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AMBIGUOUS RISK MEASURES AND OPTIMAL ROBUST
PORTFOLIOS*
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Abstract. This paper deals with a problem of guaranteed (robust) financial decision-making
under model uncertainty. An efficient method is proposed for determining optimal robust portfolios
of risky financial instruments in the presence of ambiguity (uncertainty) on the probabilistic model
of the returns. Specifically, it is assumed that a nominal discrete return distribution is given, while
the true distribution is only known to lie within a distance d from the nominal one, where the
distance is measured according to the Kullback—Leibler divergence. The goal in this setting is to
compute portfolios that are worst-case optimal in the mean-risk sense, that is, to determine portfolios
that minimize the maximum with respect to all the allowable distributions of a weighted risk-mean
objective. The analysis in the paper considers both the standard variance measure of risk and the
absolute deviation measure.
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1. Introduction. A classical problem in computational finance is that of opti-
mally selecting a portfolio of finitely many risky assets so as to maximize the expected
return of the investment while keeping “risk” under control. In the mainstream ap-
proach, dating back to the seminal work of Markowitz [25], risk is measured according
to the variance of the portfolio return, and the determination of an optimal portfolio
amounts to the solution of a convex quadratic programming problem. Since the in-
troduction of this basic mean-variance model for portfolio selection, however, many
criticisms have been raised on its practical relevance, especially in regard to the sensi-
tivity of the optimal portfolios with respect to the statistical errors in the parameters
(the estimated expected returns and covariances of the assets), and possible remedies
have been proposed. An in-depth overview of this literature is out of the scope of the
present work, but the interested reader could find some useful pointers in [3, 6, 8, 26].

More recently, the issue of model uncertainty in portfolio optimization has been
the subject of study from different groups of researchers; see, for instance, [13, 18,
24, 34, 37]. Many of these recent contributions propose ideas and computational
tools derived from the robust convex optimization field [4, 14]. The general approach
in this setting is to model the uncertain market parameters (expected returns and
covariances) as deterministic unknown-but-bounded quantities, and then take a worst-
case approach where an optimal portfolio is sought that minimizes the worst risk
that the investor may face as the market parameters vary in any possible way inside
their admissible domains. These deterministic models are practically and theoretically
sound, since they either are naturally derived from confidence regions around the least-
squares estimates of the market parameters (see [18]) or may reflect an analyst feeling
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of the reliability of the parameter estimates. In this latter case, the uncertainty model
typically takes the form of elementwise bounds on some or all entries of the expected
return vector and covariance matrix; see [13, 34]. Specifically, El Ghaoui, Oks, and
Oustry in [13] consider the problem of computing and optimizing the worst-case value-
at-risk of a portfolio, under bounded uncertainty on the mean and covariance matrix of
the returns, and show how the computation can be efficiently performed by recasting
the problem in the form of a semidefinite optimization program [33, 35]. Goldfarb and
Iyengar in [18] develop a robust factor model for the returns, show how the uncertainty
description can be naturally obtained from confidence regions of standard statistical
estimation techniques, and pose the corresponding robust allocation problem in the
form of a convex second order cone program (SOCP); see [23]. Tiitlincii and Koenig
in [34] propose the use of an interval uncertainty model for the return mean and
covariance and solve the resulting worst-case Markowitz problem via an ad hoc saddle-
point algorithm.

While the mentioned approaches are specific to portfolio selection problems, more
general models dealing with uncertainty in the underlying probability measures have a
long history and have been studied in different fields, such as economics, finance, and
stochastic optimization; see, e.g., [7, 11, 12, 32, 36]. Uncertainty in the probabilistic
model is usually referred to as ambiguity in the decision theory literature. The recent
work from Erdogan and Iyengar [15] discusses ambiguous chance-constrained problems
and employs the Prohorov metric to describe the uncertainty “ball” of admissible
distributions. As we shall see in section 2.1, in this paper we adopt a similar approach
for describing the “ambiguity” set around a nominal distribution and employ the
Kullback—Leibler divergence function as a distance measure among distributions. This
distance measure has nice invariance and convexity properties, and the degree of
ambiguity in this metric can be estimated from samples; see [20].

The main goal of this paper is to present an efficient computational framework for
robust portfolio selection in the situation of asset returns described by an ambiguous
discrete joint probability distribution. We consider two risk measures (see [2, 30])
given by composite objectives of the form p(x,n) — yu(z,7), where p(z,7) is either
the variance or the expected absolute deviation of the portfolio, u(z, 7) is the portfolio
expected return, and -y is a nonnegative parameter. Here, x denotes the portfolio mix
and 7 the discrete distribution of the returns (see section 2 for precise definitions and
notation). The measure based on the expected absolute deviation is (for v > 2) a
coherent measure of risk in the sense of Artzner et al. [2]. The measure based on the
variance is instead not coherent, since it violates a monotonicity condition; see [30].
However, the use of this latter measure is justified by both historical reasons and its
wide popularity.

In the mominal case—i.e., when the probability distribution 7 is known and
given—minimizing the above objectives is equivalent either to a standard Markowitz
problem (in the case of the variance-based risk measure) or to the absolute deviation
problem, discussed, for instance, in [21, 31]. Tt is well known that, in this latter case,
the optimal portfolio can be found by solving a linear programming problem.

The key point in this paper is to consider the return distribution 7 to be impre-
cisely known. In particular, we assume that a nominal value 7 for the distribution
is given, but that the actual 7 is only known to lie in a region at distance no larger
than d from its nominal value, where d is a user-definable parameter that quantifies
the (lack of) confidence in the nominal probability (the “index of ambiguity,” in the
terminology of [20]). To measure the distance among distributions, we use the stan-
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dard metric given by the Kullback-Leibler divergence. In this setting, we define the
worst-case risk of a portfolio x as the supremum of p(z, ) —yu(x, 7) for = that ranges
over its uncertainty set. An optimal worst-case portfolio is a composition vector x
that minimizes this worst-case risk.

