LINEAR REGULARITY FOR A COLLECTION OF SUBSMOOTH
SETS IN BANACH SPACES
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Abstract. Using variational analysis, we study the linear regularity for a collection of finitely
many closed sets. In particular, we extend duality characterizations of the linear regularity for a
collection of finitely many closed convex sets to the possibly nonconvex setting. Moreover the sharpest
linear regularity constant can also be dually represented under the subsmoothness assumption.
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1. Introduction. Linear regularity is a well known notion in mathematical pro-
gramming and approximation theory. In particular, it plays a key role in establishing
a linear convergence rate of iterates generated by the cyclic projection algorithm for
finding the projection from a point to the intersection of finitely many closed convex
sets (see [3] and references therein).

In this paper, we study the linear regularity of a collection { Ay, - -, A, } of finitely

many closed sets in a Banach space X. Here we say that the collection is locally
n

linearly regular at a € [ A; (resp. linearly regular) if there exists 7 € (0, +00) such
=1

7=

that

(1.1) d(x, ﬂ A;) < TZ d(z, A;) for all x close to a

i=1 i=1

resp. d(x, ﬂ A) < TZd(Q?,Ai) forallz € X
i=1 i=1
The linear regularity has been well studied by many authors in the case when each
A; is a closed convex set (see [2-5,12,18,25] and references therein). In 1972, Jameson
[12] proved that, for n = 2, if each A; is a closed convex cone, then {Ay, -+, A,} is
linearly regular if and only if there exists 7 € (0, +00) such that

N(()A4:,0)NBx+ C 7Y N(A;,0) N Bx-,

=1 i=1
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where X* denotes the dual space of X and Bx- denotes the closed unit ball of
X*. Pang [21] and Lewis and Pang [15] provided necessary conditions for the linear
regularity of a collection of finitely many closed convex sets in terms of the normal
cone. Afterwards, Bauschke, Borwein and Li [4] established some sufficient conditions
in the same line. Recently, it was proved (cf. [2,20,25]) that if {41, ---,A,} is a
collection of closed convex sets in a Banach space X then the following statements
are equivalent:

(C1) {4y,---,A,} is linearly regular.

(C2) There exists 7 € (0, +00) such that

N(()Asx) N Bx- C 7Y N(A;,z) N Bx- forallz e () A

i=1 i=1 i=1

(C3) There exists 7 € (0, +00) such that for any = € ﬂ A;,

=1

1=1 =1
and
mf{z |zt - 2F € N(A;,z) and z* Zx } <rlat|| vt e N(() A, ).
=1 =1

In the terminology of Deutsch, Li and Ward [11], (SC) means that the collection has
the strong conical hull intersection property (strong CHIP) at x, which is a useful no-
tion for us and has been extensively studied in variational analysis (cf. [4,5,10,11,16]).

In this paper, we will study the nonconvex case. In view of the fact that a

collection {Ay,---, A,} of closed convex sets is linearly regular with a constant 7 if

and only if {44, -+, A,} is locally linearly regular at each a € bd( ﬁ A;) with the
same constant, it is natural to adopt the local version when one consigelrs a collection
of closed sets. While the equivalences among (C1), (C2) and (C3) are not longer valid
if one drops the convexity assumption of some A;, a natural substitute of convexity in
this respect is the subsmoothness, a notion recently introduced and studied by Aussel,
Daniilids and Thibault [1], which is a generalization of the well known notion of the
prox-regularity (cf. [6,7,9,23,24] and references therein).

In Section 2, we recall some notions in variational analysis and provide some prop-
erties of the subsmoothness. In Section 3, as an application of the Ekeland variational
principle, we provide a kind of approximate projection result for a closed set, which
is very useful for our analysis. In Section 4, in terms of the subsmoothness and the
approximate projection result, we establish sufficient and/or necessary conditions for
the local linear regularity of a collection of finitely many subsmooth closed sets, which
extend the equivalences among (C1), (C2) and (C3) to the nonconvex case. Moreover

the constants 7 satisfying (1.1) are represented quantitatively by duality formulas.



