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ON THE SEMI-RELATIVISTIC HARTREE TYPE EQUATION

YONGGEUN CHO AND TOHRU OZAWA

ABSTRACT. We study the global Cauchy problem and scattering problem for
the semi-relativistic equation in R™,n > 1 with nonlocal nonlinearity F'(u) =
A(Jz| =7 * [ul?)u, 0 < v < n. We prove the existence and uniqueness of global
solutions for 0 < v < f—fl,n > 2or vy > 2,n > 3 and the non-existence of
asymptotically free solutions for 0 < v < 1,n > 3. We also specify asymptotic
behavior of solutions as the mass tends to zero and infinity.

1. INTRODUCTION

In this paper we consider the following Cauchy problem:

{ i0pu =vm? — Au+ F(u), in R" xR, n>1 (11)
u(z,0) = o(x) in R, '
where m > 0 denotes the mass of bosons in units # = ¢ = 1, F(u) is nonlinear
functional of Hartree type such that F(u) = (V, * |u|*)u, where * denotes the
convolution in R™, V,(z) = A|z|~" for some fixed constant A € R, and 0 < v < n.

The equation (1.1) is called a semi-relativistic Hartree equation which was used
to describe Boson stars. See [7, 8, 17] and the references therein.

The purpose of this paper is to establish the local and global existence theory to
the equation (1.1) and the scattering theory of the global solutions. In this paper

we study the Cauchy problem (1.1) in the form of the integral equation:

u(t) = Ut)p — z/o U(t —t')F(u)(t)dt, (1.2)

where

. 1 _ R
Ut)e(o) = (VB @) = oo [ VT () ae
)" Jrn
Here $ denotes the Fourier transform of ¢ such that (&) = [, e Sp(z) dx.
One of the key tools for the existence and scattering is the conservation law. If
the solution w of (1.1) has sufficient decay at infinity and smoothness, it satisfies

two conservation laws:
w2 = llel 22,

E(u) = K (u) + V(u) = E(p), (1.3)
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where K,,(u) = $(vVm? — Au,u), V(u) = 2(F(u),u) and (,) is the complex inner
product in L2. For actual proof of (1.3) a regularizing method is simply applicable
as in [18] in the case of 0 < v < 1. For local solutions constructed by a contraction
argument based on the Strichartz estimate stated below, the case of 1 < v < 2
is treated by exactly the same method as in [26] without using approximate or
regularizing approach.

In Section 2, a local existence is shown for 0 < v < n and ¢ € H® with s > %
by the Plancheral theorem and the standard contraction mapping theorem without
resort to a Strichartz estimate. Then we use the conservation laws to obtain the
global existence for s > 2,0 <y <1, n>2and 0 <~y < 1, n = 1. This result is an
extension of the work of Lenzmann [18] in which global well-posedness is considered
for a Coulomb type potential in 3 space dimensions. From the energy conservation,
we get uniform bound on the mass m on any finite time interval, if m is bounded
from above, and then get a strong convergence of solutions of (1.1) to a solution of
the equation without mass. However if m is large, then the kinetic energy K, (u)
is not bounded globally in time any more. Instead, we can get a uniform bound of
local solutions in H*, provided s > 3. Then after a phase modulation, we prove the
modulated solution is closely approximated by a solution of a Schrédinger equation
of Hartree type if m is sufficiently large. This phenomenon can be interpreted
as a kind of non-relativistic limit and eventually as a semi-classical or vanishing
dispersion limit. See Proposition 2.5 below.

The second tool is the Strichartz estimate. We consider the following Strichartz
estimate for the unitary group U(¢) (see [19, 20]):

U@l a0 grz—0 S llepllzro,

70

t e (1.4)
Ut —1)f(t)dt S Ly arer s
0 LgﬂlHﬁllfc'l
where (g;,7;),i = 0,1, satisf that for any 6 € [0, 1]
2 1 1 1 1
S etm-140) (-~ ), 20i=(m+1+0) (- ),
.. (n +6) (2 ”) , 20, =(n+1+0) (2 ”) (1.5)

2 < g, <00, (gi,ri) # (2,00).