We detail in the paper two numerical schemes that permit us to efficiently evaluate
and optimize the worst-case risk in both the variance and the absolute deviation
cases. For the variance-based risk measure, the worst-case optimal portfolio can be
determined using an interior-point barrier method, in conjunction with an analytic
center cutting plane technique. The absolute deviation-based risk measure poses a
slight additional complication, due to nonconcavity in 7 of this function. This issue
is here resolved by adding a suitable line search to the algorithm.

The paper is organized as follows. Section 2 sets the stage by providing the basic
definitions and introducing the distribution uncertainty model. Section 3 discusses a
barrier method for computing the worst-case variance-based risk of a given portfolio,
whereas section 4.1 describes the overall cutting plane algorithm for optimizing the
worst-case risk over the portfolio composition. Section 5 extends the methodology to
the absolute deviation-based risk measure. Some numerical examples are presented
in section 6, and conclusions are finally drawn in section 7. To improve readability,
some of the technical details have been relegated to appendices.

1.1. Notation. Whenever useful for notational compactness, we use MATLAB-
like notation for operations on vectors. If z,y are two vectors of compatible dimen-
sions, relational operators such as >, >, etc., are to be intended elementwise (e.g.,
x > y means that all entries of vector x — y are positive). Similarly, powers and
operators +, —, %, / work elementwise, and the same holds for standard functions. For
example, log z/y denotes a vector whose ith entry is log x;/y;.

2. Preliminaries. Consider a collection of assets or asset classes aq,...,a, and

let
. T
r= [ Ty e Thp ]

be a random vector describing the returns of the considered assets over a fixed period
of time. Let r(1),...,r(T) be T possible scenarios for the outcomes of the random
return vector r, and let 7 be the probability associated to the scenario r(k), with
the obvious properties that

Defining the probability vector

= [my - 7TT]T

the two previous conditions are simply rewritten as m > 0, 177 = 1, where 1 denotes
a vector of ones of suitable dimensions. Now let
. T
=[x o oz |

be a vector such that x; represents the fraction of an investor portfolio that is invested
in asset a;. We shall refer to z as the “portfolio composition,” or “portfolio mix.”
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The portfolio composition can be subject to various kinds of constraints, which we
assume to be representable by the condition

x € X, where X is a given polytope.

For example, a typical form for the set X is

(2.1) X:{x:inzl,xiZOforizl,...,n},

i=1
which reflects the standard situation where the investor cannot hold a negative amount
of an asset (i.e., short-selling is not allowed). However, the results in this paper are
not restricted to the specific admissible portfolios set in (2.1) and apply to the general
polytopic case.
With the positions above, the investor’s total return at the end of the investment
period is represented by the random variable

(2.2) w=r'r,

whose expected value is

p(z,m) =E{r'z} = Z mer ! (k)x = (Z wkr—r(k‘)> =7 (m),
k=1 k=1

where 7(7) = E{r} = Z;F:l T (k).
The portfolio risk is quantified as a measure of variability of w around its expec-
tation. A classical measure of variability (see, e.g., [25]) is given by the variance

(2.3) p2(z,m) =E { (r'z—E {T‘T.Z‘})Q} =z %(n)z,
where
S(m) = E{(r —#(m)(r —#(m) T} = mi(r(k) — #(m))(r(k) = #(m) T
k=1

is the covariance matrix of r. In this paper, we also consider an alternative measure
of risk, which is based on the expected absolute deviation, and whose justification in
the portfolio selection context is discussed, for instance, in [21, 31]:

T
p1(z,m) =E {‘rTac -E {TTxH} = Zﬂk\rT(k)m — p(z, ).
k=1

Following a mean-risk approach, we introduce an objective function which repre-
sents a tradeoff between risk (variance or expected absolute deviation) and expected
return of the portfolio. Specifically, for given v > 0, we define an objective based on
the variance measure

(2.4) To(z, ) = po(z, ™) — yu(w, T)

and one based on the absolute deviation measure

(2.5) T (e, 1) = pa (@, 7) - yua(a, ).
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Notice that if the probability distribution 7 is known and given, then minimiz-
ing To(x,m) over x € X is a well-known Markowitz problem, whose solution can be
obtained by solving numerically a convex quadratic programming problem. Minimiz-
ing T1(x,7) in this same situation amounts instead to solving a linear programming
problem; see, for instance, [21, 31].

The point of this paper is to propose computationally efficient schemes for de-
termining optimal worst-case portfolios, when the probability distribution 7 is not
precisely known. To this end, we introduce in the next section an uncertainty model
for m and define the related robust risk functions.

2.1. Distribution ambiguity and robust measures of risk. Assume that a
nominal return probability distribution 7 is given, for instance, as a result of estima-
tion from samples. Then the Kullback—Leibler (KL) divergence (see [22]) represents a
natural measure of the expected amount of information in a sample from the unknown
distribution for discriminating against 7 [19], and it is a frequently used information-
theoretic “distance” measure between probability distributions; see, e.g., [1, 10]. If 7,
n are two probability vectors in R, with 1 > 0 describing the nominal probability,
the KL distance between 7 and 7 is defined as

T
KL(m,n) = Z Ty, log Tk
1 Mk

We shall henceforth assume that the “true” probability 7 is only known to lie within
KL distance d > 0 from 7, i.e., 7 € K(n,d), where

K(n,d) ={mr eIl : KL(w,n) <d},

II being the probability simplex I = {7 : 7 >0, 1"7 = 1}.