2. Subsmoothness of a closed set. Throughout this paper, we assume that
X is a Banach space. Let A be a closed subset of X and a € A.

Let T.(A,a) and T(A,a) denote respectively the Clarke tangent cone and the
contingent cone of A at a, which are respectively defined by

T.(A,a) = liminf —— T and T(A,a) = limsup A ; a)

3 a,t—0+ t—0+

where = 25 @ means that = — a with = € A. Thus, v € T.(A,a) if and only if, for
each sequence {a,} in A converging to a and each sequence {t,} in (0, co) decreasing
to 0, there exists a sequence {v,,} in X converging to v such that a, + t,v, € A for
all n, while v € T'(A4, a) if and only if there exist a sequence {v,} converging to v and
a sequence {t,} in (0, co) decreasing to 0 such that a + t,v, € A for all n.

We denote by N.(A,a) the Clarke normal cone of A at a, that is,

N.(A,a) :={z" € X*: (2",h) <0 forallh € T.(4,a)}.

For € > 0 and a € A, the nonempty set

a, llz—ad

r—a

NE(A,a) = {x* eX": limsupw < 6}

is called the set of Fréchet e-normals of A at a. When ¢ = 0, N.(4,a) is a convex
cone which is called the Fréchet normal cone of A at a and is denoted by N(A, a).
Let N(A,a) denote the limiting normal cone of A at a, that is,

N(A,a) = limsup N.(A, z).
:vé»a,aHOJr
Thus, z* € N(A,a) if and only if there exists a sequence {(zn,en, z)} in AX Ry x X*
such that (z,,e,) — (a,0), 2 % 2* and 2% € N. (A, x,) for each n. It is known
that
N(A,a) C N(A,a) C N,(A,a)

(cf. [17] and [18]).
If A is convex, then T.(A,a) = T(A,a) and N.(A,a)

N(A, a); in this case,
Ne(A,a) = N(A,a) = {z* € X*: (¢, z) < (z*,a) forallz e A}.

Recall that a Banach space X is called an Asplund space if every continuous
convex function on X is Fréchet differentiable at each point of a dense subset of X.
It is well known (cf. [22]) that X is an Asplund space if and only if every separable
subspace of X has a separable dual space. In particular, every reflexive Banach space
is an Asplund space. When X is an Asplund space, Mordukhovich and Shao [18]
proved that

(2.1) N.(A,a) =cl*(co(N(A,a))) and N(A,a) = limAsup N(A,z),
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where cl*(+) denotes the closure with respect to the weak™ topology w*.
Recall that a closed set A in X is said to be prox-regular at a € A if there exist
o,r > 0 such that

(¥ —u* 2z —u) > —ollz —ul?

whenever z,u € AN B(a,r), 2* € No(A,z) N Bx» and u* € N.(A,u) N Bx~. Readers
can find some interesting properties of the prox-regularity in [23] and [24].

As a generalization of the prox-regularity, Aussel, Daniilidis and Thibault [1] in-
troduced and studied the subsmoothness. A closed set A in X is said to be subsmooth
at a € A if for any € > 0 there exists r > 0 such that

(2.2) (" —u",z—u) > —¢l|lz — u

whenever z,u € AN B(a,r), * € N.(A,z) N Bx~ and u* € N.(A4,u) N Bx-.

Taking z* = 0, (2.2) reduces to (u*,z —u) < ||z —wul|. On the other hand, noting
that (z* —u*, x —u) > —2¢l|lz—u|| if (z*,u—2z) < ¢|lx—u| and (u*,z—u) < ¢|lx—ul,
it follows that A is subsmooth at a € A if and only if for any € > 0 there exists r > 0
such that

(2.3) (u*,z —u) <¢|lx —wu| forallz € AN B(u,r)

whenever v € AN B(a,r) and u* € N.(A,u) N Bx~. Thus, for any € > 0 there exists
r > 0 such that

Ne(A,u) C N.(A,u) forallue AN B(a,r)
provided that A is subsmooth at a. Hence
(2.4) subsmoothness of A at a = N.(A,a) = N(4,a).

