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REGULARITY OF THE EIKONAL EQUATION WITH NEUMANN
BOUNDARY CONDITIONS IN THE PLANE: APPLICATION TO
FRONTS WITH NONLOCAL TERMS*

PIERRE CARDALIAGUET! AND CLAUDIO MARCHI*

Abstract. The first part of the paper is devoted to length estimates of the boundary of the
reachable set for the plane and state constrained controlled system z’(t) = c(t,x(¢))b(t) (where
|b(t)] <1 a.e.). This study is motivated in the second part by the analysis of dislocation dynamics,
which can be modeled as a curve I'(t) moving in an open set Q C R? according to some nonlocal law
with Neumann boundary conditions on 92. The length estimates of the first part play a crucial role
in the proof of the existence and uniqueness of a viscosity solution for this model.
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1. Introduction. In this paper, we study the dynamics of a curve T'(¢t) C Q
which moves according to the following nonlocal law:

(1) ‘/t,r = él(tvx) +1 (]-K(t)) (tvx)a

where () is an open subset of R?, V; , is the normal velocity at the point x at time ¢,
K (t) is the set enclosed by the curve I'(¢), the map I is defined by

(p)(t, ) = / et y)py)dy Vo e LIS,

and ¢ solves the elasticity equation (see [2, 3]). Moreover, the curve I' can touch
the boundary 99 only orthogonally. Our investigation originated from the so-called
phase field model of dislocation, introduced by Rodney, Le Bouar, and Finel [13]: a
dislocation is a line of crystal defect, and it moves on its slip plane with a normal
velocity proportional to the Peach—Koehler force acting on the line:

(2) ‘/t,a: = él(twr) + C2 %y lK(t)(tax)7

where ¢; is the contribution given by an exterior field, while ¢yx; 1 (4) (the convolution
is done only w.r.t. the space variable z € R?) is a force created by the dislocation
itself. Equations of this type have been studied only in the whole space: one of the
main issues of this note is that we reduced the slip plane to a open subset 2 and
addressed the dynamics’ modifications given by the presence of 2.
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For dynamics in the whole space, let us recall that if we set

(3) p(t,x) = 1K(t)(x) = { 0 otherwise,

then p is a (discontinuous) viscosity solution to the following Cauchy problem for a
nonlocal Hamilton—-Jacobi equation

92 = (¢1+ 2 %4 p) |Vl in  (0,400) x R?,
p(0,7) = 1p, () on R2

where K is the starting set. For ¢o > 0, the equation fulfills the inclusion principle, so
the existence and uniqueness of the solution follow from a result by Cardaliaguet [9];
from a physical point of view, however, this case is not interesting because ¢, needs to
have zero mean. For & changing sign, Alvarez, Hoch, Le Bouar, and Monneau [2, 3]
proved the short time existence and uniqueness of the solution, provided that the
dislocation starts from a Lipschitz graph. Finally, in a forthcoming paper, Alvarez,
Cardaliaguet, and Monneau [1] addressed the existence and uniqueness of the solution
in an arbitrary time interval under the assumption that the starting set K fulfills
the interior sphere condition of radius r > 0 (i.e., for every z € 9K, there exists
a unitary vector p such that B(z — rp,r) C Kp) and that ¢; fulfills (beside some
regularity assumptions)

Cl(t I’) > ||CQ( )”]Ll Rz) V(t,;’l’) S (0,+OO) X RQ

(which assures that the dislocation is noncontracting: ¢ + ¢ *; 1x > 0 for every
Borel set K). Actually, these results also apply when the space is R, even if the
only interesting case for the phase field model is NV = 2.

In our study of (1), the function p defined by (3) is a discontinuous solution to
the following problem with Neumann boundary conditions in the viscosity sense:

B—f (e1+1(p))|Vp| in  (0,+00) x Q,
(4) ( ) ) = 1K0( ) on £,
p =0 on (0,+00) x 99N

(v is the outward unity normal to 9€). One of the main issues of this paper is
that we establish the existence and uniqueness (in a sense that will be specified in
section 4) of the solution to the above initial boundary value problem under some
interior sphere condition on the initial set Ky and a condition on ¢; and ¢5 ensuring
that the dislocation is expanding.

As in [1], we shall use the Banach fixed point theorem for the mapping ® on
C°([0,T],LY(Q)) that associates to any p® € C°([0,T],L'(Q2)) the unique discontinu-
ous solution to

% =c,0|Vp| in (0,T) x £,
p(O,x) = 1Ko (J}) on Qv
% =0 on (0,T) x 99

with c,0 == (¢1 + I(p")). In order to prove that ® is a well-defined contraction,
we use the representation formula: for 0 < p® < 1, the level set {®(p%)(¢,-) = 1}
coincides with the reachable set (for the precise definition, see formula (7) below) of
the following control problem with reflecting boundary:

(5) {1/(5)cpo(s,y(S))[b(S)<b(5);V(y(S))>lan(y(S))V(y(S))] a.e. in [0, ¢],

y(0) € Ko, y(s) €Q Vs € [0,¢],
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where the control b : [0,t] — B(0,1) is a measurable map and v(y(s)) is the outward
unitary normal to 9 in y(s); namely, z € {®(p°)(¢,-) = 1} if and only if there exists
a measurable map b : [0,¢] — B(0,1) and a solution y to (5) with y(t) = z.

For proving that ® is a contraction, we are led to estimate the Lebesgue measure
of the reachable set and the Hausdorff measure of its boundary. In the case = RY
treated in [1], these estimates were based on the fact that the interior sphere assump-
tion stated on the initial set K propagates: the reachable set of the (unconstrained)
control system satisfies the interior sphere condition for all times (see [7]). This gives
a bound from above for the curvature of the reachable set at each time ¢, from which
an estimate of the length of its boundary is derived. In our case, when Q # R2, the
interior sphere condition does not propagate: as we show below, the curvature of the
reachable set can blow up near the boundary of 2. The main contribution of this pa-
per is to explain how to overcome this difficulty, at least in dimension 2. In particular
we show that the boundary of the reachable set has bounded length, although not
necessarily finite curvature. From this we deduce estimates on the Lebesgue measure
of the reachable set and the existence and uniqueness for problem (4).

The paper is organized as follows: In the rest of this introduction we give an
example in which many features of our problem appear, and we set some notation.
Section 2 is devoted to the estimates of the volume and the boundary of the reachable
set of problem (5). The existence and uniqueness of the solution to (4) (and, in
particular, the dynamics of I') are established in section 4 (using some technical
estimates stated in section 3). Finally, the appendix is devoted to the proof of an
extension of the Pontryagin maximum principle (stated in section 2).