K(n,d) thus represents the ambiguity set for the return distribution, and d > 0 is
the uncertainty level (radius of ambiguity). The risk functions (2.4), (2.5), with 7 €
K(n,d), are ambiguous risk functions. The nominal distribution 7 and the ambiguity
level may either be assigned by expert advice or estimated from data; see, for instance,
[20]. In what follows we shall not investigate further the issue of determination of 7
and d and shall assume that these quantities are given data.

Remark 1 (domain, range, and convexity of KL(m,7)). Notice that, since 7y, log 7y,
is a convex function over the domain 7 > 0,! then KL(7,n) is a convex function in
7 over II, and hence the uncertainty set K(, d) is convex.

The function KL(7,n), with 7 € II, takes values in the interval [0, log1/%min],
where Nmin = ming—y ... 7 1. The lower end of the interval is attained for 7 = 7,
whereas the higher end is attained for m = e;, where i is the index of the smallest
element in 7, and e; is the ith vector in the standard basis of RT.

Figure 2.1 gives a pictorial idea of the shape of the set K(n,d) in a three-
dimensional example where 7 is assumed to be the uniform distribution.

We pursue a worst-case approach in dealing with ambiguity in the risk functions.
Notice that it is known (see [30, Theorem 2]) that the risk functions (2.4), (2.5), for
a fixed probability 7, can be represented in dual form as the result of a maximization

T(Z‘,T() = Cg}f‘(};) [<<=rTm>ﬂ - T*(<)] )

11t is assumed by continuity that 0log0 = 0.
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Fia. 2.1. A visualization of the subsets KC(n,d) of the probability simplex in a three-dimensional
example with n = [1/31/31/3] and d = 0.01, 0.05, 0.1, 0.2.

where A(7) is a closed convex set of measures, T* is the conjugate of Y, and ({, w), =
> Gw;m;. In the the worst-case approach that we follow in this paper, the “robust-
ness” of the nominal risk functions is improved by adding a second level of maximiza-
tion over a set of admissible probabilities K. That is, we shall consider robust risk
functions of the form

Tyelz) = T = T2y =Y.
we(®) = mex T(, m) = max max [(¢r' ) (©)]

Specifically, given the ambiguity model K(n,d) for the return distribution, we
define the following worst-case (or robust) measures of risk for a portfolio with com-
position z:

(2.6) Twea(z) = max po(z,m) — yu(x, )
TeK(n,d)

for the variance-based measure, and

(2.7) Tuer(@) = max_pu(e, ) —yula, )
ek (n,d)
for the absolute deviation-based measure.

The distribution 7. that attains the supremum in the above optimization prob-
lems is named the worst-case distribution, and the corresponding value function
Twe(x) is the worst-case risk (to uncertainty level d) of the portfolio z. In the next
section we provide an efficient numerical scheme for solving (2.6). We anticipate that
the existence of a polynomial-time algorithm for computing the worst-case variance-
based risk is due to the fact that we can construct a self-concordant barrier for the
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convex domain (7, d). Successively, in section 4, we develop a polynomial-time al-
gorithm that permits us to further optimize Tyc2(x) with respect to x, and hence to
find an optimal portfolio mix that minimizes the worst-case variance-based risk. In
section 5, we describe a similar approach for dealing with the absolute deviation-based
objective (2.7).

3. Computing the worst-case variance-based risk. Let the portfolio com-
position x be fixed, let w(k) =" (k)z, k =1,...,T, and define

. T
w=[wl - w)] .
Then from (2.2)—(2.3) we have
p2(z,7) =E{(w - E{w})?} =E{w?} -E*{w}=n"w? - 7" Qn,
where 0 = ww . Since ) is symmetric positive semidefinite, it follows that ps(x,T)
is a concave function of the probability vector w. Therefore, the objective function
(2.4),
Yo(z, ) = pa(a, ) — yu(e,m) = =7 Qr — 7' (yw — w?),

is also concave in 7; hence problem (2.6) can be written in the equivalent form of a
convex minimization problem as follows:

(3.1) Tyeo = —min 7' Qr + 7' (yw — w?)
(3.2) subject to KL(7w,n) <d,
(3.3) 7 >0,

177 =1.

We next develop an interior-point barrier method for solving problem (3.1).

3.1. A logarithmic barrier method. For a fixed portfolio x, we solve problem
(3.1) by solving a sequence of equality constrained problems of the form

(3.4 wmin £(m) = tfo(m) + 6()
(3.5) subject to 177 =1

for increasing values of t > 0, where
fo(m) =7 Qn 4+ 7" (yw — w?)

is the objective function of (3.1),

T T
(3.6) b(m) = Z 7 log T — Z 7 log mi, — d,
k=1 k=1

and

(3.7) ¢(m) = —log (=b(m)) = ) _logm,
k=1
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is a logarithmic barrier for the inequality constraints (3.2), (3.3). For fixed ¢t > 0, we
denote by 7*(t) the corresponding optimal solution of (3.4). The central path is the
curve 7*(t) obtained varying ¢ from 0 to co. A standard implementation of a barrier
method is hence the following.

ALGORITHM 1 (barrier method [5]).

Given strictly feasible 7, set t = ¢(0) > 0, o > 1, tolerance ¢ > 0.
repeat
1. Centering step:
Compute 7*(t) by solving (3.4) using the Newton method, starting at .
2. Update: m = 7*(¢).
3. Stopping criterion: quit if (T"+ 1)/t <.
4. Increase t: t = ot.

Notice that since n > 0, an initial feasible point for the algorithm is simply
given by m = n. For this algorithm, 7*(¢) tends to the optimal solution of problem
(3.1) as t — oo. The convergence properties of the method are analyzed in terms of
the number of outer iterations (centering steps) needed to reach a solution with the
desired accuracy € and the number of inner iterations (i.e., the iterations required by
the Newton method to compute each center, up to accuracy €,y ). A standard result
states that the number of outer iterations (centering steps) is given exactly by (see
[5, section 11.3.3])

L AT (e0)],

log o

The analysis of complexity of each centering step relies on the property of self-
concordance of the objective function in (3.4), which is discussed next.