Usually, A is said to be regular at a in the Clarke sense if N,(4,a) = N (4, a).

It is known (cf. [17, Corollary 1.96]) that N(A,u) N Bx- = 8d(-, A)(u) for u € A,
where 9 denotes the Fréchet subdifferential. Hence z* € N(A,u) N Bx- if and only if
for any € > 0 there exists r > 0 such that

(2.5) (%, x —u) <d(z,A)+¢|lzr—ul| Vre Bu,r).

The following proposition shows that a strengthened condition similar to (2.5)
provides a characterization of the subsmoothness. As the result will be quoted several
times we include its simple proof here.

PROPOSITION 2.1. Let A be a closed subset of X. Then A is subsmooth at a € A
if and only if for any € > 0 there exists r > 0 such that

(2.6) (w ' x—u) <d(z,A)+¢|lz —u| forallz € B(a,r)

whenever u € AN B(a,r) and u* € N.(A,u) N Bx-.
4



Proof. Since d(xz, A) = 0 for all x € A, (2.6) implies (2.3). Hence, the sufficiency
part holds. Conversely, suppose that A is subsmooth at a € A. Let ¢ > 0 and take
r > 0 such that

(2.7 (u*,z —u) < %Hz —ul| forall z € An B(a,2r)

whenever u € ANB(a,r) and u* € N.(A,u)NBx~. Let x € B(a,r),u € ANB(a,r) and
u* € N.(A,u)NBx«. Then d(z, A) < |[xr—a|l < r. Thus, there exists a sequence {u,}
in ANB(z,r) such that ||z —u,| — d(z, A). Hence ||u, —al| < ||u,—z|+||x—al < 2r.
It follows from (2.7) that

(u*,x —u) = (U, x — up) + (Uu*, upy — u)

€

< llo = unll + Fllun =l
€

< llo = unll + 5 (lun — 2l + [lz = ul)).

Letting n — oo, one has
€
(w2 —w) < d(z, 4) + S (d(z, 4) + ||z — ul]) < d(z, 4) + el|lz — ul|.

This shows that the necessity part holds. The proof is completed.

PROPOSITION 2.2. Let X,Y be Banach spaces, Q a closed convex subset of Y
and g : X — Y a continuously differentiable function. Let a € g=1(Q) and suppose
that ¢'(a) is surjective, where g'(a) denotes the derivative of g at a. Then there exists
a neighborhood U of a such that the following statements hold.
(i) Ne(g™ (), 0) = (¢/(w)*(N(@, g(w))) for any u € g='(2) U, where (g ()"
denotes the adjoint operator of g’ (u).
(ii) g=1(Q) is subsmooth at each point of g~1(Q)NU.

Proof. Since ¢'(a) is surjective, there exists [ > 0 such that 2By C ¢'(a)(Bx).

Since z +— ¢'(z) is continuous, it follows that there exists r > 0 such that
(2.8) IBy C ¢'(x)(Bx) forall z € B(a,r).

To prove (i), it suffices to show the inclusion

(2.9) Ne(g™H(Q),u) € g'(w)* (N (2, g(u)) Yu € g7 (2) N B(a,r)

(the converse inclusion follows easily from [17, Theorem 1.17]). Suppose to the con-
trary that there exists u € g~*(Q2) N B(a,r) such that

(2.10) o* € Ne(g7' (), u) \ ¢ (u)* (N (2, g(u)))-

Since the adjoint operator ¢'(u)* is weak*-weak™ continuous and ¢'(u) is surjective
(by (2.8)) , ¢'(u)*(N(,g(u))) N Bx~ is weak™ closed. This and the Krein-Smulian
5



theorem imply that ¢'(u)* (N (2, g(u))) is weak™ closed. By (2.10) and the separation
theorem, there exists hy € X such that

