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Abstract. We obtain error estimates for the numerical approximation of a distributed control
problem governed by the stationary Navier—Stokes equations, with pointwise control constraints. We
show that the L2-norm of the error for the control is of order h? if the control set is not discretized,
while it is of order h if it is discretized by piecewise constant functions. These error estimates are
obtained for local solutions of the control problem, which are nonsingular in the sense that the lin-
earized Navier—Stokes equations around these solutions define some isomorphisms, and which satisfy
a second order sufficient optimality condition. We establish a second order necessary optimality
condition. The gap between the necessary and sufficient second order optimality conditions is the
usual gap known for finite dimensional optimization problems.
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1. Introduction. The goal of this paper is to derive some error estimates for
the numerical approximation of a distributed optimal control problem governed by
the steady-state Navier—Stokes equations, with pointwise control constraints. More
precisely we consider the following problem:

(P) inf{F(my) | u € Uyq and (u,y) satisfies (1.2)},
where
1 2 N 2
(1) Fuy) =5 [ v) —vao)Par+ 5 [ )P
(1.2) —VvAy+(y-V)y+Vp=f+CuinQ, divy=0in, y=0onT,

C is a localization operator, w C 2, N > 0, v > 0, and
Uga = {u € L*(w;R™) | a < u(zx) < B for almost every (a.e.) z € w}.

In this setting,  is a bounded open and connected subset in R, of class C?, with
d =2ord= 3, and w is a nonempty open subset in 2. We can easily show that
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problem (P) admits at least one solution. On one hand, uniqueness of solution to
problem (P) is not necessarily guaranteed even if (1.2) has a unique solution (which
is not necessarily the case). On the other hand, we can only hope to obtain error
estimates for solutions to problem (P) which are locally unique. Local uniqueness can
be proved for solutions satisfying first order and sufficient second order optimality
conditions. When first order optimality conditions in qualified form are satisfied by a
local solution (u,y) of problem (P), we have

1 -
u= Proj[aﬁ] (—NC*¢> ;

where Proj, g is a projection operator and ® is the adjoint state associated with
(@,y). Thus, even if ® is regular, because of the projection operator Proji, g (due
to control constraints), u is only a Lipschitz function.

Assuming that (@1,§) satisfies first order and sufficient second order optimality
conditions, we can define a discrete control problem (P) by discretizing the state
equation (1.2) with a finite element method (here h is the mesh size of the underlying
triangulation, and we assume that the family of triangulations is regular; see section
4). We consider two cases, the case where the control set in (Py) is still U,q, and
the case where the control set U C’fd is the set of functions in U,q which are piecewise
constant on the elements of the triangulation. We show that there exists h such
that, for all 0 < h < h, the discrete control problem (Pr) admits at least one local
solution @, in a ball B,(@1). We prove that the corresponding sequences {1y, }, strongly
converge to @ in L? (see Theorem 4.11). When the control set in (P},) is U,q, we show
that

(1.3) oy, — 1|2 < Ch?,
while if the control set is U C’;d, we prove that
(1.4) i, — a2 < Ch

(see Theorem 4.18). To the best of our knowledge both results are new. For numerical
computations it seems easier to solve (P},) when the control set is discretized, that is,
when controls belong to U ;‘d. However, it is also possible to solve it without a priori
discretizing the control set (see, e.g., [16]).

Before comparing our results with the ones existing in the literature, let us make
some comments. Knowing that u is a Lipschitz function, the error estimate (1.4),
obtained when the discrete control set is defined with piecewise constant functions, is
consistent with estimates obtained by approximating Lipschitz functions by piecewise
constant functions. The result obtained in (1.3) is more surprising. Indeed, as we
are going to see, this kind of result is already known for problems without control
constraints. But in that case the optimal control belongs to H?, and the error estimate
is then directly derived from error estimates for the adjoint state. Here we obtain the
same order of error estimate, but with control constraints. As far as we know, this
kind of result was not previously known. Moreover, our method is quite general, and
it can be used in some other problems, provided that we are able to obtain error
estimates for the discrete state and discrete adjoint equations.

Let us come back to the existing results in the literature. For optimal control
problems of the steady-state Navier—Stokes equations with a distributed control and
a slightly different functional, Gunzburger, Hou, and Svobodny have proved error
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estimates similar to (1.3) in the case when there is no control constraints and when the
control acts everywhere in € (see [13, end of section 5.2]). But for a distributed control
localized in (2, the error estimate is only of order h3/27¢ (see [13, end of section 5.3]).
To prove these estimates they do not assume that the optimal solution (@, y), which
they want to approximate, satisfies a sufficient second order optimality condition.
But they assume that the optimality system satisfied by (@,¥y) is regular, in the
sense that the corresponding linearized optimality system defines some isomorphism.
This approach is the extension—to optimality systems of control problems—of the
classical one used in the numerical approximation of the steady-state Navier—Stokes
equations; see, e.g., [12]. This method has been used in the literature for other
similar problems [17] and for the boundary control of the stationary Navier—Stokes
equations [14, 15]. Observe that the estimates are not the same if the boundary of the
domain where the control is applied is empty or nonempty [14, Theorem 4.6 and the
assumptions in Theorem 3.5]. In any case this method cannot be used for problems
with control constraints. Another approach used more recently for problems without
control constraints is the one by Deckelnick and Hinze [10], which is based on the
Kantorovich convergence theorem of the Newton method. In that case a second order
sufficient optimality condition is needed, but the Kantorovich convergence theorem
is proved only for systems of equations and not for generalized equations. Thus this
method cannot be used for problems with control constraints.

For problems with control constraints the obtention of both optimality conditions
and error estimates is more complicated. Indeed even if the nonlinear Navier—Stokes
equations are well posed, the linearized ones are not necessarily well posed. Thus
in general one can obtain optimality conditions only in nonqualified form, that is,
optimality conditions of Fritz—John type. Such optimality conditions for optimal
control problems of the stationary Navier—Stokes equations have been obtained by
Abergel and Casas [1]; see also Casas [3]. Optimality conditions in qualified form,
that is, optimality conditions of Karush—Kuhn-Tucker type, may be obtained either
by assuming that data of the problem are small enough with respect to the viscosity
parameter v (see, e.g., Roubi¢ek and Troltzsch [19], Troltzsch and Wachsmuth [21],
De Los Reyes [18]) or by assuming some qualification condition of the set of feasible
controls as in Gunzburger, Hou, and Svobodny [15, condition (2.7)] or in [1].

Here, since we are mainly interested in the numerical approximation of control
problem (P), we assume that the local optimal solution (@, y) we want to approximate
is a nonsingular solution, that is, that the linearized Navier—Stokes equations about
y define some isomorphism. As already mentioned, this is the classical assumption
used in the numerical approximation of the Navier—Stokes equations (see, e.g., [12, p.
297]). Thanks to this assumption we derive a necessary optimality condition of the
form

(1.5) J'@)v:>0 VveCly,

where Cjy is the set of directions belonging to the tangent cone at u to U,q satisfying
J'(@)v = 0; see Theorem 3.6 and Corollary 3.7 (here J(u) = F(u,yy), where y,, is
the unique solution to (1.2) corresponding to u, when u belongs to some ball B,(1)).
The weakest sufficient optimality condition we can state is the following:

(1.6) J'(W)v? >0 Vv e Cqsuch that v # 0.

Under this condition, and assuming that the first order optimality conditions are in
qualified form, we prove that (@,¥y) is the unique local solution to (P) in some ball
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B,(u). (See Theorem 3.8. Notice that we cannot hope to prove such a result without
assuming that u satisfies the first order optimality conditions in qualified form and
condition (1.6).) This local uniqueness result is essential to carry out some numerical
analysis of the control problem. The discrete state equation is stated in section 4.
The well posedness of the discrete state equation is performed in Theorem 4.8, and
error estimates are obtained in Lemma 4.10. The discrete adjoint equation is studied
in section 4.3. Its well posedness and error estimates are proved in Lemmas 4.12 and
4.13. Error estimates for the control problem are obtained in section 4.4.

Let us finally mention that in the case of control problems governed by scalar
semilinear elliptic equations, this approach to derive error estimates has been devel-
oped by Arada, Casas, and Troltzsch [2], Casas [4, 5], Casas, Mateos, and Troltzsch
[6], and Casas and Raymond [7].

2. Assumptions and preliminary results. Let us recall that € is a bounded
open and connected subset in R, of class C2, with d = 2 or d = 3, and that w is a
nonempty open subset in Q. We assume that M : w — R¥>™ is a Lipschitz function,
with 1 < m < d (R¥™ denotes the space of d x m real matrices). Let us consider the
linear operator C € L£(L?(w;R™), L?(;R?)), defined by (Cu)(x) = M (x)u(x)xw.(z),
where x,, is the characteristic function of w. In the functional F : L2(£2;R9) x
L?(w;R™) +—— R, defined in (1.1), we assume that N > 0 and y; € L7 (;R%), for
some 7 > d, are given fixed. For u € L?(w; R™), we denote by u; the components of
u, that is, u = (y;)1<j<m. For 1 < j < m, let —o0o < ¢; < 3; < 400 be extended
real numbers, and set

U = {u € L*(w;R™) | aj < uj(x) < By forae. z €w, 1 <5 < m}'

In the case when «; = —oo, this means that the corresponding constraint is absent.
The same convention is adopted if 3; = oo.

In (1.2) we assume that v > 0 and f € L"(Q; R?).

To study (1.2) we have to introduce some function spaces and operators. Through-
out the following we set HY(Q) = HY(Q;R?), H}(Q) = HI(Q;RY), H Q) =
(H{(Q)), LP(Q) = LP(4RY), and WP(Q) = W*P(Q;R?) for 1 < p < oo and
s > 0. We introduce different spaces of divergence-free vector fields:

VO(Q) = {uE L2(Q) | divu=0 inQ, u-n=0in H*W(r)},
V(9) = Hg(Q) N VR (9Q),

where n is the outward unit normal to I'. The dual space of V}(§) with respect to
the pivot space V2(Q) is denoted by V~1(£2). Thus we have

Vo(Q) = Vi(Q) = V7H(Q),

with dense and continuous imbeddings. The orthogonal projector from L2(£2) onto
V9 (Q) will be denoted by P. The operator P can be extended to a bounded operator
from H=1(2) to V~1(£2). For notational simplicity this extension will still be denoted
by P.