3.2. Centering step and self-concordance. In their seminal work [28], Nes-
terov and Nemirovskii provided a key condition under which the complexity of the
Newton method could be analyzed, that is, self-concordance of the objective func-
tion. We next show that the objective function in (3.4) is indeed self-concordant and
provide a bound on the number of Newton steps required in each centering phase.

We start with some definitions. A function of a scalar variable ¢(z) : R — R is
self-concordant if it is convex and

[ (2)] < k) ()%

for all z in the domain of 1, where ¥)(®, 1) denote the second and the third deriva-
tives of ¢, respectively, and k is a positive constant. A function ¢ (z) of vector variable
z € R" is self-concordant if it is self-concordant along any line in its domain, i.e., if
the function of scalar variable 1(ar) = 1h(z+aw) is a self-concordant function of o € R
for all z in the domain of ¢ and for all v.

The following proposition on the self-concordance of the barrier function (3.7)
holds; see Appendix A for a proof.

PROPOSITION 3.1. The function ¢(mw) in (3.7) is a self-concordant barrier for the
domain

{(m,d) : ™>0,0(r) < d}.

Since the sum of self-concordant functions is self-concordant, and since convex
quadratic functions are obviously self-concordant (they have zero third derivative;
see also some standard rules of “self-concordant calculus” in [5]), we deduce from
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Proposition 3.1 that the objective function in (3.4) is indeed self-concordant. It then
follows that using an (equality-constrained) Newton method with backtracking line-
search, each center can be computed up to accuracy €,y in at most (see, for instance,
[5, section 11])

T+1)(o—1-1 1
( )(o . og o) +logy log, —

Newton steps, where £ is a constant that depends on two technical parameters used in
the line-search phase of the algorithm. We conclude this section by reporting explicitly
the gradient and Hessian of the function f(x) in (3.4). We have

Vf(r) =1tV fo(m)+ Vo(m),
V2f(m) = tV2 fo(m) + V2h(7)

with
Vio(r) =207 + (yw — w?),
Vo(r) = %(W)Vb(w) —xl Vb(m) =1+ log%
and
V2 fo(m) = 29,
V2(n) = %(W) diag(r ) + %w(w)v%(w) + diag(r2).

4. Minimizing the worst-case variance-based risk. In the previous section,
we described a numerically efficient technique for computing the worst-case risk of a
given portfolio mix x, i.e., for evaluating the function Yyc2(z) in (2.6). We now elab-
orate on this technique and develop an efficient algorithm for determining a portfolio
mix that minimizes the worst-case risk. That is, we now aim at solving the portfolio
design problem
4.1 in T .
(4.1) min Twea (@)
We shall do so by employing an analytic center cutting plane technique, which is
described in the next section. Notice preliminarily that function To(z,7) in (2.4),

Yo(z,7) = 2T S(m)x — 77" (7),

is convex (and quadratic) in z for any given m, whence the function Yeo(z), which
is defined as the pointwise maximum of Yo(x,7) over =, is also convex in z. At any
given 7, the gradient of Yo(z, ) with respect to x is

(4.2) Vo Yo(z,m) = 28(m)x — vy ().
The gradient defines a supporting hyperplane for the epigraph of Yy (z,7), i.e.,
(4.3) Yo(z,m) > Yoz, 7) + [V Yo(z,7)] (2 —2) VzeEX.

Now let = be a given point and let 7#*(x) be the probability vector that attains
the optimal value in problem (2.6) (such an optimal argument is attained, since the
feasible set is compact), so that

(44) TWC2(J:) = T?(:I;a T (IL‘))
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Evaluating (4.3) in 7 = 7*(x), we get
Yoz, m*(x)) > Yoz, 7" () 4+ Vo Yo(z, 7% (x))] (2 —2) VzeE X,

Since Yye2(z) > To(z, 7*(x)), continuing the previous inequality on the left and using
(4.4), we obtain

(4.5) Ywe2(2) = Twea(w) + [V Yao(z, 7% (2))] T (z —2) Vz e X,

which means that V,Yo(x, 7*(z)) is a subgradient of Yy.c2(x) at the point x. Notice
that each time we solve problem (2.6)—or its equivalent formulation (3.1)—for a given
x, we get both the value of YTyeo(2) and the worst-case probability vector 7*(z), and
hence (evaluating (4.2) for 7 = 7*(z)) a subgradient of YTyeo(z) at x.

4.1. An analytic center cutting plane algorithm for optimizing the port-
folio mix. We now briefly describe an analytic center cutting plane (ACCP) method
for solving problem (4.1). An overview of ACCP techniques for convex optimization
can be found, for instance, in [29].

Let initially P; = X, and compute the analytic center (1) of P;. The analytic
center of a polytope can be efficiently computed by minimizing a logarithmic barrier
via a Newton-type algorithm; see, for instance, [17]. Then solve problem (2.6) to get
Y2 (D), along with the worst-case probability 7* (1)) and a subgradient

g1 = Vo To(z® 77 (D))

of Tyea(z) at © = z(V). Using inequality (4.5), notice next that for all points in the
hyperplane

{z: g/ (z—2M) >0}

we have that Tyea(z) > Twcg(m(l)), hence all such points are worse than the current
point (1) in terms of the objective value that we are trying to minimize. Therefore,
the optimal point should lie in the complementary hyperplane

Hi={z: g] (z —2M) <0}
Hence, we update the current polytope by adding the constraint H; to Py, i.e., we set
Po=P1NHy

and iterate the whole process (compute the analytic center z(2) of Py, etc.).

