsys. By Theorem (1.2)(a),
there is a path Q2 from ys to y in G} — x5 such that

@z (TG s Ly

Suppose ys € V(H). By 2-connectivity of H, there is a path Qo from z to ys in
‘H through cody. By Lemma (3.5), there is a path @1 from ¢y to dy in £ such that
|E(Q1)] > 3(W=eENr 49 Let C* == ((Qo — codo) U Q1 U Qo) + ya. Then

"1 2 1B@u) + (@) 2 (T D7 Eyry (1

5 )]+ 3.

If % 1y then by Lemma (3.1) and since b > 4d + 1,

1.(b—1)n

1
* > T r > 7 )
\01_2( 1 )+3_2n +3
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Now assume % < 13- By Lemma (3.1) and since o(£) > (M) > T2 (by (5)),

|C*| > ;[(b — 1>(dd_ 1)0(5)]7‘ +3> %n +3.

As before, the desired cycle C can be obtained by modifying C*.

Thus, we may assume ys ¢ V(H). Then z = z and ys, € V(L) for some 1 < ¢t < ¢
(t # £ by the choice of £). Let n* := Zf:t-i—l |A(L;)|. Note that n* < o(Ly1...Lg). By
our choice of £, n* > o(M) —2. By 2-connectivity, let Qo be a path from x to ys through
cidy in Ly ... L. Note, |E(Qo)| > 2. By Lemma (3.5) there is a path @; from ¢; to d; in
Lyt ... Lg such that [E(Qq)| > (Y= 41, Let % := ((Qo — crdy) UQ1 U Qo) + ya.

Then o
IC*| > [E(Q1)] + |E(Q2)| +2 > 2[(<—d)”

If (d_é)n* > 14 then by Lemma (3.1) and since b > 4d + 1,

n

)
2+ (3

)]+ 3.

1 .(b—1)n

*>7
‘C’_2( 4d

1
Now assume (dfé)”* < 5. Then by Lemma (3.1) and since n* > o(M) — 2 >

(by (5)),

-2

=T

1. (b—1)(d—1)n* 1 1
|C*|>§(( )(d n —|—2(b—1))r—|—3>5[4(d—1)n*+2(b—1)]r+3>§nr+3.
Again, the desired cycle C can be obtained by modifying C*. a

6 Conclusions

We now complete the proof of Theorem (1.2). Let n,d,r,G be given as in The-
orem (1.2). We apply induction on n. When n = 5, G is isomorphic to one of the
following three graphs: K5, K5 minus an edge, or the wheel on five vertices. In each
case, we can verify that Theorem (1.2) holds. So assume that n > 6 and Theorem (1.2)
holds for all 3-connected graphs with at most n — 1 vertices. Then Theorem (1.2)(a)
holds by Lemma (4.1), Theorem (1.2)(b) holds by Lemma (4.2), and Theorem (1.2)(c)
holds by Lemma (5.1). This completes the proof of Theorem (1.2). O

Our proof of Theorem (1.2) implies a polynomial time algorithm which, given a 3-
connected n-vertex graph, finds a cycle of length %nr + 3. When combined with the next
two results [8], our proof implies a cubic algorithm.

(6.1) Lemma. Let G be a k-connected graph, where k is a positive integer. Then G
contains a k-connected spanning subgraph with O(V') edges, and such a subgraph can

be found in O(E) time.

(6.2) Lemma. Let G be a 2-connected graph and let e, f € E(G). Then there is a cycle
through e and f in G, and such a cycle can be found in O(V') time.
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Lemma (6.2) is actually an easy consequence of a result in [8], which states that, in
a 2-connected graph G, one can find, in O(V') time, two disjoint paths linking two given
vertices. Our algorithm is similar to that in [3]. Therefore, we only give an outline and
omit complexity analysis.

Algorithm: Let G be a 3-connected graph with A(G) < d, and assume |G| > 5.
The following procedure finds a cycle C in G with |C| > 1|G|" + 3.

1.

. Apply Lemma (4.1) to those G; for which Theorem (1.2)(
(

Preprocessing Replace G with a 3-connected spanning subgraph of G with O(|G|)
edges.

We either find the desired cycle C, or we reduce the problem to Theorem (1.2) for
some 3-connected graphs G;, for which |G;| < |G| and each G; contains a vertex
which does not belong to any other Gj.

Replace each G; with a 3-connected spanning subgraph of G; with O(|G;|) edges.

a) needs to be applied.
Apply Lemma (4.2) to those G; for which Theorem (1.2)(b) needs to be applied.
Apply Lemma (5.1) to those G; for which Theorem (1.2)(c) needs to be applied.

Repeat step 3 and step 4 for new 3-connected graphs.

In the final output, replace all virtual edges by appropriate paths in G to complete
the desired cycle C.
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