Let us consider the bilinear form on H}(Q) defined by

d
ay,z) = V/ Vy :Vzdz=v Z / 02, Y5 Oz, %5,
Q Q

3,j=1
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and the trilinear form on b : L*(Q) x H(2) x L*() defined by
b(y,z,®) = /Q(y -V)z - ®dx.
We define A € L(H}(Q),H71(Q2)) by
<Ay,z>H71(Q)’Hé(Q) =aly,z) Vz,y € H}(Q),
and the nonlinear operator B from H} () to H~1(2) by
(BY):Z)g 10y myy =0 ¥:2) Yz, y € Hy(Q).

Equation (1.2) is equivalent to the variational problem

Find y € V{(©2) such that

(2.1)
a(y,z) +b(y.y,z) = (f+Cu,z) Vz € Vi(Q),

or to the weak formulation
y €Vy(Q), (Ay+ B(Y)’Z>H*1(Q),Hé(ﬂ) =(f+ Cu,z>H71(Q)’Hé(Q) Vz € V§(Q).
This last equation is equivalent to
y € V§(Q), PAy+ PB(y)=P(f+Cu) in V }Q),
which we shall simply write in the form
(2.2) y€ViQ), Ay+B(y)=f+Cu in V71(Q).
We know that, for all u € L?(w; R™), equation (2.1), or equivalently (2.2), admits

at least one solution y € V(). The pressure appearing in (1.2) is the unique function
in

LE(Q) = {v € L*(Q): /Qv(x) dx = 0} ,
obeying

(2.3) Vp=({I—-P)f+Cu+vAy — (y-V)y).

It is a consequence of [12, Chapter 1, Lemma 2.1].
The following properties are well known. For all y € L*(£2) obeying divy = 0 in
Q, and z,w € H}(Q)

(2.4) b(y,z,w) = —b(y,w,z) and b(y,z,2)=0.

The next lemma follows directly from Green’s formula.
LEMMA 2.1. For all y € HY(Q), the operators B'(y) € L(HY(Q),H1(Q)) and
B'(y)* € LH{(Q),H Y(Q)) satisfy

(B'(y)z, ®) = b(y, 2, ®) + b(z,y, ®)
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and

By )= [

(Vy)'® -z de — by, ®,2) — / (divy)® -z dx
Q

Q
for all z, ® € HY(Q). Moreover, B” € L(H}(Q) x H{(Q),H1(2)) obeys
(B"(y,z),®) = b(y,z,®) + b(z,y,®) Vz,y, &c H)Q).

The following regularity result will be used throughout this paper. It is an im-
mediate consequence of the classical result by Cattabriga [8].

THEOREM 2.2. There exzists a constant C > 0 such that if u € L*(w;R™) and if
y € V§(Q) is a solution to (2.2), then

I¥llvio) < CUIEllLz@) + [[ullzzwrm))-
There ezists a constant Cr > 0 such that ifu € L™ (w;R™), f € L™(Q) with 2 <1 < 00
andy € V§(Q) is a solution to (2.2) and p the associated pressure, then'y € W27 (Q),
p € WHT(Q), and
(2.5) lpllwrr @) + 1y lwer @) < Cr(X+ [IElIL @) + 1017 gom))-

Proof. The estimate of [|y||y1(q) is classical. Using this estimate, since d < 3, we
can write

[¥lle@) < Cllyllvae
and
Iy @ yllLs @) < C”Y“%}é(ﬂ)'
Thus, from estimates for the Stokes equation, we successively deduce

[yllwrs@) < CUly @ yllws@)e + IfllLz) + lallzzwgzm))

< C(IflIF2 0 + lullF2(pmm) + 1)
and

lyllaz) < CUlyllwes@llyllus@) + Iflluz@) + lallzzwrm))

< Ol () + lallZe mem) +1)-
Therefore
Iy V¥ ls@pe < Cllyla @Iy lew < CUElz @) + 1l + 1),
which yields

Iyllwer @) < CUElL @) + 1l 7 mmy + 1)
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if 2 <r < 3. Next we have

1y - V)yllwr @y < Crllyllmz lyllwzs) < C(||f||£2(9) + ||u||7:2(w;Rm) +1)

if 3 <r < oo, which provides the desired estimate. 0

It is well known that the solution of (1.2) is unique when v is large enough with
respect to the right-hand side; see, for instance, Temam [20]. Since this is a strong
assumption we are interested in the solutions of (1.2) for which the equation is locally
unique. These solutions, called nonsingular solutions, are defined below.

DEFINITION 2.3. A function'y € V{(Q) is a nonsingular solution of (1.2), or
equivalently (2.2), if P(A + B'(y)) is an isomorphism from V}(Q) into V=1(Q). If,
moreover, Ay + B(y) = f +Cu in V~=1(Q), with u € L?(w;R™), we will also say that
the pair (u,y) is a nonsingular solution of (1.2).

Remark 2.4. For a nonsingular solution (u,y) of (1.2), the condition P(A +
B'(y)) € isom(V{(Q),V=1(Q)) corresponds to the one stated in [12, Chapter 4,
condition (3.4)], which is used to get the error estimates for the approximation of the
Navier—Stokes equations.

The following theorem is a straightforward consequence of the implicit function
theorem and will be useful in what follows.

THEOREM 2.5. Let (0,y) € L?(w; R™)xV}(Q) be a nonsingular solution of (1.2);
then there exist an open neighborhood O(@) of @ in L?(w;R™), an open neighborhood
O(y) of ¥ in V(Q), and a mapping G from O(a) to O(y) of class C* such that,
for all u € O(u), G(u) = yy is the unique solution in O(y) to (2.2). Moreover,
if zv = G'(0)v € V}(Q) and w = G"(u)v? € V}(Q), then z, and w satisfy the
equations

(2.6) Az, + B'(yu)zyv =Cv in V71(Q),
(2.7 Aw + B'(yu)W + B"(2y,2,) =0 in V7}(Q),

and P(A + B'(yv)) is an isomorphism from V() into V=1(Q) for all u € O(1).
LEMMA 2.6. Let (u,y) be as in Theorem 2.5, and let p be the associated pressure
(the solution of (2.3) corresponding to y). Let (ug)g be a sequence in O(u) weakly
converging to U in L*(w;R™). Let yi be the solution to (1.2) in O(¥) corresponding
to uy, and let py be the associated pressure. Then (yi)r converges to y in V}(Q),
and (pg)i converges to p in LE(Q).
Proof. The proof is an easy consequence of Theorem 2.2 and of formula (2.3). 0

3. Analysis of the control problem. The existence of a solution of problem
(P) can be obtained by the usual approach of taking a minimizing sequence, which
is bounded in L?(w; R™) x V}(€), and passing to the limit; see, for instance, [18] for
a detailed proof. In this section we will derive the first and second order optimality
conditions for a local solution (@,y) in Uag x V().

3.1. First order optimality conditions. Let us precisely define local solutions
of (P).

DEFINITION 3.1. We shall say that (@,y) € Uua x V§(Q) is a local solution
of (P) if and only if (0,y) satisfies (1.2) and there exist neighborhoods O(u) of @
in L?>(w;R™) and O(y) of ¥ in V§(Q) such that F(u,y) < F(u,y) for all pairs
(u,y) € (UygaNO(1)) x O(y) satisfying (1.2).

The following theorem was proved by Abergel and Casas [1] for a slightly different
functional, but the proof can be repeated for our problem step by step, just by doing
the obvious modifications.
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THEOREM 3.2. Let (,¥) € Uaa x V§(Q) be a local solution of (P); then there
ezist a real number X\ and some elements ® € W2™(Q) and 71,p € WHT(Q) such that

1) A+ H(i)”V}J(Q) >0,

(3.2) —VAY+ (- V)y+Vp=f+Cain Q,divy=0inQ, y=0onT,
(33) —vA®+(Vy)I® —(y-V)®+Va= Ay —yq) in Q,

(3.4) div®=0inQ, ®=0onT,

(3.5) /(C*<i>+XNﬁ)~(u—ﬁ)dm20VueUad.

These conditions for optimality are of Fritz—John type, and we are interested in
the cases where A can be chosen equal to one. Gunzburger, Hou, and Svobodny [14]
introduced an assumption on Uy for the local solution (@, y). The control set U,q is
said to have the property (C) at (u,y) if the system

VAP + (Vy) '@ - (y - V)@ +Vr=Ay—ya) inQ,dived=0inQ, &=0onT,

admits at least a nonzero solution (®,7) € V{(Q) x LZ(Q), and if for any nonzero
solution (®,7) we can find u € U,y such that

/C*<I>o(u—ﬁ)dx<0.

It is obvious that if U,q has the property (C') at (1,y), then (3.2)—(3.5) hold with
A=1.

Here we will make a different assumption which will be crucial in what follows,
in particular for the numerical analysis. We consider only local solutions (@,y) of
(P) such that (u,y) is a nonsingular solution of (2.2). In that case we shall say that
(u,y) is a local nonsingular solution of (P). For such a local nonsingular solution we

can apply Theorem 2.5 and define the control problem
(Po)) inf{J(u) |u€ Uy O(ﬁ)},

where J : U — R is given by J(u) = F(u,G(u)). Then u is a local solution of
(Po(a))- Let us study the differentiability properties of .J.

THEOREM 3.3. Function J is of class C*° in O(q), and for every u € O(ua) and
v € L?(w;R™) we have

(3.6) J'(u)v:/(C*<I>u+Nu) -vdax,

(3.7) J'(w)v? = /Q(\zv|2 —2(zy - V)zy - Py)dx + N/ |v|2dz,

w

where z is the solution of (2.6) and ®, € V() satisfies
(3 8) _VA(I)U + (Vyu)Téu - (YU : v)q)u + v7Tu =Yu—Yd in Q7
' div®, =0in Q, &, =0 on I.