The convergence of this method relies on the fact that the polytopes Py shrink at
each iteration, thus eventually localizing the optimal solution z*. The ACCP method
converges to a solution in polynomial time. A precise assessment of the numerical
complexity of the ACCP method and some of its variants has been discussed in several
papers; see, for instance, [16, 17].

In a practical implementation of the method, we may terminate the iterations if
either ||z(®) — z(*=1|| goes below a given threshold €,. or the Chebyshev radius of Py
becomes sufficiently small.?

2The Chebyshev radius of a polytope is defined as the radius of the largest Euclidean hypersphere
contained in the polytope. Computing the Chebyshev radius amounts to solving a linear program-
ming problem; therefore checking the exit condition based on the Chebyshev radius requires some
additional numerical effort.
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A schematic implementation of an algorithm that permits us to solve (up to a
numerical tolerance) the robust portfolio design problem is given next.
ALGORITHM 2 (ACCP).
Given the exit tolerance €,. > 0, and the initial polytope X, set P = X.
repeat
1. Centering step:
Compute the analytic center x of P.
2. Solve subproblem (2.6):
Compute YTye2(x), 7 (2), and a subgradient g of Ty.eo at .
3. Stopping criterion:
If Chebyshev-radius(P) < €ac, then quit.
4. Update the polytope:
Set P=PnN{z: g (2 —x) <0}

5. The worst-case absolute deviation-based risk. The robust design ap-
proach outlined in the previous section for the variance-based measure can be ex-
tended to the absolute deviation-based measure (2.7). In this section, we mainly
discuss how to evaluate the worst-case absolute deviation risk of a given portfolio x,

.]. Twc i T ) )
(5.1) 1(z) wer?c?y},(,d) 1(z,7)

and then hint at how to minimize Tyc1(x) over x € X in section 5.1.1. This lat-
ter process is completely analogous to the one described for the variance-based risk
function.

The main technical difference with respect to the case considered previously
is that, contrary to the variance function ps(x, ), the absolute deviation function
p1(x, ) is not concave in 7; see, e.g., Figure 5.1, and Appendix B for a proof. There-
fore, the inner problem (5.1) cannot be solved by directly using a logarithmic barrier
method such as the one described in section 3.1. However, we show in the next sec-
tion that (5.1) can still be solved efficiently to any given accuracy by using the barrier
method in conjunction with a one-dimensional search.

5.1. Evaluating the worst-case absolute deviation risk. We assume the
portfolio composition z to be fixed, and use the notation introduced in section 3. The
absolute measure and objective function in (5.1) are then

T

(5.2) pr(7) = i) = S mfuw(k) — wal,
k=1

(5.3) Ti(m) =Ty(z,7) = Zﬂk|w(k) —w 7|, —yw .
k=1

As we mentioned before, the function pi(z,7), and hence Y (z,7), is not concave
(nor convex) over 7 € II. However, Ty (z, ) is concave (and actually linear) in 7 if
we fix the value of the expected value: w ' £ L

The solution idea is therefore the following one. First, determine the extreme
feasible values for the portfolio mean return:

(5.4) fmin = MIND W' T fimax = Max w'
TEK(n,d) mEK(n,d)
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F1G. 5.1. Projection of the superlevel sets of (5.2) on the w1, 72 plane in an example with T = 3
and w = [0.10.20.3]T.

(we show in Appendix C that these two values can be computed very quickly via a
scalar bisection algorithm). Then, for 1 € [fimin, fmax], define

5.5 - w(
(5.5) plu) = max » Zml — i
subject to WT7T = U.

Clearly, we have that

(5.6) YTwei(z) = max Yi(z,7) = max o).
TI'E’C(’ﬂ,d) NE[Nmiu) Mmax]
In practice, we divide the interval [fimin, ftmax] into N grid points p1,..., N,
where N is chosen in accordance to the desired solution accuracy. For i =1,..., N,

computing ¢(u;) is a convex optimization program that can be solved efficiently us-
ing, for instance, a barrier method such as the one described in section 3.1. An
approximate solution to (5.1) is hence given by

Tyer () =~ e ().

Notice that the main difficulty in (5.5) is due to the presence of the KL constraint.
It is instructive to detail the solution of (5.5) in the particular situation when this
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constraint is not present, since a closed-form solution is obtained in this case. The
solution in (5.7) is computed basically at no cost, and it is optimal for problem (5.5)
if the constraint KL(w,n) < d happens to be inactive.

PROPOSITION 5.1. Assume without loss of generality that the values w(1),...,
w(T) are arranged in increasing order, and let ™ be such that

w(T) — p

- p—w(l)
w(T) —w(l)’

(57) m™m = m

7T2:O,...,7TT,1:07 T =

If KL(w,n) < d, then 7 is an optimal solution for problem (5.5), with corresponding
optimal value function

—* + p(w(1) + w(T)) — wl)w(T)

(5.8) e(p) =2 w(T) — (D)

—Yh

A proof of this proposition is given in Appendix D.

5.1.1. Optimizing over the portfolio composition. The procedure described
in the previous section can further be wrapped by a cutting plane scheme, similarly
to the one described in section 4, in order to optimize Y1 (z) over the portfolio mix
x.

Notice that the absolute deviation measure (2.5) is convex in z for any given 7.
A subgradient of Y1(z,7) at point x is given by

ga(@,m) = D mi(r(k) = #(m))sk — 77 (7),

11

where

s i{ 1 if (r(k) —7)x >0,
k —1 otherwise.

Now let 7*(z) denote the probability of attaining the optimum in problem (5.6): fol-
lowing steps similar to (4.2)—(4.5) we have that g, (z, 7*(2)) is a subgradient of Yy.1 ()
at x. This subgradient can be used in the cutting plane scheme of section 4.1, thus
providing an overall polynomial-time method to solve the worst-case design problem
mingex Lwer ().