1.1. Toy example. We give here an elementary example showing that the reach-
able set of a reflected controlled system of the form (5) can have a curvature which
blows up at some point.

Consider ¢ = 1, Q = R*\B(0,1), and Ky = B((—4,0),1). In this case the
reachable set R(t) for the reflected control problem (5) can be explicitly computed.
For this we note that R(t) is just the set of points x €  which is at a geodesic distance
(in ) from K not larger than ¢.

Hence for t € [0,2], R(t) = B((—4,0),1 +t) (see Figure 1). For ¢ € [2,V/15],
R(t) = B((—4,0),1+t)\B(0,1) (see Figure 2).

After £ = /15 — 1, some geodesics need to bend around 99 for reaching the
points in the “cone of shade” due to the presence of CQ (see Figure 3). In this
case, all the points in this cone of shade are reached by geodesics passing through
either the point P; = (—1/4,—+/15/4) or the point P, = (—1/4,1/15/4). These
geodesics are made up of a straight line from (—4,0) to P; or Py, an arc on 952, and
again a straight line tangent to 0€2. For the sake of simplicity, let us consider the
coordinate system centered in (0,0) with the -axis and n-axis given, respectively, by
the vector (—1/4,—+/15/4) and (v/15/4,—1/4) (i.e., in the new system P; = (1,0)).
For t € (t,4), the coordinates of the point of OR(t) reached by a geodesic passing
through P; and remaining on 99 from the time ¢ to the time s (for some s € [t,1])
are given by

{ &(s) = cos(s —t) — (t — s) sin(s — 1),
n(s) =sin(s —t) + (t — s) cos(s — 1).

By standard arguments, one can verify that the curvature of 9R(t) at that point is
(t — 5)~2; in particular, as s — t, it tends to +oc.
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R(1)
Fic. 1.
K
Fic. 2.
K 4|
Z3
Fia. 3.

Notation. For each K C R2, g2 K and 0K stand for its boundary in the natural
topology of R? and, respectively, in the induced topology of §; in other words, we
have

OK := 02 K N Q.

Moreover, CK := R?\K, and 1k is the characteristic function of K; i.e., 1x(z) =1
if v € K,and 1x(z) = 0if x € CK. For all sets K and H in R?, d"(K, H) stands for
the Hausdorff distance between the sets K and H:

d"(K,H) := max {maxdist(s, H), rna?{(dist(u7 K)} ,

seK ue

where dist(s, H) := min{|s —u| : v € H}. We denote by B(p,r) the ball centered in
p € R? with radius 7 > 0; B is the abridged notation of B(0,1). For every z,y € (,
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d*(z,y) is their geodesic distance; namely,

Az, y) = inf 1| 3 an AC arc, contained in €, with length [
Y m and extremities in z and y

For a function p, p* (resp., p«) denotes the upper semicontinuous envelope (resp.,

the lower semicontinuous envelope) of p.

2. Main estimates for the reachable set. In this section we consider the
reachable set for the reflected control problem

y'(8) = c(t, y(0)[b(t) — (b(t), v(y(1)) Laaly(®)r(y(t))]  ae.in (0,T),
(6) yt) eQ V>0,
(0) =Y € Ko,

where b : (0,7) — B is a time measurable control and v(y(t)) is the outward unit
normal to 9Q at y(t). Let us recall that if Q has a C? boundary and c is sufficiently
regular, then, for any measurable control b : (0,7) — B and any initial position
yo € Ko, (6) has a unique solution.

The reachable set at time ¢t > 0 for this reflected control system is given by

(7) R(t) = {x € Q| 3y solution to (6) on [0,] with y(t) = z}.

Our aim is to show that the boundary of this set has a finite Hausdorff measure and
that its volume depends in a Lipschitz continuous way on the time.
For doing this we will need the following conditions on ¢, Ky, and €:

(i) ¢ is continuous and derivable w.r.t. the second variable,

(8) (i) 0<m<ec(t,x) <M V(t,z) € RT x Q,

(iii) |e(t,z1) — c(t, z2)| < Lo|lz1 — 22| (¢, xl) (t,z2) € RT x Q,

(iv) |Dge(t,z1) — Dye(t, z2)| < Li]z1 — 22| Y(t,x1), (t,x2) € R+ x Q

for some positive constants m, M, Ly, and L.
The initial set Ky C 2 has to satisfy the following:

(9) Ky is compact and fulfills the interior sphere condition with radius r;

namely, for any z € OKj, there is some p € R?, |p| = 1, with B(z — rp,7) C K.
On 2 we assume that

) is connected, 01 is of class C2, and CS fulfills the
interior sphere condition with radius r; > 0.

(10)
We also require that
(11) ko >0 such that |z —y| < d%(z,y) < kolz — 9 Vr,y € Q

(the first inequality being obvious).
We finally introduce the minimal time function 7, which plays a crucial role in
our study:

(12) T(x) :==inf {t: 2z € R(t)};

it is the time needed by the reflected controlled system to reach a point x when
starting from K.
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By standard argument (see [5]), we have the following lemma.

LEMMA 2.1. The function T is Lipschitz continuous with a Lipschitz constant
less than ko/m, where m and ko are defined in (8) and (11). Moreover, T satisfies the
Hamilton—Jacobi equation c(1(x),x)|V7(x)| = 1 in the viscosity sense in Q\ K.

We also note that the level sets of 7 fulfill

(13) {z:7(x) =t} 2 IR(¢);

in general, the inclusion is strict.

2.1. Extremal solutions and the Pontryagin maximum principle.

DEFINITION 2.2. An admissible trajectory y is called extremal on [0,t] if
T(y(t)) =t.

It is well known (for a detailed study of extremal trajectories, see [4, 8, 10, 15] and
the references therein) that if y is an extremal trajectory on [0, ¢], then 7(y(s)) = s for
any s € [0,t¢]. Throughout this section, Y(¢) denotes the set of extremal trajectories
on [0,t]:

Y(t) = {y extremal trajectory on [0,¢]}.

The following result, proved in the appendix, is an extension of the Pontryagin
maximum principle for our reflected control problem. It is inspired by similar results
of Frankowska [12] on the regularity of the state and the adjoint for state constraints
system. Let us note that the equation on p’ is new in this context.

Here we denote by d the signed distance to the boundary of Q:

[ —dpa(z) ifzeQ
d(z) = { da(x) otherwise.

From assumption (10), the function d is C? in a neighborhood of Q. Finally, for any
s € R, we set (s)+ = max{s,0}.