(", ho) > sup{{(g'(u)"(y"), ho) : y* € N(Q,g(u))}

= sup{(y", g'(u)(ho)) : y* € N(Q,g(u))}.
It follows from the convexity of Q that (z*, ho) > 0 and ¢'(u)(hg) € Te(Q,g(u)).
Take an arbitrary sequence {x,,} in g~1(£2) converging to v and an arbitrary sequence
{tn} in (0, 4o0) decreasing to 0. Then g(z,) 2 g(u) and hence there exists a
sequence y, — ¢'(u)(hg) such that g(x,) + t,y, € Q for all n. Since g is continuously

differentiable, (2.8) and the Lyusternik-Graves theorem (cf. [17, Theorem 1.57]) imply
that

(2.11)  d(@n + taho, g7 (9(zn) + tayn)) < Llg(n + taho) = g(xn) = taynll
for some L € (0, +00) and all n large enough. Noting that
9(@n +tnho) — g(an) = g'(u)(tnho) + oltn),
it follows that for each n large enough there exists z,, € X such that
Zn € 971 (9(xn) + tayn) C 97 H(Q)
and
20 + tnho = Znll < 2L(tnllg" () (ho) = ynll + [lo(tn)])-

This and y,, — ¢'(u)(ho) imply that h,, := i";x" — ho and z,, +t,hy, = T, € g7HQ).
This shows that hg € T.(g7 (), u), which is not possible because z* € N (g~ 1(Q),u)
and (x*, hg) > 0. Hence, (2.9) holds and hence (i) is shown.

Next we show that (ii) holds. Let z € g7 1(Q) N B(a, %) and € > 0. Then there

2
exists 6 € (0, §) such that

l
(2.12) llg' (u1) — ¢' (u2)|| < 56 for any uy,us € B(z,26).

Let u € ¢g71(Q) N B(2,8) and u* € N.(g71(Q),u) N Bx~. Then, by (i), there exists
y* € N(Q,g(u)) such that u* = (¢'(u))*(y*). Take y € By such that [|y*|| < 2(y*,y).
By (2.8), there exists v € Bx such that ly = ¢'(u)(v). Hence,

Hy™ll < 2{y", g’ (u)(v)) = 2(u",v) < 2.
By the convexity of €2, one has
(y*,9(x) — g(u)) <0 forallz € g~ (Q).
Noting that

(W x—u) = ((¢'(w)*(y"),z —u) = (y*, g'(u)(z —u)),
6



it follows that for any = € ¢g=1(Q) N B(u,d),

(W' = ) < (g () — ) — (9() — g(w)
< lgta) — gta) — ¢ () — w)]
< Zlg (u + 0la = w) — g/ () o — u]

where 6 € (0, 1). Since ||u+0(z —u) — z|| < ||u— z|| + 0|z — u|| < 27, it follows from
(2.12) that

(u*,x —u) < ez —ul forany z € g~ H(Q) N B(z,0).

Therefore, g~1() is subsmooth at z. This shows that (ii) holds.

Remark. It is known (see [17, Theorem 1.17]) that if g is strictly differentiable
at a € g~1(Q) such that ¢’(a) is surjective then

N(g~H(Q).a) = (¢'(a)* (N (2, g(a)));

noting that (¢'(a))*(N (£, g(a))) is weak™ closed and convex, it follows from (2.1) that

Ne(g7'(Q),a) = (¢'(a)" (N (2, g(a)))

when X is an Asplund space. Hence (i) of Proposition 2.2 is a consequence of [17,
Theorem 1.17] when X is an Asplund space.

It is also known (cf. [8, P.108, Corollary 1]) that if g is strictly differentiable at
a with ¢'(a)(X) Nint(T(Q, g(a)) # 0 and if Q admits a hypertangent vector at g(a),
namely there exist v € Y and r > 0 such that

QN B(g(a),r) +tB(v,r) C Q forallt e (0, r),

then N.(g71(Q),a) = (¢'(a))*(N(2,g(a))). In contrast, Proposition 2.2 does not re-
quire that Q admits a hypertangent vector at g(a).