The proof follows easily from Theorem 2.5. The only delicate point is the def-
inition of ®,. Let us remark that (3.8) is equivalent to the equation A*®, +
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B'(yu)*®uy = yu — ya in V71(Q), and due to Theorem 2.5 the operator P(A* +
B'(yw)*) is an isomorphism from V§(Q) into V=1(€Q).

By using the previous theorem we get the following result.

THEOREM 3.4. Let (0,¥) € Uaa x V§(Q) be a local nonsingular solution of (P),
and let p be the associated pressure; then there exist some elements ® € V§(Q) and
7€ L3(Q) such that (3.2)~(3.5) hold with A = 1.

Proof. 1t is enough to take into account that J'(@)(u — ) > 0 for all u € Uy
and to use (3.6). ad

Using the first order necessary conditions we can deduce some extra regularity
for the optimal control, the state, and the adjoint state.

THEOREM 3.5. Let (,y) be a local nonsingular solution of (P) and let ® be
the adjoint state as defined by (3.3)—(3.4) with A\ = 1. Then y,® € W27(Q), p, 7 €
WL (Q), and @ € C%Y(w; R™).

Proof. Taking into account that Cii € L?(2) and the assumption on f, it is
enough to apply Theorem 2.2 to deduce that y belongs to H2(Q) and that ® belongs
to W27(Q). On the other hand, ® € W27(Q) C C%}(Q;R?) because 7 > d. Now
using the Lipschitz property of the function M defining C and the representation of
the optimal control deduced from (3.5), we obtain

1 -
(3.9) uj(z) = Proja, g, (—N(C*q))j(ax)) for a.e. € w,

which gives the desired regularity for . Now still using Theorem 2.2, we obtain the
regularity of ¥. ]

3.2. Second order optimality conditions. To perform the numerical analysis
of the problem as well as the analysis of the algorithms of optimization, second order
sufficient conditions are required. These sufficient conditions should be as unrestrictive
as possible. One way of measuring this is to compare them with the necessary second
order conditions and check if the gap is small. This is the reason why we first introduce
the second order necessary conditions.

Second order conditions have to be written for directions v € Ty, () such that
J'(u)v = 0, where Ty, (1) is the tangent cone at @ to U,q. To characterize these
directions, we introduce d(z) = C*®(x) + Nii(z) for z € w, and the following condi-
tions:

(3.10) v;(z) = 0 if dj(x) # 0,
(3.11) vi(z) >0 if — oo < aj = u;(z) and d;(z) =0,
(3.12) v;(z) <0 if 4;(z) = B; < oo and dj(z) = 0.

Now we define the cone
Ca= {V € L*(w;R™) | v satisfies (3.10)7(3.12)}.
Notice that
/(= _ 3 . 2/, ,.pm
(3.13) {(u)v- /wd(x) v(z)dr Vv € L*(w;R™),
d(z)-v(x) =0 for a.e. z € w and all v € Cj.

THEOREM 3.6. Let (@,y) be a nonsingular local solution of (P). Then

J'(@v?>0 Vv e ;.
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Proof. We sketch the proof in the case where —oco < a; < 3; < oo for all
1 < j < m. The modifications for the other cases are obvious. Take v € Cg, and for
e <min{(f; —a;)/2: 1 <j < m} define

if a; < ﬂj(x) <o+,

if B —e < u;(x) < Bj,
PTOJ[_;H(UJ-(:U)) otherwise.

o O

Vje(T) =

It is clear that |v,(z)| < |vj(z)| and that v;.(z) — v,(x) for a.e. z € w as e — 0,
and hence v. — v in L?(w; R™). A simple inspection convinces us that v. € Cy. Let
us check that @t + pve € Uyq for every 0 < p < e2. If d;(z) # 0, then v; .(x) = 0. So
u; () + pvje(x) = u;(z) € [y, B;]. For d;(x) = 0, we have the following:

(1) If aj(x) = oy, then vj(x) > 0 and vj . (x) > 0. So clearly a; < wj(x)+pvj ().
For the other inequality we write u;j(z) + pvj(z) < a; + €L < L;ﬁf < @5 If
4j(x) = B;, the argument is completely analogous.

(2) If o < u;(x) < o + ¢, then w;(x) + pv; () = u;(x) € oy, F;]. The same
applies if §; — e < ,(x) < f;.

(3) If aj+e < uj(z) < Bj—e, then on the left side, @;(z)+pvj () > aj+e—e?L =
a;, and on the right side @;(z) + pvj(z) < B; —e + €21 = ;.

Thus @ + pv. belongs to U,q. Making a second order Taylor expansion of J at
@ and taking into account that it is a local minimum for p < €% small enough, there
exists 0 < 8, < p such that

2
0< J(@+pv.) — J(@) = pJ' (@W)ve. + %J”(ﬁ +0,vo)v2.

Since v, € Cg, (3.13) implies that J'()v. = 0. Therefore the above inequality leads
to J"(a+6,v.)vZ > 0. Now we must take the limit as p — 0 to get J”(u)vZ > 0.
Next it is enough to take the limit as ¢ — 0. To do this, let us recall the expression
of J"(u) provided by (3.7):

T@2 = [ o~ 2, D @)+ N [ v
Q w
— / (|zy|? — 2(zy - V)zy - ®4) dx + N/ |v|?de = J"(a)v? ase—0. O
Q w

The following result is an obvious consequence of the previous theorem and the
expression of J” given by (3.7).

COROLLARY 3.7. Let (@,y) be a nonsingular local solution of (P) and let ® be
the corresponding adjoint state. Then

(3.14) /Q(|z|2 —2(z-V)z - ®)dr + N/ |v|?dz >0

for every (v,z) satisfying the linearized state equation (2.6) and v € Cy.

To state second order sufficient conditions we will not suppose that (u,y) is a
nonsingular solution of the Navier—Stokes equations (1.2). The result we are going to
state is the following.

THEOREM 3.8. Let (0, y,®) € L?(w;R™) x VL(Q) x VL(Q) satisfy (3.2)(3.5)
with X\ = 1. Let us suppose that

(3.15) /Q(z2 —2(z-V)z - ®)dx + N/ vZdr >0
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for every (v,z) # (0,0) satisfying the linearized state equation (2.6) and v € Cjy.
Then there exist € > 0 and p > 0 such that

_ 1 _ _
F(a,9)+ 5 (I =8l gmm) + Iy = o)) < Flu,y)

Proof. Let us suppose the theorem is false. In that case, for all k£ € N, there exists
(uk, yx) satisfying (1.2), ug, € Usa,

for every (u,y) satisfying (1.2), u € Ugq, and ||u— u||L2(w rm) T+ ly —37||%2(Q) < &2

_ _ 1
[ = 8ll72mm) + Y6 = FllE2) < 72
and
o 1 _ _
(3.16) F(u,y) + T (||Uk — |72y + lyr — YH%}(Q)) > F(ug,yk).

Since the sequence {uy}?2, is bounded in L?*(w;R™), Theorem 2.2 implies that
{yx}32, is bounded in H2(Q) N V}(Q). Let us set

- - u, —1u Y Y
pk = \/Huk - uH%Q(w;Rm) + ||yk - y”iQ(Q)a Vi = pk ) Zp = pk .

Clearly ||vk||L2 wR™)
subsequences in L2 (w Rm) and L2(Q), still indexed by k, such that vi — v, z; — z.
We are going to check that the pair (v, z) satisfies the linearized equation (2.6) and
Vv E Cﬁ.

The pair (vg,zx) satisfies the equation

+ HZ’“H%Q(Q) = 1, and hence there exist weakly convergent

(3.17) { ~vAz + (¥ - V)zi + (2 - V)yi + Va, = Cvy in Q,

divzy =0in Q, zp; =0on T,
where 7, = (p — pr)/pr, which is equivalent to the variational formulation
(3.18) a(zy,z) + b(y,2zk,2) + b(2k, Yk, 2) = (Cvg,z) Vz € V(l)(Q).

Taking z = z;, and using (2.4), we obtain
a(zy, zi) = (Cvi, zi) — / (i - V)yk - zpdz.
Q

Using the equality ||Vk||%2(w;R7n) + ||zk|\i2(m =1 and the imbedding H'(Q) C L*(Q2),
we obtain

vlizklin @ < 1CI+ lyrllen @llzellts @) < CO+ lzkli@);

because (yi)x is bounded in H*(Q2). From the well-known interpolation inequality
when d = 3 (see Temam [20, Lemma 3.5, p. 296]),

Il zaey < V2ICH At I 0y YE € HF(9),

and the bound ||zx||2(q) < 1, it follows that

ol < € (1+ l2klihigy ) -
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Thus the sequence {z;} is bounded in V{(Q), and therefore {z;} converges strongly
to z in L2(2). Now we can take the limit in (3.18), and we obtain that (v, z) satisfies
(2.6).

Let us now check that v € Cg. The sign condition (3.11)—(3.12) is satisfied by
V5, and this is conserved when we pass to the weak limit because the set of functions
satisfying these sign conditions is closed and convex in L?(w; R™). On the other hand,
using condition (3.16), for all k, we have

P F(a+ ppve,y + przi) — F(1,y)

k Pk
1 y —vi? =y —v4l? N o 2 _ 152
_ 7/ |y + przi — yal* — [y — vl dr + 7/ [a+ prvil” —
2 Q Pk 2 w Pk
1 _ N ~
=3 (2(y —ya) + przk) - Zp dx + 5 (20 + pgvg) - Vi dz.
Q w

Since [|[Vi|[72(gmmy + [1Z6ll52 ) = 1, px < 1/k converges to 0, z — z in L*(2), and
vy — v weakly in L?(w; R™), we can pass to the limit when k tends to infinity, and
we get

/(y_Yd)'de—FN/fl'deSO,
Q

w

which is exactly

/wa(x) -v(z) < 0.