We call the pair (g, r, o) satisfying (1.5) admissible pair. If § = 0, it is called wave
admissible and if § = 1, then Schrodinger admissible. Here Hf = (1 — A)~%/2L"
is the usual Sobolev space and H® = H5. Hereafter, we denote the space L.(B)
by L%(0,T; B) and its norm by || - || 2 p for some Banach space B, and also L?(B)
with norm || - ||« by L9(0,00; B), 1 < ¢ < 0.

In Section 3, we consider the global existence and scattering in case where 0 <
v < n. We first show the local existence for 0 < v < n, n > 1 and s slightly less
than 7 by the Strichartz estimate of non-endpoint wave admissible pairs. Then
2n_ by the energy

n+1
2n

conservation and continuation procedure. The gain of upper bound i follows

we extend the local solution to the global one for 0 < v <



SEMI-RELATIVISTIC EQUATION 3
from the fact that the Sobolev exponent s can be made smaller than 7, which
enables us to use the continuation procedure. Secondly, we get a small data global
existence results and scattering for the case 2 < v < n and n > 3 by using the
endpoint Strichartz estimate for Schrodinger admissible pair.

In the last section, as the usual case of nonlinearity with long range potential,
non-existence of nontrivial asymptotically free solutions is shown for the case 0 <
vy<1,n>3and 0 <vy < 5,n=1,2 by a similar method applied to a large class
of dispersive equations. See [2, 5, 11, 12, 21, 32].

Until now, it remains open to show the global existence for nQ—fl <~ < 2as well
as the scattering for 1 <y < 2.

There is a large literature on partial differential equations with Hartree type
nonlinearity. We refer the reader to [4, 9, 10, 13, 14, 15, 25, 23, 24] for Schrodinger
related equations, to [1, 22, 27, 28, 31, 30, 33] for Klein-Gordon related equations
in both massive and massless cases.

If not specified, throughout this paper, the notation A < B and A 2 B denote
A < CB and A > C7'B, respectively. Different positive constants possibly de-
pending on n,m, A and v might be denoted by the same letter C. A ~ B means
that both A < B and A 2 B hold.

Acknowledgments. The authors would like to thank Professor Kenji Nakanishi
for enlightening discussions.

2. GLOBAL EXISTENCE I

In this section, we study the global existence and the limiting problem as m — 0
or as m — oo with 0 <y < 1.
Let us first introduce the following local existence result.

Proposition 2.1. Let 0 < v < n and n > 1. Suppose p € H*(R") with s > 3.
Then there exists a positive time T independent of m such that (1.2) has a unique
solution u € C([0,T]; H®) with ||ul|Leems < C|l¢|ls, where C' does not depend on
m.

Proof. Let (X7 ,,d) be a complete metric space with metric d defined by
Xpp={u e LF(H (R")) : [[ullg e < p}s d(u,0) = [lu— vz 2.

Now we define a mapping N : u — N(u) on X7, by

N@)(t) = U(t)p — 2/0 Ut — ) F(u)() dt'. (2.1)

Our strategy is to use the standard contraction mapping argument. To do so, let

us introduce a generalized Leibniz rule (see Lemma Al ~ Lemma A4 in Appendix
of [16]).
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Lemma 2.2. For any s > 0 we have
D% (wv)l|r S [[D*ullr ||vllLax + [[ullpar [ D] Lrs,
where D® = (—A)3/?
1 1 1 1 1
and — = —+ —=—+4+—, r;€(1,00), ¢ € (1,00], i=1,2.
r 1 q2 q1 T2
Then for all u € X (T, p) we have
IN(w)|Lgemes < llllas + TIF(w)llLge ae
Slellas + T (1 Zn—y (ul®) || oo pos || Los s

L%Lﬂ?—"v> (2.2)

S llellers +T (IUIIQL%OH; lellege s+ lull®  2n IIUIL%"HS)
T

= (Jul*) L 1, llull
:

Slellas +Tlull? s lulloens < lellas +To?,
t

where I, is the fractional integral operator given by Io,(v)(z) = [p. [z—y|* "v(y) dy.
It is well-known that I, satisfies the inequality (see [29] for instance)
1al@)lle  [le, = =2 21 <p<g<on,
qg p n
For the third inequality we used the fractional integral inequality, generalized Leib-
niz rule (Lemma 2.2) and the fact that

2
u(x —y
/ [z — y)I dy‘SlIURv-

Sup |y|7 HZ2

reR™

(2.3)

2n

For the last one, we used the Sobolev embedding Hz < L7-7.