The following Proposition 2.3 demonstrates an interesting fact that, in an Asplund
space, the subsmoothness on an open subset of A can be described in terms of the
Fréchet normal cone (rather than the Clarke normal cone). To do this, we need the
following lemma, which is also used in Section 4.

LEMMA 2.1. Let A be a closed subset of X and a € A. Suppose that for any
€ > 0 there exists v > 0 such that

(213)  (u*,z—a) <e|z—a| Voe AN B(a,r)and Vu* € N(A,a) N Bx-.

Then N(A,a) is weak* closed.
Proof. Let € be an arbitrary number in (0, +o00) and take r > 0 such that
(2.13) holds. Since N(A,a) is convex, by the Krein-Smulian theorem it suffices to
7



show that N(A,a) N Bx- is weak™ closed. Let {u}} be a net in N(A,a) N Bx- con-
vergent to z* € X* with respect to the weak™ topology. Then, z* € Bx- (because
Bx is weak” closed) and (u},x) — (z*,z) for all x € X. It follows from (2.13) that
(x*,x —a) < ¢g|lz — a| for all x € AN B(a,r). This and the arbitrariness of € imply
that 2* € N(A,a). Hence z* € N(A,a) N Bx-. This shows that N(A,a) N Bx- is
weak™ closed. The proof is completed.

PROPOSITION 2.3. Let A be a closed subset of X and U is an open subset of X.
Suppose that X is an Asplund space. Then A is subsmooth at each point of ANU
if and only if for any z € ANU and € > 0 there exists r > 0 such that (2.3) holds
whenever u € bd(A) N B(z,r) and u* € N(A,u) N Bx-.

Proof. Since N(A,z) C N (A, x) for all 2 € A, the necessity part is clear. For
the sufficiency part, we need only show that N,(A,z) = N(A,z) for any z € ANU.
Let 2 € ANU and € > 0. Take r > 0 such that (2.3) holds for any u € B(z,r)Nbd(A)
and u* € N(A, u)NBx~. Let 2* € N(A, z). Since X is an Asplund space, there exists
a sequence {(un,uf)} in X x X* such that

A w” $
Up — 2, uy, — 2° and u; € N(A, uy).

Hence, there exists M € (0, 4o00) such that each |uf|| < M. Without loss of
generality, we can assume that w,, € B(z,r). It follows from (2.3) that
u*

(M",z —Up) < ellx — uy|| forall z € B(uy,r)N A.

Letting n — oo, one has

*

<ZM,x —z) <ellx —z|| forallz € B(z,7)N A.

It follows that z* € N(A,z). Hence, N(A4,z) C N(A,z). Since the converse in-
clusion automatically holds, N(A4,z) = N (A,z). Since X is an Asplund space, it
follows from (2.1) that N.(A,z) = cl*(co(N (A4, z))). Noting that N(A,z) is a con-
vex cone, this means that N.(A,z) = cI*(N(A, z2)). It follows from Lemma 2.1 that
N.(A, z) = N(A, z). The proof is completed.

A natural question is : Can the open set U in Proposition 2.3 be replaced by a
singleton {a} with a € A? That is, is A subsmooth at a given point a of A if for
any € > 0 there exists » > 0 such that (2.3) holds whenever v € bd(A) N B(a,r) and
u* € N(A,u) N Bx?

While we don’t have an answer for this question, we have the following result:

PROPOSITION 2.4. Let X be an Asplund space, A a closed subset of X and a € A.
Then the following two statements are equivalent.

(i) For any € > 0 there exists r > 0 such that (2.3) holds whenever w € AN B(a,r)
and u* € N(A,u) N Bx-.



(i) same as (i) but the limiting normal cone N(A,-) being replaced by the Fréchet
normal cone N(A,-).

Proof. (i)=(ii) is trivial. To prove (ii)=(i), let € > 0 and take r > 0 such that
(2.3) holds whenever u € bd(A)NB(a,r)) and u* € N(A,u)NBx-. Let u € ANB(a,r)
and z* € N(A,u)N Bx«. Since X is an Asplund space, (2.1) implies that there exists
a sequence {(ug,u})} C (bd(4) N B(a,r)) x X* such that

up — u, uj = u* and uj € N(A,ug).