6. Numerical examples. We considered a financial allocation problem over
five asset classes, where each class is represented by a sector index. We used the
following indices to represent the classes: (1) Russell 1000 Large Cap Growth Index
(RKGR), (2) Russell 1000 Large Cap Value Index (RKVA), (3) Russell 2000 Small
Cap Growth Index (R2KGR), (4) Russell 2000 Small Cap Value Index (R2KVA),
(5) Merrill Lynch Intermediate Bond Index (MACTX), with historical data of daily
logarithmic returns collected over the period from July 14, 2004 to December 30, 2005
(T' = 371 scenarios). We assumed that the return on the next day after the observed
period can take on any of the historical values, with equal probability. This amounts
to choosing a uniform nominal distribution 7 on the scenarios, which also conforms
to the approach undertaken in [21, 31].

Return-risk analysis. We first analyze a fixed portfolio x4, which allocates 30% of
the wealth in bonds, and the rest equally distributed among the remaining assets. The
nominal expected return for this portfolio is p(zgy,n) = 3.8782 x 104, the nominal
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Expected return range

-4
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Percent uncertainty level

Fic. 6.1. Upper and lower limits for the expected return of portfolio xgyx as a function of the
percent uncertainty level (%ou.l.).

variance is pa(Zax,n) = 3.3307 X 10~°, and the nominal absolute deviation risk is
1 (zax, n) = 0.0046.

We can perform various worst-case analyses on this portfolio. First, we com-
puted the range of variation of the expected return, using the technique discussed
in Appendix C. The results are shown in Figure 6.1 (the uncertainty level in the
plots is expressed in percent units of the maximum allowable value of d, i.e., %u.l. =
100 g 77)-

Next, we evaluated the worst-case variance-based risk (2.6) of portfolio gy, with
v = 0.1 and for increasing values of the percent uncertainty level; see Figure 6.2.
An analogous plot, obtained from the absolute deviation-based risk measure (2.7)
is instead shown in Figure 6.3. Notice from these plots that relatively low uncer-
tainty levels may induce significant variations in the risk measure, with respect to the
nominal (no uncertainty) situation.

Return-risk optimization. We next tested the ACCP algorithm described in sec-
tion 4.1 for optimizing the worst-case variance-based risk. We computed worst-case
optimal portfolios at different levels of uncertainty, which resulted in the plot shown
in Figure 6.4. The composition of the worst-case optimal portfolios is shown in Fig-
ure 6.5.

Numerical performance. In the previous numerical tests, based on nonoptimized
codes run under MATLAB 7.2 on an AMD Opteron 280 workstation, we experienced
times of less than one minute to compute a worst-case optimal portfolio to an €, =
1075 accuracy.

As a further example, we considered the 30 assets composing the Dow Jones
Industrial Average Index (DJI) and collected T' = 138 historical daily return scenarios
from March 24, 2006 to October 9, 2006. We ran the variance-based ACCP algorithm
on these data, setting v = 0.2, %u.l. = 0.1, and exit accuracy €,. = 107°. Algorithm 2
executed 82 iterations before returning the optimal portfolio. The total execution
time was 23.9 seconds. Figure 6.6 shows the reduction in the Chebyshev radius of the
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Percent uncertainty level

F1G. 6.2. Worst-case variance-based risk measure of portfolio zax as a function of %u.l.

vel

we

Risk measure Y

45 ! ! ! !

I I
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Percent uncertainty level

FI1G. 6.3. Worst-case absolute deviation-based risk measure of portfolio xgy as a function of %u.l.
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25

we2
\

n
T

Optimal risk measure Y

0.5+ - risk measure for worst-case optimal portfolios |

05 I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Percent uncertainty level

Fic. 6.4. Dashed line: risk measure of portfolio xgyx (same as in Figure 6.2). Solid line: risk
measure for optimal portfolios.

Composition of optimal portfolios

R2KGR R2KVA RKGR

0 | | | | | ]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Percent uncertainty level

F1c. 6.5. Composition of worst-case optimal portfolios.
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ACCP iterations

FiG. 6.6. Chebyshev radius of the localization polytope versus iteration count for computing an
optimal robust portfolio in the DJI example.

16 X100

nomminal i

robust (%u.l. = 0.01)

Expected retum

06—

04 I I I I I I I I I
5 55 6 6.5 7 75 8 85 9

3
Risk (standard deviation) x10

Fic. 6.7. Nominal efficient frontier for DJI data (dashed), and robust version (solid) for
ambiguity level %u.l. = 0.01.

localization polytope versus the iteration count.

Finally, Figure 6.7 shows a discrete approximation of a portion of the nominal and
robust efficient frontiers for the DJI data. The frontiers have been computed at 20
discretized values of v € [0.005, 0.3]. The dashed curve plots the expected return and
standard deviation of efficient portfolios under the nominal distribution 7 (uniform).
The solid curve plots the expected return and standard deviation of efficient portfolios
under the worst-case distributions (each value of v results in a different worst-case
distribution) for percent ambiguity level %u.l. = 0.01. The worst-case curve was
obtained in about 8.5 minutes.
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7. Conclusions. Following the recent stream in the literature dealing with sta-
tistical model uncertainty (ambiguity) in asset allocation problems, this work explores
the case where the ambiguity level in a discrete return distribution is measured accord-
ing to the Kullback—Leibler divergence. A methodology is proposed for assessing and
optimizing the worst-case risk of a portfolio under this type of uncertainty. Two stan-
dard risk measures (expected return composed with variance or absolute deviation)
are examined, and polynomial-time algorithms are developed for solving efficiently
the ensuing problems.