If we choose p and T such as ||| gs < p/2 and CTp® < p/2, then N maps X3,
to itself.

Now we have only to show that N is a Lipschitz map for sufficiently small T
Let u,v € X7, ,. Then we have

d(N(u), N(v))
ST HITL—’Y(‘UF)U - In—’v(|”|2

)”HL;OLZ
ST (e () = )] g+ el = o200l 1)
2 2 2
ST (Il 3 . 0) 4 g (= P Dol )
)

ST +p(lull 2 + 0l 2e))d(u,v)
T

LELA—7

S T(p*d(u,v) + plllul® — [vf|

2n
o T, Zn—
L L2~

< Tp?d(u,v).

The above estimate implies that the mapping N is a contraction, if T is sufficiently
small.
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The uniqueness and time continuity follows easily from the equation (1.2) and
contraction argument. This completes the proof of proposition. (I

From the conservation laws (1.3), we get the following global well-posedness.

Theorem 2.3. Let0<7§1f0rn22,0<7<1f0rn=1andsz%.

Let T* be the mazimal existence time of the solution w as in Theorem 2.1. Then
if A >0, orif A\ <0 and ||¢||r2 is sufficiently small, then T* = oo. Moreover
lu)|l s < C|l@l s eCE@HIANLIE yhere C does not depend on m.

Proof. From the estimate (2.3) and L? conservation, we have
V()] S Hull? g llullze < el lelz2"-
Hence if A > 0 or if A < 0 and ||¢|| 2 is sufficiently small, then for some 6 > 0
lu()%,3 < C(E() + llelL2) = C(E(p) + lelz2). (2.4)

From (2.4) and a similar estimate to (2.2), we have
¢
lu@)ll e S Ml +/ ull? 5 Il = dt’
0

t
S llellas + (E(p) + H@H"m)/o [l s+ dt’.
Gronwall’s inequality shows that
[u@®)llr= < Cligllie exp(C(E(p) + [l 72)t)-

This completes the proof. O

If m is bounded above, then the energy F(y) is also bounded and hence the H*®
norm of solution u is bounded in a finite time interval uniformly on small m. This
enables us to treat a limit problem as m — 0. We have the following. See [1] for
related second order equations.

Proposition 2.4. If u,, € (C N L>®)(H®) be the solution of (1.2) as in Theorem
2.3, then for any finite time T, wy, — uo in LF (H?®) with s > % as m — 0, where
ug 1s the global solution to the Cauchy problem

i0yug = V—Aug + F(ug), uop(x,0) = ¢(x). (2.5)

Proof. One can easily show the global existence of (2.5) by the same argument as
in the proof of Theorem 2.3. The solution ug can be written as

wolt) = Ut~ [ Uoft — ) o))

where Up(t) = e V=5,
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For any T' > 0 there exists M such that supg ., <1 (||uml|Lge s +||uol| Lge ) < M.
Then we first observe that for any ¢ € [0, 7]

[t (t) — uo(t)|| s
< |U@) = Uo(®))ellme
+ / (I1F (um) = F(uo)| = + (Ut —t') = Uo(t —t')) F(uo)|| =) dt’
0 t (2.6)
< Tmlle||me +/0 3y (1t [* = Jei0 Yt = '

t t
b [ s Qo) = o)1)t + [ o)
0 0
From Lemma 2.2, fractional integration and the estimate (2.3), it follows that

HIn—'y<|um‘2 - ‘u0|2)7“LWLHH5

S I (i |* = [t )| o i | 5+ [ ([t [* = [t *) | 15, letmll | 2

3|
2n n—-y
il

S Mum = woll 3 (lumll 5+ lluoll 3 ) lwmllr

+ [lm|?* = |U0|2||L232W lumll 3
< M|ty — uol| s
and similarly that
([ Zri— (o] *) (tm — o) || o

S ||u0||§{% wm — uollms + HIn—'Y(‘uO‘Q)HH%Tn | — uOHan—nv

< M2||um — ol g

Substituting these into (2.6), we have for any ¢ € [0, T] that
t
|t (t) — wo(t)|| e < MTm + M3*mT? + M? / |t (') — uo ()| o dt’.
0