The sign condition (3.5) implies that d;(z)v;(z) > 0 for a.e. € w; therefore the
above inequality is equivalent to

> B @l <o

Thus if d;(z) # 0, v;(x) =0, 1 < j <m, and hence v € Cy.
Making a second order Taylor expansion of F at (1, y), with condition (3.16), we
obtain

1 1 N 1
(3.19) — (OuF(0,y)vy + 0y F(0,¥)zx) + 7/ |z1|? dx + —/ |vie|?de < —.
Pk 2 Q 2 w k

Notice that the pair (vi,z) satisfies (3.17), but does not satisfy the linearized equa-
tion (2.6). Thus i (OuF(0,y)vi + Oy F(1,¥)z) is not equal to [ d(z) - vi(z)de.
We can write (3.17) as follows:

—vAzZ, + (§-V)zg + (2 - V)Y + Vi =Cvi — (21 - V)(yr — ¥) in Q,
divzy =0in 2, z =0on I.

Since

OuF (0, y)vi + 0y F(u,y)zi, = / (¥ —ya) - zrdx + N/ a- vidr,
Q w
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using the adjoint state ® and making an integration by parts, we get that

/(Sf—yd) czpdr = / @ (Cvi — (21 - V)(yr — ¥)) du,
Q Q
and therefore

1 . _ 1 [ -
o (OuF (0, y)vy + Oy F(Q,¥)zy) = o /w d(z) - vi(z)dz — /Q(Zk- -V)zy, - ®dx.

Since v}, satisfy the sign condition, we have d(x) - vi(x) > 0; therefore (3.19) leads to

- 2
72/(zk~V)zk-<I>d:c+/ |zk|2dx+N/ |vi|2da < = k.
Q Q w

Taking the inferior limit in this inequality we deduce
/(|z|2 —2(z-V)z- ®)dx + N/ |v[?dz < 0.
Q w

Since v € Cy and the pair (v, z) satisfies the linearized equation (2.6), this is possible
only if (v,z) = (0,0).

The sequence {z;}?2; converges strongly in L?(Q) and weakly in V(). Since
® ¢ L>°(9), by passing to the limit when k tends to infinity, we obtain

—2/(zk.v)zk.q‘>dx+/ \zk\de—>—2/(z.V)z-(i>dx+/ |z|*dz = 0.
Q Q Q Q

The last three relations imply that vi — 0 strongly in L?(w; R™). So we have proved
that (vg,z;) — 0 strongly in L?(w)™ x L2(Q), which contradicts the fact that

IVicl| 72 omm) + l2xclIF2 () = 1-

The proof is complete. ]

The sufficient condition (3.15) is the best possible. Actually the gap between
(3.15) and the second order necessary condition (3.14) is the same as in finite dimen-
sion. In the case of nonsingular solutions we have the following result analogous to
Theorem 3.6.

COROLLARY 3.9. Let us assume that (Q,y) s a nonsingular solution of (1.2) and
(1,y,®) satisfies (3.2)~(3.5) with A = 1. Then (3.15) is equivalent to J"(a)v? > 0
for every v € Cg \ {0}.

This corollary is an immediate consequence of (3.7) and the fact that z = z, if
(v,z) satisfies (2.6).

To make the numerical analysis of control problem (P), we will use the following
equivalent condition to (3.15), which may seem stronger but is not, as we will see
below. Given 7 > 0, let us define a bigger cone than Cy in the following way:

(3.20) vi(z) =0 if |d;(z)| > T,

(3.21) vi(z) >0 if —oo < a; =u;(x) and |d;(x)] < T,
(3.22) vj(z) <0 if uj(z) = f; < oo and |dj(z)| < T,
and

Ci = {V € L*(w;R™) | v satisfies (3.20)7(3.22)}.
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THEOREM 3.10. Let (1,5, ®) € L*(w; R™) x V§(2) x V§(Q) satisfy (3.2)(3.5)
with A = 1. Then the condition (3.15) is equivalent to the existence of 6 > 0 and
7 > 0 such that

(3.23) /Q(|z|2 —2(z-V)z-<i>)dx+N/

w

VI de > 8 (VI3 gy + 121z )

for every (v,z) satisfying the linearized state equation (2.6) and v € CF.
Proof. Notice that Cy = C3 C CF; therefore (3.23) implies (3.15).

Suppose that (3.15) holds and (3.23) is false. In that case, for every k € N there
exists a pair (v, zg) satisfying the linearized state equation (2.6), vy € Cé/k, and

- 1
3:24) [ (el = 2o Dy )+ N [ vido < 1 (Ivalmn) + lmnlEaco))-

We can suppose that [|Vi[|72(,.pm) + [2&f2(q) = 15 otherwise we can redefine v =
vi/pr and z = zy/pg, with pp = (||Vk||2L2(w;Rm) + ||ZkHiQ(Q))1/2. Then there exist
two weakly convergent subsequences in L?(w; R™) and L2(£), still indexed by k, such
that vi — v and z; — z. Repeating the argument of the proof of Theorem 3.8,
we deduce that the pair (v,z) satisfies the linearized equation (2.6) and {zx}32, is
bounded in V§(£2). Thus {z;}?2, converges strongly in L*(2). Let us prove that
v € Cq. The sign condition (3.11)—(3.12) is again trivial since every vy, satisfies it. To
check condition (3.10) we are going to prove that if |d;(z)| # 0, then v;(x) = 0. Let

us fix € > 0 and define w, = {z € w: |d;(z)| > ¢}. Notice that fws v k(2)d;(2)dz —
wa v;(z)d;j(z)dz when k tends to infinity. From the definition of Cé/ ¥ it follows that
for k > 1/e all the terms of the sequence { [ v;x(2)d;(z)dz}y are 0, and so the limit
is also 0. Since v satisfies the sign condition (3.5), this can happen only if v;(z) =0
almost everywhere in w,. Since ¢ is arbitrarily small, we conclude that v;(z) = 0 for
a.e. « such that |d;(z)| # 0, and so v € Cg.

Finally, taking the lower limit in (3.24) we obtain that
/(z2 —2(z-V)z- ®)dx + N/ vZdz < 0.
Q w

We complete the proof by arguing as at the end of the proof of Theorem 3.8. ]

COROLLARY 3.11. Let us assume that (0,y) is a nonsingular solution of (1.2)
and (Q,y, ®) satisfies (3.2)~(3.5) with A = 1. Then (3.15) is equivalent to the exis-
tence of 6 > 0 and 7 > 0 such that

(3.25) J"@V? = §||v]|2 s (pmy YV E C.

This a consequence of Theorem 3.10 and the expression of J” (1) stated in (3.7).
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4. Numerical approximation of the control problem.

4.1. Numerical analysis of the state equation. Let X; C H{(Q) and M), C
L3() be two finite dimensional spaces satisfying the assumptions (H1)—(H3) stated
below.

(H1) (Approximation property of X},). There exists an operator r, € L(H?(2) N
H{(Q),X},) such that

(@) [ly = raylla o) < Chllyllaz) Vy € H?(Q) N H)(Q),

() lly = rryllLeo) < Ch2||}’HH2(Q) Vy € H*(Q) N H{(Q),

(©) lly = riyllL=@) < Ch*~|ly|m2(o) Vy € H*(Q) N Hy(Q),
@) [lynlle@) < Ch|lynllLz () Yyn € Xn.

(H2) (Approximation property of M},). There exists an operator s, € L(L3(9), M)
such that

lp = snpll 30y < Chlplla @) Yo € H'(Q) N L(Q).

(H3) (Uniform inf-sup condition). For each p;, € M}, there exists y;, € X; such
that

(P, divyn) = ||ph||ig(9) and  [lynllai) < ClipallLz @),

where C' > 0 is independent of h, pp, and yy,.

Remark 4.1. Assumptions (H1)(b), (H1)(c), and (H1)(d) are needed to establish
uniform convergence for the approximation of the state and the adjoint state (cf.
Lemmas 4.10 and 4.13). In particular, if we use the finite element method when the
family of triangulations is quasi-uniform, the above assumptions are satisfied for the
Taylor-Hood finite element method and for the (P1-Bubble, P1) finite element method
(see [12, p. 98, Lemma A.7 on p. 103, and Chapter 2]). The quasi-uniformity condition
can be relaxed in some cases. For instance, Eriksson [11] gives some conditions on a
locally refined family of triangulations in order to have an inverse inequality similar
to (H1)(d).

Assumption (H3) is equivalent to the classical inf-sup condition. See Girault—
Raviart [12, Remark I1.1.4].

For p >0,y € H}(Q), p € LE(Q), and @ € L*(w; R™), let us set

By(w) = {u € L2(@iR™) | [~ ] 2 (umm) < p .

For all u € L?(w; R™), we define a discrete state equation in Xj, x M, associated
with (1.2), as follows:

Find (yq4,pn) € Xp, x M), satisfying
(4.1) a(yn, Wn) + b(Yn, Y, Wn) — (pn, divwy) = (f + Cu, wp,) Vwy, € Xp,
()\h; divyh) =0V, € M.
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For a given u € L?(w;R™), this equation does not necessarily have a unique
solution yj. Our main objective in this section is to show that there exist p; > 0
and pp > 0 independent of h, such that, for all u € B,,(0), (4.1) admits a unique
solution in B,, (¥) X By, (p). Let T be the bounded linear operator from H™!(£2) to
V() x LE(Q) defined by T'g = (2, q), where (z,q) is the solution of

—VvAz+Vqg=gin Q,divz=0inQ,z=0o0nT.

Let F be the nonlinear mapping from L?(w; R™) x H}(Q) x LZ(Q) into H(Q) x LE(Q)
defined by

F(u,y,p) = (y,p) + T[B(y) — (f + Cu)].

Notice that F(u,y,p) = 0 if and only if Ay+ B(y) = f+Cuin V=}(Q) and p € L3()
satisfies Vp = (I — P)(f+Cu+vAy —(y-V)y). The operator 0(y ) F(u,y,p) belongs
to L(HL(Q) x L3(Q)) and is defined by

Ay F(,y,p)(z,q) = (z,9) + T[B'(y)z].

Observe that 0y, ) F(u,y,p) does not depend on u € L?(w; R™) and p € L§(12).

LEMMA 4.2. Let (,y) € L*(w;R™) x V}(Q) be a solution of (1.2), with associ-
ated pressure p. Then (0,y) is a nonsingular solution if and only if Oy p)F (1, y,D)
is an automorphism in H}(Q) x L3(€).