The proposed algorithms are based on interior-point barrier methods for convex
optimization, in conjunction with a cutting plane technique. Although it is known in
general that cutting plane methods have quite a high iterations-per-digit ratio, they
do provide polynomial-time guaranteed convergence to the global optimum to any
given practical accuracy. Moreover, in the specific application area discussed in this
paper, they permit one to decouple a portfolio analysis phase (step 2 in Algorithm 2)
from a mix optimization one (step 1). The numerical experiments show that worst-
case optimal portfolios can be computed in reasonable time on a modern computer,
and suggest that the proposed methods may be potentially useful in practice for
controlling analytically the effects of model uncertainty on financial risk.

Appendix A. Proof of Proposition 3.1. Consider the function

T T
9(r) = milogm, — Y mlog g,
k=1 k=1

which is convex and three times differentiable over the domain « > 0, and let
D2Y(m)[h, h], D3>I(x)[h, h, h] denote, respectively, the second and third differentials
of ¥(), taken at 7 along the direction h € RT. That is,

D*¥(m)[h, h] = S—;ﬁ(w +th)

DP(m)[h, hoh) = —

We have that

|D*0(m)[h, b, h]| <

where the first inequality in the chain is the triangle inequality, the second is Holder’s
inequality, and the third follows from the inequality ||z||2 < ||z||; between the £5 and



AMBIGUOUS RISK MEASURES AND ROBUST PORTFOLIOS 871

{1 norms. Summarizing, the relation

|D*9(m)[h, b, h]| < D*3(m)[h, h] -

e

holds for all 7 > 0 and h € RT. We now apply a known result on logarithmic barriers:
Due to the previous inequality, function ¥(r) satisfies the hypotheses of Lemma 2 of
[9], from which it follows that the function

T
—log(d — 9(m)) — Z log 7y,
k=1

(which coincides with function ¢(7) defined in (3.7)) is a self-concordant barrier for
the domain {(7,d) : = > 0,9(m) < d}, thus concluding the proof. O

Appendix B. Nonconcavity of the absolute deviation function. Assume
without loss of generality that the data w(k) are arranged in increasing order. The
function

pr(m) = S mifw(k) — w ]
k

is not only nonconcave over the simplex, but it is nonconcave also on the restricted
domains

Ri={rell:w'me (wi),wi+1))}

For 7 € R;, we have that w(k) —w' 7 > 0for k€ Ky = {i+1,...,T} and w(k) —

win<0forke K_={1,...,i}. Hence, for 7 € R;, we may write
o) = 3 mewk) —wTm) — 3 melw(k) —wTm)
kEK, keEK_
= Z mrw(k) — Z mrw(k) — w'r Z Ty — Z T
k€K+ keEK _ ]CEK+ keK_

From the latter expression, since 3y cpe T =1 =3 o), T and Doy o mew(k) =

wim— Zkelﬂ mrw(k), we further have

pr(m) =2 m(w(k) —w' ).

keK

Now let 7%, 7 € R; and consider

1 b 7'(',%—1—7‘(‘2 Tﬂ'a-i-ﬂ'b
p1<2(7r“+7r)):2z2 w(k) —w 5

ke,
1 1
=5 Z i (w(k) — w'7®) + 3 Z e (w(k) —w'7P)
keK, kEK,

1 a T_ b 1 b T _a
+§ E me(wk) —w'm )—1—5 E mp(w(k) —w' )
kEK+ ICEK+
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1 1
=3 Z w,‘j(w(k)—w—rﬂ'a)—i—§ Z o (w(k) —w'70)
keK kEK |
1 T L T T. b
+5 > m(w(k) —w )+ 5 (wint —wia’) > o
keK keK
1 b T, b 1 T, a T, b b
+5 > mp(w(k) —w ') = 5wl —win’) > o

keK keK 4

1 1 1
= §P1(7Ta) + §p1(7rb) + i(w—rw“ —w ') Z (78 —ml).
keK 4

The last term in the sum is sign-indefinite (in particular, it does not hold in general
that w7 —w 7% > 0 implies ke, Th — 2kek, 7% > 0); hence p; is not concave
over the domain R;. To see this latter point, take, for instance, 7 all zero, except for
w8 =n¢, =1/2, and 7 all zero, except for n}_; =1/2 —¢, 70, = 1/2 + ¢, with

1 wi+1) —w()
2w(i+1) —w(@—1

e = 2w~ )
)) < € < €max; max Qw(Z—Fl)—w(’L—l)

max (0, €Emax —

Then one can check by direct inspection that 7%, 7% € R;, w'n® —w'x® > 0, but
b
ZkeK+ T — ZkeK+ T, < 0.
Appendix C. Computing the range for the expected return. We discuss

here an efficient technique for determining the extreme values (5.4) of the expected
return of a given portfolio. Consider the problem

(C.1) fhmin = mgn w' T
subject to m € K(n,d).
The Lagrangian for this problem is
L(7, My Awlys V(1)) = w T — )\(W)Tﬂ' + Ay (KL(7, ) — d) + l/(1)<1T7T - 1),

where A(r), Ay, V(1) are Lagrange multipliers (dual variables). We assume henceforth
that Aqq) is strictly positive.® The Lagrange dual function is

9@, Ay, v(1)) = 10f LT, Amy, Ay, (1))
= —Agyd — vy +inf (q" 7+ Ay KL(m, 7))
where
qQ=w— A +rmpl
Observe now that
V. (qT7r + Ay KL(m, 1)) = g+ Ay (1 + log7/n) =0
for
Tk = nke_q"‘”“‘”_l,
3When the KL constraint is inactive at optimum, the optimal value of the dual variable Ay is

zero, due to the complementary slackness condition. However, in this case the solution to problem
(C.1) is trivially given by ming w(k).
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which yields
inf (qT7r + >‘(k1) I{L(ﬂ'7 ’l])) = _)‘(kl) Z nke_qk/)\(kl)_l,
k

and hence the dual function

Iy, Ay, Y1) = —Aand — vy — Agay Z??ke_q’“/’\<k1>_1.
k

The dual to problem (C.1) is therefore

fimin = Max —Aayd — V(1) — Ay p_ nre” W/ A0~

k
subject to >\(k1) > 0,
or, equivalently,
(C.2) fbmin = — min /\(kl)d + vy + /\(kl) ane*%/k(kl)fl
k

subject to Agqy > 0,

Notice that, for fixed Aqq), A(r), at the optimum the derivative of (C.2) with respect
to v(1) must be zero, i.e.,