LEMMA 2.3. Let x(-) be an extremal trajectory on the time interval [0, T]. Then
there is a Lipschitz continuous function p : [0,T] — RN\{0} and a measurable map
A:[0,7T] — R such that

vVt e (0,T),
— XODA((t)][p(t)]  for a.e. t € (0.T),
(1) 4 A1) = ( <D2d< ()elt,2(0) 2 20 )

+ (Dd(x(t)), Dyc(t, x(t) ) loa(z(t)) for a.e. t € (0,T),
x(t)eQ  vte (0,7).

@\
—~
~
~
||
/\
~
A
Nt
\/4

The map p is called the adjoint of x.

Remark 2.4. Lemma 2.3 states, in particular, that any extremal trajectory is
chl,

Remark 2.5. Problem (6) can be rewritten as a constraint problem; actually, its
extremal trajectories coincide with those of problem

{ y'(t) = c(t,y(t)b(t)  ae. in (0,7),
y(t) € Vt>0, y(0)=yo € Ko,
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and the function A is a multiplier. Of course, other types of Neumann boundary
conditions give rise to control problems that fail this property.

We now state several consequences of Lemma 2.3.

COROLLARY 2.6. For any T > 0, the set Y(T) is compact w.r.t. the C' norm.

Proof. From standard arguments the set J(T), endowed with the C° norm, is
compact. Let (y,) be a converging sequence of Y (T') for the C° norm, and let y be its
limit. We claim that y,, converges to y for the C! norm.

From Lemma 2.3, for any n, there is some Lipschitz map p,, : [0,7] — RV \{0}
such that |p,(0)] =1 and (14) holds. In particular, the (p,) are Lipschitz continuous
with a Lipschitz constant depending only on the regularity of Q and of ¢. Hence
a subsequence, still denoted (p,,), converges uniformly to some Lipschitz continuous
function p such that [p(0)| =1 and p is a solution to

P'(t) = — [Dac(t, x(t)) — A(t) Dd(x(t))] [p(t)];
7o) = (= (Do)t 20 ey i)

+ {Dd(x(t)), Dc(t, x(t))>) Loa(z(t)

for a.e. t € (0,7). In particular, we deduce that p(t) # 0. Therefore, since y/,(t) =
c(t, yn())pn(t)/[Pn ()], (y5,) uniformly converges to y/'(t) = c(t, y(t))p(t)/Ip(t)]-

So we have proved that for any sequence (y,) of Y(T), there is a subsequence
which converges in the C! norm, whence we get the desired result. 0

The next statement explains that two extremal trajectories on [0, T when crossing
on (0,7T) necessarily have the same velocity.

LEMMA 2.7. Let y1 and ya be two extremal trajectories on [0, T] for which there
is some t € (0,T) with y1(t) = y2(t) € OQ. Then y}(t) = y4(¢).

Remark 2.8. Contrary to what happens in the unconstrained case (2 = R?), two
different extremal trajectories of our reflected control problem can indeed cross, in
particular on the boundary of © (as shown in Figure 3).

Proof. Since Q has a C? boundary, y;(t) = y2(t) € 09, and y; and y, are C!
and remain in Q on [0, T], we deduce that the vectors y/(t) and y5(t) are necessarily
tangent to 9. Since, moreover, |y} (t)| = c¢(t,y1(¢)) = |y4(t)| and we are in the plane,
this leads to y}(t) = £y5(t). Suppose for a while that v} (t) = —y5(¢). Then, thanks
to Lemma 2.1, we have for any h > 0 sufficiently small

2h = 7lya(t 4+ B) — T{a(t ~ 1) < lya(t— h) — gt + 1) = "he(h),

where €(h) — 0 as h — 0%, This is impossible. So v} (t) = y4(t). 0

As a consequence, we have the following technical result which shall be useful in
the proof of the main perimeter estimate.

COROLLARY 2.9. Let 6 > 0 and T > 0 be fizred. There is some positive o such
that if y1 and ya are two extremal trajectories on some interval [0,t1+6] and [0, ta+06],
for ti,ta € (0,T], and if y1(t1) € OQ, y2(t2) € OQ with |y1(t1) — ya2(t2)| < o, then

yit) — yh(ta)
i)l lya(t2)l
where ¢, depends only on the C? reqularity of O5).

Proof. Let us first define the constant ¢,. Since we are in the plane and {2 has a
C? boundary, there is a constant ¢, (depending on the curvature of 9 in Ko + Bar)

< cplyr(te) — ya(t2)l,
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such that, for any yq1,y2 € 02N (Ko + Byr) and for any vy, vy unit tangent vector
to 0 at y; and ys, we have either

|1 — v2| < eplyr — w2l or [v1 4 v2| < eplyr — y2l.

We now argue by contradiction, by assuming that there is a sequence o, — 07
and, for any n, some pair yi* and y5 of extremal trajectories on some time intervals
[0,t + 6] and [0,t5 4 6], such that

(15) vt (#7) — 3 (t5)] < om

and

WOV W) [
v~ Tty > =€) -

Let us observe that by conditions (8), we have
yi(t) € Ko+ Bur YneN, te[0,T] (i=1,2).
From the definition of ¢;, the previous inequality implies that

e * e <

me@nmmmﬂwwmwwwmwﬂ@wmmmmmmmwwmm
Y5 (t5), respectively.

Thanks to Corollary 2.6 we can extract subsequences of (y7'), (v%), (t7), and
(t3)—still denoted (y7), (v%), (t7), and (t§)—converging to some yi, Yo, t1, and
to, where y; and yo are extremal, on [0,¢; + 6] and [0,t2 + 6]. From (15), we have
y1(t1) = y2(t2) and therefore t; = t2. Then (16) becomes y(t1) = —yh(t2) with
y'(t1) # 0 because of Lemma 2.3. This is in contradiction with Lemma 2.7. |

(16) |yt (t7) — y2(t2)],

2.2. Main estimates. We now state the main results of this section. The first
one states, thanks to (13), that the length of the boundary of the reachable set—or,
more precisely, its Hausdorff measure H! (see [11])—remains bounded. The second
one explains that the volume of the reachable set depends in a Lipschitz continuous
way on the time.

ProPOSITION 2.10. For T > 0, there exists a constant C' such that

H' ({r=t}) <C Vvte[0,T).

The constant C' depends on € and on the constants r, m, M, Lo, Ly, and T in
assumptions (8)—(11).

As a consequence we have the following corollary.

COROLLARY 2.11. Under the assumptions of Proposition 2.10,

|R(t1)\R(to)| < MC(t1 — to) VO <ty <t1 <T,

where C' is the constant in Proposition 2.10 and M is given by (8).
Remark 2.12. In particular, the map

is locally Lipschitz continuous in L!(€).
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The proofs of Proposition 2.10 and Corollary 2.11 are the aim of the rest of the
section. For proving Proposition 2.10, we divide the set {7 = ¢} into two sets: the
first one consists of points which can be reached with extremal trajectories remaining
in the interior of 2. The second one is made up of points for which the associated
extremal trajectories have to touch 9. For the first set, the techniques of [1] can be
adapted, although they have to be localized. For the second set, the key idea amounts
to comparing its length with the length of 0€.