Proof. Let us assume that (@,y) € L*(w; R™) x V() is a nonsingular solution
of (1.2). Let (¥,p) be in HA(Q) x L3(2). We have to check that there exists a
unique pair (y,p) € H() x L3(Q) such that (y,p) + T[B'(¥)y] = (¥,p). Let
(yo0,p0) € V§(Q) x LE(Q) be the unique solution of the equation

—vAyo + B'(¥)yo + Vpo = —B'(¥)y in Q, divyo =0in Q, yo=0on .

Set y = yo +y and p = po + p. The equality (y,p) + T[B'(¥)(y)] = (¥,p), i-e.,
T[-B'(¥)yo — B'(¥)¥] = (yo,p0), follows from the definition of 7" and of (yg,po). So
we have proved the surjectivity of d(y ,)F (1, y,p). For the injectivity let us assume
that (y,p) + T[B'(¥)y] = (0,0). This implies that Ay + B’'(¥)y = 0 in V=1(£2); then
y = 0 and therefore p = 0 too.

Conversely, let us assume that d(y, ) F(1,y,p) is an automorphism in H{(Q) x
L3(Q). Let g € V71(Q). Let (3,p) € V() x LE(Q) be the solution of the equation

_UAY +Vp—g.
Let (y,p) € H{(Q2) x L3(2) be the solution of the equation
Oy.p 7 (0,5,9)(y,p) = (3. 9)-

It is easy to check that y € V{(Q) is the unique solution of Ay + B'(¥)y = g. d
Let T}, be the bounded linear operator from H=1(2) to X, x Mj, defined by
Theg = (zn, qn), where (zp,qr) € X, X My, is the solution of

a(zp, wp) — (qn,divwy) = (g, wp) Vwy, € Xy,
(/\h,diVZ}L) =0V, € My,

Let F3, be the nonlinear mapping from L?(w; R™) x H}(Q) x L3(Q2) into H} () x L2(Q)
defined by

Fu(w,y,p) = (y,p) + Tu[B(y) — (f + Cu)].
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Remark 4.3. Notice that if Fp,(u,y,p) =0, then (y,p) belongs to X, x M}, and
is a solution of (4.1). Conversely if (y,p) € X x M}, is a solution of (4.1), then
-Fh(uaY7p) =0.

Now we want to prove that if y is nonsingular and if ||y — ¥|/m3 ) is small enough,
then Oy ;) Fr(u,y,p) is an automorphism in Hj(Q) x L3(€). For that we make the
following additional and usual assumptions concerning the approximation results for
the Stokes problem.

(81) limp—o (T — Th)glley ) x£2() = 0 Vg € HH(Q).
(S2) [(T —Th)glluy)xr2) < ChligllLe) Ve € L*(Q).

Before proving the desired property of dy, ) Frn(u,y, p), we establish several lemmas.
LEMMA 4.4. There exists C > 0 independent of h such that

1Tkl -1 () HA @) 220)) < C-

Proof. We want to estimate sup{||Thg||Hé(Q)XLg(Q) | lgllea-12) < 1}. Recall
that T,,g is the solution (z, gp) to the discrete Stokes problem

a(zh,wh) — (qh,divwh) = (g,Wh) Vwy € Xh,
(/\h,diVZh) =0V, € My,

Taking wyj, = zj,, we obtain th||H(1)(Q) < Cllglla-1(q)- The estimate for the pressure
qp, follows from inf-sup condition (H3). Indeed if we take wy, such that (gp,divwy) =
H%HQLg(Q) and [|[wh|[mp ) < CllanllLz(q). it is clear that [|gn || L2 (o) < Cllglla-1(0)- O

We will need the following standard result.

LEMMA 4.5. Let X be a Banach space, A € L(X) invertible and B € L(X). If
[A=Bllexy < /1A | 2(x), then B is invertible. If [|A=B|lzx) < 1/2[IA™ I 2(x)),
then | B~ (x) < 2l A7 | £(x)-

Proof. A71B=1— A7*(A— B). Since |[A"Y(A-B)|| < |[A7Y|| |[A— B < 1, we
have that A~!B is invertible and so is B.

BA = (I— A~ (A—B)™ = Y3 (A (A - B). So |B~ < |A~]/(1 -
JA- (A= B)) <241, m

LEMMA 4.6. Lety € V{(Q) be a nonsingular solution of (2.2). Then for every
€ > 0 there exist h. > 0 and p. > 0 such that

IT(B'(3)] — TulB" ()]l coas ), 13 (@) < £2(2)) < €

for all0 < h < h. and ally € B,_(y).
Proof. With classical calculations we can write

|T1B"(¥)] = TulB"(¥)Ill £y ), 1y (9) < L2 (2))
< (T = Tn)[B" 3l ceas )13 x 22 + I Th[B(¥) — B (W)l cas @), 11 ) x L2(2)
< SUPjlg ]y ) <1 (T = T3)[B'(¥) 2] | t13 (2) x L2 ()

<1 1Th[(B"(¥) — B'(¥)zlllay ) x 22 (9)-

TSP ]| )

Since y € H2(2), B'(¥)z belongs to L2(£2), and due to assumption (S2) we have

<1 (T =T0)[B'(¥)z] |y ) x 2 (9)

Sup”z”H(l)(Q)_

< Chsupy, <1 [1B'(¥)zllL2 () < Chl¥ a2 (o)

ey o)
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On the other hand, using Lemma 4.4 we have
sup | TW[(B'(¥) — B'(¥)2lllmy o)< 230

”zHHl(Q)<1

<N Tull -1 @)1y <2y sup (B'(¥) — B'(¥)zla-1(«)

HZHHI(Q) <1

<Oy — ylluio)-
Taking h. and p. small enough, we obtain the desired result. 0
THEOREM 4.7. Let (@,y) € L*(w;R™)x V(Q) be a nonsingular solution of (2.2)
and p the associated pressure. There exist hg > 0 and pg > 0 such that for all 0 <

h < hg and all'y € B, (¥), OypFr(u,y,p) is an automorphism in Hi() x L§(€2),
and

”a(y,p)}—h(uava)_l”C(H(l,(Q)XLg(Q)) < 2||3(y,p)7:(1_175’,15)_1||c(H5(Q)ng(Q))~

Proof. The proof is a straightforward consequence of the previous lemmas. Take
1

E= P—— ’
2(|10(y ) F (0,5, 2) | £y ) x L3 ()

and set (ho, po) = (he, pe), where (he, pe) is the pair corresponding to € and defined
in Lemma 4.6. For every 0 < h < hg and all y € B, (y), we have

Ha(y,p)}—(uayvp) - a(y,p)j:h(uaY7p)||£(H(1)(Q)><Lg(Q)) =

IT(B"(¥)] — TulB' ()]l cexr (). 11 (@) < £2(2)) < &
and the result follows from Lemma 4.5. d

THEOREM 4.8. Let (0,y) be as in Theorem 4.7; then there exist py > 0, pa > 0,
and hy > 0 such that for all0 < h < hy and u € B,, (1), the equation Fp(u, yn,pn) =
0 admits a unique solution in B,, (¥) x B,, (D).

Proof. Let pg and hg be the positive constants given by Theorem 4.7. For p <
po, h < hg, and u € B,:(u1), we define the mapping ¥, from B,(y) x B,(p) into
H(0) x L3(9) by

. |
Vu(y,p) = (v.p) = [0y Fr(@.5.5)]  Fu(w,y,p).
It is clear that any fixed point of ¥, is a solution of Fj,(u,y,p) = 0. Let us show that
¥, is a strict contraction if p is small enough.

(i) First, we show that ¥, is a mapping from B,(¥) x B,(p) into itself. With the

identity F (u ¥,P) =0, and a Taylor formula we obtain
[Puly,p) — (¥, p)||H5(Q X L2(9)
= H [a(y,p)]_—h(uvy p ] {ayp (ﬁaya )(y y p— p)
+[=Fn(u,y,p) + Fa(w,y,p)] + [=Fn(0,¥,p) + F(0, ¥, D)} [l110)x £2(2)
< Cll0y pyFu(0,5,0)(y — ¥,p — D)
1

_/ 5(y,p).7:h(ﬁ,y9,p9)(y —¥,p— p>d9||H1(Q)xL2( Q)
0
+ Cl|Fn(w,y,p) — F(U, ¥, 9)lmy )< L2)
1
< C/O 10(y.p)Fn (@, ¥0,P0) — Oty p) Fr (0, ¥, D) || £ (v3 (02) x £2 (02)) A0

(¥ = ¥:p = P)lms )< £2(0)
+ CI(Th = T)[B(Y) — flllms )<z + CI(T = Th)[Cullluy )« £2(0)
+ C|Th[C(a — W[y ) xL2(0):
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where (yg,pg) = (¥ +0(y —¥),p + 0(p — p)).
Let us estimate each of the terms. Using the definition of F; and Lemma 4.4 we
get

10(y.p)Fn(0, ¥ +0(y = %), 0+ 0(p — D)) — Oty p) Fr (0, ¥ D) | (111 () x L2 (2))
= |Tn[B'(y +0(y —¥)) — B' ]l e ) x 2 (92))
42) < CIB(y = 9)lley.m1@) < Clly = ¥llmy@)-
With assumption (S2) we have
[(Th — DB(Y) — flllay ) x220) < ChUI¥ |l + [IfllLz@),
and
(T = Th)[Cullly () x 2 (02) < ChllUflz2(wirm)-
Finally, from Lemma 4.4 it follows that
[Th[C(a — W)y )xz20) < Cllu —ullL2(wrm).

Collecting these estimates all together, we have proved that there exists a constant
C > 0 independent of h and p such that

[Pu(y,p) — (¥, P)llHy@)x22(0) < C(h+ p%).

We choose p; < min{pg,1/(20)}, p2 = p2, and hy = min{hg, p1/(2C)}. Tt is clear
that for all 0 < h < hy and all u € By, (i), ¥, is a mapping from B,, () x B, ()
into itself.