— _ —1 qu B A 1
1 + )\(kl) ke Qk/A<kl) 1_ - =1 Nre ar/ (k1) — 07
2;; Ay Ov () 2,;

from which we obtain

e Y/ A Znke(/\(w),kfw(k))/x\m)fl -1
ko

4

V() = Aaa) <loganew”)*k_w(k))”“‘” - 1) :
i

Substituting this latter expression into (C.2), we write the dual in the following re-
duced form:

— Hmin = min Agayd + Agay log Z e =) Aa
ko
subject to Aqqy > 0,

Amy > 0.
Observe further that, for any given Ay > 0, the optimal choice for A(;) is zero, which
finally yields the dual in the form of a univariate convex problem:

~ w(k)

—ftmin = Mmin fi(Awy) = Agayd + Ay log Z nre 0
k

subject to Agay > 0.
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An identical reasoning can be applied for computing the upper limit piy,ax of the
mean range. In this case, we obtain
w(k)

(C.3) fimmaxe = min fu(Aaa)) = Ay d + Ay log Y mre o
k

subject to Aqqy > 0.

Both problems can be readily solved via a bisection scheme (such as the one
sketched in Algorithm 3 below), given the gradient of the objective function

> w(k)me” /A
Zk 77’%@_“)(’@/A

) = 5 =5 (A0 +

for the lower mean limit, and

n) = % = (700

> wk)ppe*I/A
o Zk neew(®)/A

for the upper limit.
ALGORITHM 3 (bisection).
Given initial A\; = 0, A, = 1 and tolerance € > 0
1. while g(\.) <0, let A, = 2A,, end while;
2. while A\, — \; > ¢
2.a let A= 2(\ +\)
2.b if g(A) >0, let A\, = A; else let A\; = A, end if
3. end while
4. return \.

A perhaps interesting observation is that the function appearing in (C.3)

w(k)
>\(k1) lOg Z As Akl
k

tends to maxy w(k) as Ay — 0. Indeed, for Agqy > 0, this function is a “uniform
smooth approximation” of the max function, using the terminology introduced in [27].

Appendix D. Proof of Proposition 5.1. Consider problem (5.5) without the
KL constraint, and with the values w(k) arranged in increasing order (see Figure D.1):

T
(D.1) p(p) = max Yy mlw(k) —
k=1
subject to  w'm = p,
1'nr =1,
T >0.

It is immediate by inspection that (5.7) is a feasible solution for (D.1). We next
show that this solution is actually optimal.
Let d(k) = |w(k) — u|. The Lagrangian for problem (D.1) is

L(m,\v)=— Z mrd(k) — Z AeTr + 11 <Z mrw(k) — u) ) (Z Tk — 1) .
k=1 k=1 k=1 k=1
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data mid-point: (w(7)+ w(1))/2

/

d(1)

w(T)

T
w(l) w(2) . wik) M

Fic. D.1. Data arranged in increasing order. The d(k) are the distances from the mean:

d(k) = [w(k) — ul.

For a feasible 7 to be optimal, the Karush-Kuhn—Tucker (KKT) condition

d(l) /\1 w(l) 1
(D.2) V,.L(m\v)=— : - ¢ | +mn ; +uva| | =0
a(T) AT w(T) 1
must hold for some vy, 5 and Ax > 0, along with the complementary slackness con-
dition
(D.3) M =0, k=1,...,T.

We now show that for the solution in (5.7) we can find vy, 5 and A; > 0 such that
(D.2), (D.3) hold. From (D.2) we have

(D.4) A =rw(k)+ve —dk), k=1,...,T.
Since m > 0,7 > 0, (D.3) implies Ay = Ay = 0, and hence

riw(l) +ve —d(1) =0,
nw(T)+ve —d(T) =0,

from which we obtain

_ d(T) —d1) _ dMw(T) —w®)] — w@)[d(T) — d(1)]
(D5) Vv = m, Vo = .

Substituting into (D.4), for k =2,...,T — 1, we get

[d(T) — d(D)][w(k) — w(D)] + [w(T) — w(D)][d(1) — d(k)]

DO A= w(T) — (1)

We now verify that these A, are nonnegative. Define K_ = {k : w(k) < p} and
K, ={k:w(k) > pu}. For k € K_ we have that (see Figure D.1)

w(k) —w(l) =d(1) —d(k); w(T)—w(1)=d(1)+dT),

which, once substituted in (D.6), give
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Similarly, for £ € K we have that
w(k) —w(l) =d(1) +d(k); w(T)—w(1)=d(1)+dT),
which, once substituted in (D.6), give

[d(T) = d(D)]J[d(1) + d(F)] + [d(1) + d(T)][d(1) — d(k)]
w(T) — w(1)

Ak =

_ 2d()[d(T) — d(k)]
w(T) —w(1)

>0, keK;.

Overall, we have that the primal feasible solution (5.7), together with the dual feasible
variables (D.5), (D.6), satisfies the KKT conditions (D.2), (D.3), and hence (5.7) is
optimal for problem (D.1). If this solution satisfies the constraint KL(w, n) < d, then
clearly the solution is also optimal for the original problem (5.5).

Substituting (5.7) into the objective (D.1), we easily obtain the optimal value
function in (5.8), which concludes the proof. 0O
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