Let us introduce more precise notation: for ¢ > 0 we set

(17) Ey:={x€dQ|3yecY(t), Is € [0,t] with y(s) =z},
(18) D"t .= {x € Q| Jy € Y(t) with y(t) = = and y([0,¢]) N IQ = 0},
(19) D=Lz e Q| 3y € Y(t), Is € [0,t) with y(t) = 2 and y(s) € 9Q}.

We note that D{"™ is exactly the subset of points of {7 = ¢} which can be reached with
extremal trajectories remaining in the interior of 2, while D?"? is the set of points of
{T = t} reached by extremal trajectories passing by 9f2. Furthermore,

{r =1t} = DIty DI,

2.3. Estimates for the set reachable by passing by 9€2. In this part we
estimate the length of D!"?. For this we heavily use the fact that we are dealing
with a plane system. We do not know if similar constructions can be done in higher
dimensions.

Since we cannot directly estimate the length of D’ we need to introduce an
approximation of this set given, for any 6 > 0, by

Dbnd(6) = {x = Jy € Y(t), Is € [0,t — &) with y(t) = =, } .

y(s) € 9Q and y((s,t]) NI =0

We note for later use that the set D¢ is the increasing limit of the D!"¢(§) as &
decreases to 0.

LEMMA 2.13. Let T > 0 be fized. There are C; > 0 and, for any 6 > 0, a
constant o > 0 such that if y1, yo belong to DP4(8), y1(-), y2(-) belong to Y(t), and
s1,82 € [0,t —8) with (for j =1,2)

yi(t) = ys, y5(s5) €0 y;((s5,t]) NI =10, and |yi(s1) — ya(s2)| < 0,

then

ly1 — y2| < Cilyi(s1) — ya(s2)|-

The constant Cy depends on the various constants of the problem and on T but
not on 6.

Proof. From Corollary 2.9, there is some positive ¢ such that if y; and yy are
two extremal trajectories on some interval [0, ¢, + 8] and [0, 2 + 6] and if y1 (1) € 99,
yg(tg) € 0N (fOI' some t1,t2 < T) with |y1(t1) — yg(t2)| <o, then

where ¢;, depends only on the C? regularity of 9.
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Now let y;, y;(-) and s; (j = 1,2) be as in the statement. Without loss of
generality, we assume that s; < so. Let p; and ps be the adjoint of y; and yo defined
in Lemma 2.3. On [s;,t], the pair (y;,p;) is the unique solution of the differential
equation

“(s) = c(s,yi(s Pi(5)
(21) yj(s) - ( 7y]( ))|p](8)|

Pi(s) = —Ducls.y;(s)) i ()] for ac. s € (s;.1)

Vs € (sj,1),

with initial condition (y;(s;),p;(s;)). Without loss of generality, we can assume that
Ipj(s;)| = 1. From these equations, we deduce that

d (p(s), i (s))

gy (P9) = T2 = (Do, (5).24())

whence, for some constant L > 0,

d
—Lipj(s)l < —-Ip;(s)] < Lip; (s)|
and, by integration,
(22) e~ LEm33) < pi(s)] < ellss) Vs € [s;,t].

In particular, (21) can be written as a Cauchy problem with a Lipschitz right-hand
side.
From the Lipschitz continuity of 7 given in Lemma 2.1 we have

k
(23) [s2 = s1] = T(y2(s2)) = T(ua(s1)) < —fya(s2) = ya(s1)]-
We also note that inequality (20) can be rewritten as

(24) Ip1(s1) — pa(s2)| < eplyr(s1) — ya(s2)l.

Finally, because of (21) and the bounds on ¢ and Dy c (stated in (8)), there is some
constant Cy such that

(25)  lua(s2) = was0)| + pa(s2) = pao1)] < Colse = s1] < (o) — s s

Putting together (23), (24), and (25) and using the Gronwall inequality for (21) then
easily gives

ly1(s) —y2(s)| + [p1(s) — p2(s)| < Cilyi(s1) — y2(s2)]

for any s € [sq,t] for some constant Cy = C1(T, m, ¢y, ko, M, Lo, L1). Setting s =t
gives the desired inequality. a
LEMMA 2.14. FizT > 0. With the same constant Cy as in Lemma 2.13, we have

HY(DM) < OyHY(O) YO<t<T.

Proof. Let Cy and, for 6 > 0 fixed, o be as in Lemma 2.13. Let ¢ > 0 and a
family of sets {B;};en be such that

+o0 400
diamB; < inf{e,0}, | JBi20Q, and H'(9Q) > diamB; —c.

i=1 i=1



REGULARITY OF THE EIKONAL EQUATION 1027

We denote by K; the set of points of D?"¢(§) which can be reached by an extremal
trajectory touching 02 for the last time in B;; in other words, x € K; if and only if
there exists an extremal trajectory y with y(t) = z and y(so) € B; for sg := max{s €
[0,t] : y(s) € O0}.

Since we have chosen diamB; < o, Lemma 2.13 states that

(26) diam(K;) < CydiamB; Vi e N.
Moreover, since

+oo
U Ki=Di"(6)  and  diam(K;) < Cie,

=1

we have
+oo
HE,(DP(6)) <> diam(K;) < Cy (HN(09) +¢)
=1

(for the precise definition of H}, see [11, pp. 60ff.]). As e — 0, we get
HY(DI(8)) < CLH(99).

Recalling that C7 does not depend on §, we can let § — 0T to get the result. 0

2.4. Estimates for the set reachable by remaining in the interior of €.
We now aim at computing the length of Di"* the part of the boundary consisting of
the points which can be reached by remaining in the interior of 2.

Let us recall that the interior sphere condition does not propagate in Q # R?
(contrary to what happens in R2, eventually with a radius depending on time; see
[1] and [7]). However, a local version of propagation (established in Lemma 2.15)
holds also in Q. This property and a bound on the measure of 0K, (still due to the
interior sphere condition) will be crucial in the proof of our estimate for H'(D;")
(see Lemma 2.16 and Remark 2.17).

The estimates below follow the original ideas of Cannarsa and Frankowska [7] and
the computations of [1]. In particular, the two following lemmata are just a localized
version of Lemmata 3.1 and 6.1 of [1].

LEMMA 2.15. Under assumption (9), let y(-) be some extremal trajectory on the
time interval [0,t], with adjoint p(-), for which there is some n > 0 with

B(y(s),n) C Q Vs € [0, t].