Then Gronwall’s inequality implies the strong convergence u,, — ug in L (H?®).
O

In the case of large mass, the situation is different. Since E(u) = E(p) =
L(Vm? = Ap,p) + V(p) diverges as m — oo, it is difficult to obtain the uniform
bound for ||uHH% from the energy conservation law. However, from the Proposition
2.1 we see that the local existence time T" and the constant C can be chosen indepen-
dently of the mass m, if s > 3. To be more specific, we have ||u, (t)|ms < Cll¢]| s,
where u,,, is the solution of the equation with mass m. Now using the phase mod-

"y, the function v, satisfies the equation

100, = (WVm2 — A —m)vy, + F(vm), vm(0) = @,

and equivalently

ulation v,, = e

VUi () = U (t)p — z/o U (t — ') F (v (') dt’, (2.7)



SEMI-RELATIVISTIC EQUATION 7

where U, (t) = e #(Vm*=A-m) " [et [, be the unitary group e #==2. As was
first observed by Segal [28] at a formal level, we expect that the linear solutions
U and ﬁmgo become very close in L (H®) norm, if T is finite and ¢ € H®. That
observation is in fact justified by

[(Urn () = U (1)) @Il 76 11+
2
< sup / ’1 _ emit/mAEP om0
[€1<vm

< (1 + l€))*|2I* dg
o<t<T

Y RN e
1€]=2vm
2
<7 [ [om) (TG 4 m) = 1| (L + €)1 de

v leprds
1€1=v/m
— 0 as m — oo.

Hence we can expect that vy, is very close to a function w,, in LY (H?®), where w,
is a solution of the nonlinear Schrédinger equation:

. 1
10y Wy, = %Awm + F(wp), wn(0)= . (2.8)

Of course, by the same argument as the proof of Proposition 2.1, we find T" and C'
independent of m and a unique solution w,, € C([0,T]; H?) of the equation (2.8)
for s > 3 such that [|wpy,||Lems < Clll|ms.

Now let T;; ~and Ty, ~be the maximal existence time of the solutions u,, and
W, respectively. Then from the local existence result (Proposition 2.1) we deduce
that T = inf,,,~1 min(T;; , T ) is strictly positive and have the following.

Proposition 2.5. Ifs > 3 and T < T*, then vy, —wy,, — 0 in LF (H®) as m — oo.

Proof. First we consider the integral equation

¢
uoochfi/ F(us)dt’,
0

which is equivalent to the ordinary differential equation i0stioo = F(teo), Uoo(2,0) =
. This equation has an exact solution ue(x,t) = cp(x)e_i’\t“"ﬂ*‘“"'z)(gg) for any
t>0. If s> %7 then the uniqueness of u., is guaranteed.

To prove vy, — wy, — 0in L (H?®), we have only to prove that v, — s — 0 in
L (H?) and wy, — use — 0 in LP(H?). At first we have

[vm () — oo (t)|| 22

< Un() — 1)l + / (Ut — ') — 1) F () 1=

+ / 1P () — Fuse) [ dt”.



8 YONGGEUN CHO AND TOHRU OZAWA

and
| Uant) = 1) o3
= [ e 1 pte) P de

Jocr
[€]<m= |€[>m3

t2|§|4 28|~ 2
1 d 4
< /|§|§mi T RO ke + /|g|>m1

(1+ [€))>* @)1 dg

T2 2 2s| 2
= ol s d
el w4 [ leae s

[>m4

— 0 as m — oo.
We take M = M(T) such that sup,, > ([|[vm || s mrs +[|wm || e s +[[too| Lo e ) < M.
Then since F(us) € LF(H?), we have
T
/ (Ut — 1) — 1) F (s s+ A — 0 as m — oo.
0

We also have
1F(vm) = F(too) | 12 < CM?|[0m — tool| s

Thus
| () = oo (8) || s < 0(1) + CM? /t lVm — Uoo || = dt’ (2.9)
and as for w,, by the same argument as that of fui
1w (£) — oo (t) || 15 < 0(1) 4+ CM? /t W — oo || s dt’. (2.10)
Therefore Gronwall’s inequality yields the claim. ’ O

3. GLOBAL EXISTENCE II

In this section, we reexamine the existence result and get a slightly low regularity
by using Strichartz estimate. The first result is the following local existence for
0<y<n.