(ii) Now we look for conditions to have a strict contraction. Take (y1,p1), (y2,p2) €
B;,(y) x Bs,(p), 0 < h < hi, and u € Bj,(1). Classical calculations lead to

| Yu(y1,p1) — Yuly2, p2)lH1Q)x22(0)
= H(Y1 —Y2,P1 —p2)

— [0y Fr(@y,p)] " {fh(myl,pl) - fh(u7y2,p2)}‘

H5(Q)x L§(2)

= H [Oy.p)Fn (1, 7713)]71 {3(y,p)fh(ﬁ,5’,ﬁ)(}’1 —¥y2,P1 — P2)

1
— | Oy Fn(By1 + 6(y2 — y1),p1+ 6(ps — ~ ya.m — p2)db}| .

/0 (y.,p) n(@,y1 +0(y2 —y1),01 +0(p2 —01))(y1 — y2,P1 — D2) }Hé(meg(Q)
The norm || [0(y7p)fh(ﬁ,y,ﬁ)}fl | 2(HE (@) xL2(0)) can be estimated by a constant C

independent of h; see Theorem 4.7. To estimate the expression in brackets we can
repeat the argument of inequalities (4.2), since y =y1 +6(y2 —y1) € B;,(¥). There
then exists C' > 0 independent of p; and h such that

1Pu(y1,p1) — Culyz, p2)lmy @) xp2) < CA7-
Choosing p; = min {po,l/(QC‘),l/\/ﬁ}, p2 = p?, and hy = min{ho,pl/(Qé)}, we

have established that, for all 0 < h < h; and all u € B, (@), ¥, is a strict contraction
in By, () X By, (p)- O
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Remark 4.9. We have proved that, for all 0 < h < hy and all u € B,,(u), the
equation Fp(u,yn,pr) = 0 admits a unique solution (yn(u),pn(u)) in (B, (¥) X
B,,(p)) N (X x Mp), and that Oy ,)Fn(u,yr(u),pr(u)) is an automorphism in
H{(Q) x LE(Q2). Therefore the mapping G}, from B,,(a) into (B, (y) x B, (p)) N
(X}, x My) defined by Gy, (u) = (yn(u),pr(u)), obeys Fp(u, Gp(u)) = 0, and the im-
plicit function theorem implies that it is of class C*° in the interior of the ball B,,(q).
Notice that Gy, is not an approximation of G because G(u) = y, is a velocity field,
while G}, (u) stands for a velocity field and a pressure.

4.2. Discretization of the control problem. For simplicity throughout the
following we assume that w is a polygonal domain. But we could consider a more
general situation if we take into account the error we introduce by approximating w
by a polygonal domain.

For h > 0, let 7;, be a triangulation of w. Although the discretization of the control
can be done independently of the discretization of the state equation, in practice, when
we use the finite element method to approximate the state and adjoint state equation,
the same family of triangulations is used. Some assumptions must be made on the
family of triangulations in order to have the inverse estimate of assumption (H1)(d).
We will suppose that the family is quasi-uniform (see, e.g., [9, p. 135]): In this case
h = maxreT, p(T), where p(T) is the diameter of the set T. We denote by o(T)
the diameter of the largest ball contained in 7. We assume there exist two positive
constants p and o such that

p(T) h
oM =7 ) =7
hold for all T' € 7, and all 0 < h.

In the following we would like to treat in the same way the cases when the control
set is discretized and when it is not. We shall see that we obtain better estimates
when the control set is not discretized. For that we set

Up = {u € L2(w;R™) | uslp € Py(T) VT € Th}

de:{ueUﬂaiguigﬁiV1§i§d}.
In the discrete control problem stated below, the case when the control set is not
discretized corresponds to the choice U,q,5, = Uyq, While the case when the control set
is discretized corresponds to Ugq,n = U, (’l’d.
We can now define the discrete control problem associated with (P) in the follow-
ing way:

(Pp) inf{F(u, v) | (u,y,p) € Ugan x Xp, X M, and (u,y,p) satisfies (4.1)}.

Let us recall that (u,y,p) satisfies (4.1) if and only if
(4.3) Fr(u,y,p) =0.

Our aim is to study the existence of local minima of problems (P;) which ap-
proximate the local minima of (P). This can be proved for nonsingular local solutions
of (P). Let us start by proving some error estimates for the state equation. Given a
nonsingular solution (@1,y) of (1.2), let hy > 0 and py > 0 be given by Theorem 4.8.
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By using the function G}, from B,, (@) into (B,, (¥) X B,, (p)) N (X}, x Mj,) intro-
duced at the end of the previous section in Remark 4.9, we set (y,ph) = Gp(u) =
(yn(u),pr(u)). Now we have the following result.

LEMMA 4.10. Let (@,y) be as in Theorem 4.7. There exists a constant C' > 0
such that, for allu, & € B,, (1), and 0 < h < hy, the following estimates hold:

(4.4) [yu — yilliz) < Ch?|lyullmz(),
(4.5) Iyu = Yol + [1Pa — Phllzz@) < Clh+ lu = p2gurm))-

Moreover, if w, € B,,(0) and up, — u weakly in L*(w;R™), then yh — yu in
C(;RY).

Proof. (1) The estimate (4.4) directly follows from usual estimates for the approx-
imation of the Navier—Stokes equations by a finite element method. See, for instance,
Girault-Raviart [12, Theorem IV.4.2].

(ii) To prove (4.5), let us write

[yu — ngng(Q) <y - yl};HH}J(Q) + [lyh - ngH})(Q)a
Ipa — Pillzz2(0) < IPa — Pillzce) + 1Pk — PillL2(0)-
Usual finite element estimates [12, estimate (4.7)] give us
lyu— Yﬁ”H(l)(Q) + |Pu —pﬁHLg(Q) < Ch.
If u belongs to the interior of B, (1), from the definition of G}, it follows that
G;L(u)v = _[a(y,p)]:h(lL yﬁ,pﬁ)}_lTh[CV].
Hence, with Lemma 4.4 and Theorem 4.7 we obtain
[Ghr(u) - Gh(ﬁ)HH}J(Q)ng(Q)
1
| [ 0ty )T - )

< Cllu = | (o).

H§(Q)xL3(2)

where up = @ + 6(u — 0). Collecting the previous estimates, the proof of (4.5) is
complete.

(iii) Let (up)p be a sequence in By, (@)NUqq, weakly converging to u in L?(w; R™).
Due to Theorem 2.2, y, belongs to W27(Q) and {yu, }» is bounded in W27 (Q).
Thus it converges to yy in LP(Q) for all 2 < p < oo, and the sequence {yy, ® yu, }r
converges t0 Yy ® yu in (LP(Q2))? for all 2 < p < co. The function y,, — y. satisfies
the equation

A(yu, — yu) = div((yu ® yu,) = (Yu, @ yu)) +C(up —u) in V1(Q).

Let p satisfy d < p < 6. From classical estimates for the Stokes equations it follows
that

||YUh - yu”VVlfP(Q) < CHdiV((yu ® YUh) - (YUH, ® yu)) +C(up, — 11)||w—1,p(Q)
<O(l(yu ®@ yu,) = Yu, @ yu)llLe@) + [1C(an — ) [w-100))-

Since W1P(Q) < L*°(Q), and L2(€) is compactly embedded in W~17(Q) (because
p < 6), it is clear that {yu, }» tends to yy in L*°(Q).
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We have

Iyh, — YallLe@) < 1Vu, = YullLe@) + 1¥2, — yu, L=
< Y, = YullLe (@) + \|Yﬁh = ThYu lLe (@) + 1TaYun — Yun L= ()

From (H1)(c) and (H1)(d) we deduce that

[Yan = TaYun lL= @) < Ch*™2|lyu, [m2(0)
and

[rayu, = Y5, L) < Ch™Y2||ryyu, — y2, L2
< Ch 2 |rnyw, = Y, lL2@) + Ch™2|lyu, — yh, lL2()-

With (H1)(b) and (4.4) we have

[rayu, — Yu, L2y < CP2 |y, llm200),
[Yu, — vi, L2 < Ch2 ||y, la200)-

Collecting together these estimates and the previous convergence result we have
proved that {y” }, converges to yy in L>=(Q). d

THEOREM 4.11. Let us assume that (P) has a nonsingular local minimum (Q,y).
Then there exists ha > 0 such that, for all0 < h < ha, (P}) has at least one solution.
If, furthermore, (U,y) is a strict local minimum of (P), then (Py) has a local minimum
(Up,yn) in a neighborhood of (u,y) for all 0 < h < hg and the following identities
hold:

lim Jy(up) = J(a), lim o —up|rz@) =0, and lim [[y — yallay@) =0,

where Jy(ap) = F(ay, yh)-

Proof. Let us start by proving that the set of feasible pairs (u,y) for problem
(Py,) is nonempty for h small enough. We prove it only in the case when Uyqp = U, fd.
The case when Ugq p, = Ugq is obvious.

Since (@,y) is a nonsingular local minimum, with the aid of Theorem 4.8 we
derive the existence of p < py such that

(4.6) J(u) < J(u) Yu € Uygn By(a).
Let us define II,u € Uy, by

_ 1 _
(4.7 yalr = m/Tu(x)dm

It is clear that II,0 € Ugq,n. Let us prove that it belongs to B, () if h is small enough.
Since u is Lipschitz continuous (see Theorem 3.5), we can write

/w (I (s) —ai(s))2d5=T§) /T (é' /T ui(x)dx—ui(s))zds
-y /T@(m) O LR P L —)

TCw
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Therefore if

. P
ho = h1, ,
2 mm{ ! ||u|W1,m<w;Rm>|w|1/2}

then II,u belongs to Uaqp N By(u) for all A < hy. Now setting u, = IIpu and
(yh .pl) = Gu(un), we have that (up,yl ,ph ) satisfies (4.3) and (us,yl ) is a
feasible pair for (P,) for any h < hs.

Since the set of feasible points of (P, ) is nonempty and closed, and F}, is contin-
uous, convex on Uyq,p, X Xp,, and coercive with respect to u € Ugq,j, then (Ph) has at
least one solution.