Then, if we set kK = 3Lg + L1, we have

4
B <y(t) —re " |pgt§| ,re"“t> N B (y(t),ne ") C R(2).
p
Proof. We explain only the main differences with the proofs of Lemmata 3.1 and
6.1 of [1]. Without loss of generality, we assume that [p(0)] = 1. We define the
vector field f(s,y) = c(s,y)p(s)/|p(s)| and set & = 2Ly + L;. We consider, for any
6 € B(0, |p(t)|) such that

(27) re " |p(t) — 0] < ne ot
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the solution yy of the backward differential equation

{ Yo(s) = f(s,p0(s)) Vs €[0,4],
Yo(t) = y(t) — re""(p(t) — 0).

Following [1], one can show that y»(0) € K. Furthermore, a straightforward applica-
tion of the Gronwall lemma yields to

yo(s) € B(y(s),ne " Lo%) c Q Vs € [0, t],

because yp(t) € B(y(t),ne~Lot) thanks to (27). So ys is a solution to the control
system (6) which remains in  on [0, ¢], and therefore yy(t) € R(t). This proves that

B (y(t) — re_mp(t),re_m\p(tﬂ) NnB (y(t), ne_Lot) C R(t).

Since k = k& + Lo and |p(s)| > e~ Lot (thanks to the differential equation satisfied by
p), the proof is complete. 1]
LEMMA 2.16. For 0 <tg <ty <T, we have

H(Di) < B TH DL,

where Cy = Lo + Me*T /v with k = 3Ly + L.
Remark 2.17. In particular, since K satisfies the interior ball condition, H*!(9Kj)
is finite (Lemma 2.2 of [1]), and we have (setting to = 0 and t; = t)

HY (D) < e“'HY(OK,) Yt €[0,T).

Proof. Without loss of generality, we can assume that H'(Dj"*) < +o0. Forn > 0
let us set

int 7(z) =t and Jy € Y(t) with y(¢) =
D™ (n) = {er| anddag?())yznforanysye[(),t] }

We note that Di"(n) is closed and that

(28) D" < | Di* ().
n>0
Let us fix e > 0 and 6 > 0, and let us choose an (at most) countable collection of

compact sets (K;) such that K; C Dj"(n),

(29) D™ (n) UK,, diam(K;) < min {ne_(L°+CQ)T,6e_CQT} i,

and

For any s € [to,t1], let K!(s) be the set of points y € D (n) for which there is an
extremal trajectory y(-) with y(s) =y, y(to) € K; and doq(y(t)) > n for any ¢ € [0, s].
We note for later use that

(30) D™ (p CUK’ Vs € [to, t1].
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We claim that
(31) diam (K (s)) < min{ne~FT e“*diam(K;)} Vs € [to, t1].
For proving the claim, let

0 = inf{s € [to,t1] : diam(K](s)) > ne LoT}

with convention inf ) = ¢;. One readily checks from its definition that s — diam(K/(s))
is right upper semicontinuous and left continuous. Therefore 6 > ¢y because

diam(K/(to)) = diam(K;) < ne~ =T,

For y1,y2 € K[(0), let y1(-) and ya(-) be two extremal trajectories on [0,6] with
y;(8) = y;, doaa(y;(t)) > n for any t € [0,6] and y;(to) € K; for j = 1,2. We denote
by p;(-) the adjoint of y;(-). Since y;(s) € K!(s) for s € [to, ), and from the definition
of 0, we have

[y1(s) = ya(s)| < diam(K(s)) < ne” ™" Vs € [to,0).

In particular, y2(s) belongs to B(yi(s),ne~%0%). Since dapq(yi(s)) > n for any s €

[0,t1], and since y2(s) lies on the boundary of the reachable set, Lemma 2.15 states that
y2(s) does not belong to the interior of the ball centered at y1(s) —re="p1(s)/|p1(s)]
and of radius re~"*. Hence

[y2(s) = y1(s)|* + 2re™"*(y2(s) — y1(s), pa(5)/Ipa(s)]) > 0.

Reversing the roles of y; and y, also gives

[y2(s) = y1(s)|* + 2re™"*(y1(s) — ya(s), p2(s)/Ip2(s)]) > 0.

whence we get

KT

(), L) p2(s) & (8 — ()2
(52) ((6) = ), 28 = B < E (o)~ )P

Setting p(s) = 3|y1(s) — y2(s)|?, we have, for s € [to, ),

p'(s) = (y1(s) — ya(s), y1(s) — ya(s))

= (c(s,51(s)) |£IE§§| — c(s,2(s)) \iiﬁi% yi(s) — y2(8)>

= (s, w1 (s)) — els,32(5)) (B2 + 27 w1(5) — 12s) )

+ %(C(s,yl(s)) + (s, 92(s))) <\51é3\ - |£2§§§| 1 (s) — y2<3>>
< Lolyi(s) — y2(5)|> + M [y1 (s) — 2(s)?

(in the last inequality, relations (8) and (32) have been used). Therefore, by the
definition of Cy, we have p/(s) < 2C3p(s) and deduce that

[y1.(5) = 2(s)] < lya(to) — y2(to) e ") < diam(K;)e™t~") Vs € [to, 6],
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because y; (tg) and ya(tg) belong to K;. So we have proved that, for all s € [tg, 0],
diam (K (s)) < diam(K;)e“2(57t0),

Therefore, because of the definition of 6, we complete the proof of our claim (31) if
we show that 8 = t;. To this end, for s = 0, we get

diam (K} (6)) < diam(K;)e?0~t0) < pe=LoT
from the choice of diam(K;) in (29). In particular, since s — diam(K}(s)) is right
upper semicontinuous, we necessarily have 6§ = t1, and (31) is proved.
We now complete the proof of the lemma: the family (K/(¢1)) is a covering of
Di™(n), from (30), with
diam (K (t1)) < diam(K;)e“2(t1—t) < §
from (29). Therefore

H} DZ” ) < Zdlam ) < eCeltim t“)(Hl(Diom(n)) +€).

Letting 6, ¢, — 0T gives the desired result. a

2.5. Proofs of Proposition 2.10 and of Corollary 2.11.
Proof of Proposition 2.10. Taking into account Lemmata 2.14 and 2.16, we obtain

H' ({7 =t}) = H" (D) + H'(D}™) < CyH(09) + e*TH' (0K,),

where H!(9K)) is finite because Ky is compact and satisfies the interior ball condition

(see, for instance, [1]). 0
Proof of Corollary 2.11. Let us recall that 7 is Lipschitz continuous and satisfies
the Hamilton—Jacobi equation ¢(7(z),z)|V7(z)| = 1 in the viscosity sense and thus

a.e. in 2\ Ky. From assumption (8), we therefore have that

1 k .
(33) 17 S IVr(@)] < EO ae. in Q\ K.