Proposition 3.1. Let 0 < v < n and n > 2. Then there is a number o with

0 < o < min(y, -2 ) satisfying that given s > 3 — % and p € H* there ezists a

positive time T' such that (1.2) has a unique solution u € C([0,T]; H*)NLL(H:~7),
_ 92n _ (n+la

— 4n
wherequ,rfm and o = ~—-

Proof. Given n and <, choose a number « with 0 < a < min(y, %) and fix

5> % — %. Then for some positive number T to be chosen later, let us define

a complete metric space (qu ” dr) with metric dr by
Vi, = {ve LEH) N LHH) ol g + ol g peo < 0}

dr(u,v) = [lu— U||L§SHSQL‘71,H$—“7
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where g, 7, 0 are the same indices as in Proposition 3.1.

From now on, we will prove that the nonlinear mapping N defined as (2.1) is
a contraction on Y7 , provided T is sufficiently small. We will use the following
lemma instead of (2.3), which follows by estimating the (fractional) integral inside
and outside of the ball with radius R > 0 separately by Holder’s inequality and by
minimizing the resulting estimates with respect to R.

Lemma 3.2. Let 0 <y < n. Then for any 0 < e <n — v we have

T = T R P
If we take § = 0 in the Strichartz estimate (1.4), then the pair (¢,r,0) =
((nfl)a 2n_ (n+1)a

in ' n—a’ 4an

) becomes an admissible one. Hence the Strichartz estimate
together with Plancheral theorem, Lemma 3.2 and generalized Leibniz rules (Lemma
2.2), enables us to deduce that for sufficiently small &

||N(U)||L39HSOL“TH,,“.*“
< el + 1Py
< Wl + s () g ol
T
Lo~ ([u)®) || s W dt
Ll AL (T P e .
Jul

S llellas + llul [ull g 72+

2L

T
2
R A PR

L3207

2n—(vy—e)
< s oo fs
S Ml 4l gl ol
Using Holder’s inequality for time integral, we have
||N(u)||L7°?HSﬂL‘1TH$’” (32)
1-2 :
S el + 1777 f|uf| [ l[ull Lge e

2n 2n
LLL A=) LLL= (=9

Now if we choose € > 0 so small that ¢ < min (fy —a,2(s + %) - ’y), then

since
2n 2n 2n 2n

< < < ,
n—a - n—(y—¢e) n—(y+e)  n—a—2(s—o)

we have from (3.2) and Sobolev embedding H?™7 — L" N L7+36= that
_2
IN )| e grepzg mrz=e < Clllella + T full g e ull 7 o)
2
< Clellu- +T""4p?)

for some constant C. Here we used the conventional embedding that if 2(s — o) >
n — « then H79 — L™ for any r; > r. Thus if we choose p and T so that
Cllellgs < 5 and CTlfgp?’ < £, then we conclude that N maps from Y7 ; to itself.
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For any u,v € Y7 ,, we have

dp(N(u), N(v)) S [|F(uw) = F(0)|lLy. 1

(3.3)
S My ([ul® = [oP)ull g s + Iy (J0) (u = 0) | 2 s
By Lemma 3.2 and Hélder’s inequality, we have for sufficiently small € > 0
[y (Juf® = [o*)ull Ly -
S My ([l = [0l 22, oo [l e s
2 2
+ = (Ju]” = |v] )IILzTH:% IUI\L%%
1 3.4
S ol —PIE = o (34)
LiLn=0+e) L= (=2
+ pllu = vllLge = (flull + (vl )

L2Ln ('v <) LZLTI (’Y €)

(lullpse s + vl nse mre)-

L p—

Now by another Holder’s inequality with respect to the time variable, we have
_z
e (Jul? = o)l e S T3 9% (u,0).
Similarly,

1y ([01*) (= 0) | L3, 1

S M= (W)l sl = vl e + ||In—7(\v\2)|\L2TLfge [lu — UIlL%L%

< n

Sl o 0l e dr(un)

+ ol o o Hillu—\li
(3.5)
Hence we get
_2
Vs (1012) (= ) g e S T3 o2 (,0).