Now let us assume that (@,y) is a strict local solution of (P) in (Uyq N B,(@)) X
B,(y). We consider the problems

min Jj, (u),
(Qu) { u € Upan N By(1),

where Jy,(u) = F(u,y") with (y%,p") = Gi(u), G}, being defined in Remark 4.9.
Above we have proved that U,qp N B,(1) is nonempty for h < hy. Observe that
Uqa,n N B,(1) is convex, bounded, and closed in L*(w;R™), the mapping u — [ |ul?
is lower semicontinuous for the weak topology of L?(w;R™), and from Remark 4.9 it
follows that the mapping u — fQ ly" — yaql|? is continuous for the weak topology of
L?(w;R™). Therefore (Qp) has at least one solution 1. From any subsequence of
{@x }n, we can extract another subsequence, still indexed by h to simplify the notation,
converging weakly in L?(w; R™) to some u € B,(u). Let us check that u = u. Let us
take again uj, = I, € Uyqp, N By(1) for all h < hy. By passing to the limit when A
tends to zero, with the convergence result stated in Lemma 4.10, we can write

J() < lizn i[I)lf Jn(ap) < limsup Jp(u) < limsup J,(ITn) = J(a).
- h—0 h—0

Since 1 € B,(1) and the inequality in (4.6) is strict for u # 1, the above inequality
implies that 1 = 1. Thus we have

}llli% Jn(ay) = J(),

and still with Lemma 4.10, we deduce that

1im/ |ﬁh|2:/|ﬁ|2.
h—0 J, w

Therefore the subsequence {1y}, converges to u in L?*(w;R™). Since u is the only
cluster point for the weak topology of L?(w;R™) of the original sequence {ui,}, it
is clear that the convergence properties stated in the theorem hold for the whole
sequence {;}r. The convergence of the corresponding states is a consequence of
Lemma 4.10. Finally, the strong convergence 1, — w in L?(w;R™) implies that
1, belongs to the interior of the ball B"(w), which implies that (@i, ¥4) is a local
minimum of (Py). d

4.3. Discrete adjoint equation. We define the discrete adjoint state (®%, 1)
€ X, x Mj, associated with a control u € B, (@) as the solution to the problem

a(fbﬁ,wh) + b(yﬁ,w;“ <I>ﬁ) + b(wh,yﬁ, <I>ﬁ) - (wﬁ,div wp)
(4.8) = (yh —ya,wn) Ywy € Xy,
(An,div®h) =0 VN, € Mj,.
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LEMMA 4.12. Let (u,y) be as in Theorem 4.7. There exist 0 < hy < hy and
0 < p3 < pa such that, for allu € B, (@) and all 0 < h < hg, the system (4.8) admits
a unique solution (®h, 7)€ X, x My,

u’ u

Proof. (i) For y € H}(Q), consider the mapping G, from H{(Q2) x L3(9) into
itself defined by

Gy(®,7m) = (®,7) + T[B'(y)"®].

As in Lemma 4.2, we can easily show that Gy is an automorphism in H}(Q) x L&(9)
if and only if y is a nonsingular solution of (2.2). Thus Gy is an automorphism in
H{(Q) x LE(2). We also introduce the mapping Gy, from H}(Q) x L3(£2) into itself
defined by

Gy n(®,7) = (®,7) + T;[B'(y)" ®].

Arguing as in the proof of Theorem 4.7, we can assume that hg is chosen so that,
for all 0 < h < hy and all y € B,,(¥), Gy, is an automorphism in H§(Q) x L3(€).
In particular, according to estimate (4.5), there exist 0 < hy < hg and 0 < p3 < po
such that, for all 0 < h < hz and all u € B, (0), Gyn j, is an automorphism in
H}(Q) x L3(Q) and

Hg;éh”L(H},(Q)xL%(Q)) < 2/1G5 Ml £y ) x L2 () -

Without loss of generality we can also assume that Gy () is an automorphism in
H{(Q) x LE(Q) for all u € B, ().

(ii) Now we are going to show that (®2, 71) € X} x M, is a solution of (4.8) if
and only if

(4-9) gyg,h(‘bﬁvﬂﬁ) = (Zh,Qh),
where (zp, qn) € Xp X Mp, is the solution of the discrete Stokes problem,

(4.10) a(zn, wn) — (qn, divwy) = (ynp(u) — ya, wn) Vwy, € Xy,
' (/\;,,,divzh) =0V, € M,

To prove this result, we notice that (4.9) is satisfied if and only if
(B —zn, 7 — qn) = —Tu[B'(yh) ®p],

which is equivalent to

a(®" — zp, wp,) — (7l — g, divwy,) = (B (yR)*®2, wy,) Ywy, € Xy,

4.11
( ) (Ah,diVQJﬁ—divzh) =0V A, € My,.

Now using equation (4.10), we see that (4.11) is equivalent to (4.8). This completes
the proof. 0
We are going to prove error estimates for the discrete adjoint state. Set

V), = {@h € Xp | O, div®y,) =0V A, € Mh}.

LEMMA 4.13. Let (a,y) be as in Theorem 4.7. There exists a constant C > 0
such that, for all u, @ € B, () and all 0 < h < hg, the solution (®y,T4) to (3.8)
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and the solutions (®", 7"") and (®%, 1) to (4.8) obey the following estimates:

w Tu o Ta
(4.12) [Bu — @4 llL2 () < CR%,

(4.13) @0 — @4 llm3) + Ima — millL2 ) < Ch,

(4.14) [@0 — @4l + 17 — 7hllLz @) < Ch+ u =0 L2(omm))-

Moreover, if uy, € B,, (@) and uy, — u weakly in L*(w;R™), then ® — &, strongly
in C(Q;RY).

Proof. (i) We first show (4.13). From the proof of Lemma 4.12 it follows that
Gy. is an automorphism in H{(Q) x L(f2), and that, for all u € B,,(u) and all
0 < h < h3, Gyn is an automorphism in Hg(Q) x L§(2) and

Hg;r}lﬁ”L(H(l,(Q)ng(Q)) < 2Hgy_1||L(H3)(Q)ng(Q))~

Let us recall that (®,m,) is the solution of the equation

Oy (Pu, ) = T(Yu — ¥a),
and that (®" 71) is the solution of
Gyn o (4, 7)) = Tyt — ya)-
Thus we have
Gyn n(Pu — B8, Ty — 7lt)
= (®u, ™) + Th(B'(y§) ®u) — Gy n (P4, 70)
=Th[B'(yu)* ®u] = T[B'(yu)" ®ul + T(yu — ya) — Th(yi — ¥a)
= (T —Tylyt — B'(y4)* ®u — vd
+T[B'(y5) ®u — B'(yu)" ®ul + Tlyu — ¥,
which yields
(Bu — B, ma — 7

u

= () (T =Tl — By @~ vi)
+ TIB (yh)* ®u — B'(ya)" ®u] + Tlya — v2]).
With estimate (4.5) and assumption (S2), we obtain
[®u — (I)ﬁHH})(Q) + || — 7TﬁHLg(Q) < Ch.

(ii) To prove (4.12) we proceed as in [12, Chapter 2, Theorems 1.2 and 1.9]. The
solution (®,,m,) to (3.8) and the solution (®!, 7) to (4.8) satisfy

a((ﬁu - éﬁ’wh) + b(yu’wh’ (Du - (ﬁﬁ) + b(Wm}’u, Qu - q)ﬁ)
(4.15) — (ma — 7l divws) = (yu — Yl Wh) + b(yu — v, Wa, ®1)
. + b(W}“yu - yﬁ7 Qﬁ) vV wp, € Xy,

(Ap, div @, — div (IJ{LI) =0V, € M.
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For all g € L?(12), let us consider the solution (zg, qg) € H{(2) x LE(Q) to

a(zg, W) + b(yu, 2g, W) + 0(2g, Yu, W) — (gg, divw) = (g, W) Vw € H(l)(Q),

4.16
(4.16) (A, divzg) =0 VX € L3(9),

and the solution (zl, ¢%) € H§(Q) x L§(Q) to

a(zg7wh) + b(Yu, zg,wh) + b(zg,yu,wh) — (qg, divwy,) = (g, wy) Yw € X,
(A, divzh) =0V e M,.

Choosing wy, = zg in (4.15) and w = &, — ®" in (4.16) and combining the two

identities, we obtain

(8 Bu — Bh) = a(®, — Bh, 7 — 71) + by, 7g — 7l By — B
+ b(zg — zgyu, &, — &) + (1, — 7l div zg) — (qg, div ®,, — div ®")
+ (Yu—yh,zp) + b(yu — yo, 20, ®2) + b(z, yu — yo, @)
=a(®, — " 274 — zg) — b(Yu, Py — B,z — zg) — b(zg — zg, o, — d" y,)
+ (Yu— vyt 20) — blyu — yh, ®,2) — bz, @l yu — yh)
+ (T — Wﬁ,divzg —divzg) — (gg — qg,div &, — diveh).
Thus we have

@y — (IDZHLQ(Q) = sup (g, Pu— (I’fx)
Hg”LQ(Q):l

<C s {10~ Phlsyolze — Zilmo)
Hg”L2(Q):1
(4.17) . .
1P~ @hllny o2 — 22 [yulieo)

+ lyu — YﬁHL2(Q)||Zg||L2(Q) + |yu — YﬁHLZ(Q)||ZZHL<>O(Q)||‘I’}.§||H3(Q)
+ ||7Tu - WﬁHLg(Q)HZg - ZgHHg,(Q) + HQg - ngLg(Q)H‘I’u - (I)ﬁHH(l,(Q)}-
To complete estimate (4.12), we are going to use (4.13) and a similar error estimate
for (zg, gg):
(4.18) |zg — zpllen ) + llgg — aillrz2i) < Ch(l|zglluz@) + gl a1 (@)
With (4.17), (4.13), (4.18), and (4.4), we obtain
[®u — ®LIL2(0) < CH*.

The proof of (4.12) is complete. Estimate (4.14) and the last statement in the lemma
can now be proved in the same way as we did it for the state. a

Let (@,y) be a nonsingular strict local minimum of (P) and {(@x,¥5)}h<n, be a
sequence of local minima of problems (P},) converging to (@1, y) in L?(w; R™) x H}(Q2),
with @, € B,,(11), where h3 and ps are given by Lemma 4.12. Then every element
uy, from a sequence {uy }rh<n, is a local solution of the problem

(iD ) min J, (u) = F(u,yh),
Wl u € Uggn,
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where (y2, pl) = G} (u), GJ, being defined in Remark 4.9.