The coarea formula states that

(34) /R(tl)\R(to) |V7(x)|de = / H' ({T = s}) ds.

to

By assumption (33) and Proposition 2.10, we deduce, respectively, that
1
/ Vr(@) e > L[R(E)\R ().
(t1)\R(to)

/t1 H' ({r=s})ds < C(t1 —to).

to

Substituting the previous two inequalities into (34) completes the proof. 1]
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3. Estimate for contraction. Let us consider two velocities ¢; and ¢y, both
satisfying assumptions (8), and the corresponding reflected control problems (for j =
1,2)

y'(t) = ¢;(t y(®))[b(t) — (b(t), v(y(1)) Lo (y(t)r(y(t))]  ae. in (0,T),
(35)
y(0) € Kj,

where b : Ry — B denotes the time measurable control. We assume that the sets
K, and K, fulfill the interior sphere condition of radius » > 0 and that  satisfies
(10)-(11). We denote by R;(t) the reachable set of (35) at time t.

The main result of this section is some estimate of the volume of the symmetric
difference R (t) AR (1).

ProrosITION 3.1. Under the above assumptions on cj, K;, and 2, there exists
for any T > 0 a constant N = N(Q,r,m, M, Ly, L1,T) such that

[R1(t)AR2(t)] < Ny (1)
with

t
y(t) = dM (K, Ky)eFotM/mt 4 / lle1(s, ) = ea(s, )| oce Lot M/mIE=2) g,
0

where r1 is the constant introduced in (10).
The proof is postponed until the end of the section.
Our starting point is the following lemma.
LEMMA 3.2. Under the previous hypotheses on c;, K;, and 2, we have

Ra(t) € Ra(t) +(t)B.
In particular, we deduce that
Ra(t) C Ryt + kory(t)/m),

where ko is the constant introduced in inequality (11).
Proof. We set vy := d"* (K1, K5) and, without loss of generality (thanks to Re-
mark 2.5), consider an extremal trajectory z of (35) for j = 2 having the form

{ 2 (t) = calt, 2(1))ba (1),
Z(O) =29 € Kos.
We define y as the reflected trajectory with velocity ¢;, driven by the control bs:
{ y'(t) = er(t,y(t) [b2(t) — (b2(t), v(y (1)) Laa (y(t)v(y(1)],
y(o) = Yo,

where yo € K satisfies |29 — yo| < 0. For the sake of simplicity, we denote

bi(t) == ba(t) — (ba(t), ¥ (y (1)) Loa(y(t))v(y()).
For g(s) := |2(s) — y(s)|?/2, there holds that

g'(s) = (ca(s, 2(s))ba(s) — c1(s,y(s))ba(s), 2(s) — y(s))

(lea(s, 2(5)) = ea(s, 2(s))] ba(s), 2(s) — y(s)

(36) +{e1(s, 2(s))ba(s) — ca(s, y(s))ba(s), 2(s
< lea(s, <) = ca(ss )llool2(s) = y(s)l

+ {e1(s, 2(5))ba(s) — ca(s, y(s))ba(s), 2(s) — y(s))-
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Using assumption (8), we get

(c1(s, 2(s))ba(s) — c1(s,y(s))ba(s), 2(s) — y(s))
= ([ea(s, 2(s)) — 61(8 y(s)]ba(s), 2(s) — y(s))
(37) —c1(s5,9(5))(b1(s) — ba(s), 2(s) — y(s))

(
< Lolz(s) — y(s)”
+ (s, y(8))(b2(s), v(y () (v (y(s)), 2(s) = y(s))Laa(y(s))-

Let us recall that CQ fulfills the interior sphere condition with radius ;. We claim
that, for almost every s € [0,¢], there holds that

(38) (b2(s), v(y(5))) (v (y(s)), 2(s) — y(s))Laaly(s)) < %lZ(S) —y(s)|*.
This inequality is obvious if y ¢ 9Q. Consider y € 992, whence we get

|2(s) = y(s) — rv(y(s))|* = 17,

from which we deduce that

By the arbitrariness of points y(s) and z(s), we deduce our claim (38).
Substituting relations (37) and (38) into (36), we deduce that

g'(s) < llex(s, ) = eals,)llol2(s) = y(s)] + (Lo + M/r1)|2(s) = y(s)I*;

in particular, for p(s) := |z(s) — y(s)|, the previous inequality gives

p(s) < lleals, ) = eals, oo + (Lo + M/r1)p(s).

Applying the Gronwall lemma, we get
t
p(t) < p(0)et oMt 4 / lea(s,) = eas, )| Bt MImIE=2) ds,
0

By the arbitrariness of zp, the first part of the statement is proved.

By assumption (8) and inequality (11), the minimal time for reaching a point
y € Q starting from g € Q is less than or equal to ko|ly — g|/m (this value is the time
needed to follow the geodesic between y and § at the minimal velocity m). There-
fore, the second part of the statement is an immediate consequence of the previous
one. O

Proof of Proposition 3.1. We estimate only the measure of |Ro(t)\R1(t)]; the
other difference can be estimated by similar arguments, so we shall omit it. From
Lemma 3.2 and Corollary 2.11 we have

[R2(\R1($)] < [Ra(t + koy(t)/m)\Ra(t)] < MChoy(t)/m

Setting N = M Ckqy/m completes the proof. ]
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4. Application to dislocation dynamics in a region. The aim of this section
is to investigate the existence and uniqueness of the solution to the following nonlocal
problem:

5 = (@ +1(0)|Vp| in (0,+00) x Q,
(39) p(0,x) =p ( )*1K0( ) on
% =0 on (0,400) x 99,

where v is the outward unitary normal to 92 and the map I is defined as follows:
(40) 10)ta) = [ altenr @ Voell@)

for any function p : Q — [0, 1], where p* denotes the upper semicontinuous envelope
of p.

Besides assumptions (9)—(11) on the sets Q and Ky, we require throughout this
section that the maps ¢ : Rt x R? — R and & : Rt x R? x R? — R satisfy the
following:

) ¢ and & are continuous and derivable w.r.t. the second variable,
(ii) |ei(t, )| + ||ea(t, 2, )||l1 < M V(t,z) € RT x Q,
i)

(it) |e1(t z1) — Ci(t, za)| + [|ea(t, 21, 7) — C2(t, 22, -) |y < Lolz1 — 22
(41) V(tvxl)v (taxQ) € R+ X Qa
(IV) |Dzél(t7x1) - Dmél(t7x2)| + ||D:L’52(t7x17 ) - DIEQ(t7x27 )Hl
SLlll‘l—.’Egl, V(t,xl),<t,l’2) e Rt XQ,

(v) |ea(t,z,y)| <M V(t,z,y) € RT x Q x Q

(where || - ||; denotes the L' norm in ) for some positive constants M, Lg, and Ly,
and, for some m > 0, the following relation holds:

(42) ci(t,x) —|ea(t, z, )|, = m V(t,z) € [0,4+00) x Q.