Substituting these two estimates into (3.3) and then using the fact C'Tlf%p2 <1
for small T', we conclude that N is a contraction mapping. O

Remark 1. If we follow the proof above with the Schrodinger admissible pairs, we

conclude that Proposition 3.1 holds forn > 3, 0 < a <y, a <2, s > 2 — TﬁTnQa
g=32,r=2%ando = (”ﬁ)a.

Remark 2. In general, the Strichartz estimate (1.4) is not uniform on m. However,
using Lemma 4 of [20] where a non-relativistic limit problem of Dirac equation is
treated, we can find a solution u,, with uniform norms on m stated in Proposition
3.1 above and Theorem 3.3 below, provided n = 3 and m is large. Thus it is
naturally expected that v, = e"™*u,, is very close to w,, the solution of Schrédinger
equation (2.8). However, the Strichartz estimates of the solution w,, are not be
uniform on m even on a finite time interval. This causes a trouble in the limit

problem concerning a low regularity than H 2. To overcome this difficulty, we need
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a much more subtle estimate. But we will not pursue this topic here, which will be
treated somewhere.

Now we show the local solutions can be extended globally in time by using the
energy conservation law.

Theorem 3.3. Let 0 < v < ffl, n > 2. Then there exists an o with 0 < a < vy

such that if o € H2 and if A > 0, or A < 0 but llollLz is sufficiently small, then

1 l—a
(1.2) has a unique solution u € C([0,00); Hz) N L] (H? ), where ¢ = (niiq)a’
r=-2% and o = 7("1';)0‘

Proof. Let T be the maximal existence time and it be finite. The local existence

theory shows that ||u||Lq . Since 7y < 2, from the local existence Lemma
1. H;

3.1, we see that the energy conservation law (1.3) holds. Thus at any ¢ < T*, the

—0o

solution u satisfies that

SN2y < B + V)
< B(p) + Clull? o ull,3
< B(g) + Ol
= B(¢) + Cligllz2"ull? ;-

and hence by Young’s inequality
lu®)I?, y < CE(p). (3.6)

The smallness of ||¢|| 12 is used to guarantee the positivity of E(¢) when A < 0.
From the estimate (3.2) and (3.6), we have

_2 1
lull |, 30 SCE() +T" qE(@)?IIUHi

q 72 3o
L Hy 9 H32

T

Thus for sufficiently small T' depending on E(y),

[l j--, < CE(p),

La(Tj—1,Tj:HP )
where T; —Tj_1 =T for j <k —1 and T}, = T* This means that

ull® s < D 1o, S (RCE(9))T <0
La(0,T;H? 1S2k LT THE )

and hence that T = co.

The condition v < f—fr’l is necessary for the existence of « satisfying s = % >
7 - % and a < 7. This completes the proof. O

Remark 3. If we choose § = 1, then we deduce the same result as in Theorem 3.3
(n+2)a

With0<7<f—_&,q:§7r:%and0:T.

Now we consider the small data global existence and scattering for 2 < v < n.
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Theorem 3.4. Let 2 < v < n, n >3 and s > I — "T_nz Then there exists

p > 0 such that for any ¢ € H?® with |¢||lgs < p, (1.2) has a unique solution
_n+2

u € (CNL®)(H*)NL*(H’y, ), if ¢l is sufficiently small. Moreover there is
n—2

ot € H® such that

[|lu(t) — U(t)<P+HHs — 0 as t — oo.

Proof. We will use the Strichartz estimate (1.4) with § = 1 and endpoint admissible
pair (¢,r,0) = (2, 2 "2—22) (See Remark 1).

Let us define a complete metric space (Y;, d) with metric d by

Yps = {’U S LOO(HS) ﬂL2(H{f*U) : HU”LOOH‘SNLQH;?_” < p}’
d(u,v) = [lu = || poo grapp2 gre-v
Then from the estimate (3.2), we have

IN@l| oo pronzzrrz—= < Cllellas + Cllullfs oo llull Lo e

2
maps Y, to itself. Similarly, from (3.3)-(3.5), one can show that d(N(u), N(v))

%d(u, v). This proves the existence part.

If we choose sufficiently small p such that Cll¢l|gs < & and Cp® < £, then N
<

To prove the scattering, let us define a function p* by
ot =p— z/ U(—t")F(u)(t")dt'.
0

Then since the solution  is in Y}, o* € H*, and therefore there holds
Ju(t) — u* (1) m= 5/ 1F(u)| 1= dt’
t

oo
ﬂwmm/|Mmﬁﬁﬁ0%tem
t

4. NON-EXISTENCE OF SCATTERING

We prove the non-existence of non-trivial asymptotically free solution.