It follows from (2.3) that (uj,z — ug) < ||z — ug|| for all z € AN B(ug,r) and all k.
Letting k — oo, one has (u*,x — u) < ¢ljlx — ul| for all z € AN B(u,r). This shows
that (i) holds. The proof is completed.

COROLLARY 2.1. Let X be an Asplund space, A a closed subset of X and a €
A. Suppose that for any € > 0 there exists v > 0 such that (2.3) holds whenever
u € bd(A) N B(a,r) and u* € N(A,u) N Bx-. Then A is regular at a in the sense of
Clarke.

Proof. By Proposition 2.4, N(4,a) = N(A, a). Tt follows from (2.1) that
Nq(A,a) = cI*(co(N(A,a))) = cl*(N(A,a)). This and Lemma 2.1 show that A is

regular at a in the sense of Clarke. The proof is completed.

3. Approximate projection theorem in Banach spaces. Using Bronstead-
Rockafellar theorem, it was proved in [19] that if A is a closed convex nonempty subset
of a Banach space X and z € X \ A then for any v € (0, 1) there exist a € bd(A)
and a* € N(A,a) with ||a*|| = 1 such that

(3.1) Yylz — al| < min{d(z, A), (¢*,x —a)}.

By virtue of the well known Ekeland variational principle, we provide below a
nonconvex generalization of the above projection result which will play as a key tool
in the proofs of our main results in Section 4.

In order to present our results in a unified manner, we use the notion of a prenor-
mal structure in this section. We say that N is a prenormal structure on X if for any
nonempty closed subset A of X, N (4,) : A= X* is a multifunction of cone values
such that the following properties hold:

(P1) If a continuous convex function f on X attains its global minimum over A at
Z € A then for any € > 0 there exist x1,29 € B(Z,¢) such that

o€ A and 0 € df(x1) + N(A, 22) + eBx-,

where 0f (1) is the subdifferential of f at 21 in the convex analysis sense.
(P2) N(A,a) = {0} for any a € int(A).
It is known that the Clarke normal structure is a prenormal structure on every
Banach space and the Fréchet normal structure is also a prenormal structure on
9



every Asplund space. Various abstract prenormal structures, with generally different
properties, have been used by many authors (for the details see Mordukhovich’s recent
book [17, Sections 2.5.1 and 2.6.9] and references therein).

THEOREM 3.1. Let X be a Banach space and N be a prenormal structure on X.
Let A be a closed nonempty subset of X. Let v € (0, 1). Then for any x & A there
exist a € bd(A) and a* € N(A,a) with ||a*|| = 1 such that (3.1) holds.

Proof. Let x € X \ A. Then d(x,A) > 0. Let ¢ € (0, 1) be small enough such
that

(3.2) o mind L2 A) (1 —2)d(r, 4)
. 2y3 T4+ (24 2y2)d(x, A)

and take zp € A such that ||zg — z|| < d(z, A) + €. Let ¢(z) := ||z — x| + da(z) for all
z € X. Then ¢ is a proper lower semicontinuous function and ¢(z¢) < inf.ex ¢(z)+e.
By the Ekeland variational principle, there exists Z € A such that ¢(z) < ¢(zo) and
d(2) < é(2) +¢||z — z| for all z € X. Hence

(3.3) 2 — 2| < d(z, A) + ¢

and the continuous convex function f(z) := ||z — z|| + €||z — Z|| attains its global
minimum over A at z. It follows from (P1) that there exist z1,a € B(Z,¢) such that

ac A and 0€df(z1)+ N(A,a) +eBx-.
Since z; #x (by x € A, Z € A and € < d(z, A)), there exist 27, z5 € X* such that
231 =1, llz3]l < 2e, (21,21 — @) = ||z —af| and — 27 + 25 € N(4, q).