This assumption implies that the dislocation is always expanding. We note that
under the assumption (41) and (42), the map ¢, := & + I(p) satisfies (8) for any map
p € C°([0,+00),L(Q,[0,1])). Moreover, the constants entering into relations (8) do
not depend on the function p.

Let us recall that in the framework of discontinuous wiscosity solutions (see the
monographs by Barles [5] and by Bardi and Capuzzo-Dolcetta [4] for an overview)
uniqueness of the solution means that two solutions p; and p; have the same upper
and lower semicontinuous envelopes: (p1)* = (p2)* and (p1)« = (p2)«. Now we can
introduce our definition of viscosity solution.

DEFINITION 4.1. A function p is a viscosity solution to problem (39) if p €
C°([0,4+00),L1(Q)) and if the unique discontinuous solution u to the initial-boundary
value problem

= c¢,(t,z)|Vul in  (0,400) x Q,
(43) ( z) = po(z) = 1k, () on €,
gu—0 on  (0,+00) x 0

with ¢,(t,x) == ¢1(t, x) + I(p)(t, z) fulfills u* = p* and u, = ps in [0, +00) x 2.
The well-posedness of system (43) is ensured by the following lemma, which also
provides a representation formula for this system.
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LEMMA 4.2. Under the above assumptions on Q, Ky, ¢, and ¢z, for any
p € C°[0,+00),L1(2)) there exists a unique discontinuous solution u to the initial
boundary value problem (43). Moreover, fort > 0, we have

(44) u(t,z) € {0,1} Vz e Q and {z|u"(t,x) =1} = R(?),

where R(t) is the reachable set for the control problem (6) introduced in section 2 with
c(t,x) = cp(t, x).

Proof. In order to show the relation between the level sets of the solution p and the
reachable set R(¢), let us introduce the following Mayer problem: the value function
Y(t, x) is defined as

Ut ) = max L, ((0),

where y is the solution to the following backward reflected control problem:

{’(()) c(s,y(s)) [b(s) — (b(s), v(y(s)))Laa(y(s))v(y(s)]  a.e. in [0,4],
t

Arguing as in [14], one can easily prove that ¢ is a solution to (43).

In order to prove the uniqueness of the solution, let us first show that the fattening
phenomenon (for the precise definition, see [6]) does not occur in [0,T] for every T €
RT. To this end, we introduce ug € BUC(), ug < 1, such that {x | ug(x) > 0} = K
and {z | ug(x) > 0} = Int Ky, and we consider the following problem:

‘?;t‘ cp(t, )| Vul in  (0,400) x Q,
(45) ( ’ ) - 'LL(]( ) o1 Qv
gu—0 on (0,+00) x 9.

It is well known (see [6]) that there exists exactly one solution v € UC of this problem.
For every s € R, we set K, := {ug > s} and denote R;(t) the reachable set in time ¢
when starting from K. The function 1z _()(z) is a (discontinuous) viscosity solution
to problem (45) with wg replaced by 1x,.. The comparison principle (which applies
because u is sufficiently regular; see [6]) entails

u(t,z) — s — e < 1g @) (x) Vs,e € R,z € R t € RT
and, in particular,
(46) {(t,z) |u(t,z) > s+ e} CRs(¢) Vs,e € R, t € RT.

On the other hand, let v, be the UC solution to problem (45) with wug replaced by
voe € UC such that {vg. > 0} = K_, {voe > 0} = Int K, and vge > 1 on K.
Therefore, again by the comparison principle, we have 1z, < v, and also

(47) Ro(t) C {ve(t, ) > 0} = {u(t,z) — s+ ¢ > 0}

(the equality is due to the geometricity of the partial differential equation; see [6]).
By the stability theorem, passing to the limit as e — 0 in relations (46)—(47), we
obtain

{t,z) |u(t,z) > s} CURs(t) C{(t,z) | u(t,z) > s} Vs e R.
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Taking into account assumptions (8) and (11), we have
WILT& Utelo,7]Rs+4(t) = Ureo, 1R (1)

From the last two relations, we deduce that

{(t,z) € [0,T] x Q| u(t,z) > s} ={(t,z) € [0,T] x Q| u(t,z) > s} Vs € R,

whence, by the arbitrariness of T, fattening does not occur. Finally, the uniqueness
of the solution follows by an adaptation of the arguments used by Barles, Soner, and
Souganidis [6]. d

Let us state the main result of this section.

THEOREM 4.3. Under the assumptions (9)—(11) on the sets Q and Ky and (41)—
(42) on ¢1 and &, the initial boundary value problem (39) has a unique discontinuous
viscosity solution p € C° ([0, +00), L} (Q2)).

Proof. Let us fix Ty > 0 and prove the existence and uniqueness of the solution
in a strip [0, Tp]. For this it is enough to show that there is some positive 7 with the
following property: for any T € [0,Tp], if the existence and uniqueness of solutions
hold on [0,T7], then they hold on [0,T + 7.

Let us first define 7. For this let C, r1, and N be the constants given in Propo-
sitions 2.10 and 3.1 for the time Ty + 1. We fix 7 € (0,1] and 0 < @ < 1 with

L0+M/r1

<1 M (L0+M/T1)T<1
T<1/MC, e <l+a N

Next, we define the set

p unique solution to (39) on [0, 77,
I +1

Er = {pe(?“([ovﬂﬂ»k( NI 0<p<1, sup o) < [lo(T,
te|T, T+7]

Let us introduce the mapping ® : & — C° ([0, T + 7],L'(2)) defined in the following
way: for p € Er, ®(p°) is the unique viscosity solution to

% = (&1 +1(,")) |Vl i (0.7 +7)xQ,
(48) p(0,x) = po(r) = 1k, (x) on
%:O on (0,74 1) x S