Theorem 4.1. Assume that 0 <y <1 forn >3 and 0 <y < § forn = 1,2.
Suppose that u is a smooth global solution to (1.1) and there exists a smooth function
ot such that

Ju(t) — wt (@)l z2 — 0 as 1 — oo,
where u(t) = U(t)p™. Then u=u" = 0.
Proof. Let us define a function of H(t) by

H(t) = sgn(\)Re(u(t), u™ (t)).
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Then from the condition of u and u™, H(t) is uniformly bounded on ¢ and by the
regularization

d
SH () = NI (L (0, ). (4.1)

Suppose ¢ # 0. Then we derive a contradiction to the uniform boundedness of
H ont.

The integration in (4.1) is rewritten as
(L= (Jul?)u,u™) = Jy + Jo + Js,
where

Ji = <In_7(|u+|2)u+,u+>,
Jy = <Iﬂ*’7(|u|2 - ‘u+|2)u+’u+>v

Js = (Lo (Juf2) (1w = wt), ut),
To estimate each J;, we need the following time decay estimate.
Lemma 4.2. If ot is sufficiently smooth, then
U@t = St 2.

As for Jy, from Lemma 3.2, we have

/(1))
= [{(Jul® = [u*]?), In—y (Ju*[*))]

< lu = w2 (lullze + llutllze) [ Zn— (Ju™ )l

Sl = wt e (lullge + ettt 2 (4.2)
n—'yfs+n7'y+e 2 L—'y75+n7'y+s

Sl —wF e (fullpe + llullz2) et 2" "t "

+ + T
S llu = w2 (lullz + [lw™ [l e2) e [ 2™ lu™ll -
For the fourth inequality we used Holder’s inequality
2 1—2
lJullr < flull pollllpe (4.3)

Now from Lemma 4.2 we get

[ Ja(8)] = o(t™7). (4.4)
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Since v < 1 forn > 3 and v < § for n = 1,2, we can take € > 0 such that

v+ e < 5. Hence by the same argument for .Jo we have for J3 that
[ J3()] = [{[ul?, Ln— (@ — uF)u™))]

<l 22 s (@ = uF)ut) |

Sy (Tcaraa DA E [N ([ Ea Tl
1 1
<t =] s -]
Sl |[@— byt | @bt (4.5)
1 1
S lulZalle = afllat ) o (lat)E
I, n—2(v+e) L n—2(v—¢)
< 1|2 T S L e
S Nul2ellu = ut [ ellat )7 llat =
=o(t™7).
As for Jy, if |x| < At for some A > 1, then for any ¢ > 0
Lo (0 P)a) 2 [ o=yl @) dy
ly| <At
i ),
> ™t ()2 dy.
(24t)7 ly|<At
Now we prove
[ Py z et (4:6)
ly| <At

for large t, provided ¢ is sufficiently smooth. Choose alarge R such that [[ngre™ |7, >

%||<,0"‘||%27 where ng is smooth cut-off function supported in the ball of radius 2R
with center at the origin. Then

||U+||2L2(\x|§At) > ‘||U(t)(77R90+)||%2(|x|§At) - H90+||%2(|x|>12) :

Since the linear solution u™ has the finite propagation propagation speed (actually
speed 1), one can easily show that |U(t)(nre™)(z)] < |z|~V| ¢z for any N,
provided |z| > 1 +2R+t. Hence we deduce that if N > % and ¢ is large enough so
that At > 14 3R + ¢, then

1@ (R 22 (101<a0) = IU O (nre )22 /ll At|U(t)77R90+|2dx
x|>

Y

lnretllze — C / e e
x|>At

Y

2 n—
Sl 22 — CAnm 2V o* |2a.
Therefore for ¢ large enough,
1
[t 172 ag< ey = §||<P+||2L2
and hence

Ji(t) =t (4.7)

~
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Now combining (4.7) with (4.4) and (4.5), we deduce that for ¢ sufficiently large

d

—H@) >t >t L
7 t) 2 >

This is a contradiction to the uniform boundedness of H(t) on t. ]
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