It follows from (3.3) that ||z — a]| < d(x, A) + 2e. This and (3.2) imply that

(3.4) vE ||z - al| < d(z, A).
Let a* := % Then, a* € N(A,a) and so a € bd(A) (by (P2)). Note that
(0" 7 —a) = (27,21 — ) + (27,0 — z1) + (23,2 — a)
| =21 + 2l
llz1 — z|| — 2¢ — 2¢||z — a|
- 14 2e
< (1—=2¢)||z—al| —4e
- 1+ 2e
S (1 —2e)d(z, A) — 4e
- 1+ 2e

This and (3.2) imply that y2d(z, A) < (a*,z —a). It follows from (3.4) and v € (0, 1)
that (3.1) holds. The proof is completed.
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When A is a closed convex nonempty set, the property N(A,a) # {0} means that
a is a support point of A; thus the following corollary of Theorem 3.1 may be viewed

as a nonconvex generalization of the Bishop-Phelps density theorem (cf. [22]).

COROLLARY 3.1. Let A be a closed nonempty subset of a Banach space X and
N be a prenormal structure on X. Let D := {a € bd(A) : N(A,a) # {0}}. Then D
is a dense subset of bd(A).

Proof. Let Z € bd(A) and € > 0. Then there exists x ¢ A such that ||z —z| < §.

By Theorem 3.1 there exists a € D such that |z — a| < d(z,4) < &

7, and so

|z —al| < §. Therefore, ||Z — a|| < e. The proof is completed.

When X is an Asplund space and N is the Fréchet normal structure, Corollary
3.1 was proved by Mordukhivich and Shao [18].

Remark. In general, in Theorem 3.1 one cannot take v = 1 even when N is
the Clarke normal structure and A is a closed convex set. For example, let X be a
nonreflexive Banach space. Then, by the James theorem there exists z* € X* with
|[z*]] = 1 such that

(3.5) (x*,2z) <1 Vze€ Bx.

Let A:={zx € X : (z*,2) <1}. Weclaim that (a*,x—a) < ||z—al| for any z € X\ A,
any a € A and any a* € N(A,a) with ||a*|| = 1. Indeed, suppose to the contrary
that there exist 29 € X \ A4, ap € A and af € N(4,ap) with |laf]] = 1 such that
(a§,x0 — ag) = ||z — ap||. Then ag € bd(A), that is, (z*,ap) = 1. By the definition
of A, it is clear that N(A,a9) = Riz* and so af = z*. Hence (z*, 72=90.) = 1,

? lzo—aoll

contradicting (3.5).

In the next section, we will apply Theorem 3.1 to the following two cases:
(BC) X is a general Banach space and N(A,a) = N.(A, a) for any closed subset A of
X and a € A.
(AF) X is an Asplund space and N(A,a) = N (A, a) for any closed subset A of X and
acA

4. Main results. In this section, we establish some relationships concerning
the local linear regularity of a collection of closed sets in a Banach space. First we
provide a relationship between the local linear regularity and the linear regularity for
a collection of finitely many closed convex sets.

PROPOSITION 4.1. Let X be a Banach space and Cy,---,C, be closed conver
subsets of X such that ﬁ C; #0. Then {Cy,---,Cp} is linearly regular if and only

i=1
if there exists T € (0, +00) such that {C1,---,Cy} is locally linearly reqular at each

?

point of bd( () C;) with the same constant T.
=1

11



n
Proof. The necessity is trivial. To prove the sufficiency, let € X \ [ C; and
i=1

€ (0, 1). Then, by Theorem 3.1 (applied to case (BC)) there exist a € bd([) C;)

=1

and a* € N([) C;,a) with ||a*|| = 1 such that

=1

(4.1) Yz —a| < {a*,z — a).

Letting L, := {z € X : {(a*,z) < (a*,a)}, it follows from the convexity of each C;
that () C; C L,. Hence

i=1

(4.2) d(z, L) < d(z, ﬂ C;) forall z € X.

i=1
From ||a*|| = 1, it is easy to verify that d(z,L,) = (a*,z —a) for all z € X \ L,.
Applying this to z := a + t(z — a), it follows from (4.1) and (4.2) that

(4.3) ~vtllz —al| < d(a+t(z —a),( |C;) forallt > 0.