The well-posedness of ® is established in Lemma 4.2. We claim that ® maps Er into
itself. Combining the representation formula (44) of Lemma 4.2 with Corollary 2.11,
we have, for all t € [T, T + 7],

ot )y < ot -) = p(T, )l + [T )y < le(Ts )l +1

(in the last inequality, relation 7 < 1/MC has been used).
Now we claim that @ is a contraction. Fix p{, pJ € &7 and set

ci=2a +1(p)) and pi = ®(p?) (i=1,2).
We note that since p = p9 on [0, 7], we have ¢; = ¢y on [0, T]. Moreover,

ler —eallg = sup |[I(p] = p3)(t, )| o M sup  ||pi(t,") — pa(t, )], -
te[0,T+7] te[0,T+7]
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Therefore, using Proposition 3.1 and the fact that ¢; = ¢; on [0,T], we have, for
te[T,T+7),

t
1 t,- — P2 t,- S N C1 — C2 6(L0+M/T1)(t_s)d8
lo1(t,-) = p2(t, )4 00
T

e(L0+M/T1)T -1

<NM—F—— Oty — p9(¢. .
< Lo + M/m te[;l)ljl?JrT)le( ) — palt, )||1

<« sup Hp(l)(t7'> _pg(t7')H1
te[T,T+7)

(in the last inequality, relation e(fotM/r)T < 1 4 a% has been used). In
particular, we have proved that ® is a contraction, and by the Banach fixed point
theorem, there exists a unique solution in the strip [0,T + 7]. 0

Remark 4.4. This result can be immediately extended to the case of functions ¢»
satisfying only (41)(i)—(iv). Actually, in the proof, one just needs the constant

M :=max{e(t,z,y)|t € [0,T + 1], =, y € (Ko + Bar(r11))}s

which gives an upper estimate of ¢» in the reachable set in time T 4 1. In this case,
7 needs to be chosen in the following way:

Lo—l—M/’I“l

T<1/MC, elLotM/r)T <1 4 ¢
NM

5. Appendix: Proof of Lemma 2.3. Without loss of generality, we assume
that the function c is defined and fulfills conditions (8) on the whole space Rt x R2.
For € > 0, we introduce the unconstrained controlled problem:

x’ = c.(t,z)b, |b| <1, where ¢ (t,z) = <c(t,x) — dQ(@) ,

€ /4
where (s)1 = max(0, s). We denote by R.(t) the reachable set at time ¢ starting from
Ky for this control system. Let us point out that it is a subset of R? (and not only of
Q, as is R(t)). From standard arguments, we have the inclusion R(t) C R.(t) for any
t > 0. We are going to prove that for € > 0 small enough, extremal trajectories for
the perturbed problem ending in ) are actually extremal trajectories for the initial
problem.

Let € > 0 small to be chosen later. Also let z.(-) be an extremal trajectory of
the perturbed problem ending at some x € Q at time 7. From the definition of
¢e, the Pontryagin maximum principle for Lipschitz continuous dynamics (see, for
instance, [10]) states that there are p. : [0,7] — (R™\{0}) Lipschitz continuous and
Ac 1 [0, T] — [0, 1] measurable such that

2(1) = colt, 2 (1)) ﬁt; Vi (0,7),
S

t
pL(t) = — [Dmc(t,x(t)) - Dd(z(t))| [p(t)| for a.e. t € (0,T),
A(t) = 0if z.(t) € Q, A(t) = 1if z(t) ¢ Q.

(49)

€ Q for t € [0,7). Indeed, suppose on the contrary that

We claim that z.(t)
[0,T]. Let (a,b) be the largest interval containing ¢ such that

ze(t) ¢ Q for some t €
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z.(s) ¢ Q for s € (a,b). We note that x(a) and z.(b) belong to IQ because x(T) € €.
Moreover, at s = a we have

(Do) () = ( D (a). () LA} >

pe(a)

In particular, (Dd(z(

a)),pe(a)) > 0. In the same way, since (Dd(x(b)),zL(b)) < 0,
we have (Dd(x(D)), pe(b)) < 0. Hence

?e

\%

’ 205 (o) Le(8) Pels) .
[ et nton (D2ateon B8 2 )

—(Dac(s, ze(s)), Dd(xe(s)))Ipe(s)] + ¢lpe(s)[] ds,

where we have used the fact that for e > 0 sufficiently small and s € (a,b), z(s) is
close to 99, and therefore d is of class C? at x.(s) with |Dd(x(s))| = 1. From our
assumptions, c., Dc, and D?d are bounded by some constant M, and therefore

b
0> / [—MQ - M+ 1] Ipe(s)|ds.
a €

This leads to a contradiction for € < 1/[M + M?] because p.(s) # 0 for s € [0,T]. So
we have proved that for € > 0 sufficiently small and t € [0, T], z.(t) € Q. In particular,
x. is actually an extremal trajectory of the unperturbed problem on [0, T].

We now fix € as above. We now claim that, conversely, any extremal trajectory
x(+) of the unperturbed problem on the time interval [0,7] is an extremal trajectory
of the perturbed problem. Indeed, let T, be the minimal time for which there is a
solution of the perturbed problem reaching z(T). Obviously, T. < T. Moreover,
there is an extremal trajectory z.(-) for the perturbed problem reaching z(7T') at
time T.. But we have already proved that this trajectory is actually a trajectory of
the unperturbed problem. So T, > T, whence we get an equality: 7. = T. This
proves that x(T) € Or2R(T), and thus z(-) is actually an extremal trajectory for the
perturbed problem.

Now let x be an extremal trajectory of the unperturbed problem on the time
interval [0, 7. Since it is also extremal for the perturbed problem on [0, T], we can use
again the Pontryagin maximum principle: there are p : [0,7] — (R™¥\{0}) Lipschitz
continuous and A, : [0,7] — [0, 1] measurable such that

"(t) = c(t, ().
z'(t) = ce(t, (t))|p(t)| v vt € (0,T),
p'(t) = — | Dyc(t, z(t)) — 66( )Dd(x(t))} Ip(t)| for a.e. t € (0,T),
Ae(t) = 0if z(t) € Q, A(t) = 1if z(t) ¢ Q.

Note that c.(t,z(t)) = c(t,z(t)) because z(t) € Q for any t. Let us now identify A..
For this we set

E={tel0,T]|z(t) € 0Q}.
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Then, for almost every t € E, we have (Dd(z(t)),2z'(t)) = 0, and thus (Dd(z(t)),
p(t)) = 0 thanks to (49). Therefore, for almost every ¢t € E, we also have

<D2d<x<t>>c<t,x<t>>ﬁ&,p<t>>

Ac(t)

; <Dd<x<t>>, - (chw(t» -

Since |Dd| =1 and A > 0, we get

MO T ettt et 2O 2O
== <D d@®)ett; “”|p<t>|’|p<t>>

Da(e(t) ) (o) ) =

+ (Dd(x(t)), Dyc(t, z(t))) +159 (z(1)).

Setting A(t) = Ac(t)/e, we get the desired result.
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