LEMMA 4.14. Let uy, be a solution to problem (APh), and let (¥, prn) € Xp X My,
be the corresponding state and pressure. Then uy satisfies

/(C*'i)h + Nﬁh) . (uh — ﬁh) dx > 0 Vuy, € Uga,p,

where (®y, Ty) = (@ﬁh, uh) € Xy, x My, is the discrete adjoint state associated with

Uy, that is, the solution to the system (4.8) where u is replaced by ay,.
Proof. The lemma is a consequence of the following identity:

T (@) (wn — i) = /(c*q‘»h b NGp) - (wy —Gp)dz. O

Now we can establish uniform convergence for the controls.

LEMMA 4.15. Let uy, be as in Lemma 4.14; then limp, _o[[Ux — Q|| oo (;mm) = 0.

Proof. Let us start with the case where Ugqp = U;”d. Since the components of
the elements of Uj are constant on every triangle, for all T' € 7, and 1 < i < m, we
have

. 1 Y =
’ai’h|T = Pro‘][@iﬂi] <_]\/v|T|/T(C (}h)l(x)d-x) .

For all x € T, using (3.9), the integral mean value theorem, and the Lipschitz conti-
nuity of ®, we can write

0 n(@) — (2] < ’NIT/ ds——(c*é) (z)
%KC*%%(W) —(C7®)i(x)|

%KC*i’h)i(l‘ ) = (C*®)i(z7)| +*\(C ®)i(zr) — (C*®);(2)]
< O||®), — ®||L~(q) + Clor — 2| < C(| @4 — ®lL~(0) + 1)

IN

for some xp € T. The uniform convergence of the adjoint states allows us to complete
the proof in the case when Ugq,p, = U;’d.
In the case when U,q,, = Uyq we have

_ . 1 .z
ui7h($) = PI‘OJ[aiﬂi] (—]\/_ﬂ(c @h)dl‘)) .

The convergence of 4, follows from Lemma 4.13. a

4.4. Error estimates. Let (@,y) be a nonsingular local solution of (P) satisfy-
ing the sufficient second order optimality conditions (3.15) or, equivalently, (3.25). As
a consequence of these conditions, we know that (u,y) is a strict local minimum of
(P). Let {(Tn,¥r)}n be a sequence of local solutions of problems (Pp) converging to
(1, y); see Theorem 4.11 and Lemma 4.15. We assume that h < hs and u, € B,,(a),
so that 4, is a local minimum of (APh) The goal of this section is to estimate the
order of convergence of this sequence.

LEMMA 4.16. Let 6 > 0 be the constant defined in Corollary 3.11. There exists
0 < hyg < h3 such that

6
11— By < () = (W) (84— @) YO < <
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Proof. First, let us check that for A > 0 small enough, @, — @ belongs to C7.
The sign condition (3.21)—(3.22) is trivial since @y, € Uyq. We have to check condition
(3.20). Let us set

ah(l') = (C*éh)(l') + Nl_lh(l').

Take h, small enough to have

T

i |1 — @2||Rre < A,

ld = dllpme) < 7, and d(er) - dlea)]zn <
for all0 < h < hy. First consider the case where Ugq , = Uqq. In that case, if di(&) > 7
(respectively, d;(£) < —7), we have d; (&) > 37/4 (respectively, d; ,(£) < —37/4),
and @;(§) = o; and @; ,(§) = a; > —oo (respectively, @;(§) = 3; and w; (&) = 6 <
o0). Thus u; 5 (&) = w;(€) if |d;(€)| > 7, and condition (3.20) is satisfied.

Now consider the case where Uyqj = de. Forall T € 7, and all 1 < i < m let
us set

Ii,T = / d_77h(117)d35
T
Take £ € w such that d;(£) > 7. In this case ©;(£) = a; > —oc. Choose z in the same

triangle T as £. Then

din(w) = di(2) = di(w) + dy(2) = () + di() > —7 — T +7 = T

Therefore I; 7 > 0 and @; » |7 = ;. In particular @; 5 (§) = o; and @; () —u;(§) = 0.
Similarly if d;(¢) < —7, we have 4;,(£) = 8; < oo and u; ,(€) — @;(§) = 0, and
condition (3.20) is still satisfied in that case.

Thus second order sufficient conditions stated in Corollary 3.11 can be applied,
and we have

J(8) (T, — )2 > 8][tn — 6l pen)-
On the other hand, with the mean value theorem, we obtain
(J'(ap) — J'(@))(a, —a) = J"(a+ 0, (@ — uy))(ay, — 0)?
for some 0 < ), < 1. Due to the uniform convergence properties stated for the control

and the adjoint state and the explicit form of the second derivative of J, it is clear
that we can choose hy small enough to have

[NJIS)

J"(@+ O (0 — ap)) (@ — w)* > Sflan - all7emm
for all 0 < h < hy. The proof is complete. 0

LEMMA 4.17. Assume that Ugq,p = de. There exists 0 < hs < hy such that for
every 0 < h < hs there exist u; € Uy and a constant C' > 0 independent of h such
that

(1) 11;; S Uad,ha

(2) J'(a)a — J'(a)uj,

(3) Hﬁ — uZHLoo(w;Rm) S Ch.
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Proof. For every triangle T' € 7, and 1 < i < m, define

and
1 _ .
/ di(x)u;(x)dz if I #0,
Lir Jr
U;‘k,h T = )
— u; (x)d if I, 7 = 0.
|T| /Tuz(‘r) €L 1 L;r

Due to the Lipschitz continuity of u, there exists 0 < hs < hy4 such that, for 0 <
h < hs, each component @; cannot achieve both values o and [ in the same triangle.
Hence, for each T' € 7y, either d;(x) is nonnegative for all x € T or d;(r) is nonpositive
for all x € T. Therefore, I; 7 = 0 if and only if d;(z) = 0 for all x € T. Moreover,
if I, 7 # 0, then d;(x)/I; 7 > 0 for all z € T. So applying the integral mean value
theorem if I; 7 = 0 or the generalized mean value theorem if I; 7 # 0, we have
u;‘)h|T = 4;(z7) for some xr € T. As a first consequence, uj, € U,q5. Moreover, due
to the Lipschitz continuity of @, we have that for z € w, if we fix the triangle 7" such
that x € T,

[s(x) — ujp(2)| = |Ui(2) — @i(a7)| < Cllw — a7 lra < Ch,

and we have proved statement 3.
Since I; » = 0 if and only if d;(z) = 0 for all z € T, we can claim that

ILTU;MT:/@(CC)QZ-(:U)dx
T

for all T € 7;, and all 1 < i < m. A straightforward calculation yields statement 2:

(@), = / @) wnde =3 Y /T di(2)ut p (z)dz

i=1TeTy

S =3 % /Tcii(m)ﬁi(ac)dw _ /a0

i=1 T€eT, i=1T€eT,

THEOREM 4.18. There ezists a constant C > 0 such that, for all 0 < h < hg, we
have

@ — @yl p2(wrm) < CH? if Usan = Uad,
while
Hﬁ — ﬁhHLz(u};R"L) < Ch if Usd,n = Ulild'

Proof. (i) Let us start with the case where Uy, = UZILd. For 0 < h < hs, we have

o, _ _ _
§||u — 172y < (J'(@) = J' (1)) (@ — Tp)

= (J'(@) = Jy(wp)) (@ — ap) + (J4(ap) — J'(ar)) (@ — ap).

(4.19)
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With (4.12) in Lemma 4.13, we can estimate the last term as follows:
(T () = J'(@p)) (0 — ap)

(4.20) - /(C*(‘i’h —®g,) + N(w, — ) - (0 — wp)de

< O||®p — ®u, Izt — a2 (wrm)
< CR*(|a — | £2 (wmm)-

Let us check what happens with the first term. From first order optimality conditions
for problems (P) and (Pj,) we have

J'(w)(u, — 1) >0,
T () (], — ap) = Ji(0s) (a, — ) + Jp (W) (0 — @) > 0.
Making the sum of these two expressions and using Lemma 4.17(2)—(3), we have
J'(@)(u—uy) = J; (w) (@ —uy) < Jp (up)(uj —0)
= Jp(un)(uj, — ) = J'(a)(uj, — )

(C(®n — @)+ N(u, — ) - (uj, — 0)do

e

(4.21)
<O([®n — @2 (o) + [1an — Al 2 (g 105, — Al 22 (wimm)
< Ch(||®n — ®ay L2 (@) + [|Pay, — @llLz) + 0n — | L2 @mm))
< Ch(h? + [[an, — @l L2 (wmm))-

From (4.19), (4.20), and (4.21), we deduce that therefore there exists a constant
C > 0, independent of h, such that

o, _ _ _
§||u — uh”%Q(w;]Rm) S Ch3 + ChHllh — u||L2(w;Rm).

We conclude with Young’s inequality.

(ii) Now let us consider the case where Uyqp = Uzq. We rewrite the previous
steps by introducing the simplifications corresponding to this case. For 0 < h < hs,
we have

N

[0 — )72 peny < (J'(@) = J'(@p)) (@ — )
= (J'(@) = Jy(wp)) (@ — ap) + (J4 () = J'(ap)) (0 — ap).

Since Ugqg,, = Ugg, from the first order optimality conditions satisfied by @ and uy,
we have

(J'(@) — Jp(un)) (0 — @) < 0.
We have already seen that
(1 (8n) = J(5)) (@ — n) < CR2[& = | 2 -

Therefore there exists a constant C' > 0 independent of h such that

6., B _ _
5||u - uh||%2(w;]R7n) < CP?|Jun — | L2 (wmm)-
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The proof is complete. ]
From the previous theorem and Lemmas 4.10 and 4.13 we deduce

(15]

[16]

(17]

K
K

P.

M.

M.

M.

M.

H.

¥ = ¥ullay ) + 1P — Prllrz) < Ch,
1@ — @411 + 1T — Tnll2 @) < Ch.
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