.

=1

Since {C1,---,Cy} is locally linearly regular at a with the constant 7, there exists
t € (0, 1) small enough such that

n

(4.4) d(a—i—t(m—a),ﬂci) STZd(a—i—t(x—a),Ci).

i=1 i=1

By the convexity of C; and a € C;, one has
d(a+t(x —a),C;) < td(z,C;).

It follows from (4.3) and (4.4) that

Yd(z, () C) < Allz—al <73 d(a, C).
=1 =1

Letting v — 1, one has d(z, (| C;) <7

i=1 i

=

d(x,C;). This completes the proof.

1

In view of Proposition 4.1, we see that it is pertinent to study the local linear
regularity for a collection of nonconvex closed sets. In the remainder of this sec-

tion, we always assume that X is a Banach space (unless otherwise stated) and that

{Ay, -+, A} is a collection of closed sets in X with intersection A containing a:
n
a€ A= ﬂ Ai-
i=1

The modulus of the linear regularity of the collection {A;,---, A, } at a € A is denoted
by n(Ay, -+, Ap;a) and defined by

(A, -+, Ay;a) :=1inf{r > 0: (1.1) holds}.
12



Thus, n(Ay, -, An;a) < 400 if and only if {Ay,---, A, } is locally linearly regular at
a.

We will provide necessary and/or sufficient conditions for the local linear regular-
ity and establish formulas for the modulus n(A;y,---, A,;a). Let 7, € (0, +00). For

convenience of presenting our results, we list the following inclusions.

(4.5) N(A,u) N Bx- CTiN(Ai,u)ﬁBX* Yu € AN B(a,?d),
i=1

(4.6) N(A,u) N Bx- CTzn:Nc(Ai,u)ﬂBX* Yu € AN B(a,?),
i=1

(4.7) N(A,u) N Bx- C TiN(Ai7u) NBx. Yué€ AN B(a,d),
i=1

(4.8) N(A,u) N Bx- CTi:N(Ai7u)ﬁBX* Yu € AN B(a,?d),
i=1

(4.9) N.(A,u) N Bx+ C Tzn:Nc(Ai,u) NBx~ Yu€ AN B(a,9).
i=1

In terms of these inclusions, we define the following quantities (here f, [ and ¢ indicate

the Fréchet, limiting and Clarke normal cones respectively):

B/ (8) := inf{r > 0; (4.5) holds}, B(8) :=inf{r >0: (4.6) holds},

By(6) :=1inf{r > 0; (4.7) holds}, G;(d) :=inf{r > 0: (4.8) holds},

and Bc(6) :=1inf{r > 0: (4.9) holds}.
Then

(4.10) Bl (8) < Bu(6) and BL(5) < B(6) Vb € (0, +00).

First we consider the case when X is an Asplund space.
THEOREM 4.1. Let X be an Asplund space. Then

; f .
(4.11) 611)1;% B (6) <n(Ai,---, Ap;a).

Consequently, if {A1,---,Ap} is locally linearly regular at a then there exist 7,6 €
(0, +00) such that (4.5) holds.

Proof. If n(Ay, -+, An;a) = 400, then (4.11) trivially holds. Next assume that
n(Ay, -, Ap;a) < oo. Let 7 € (n(Ay, -+, Ap;a), +00). Then there exists dg > 0
such that

(4.12) d(z, A) < TZd(x,Ai) Va € B(a,do)-
i=1
13



Let u € AN B(a, %0) and 2* € N(A,u) N Bx-. Let k be an arbitrary natural number.
Then there exists r € (0, %“) such that (2.5) holds with e = 1. Noting that B(u,r) C
B(a, dy), it follows from (4.12) that

- 1
(%, x —u) < TZd(.’L‘7AZ') + EHJJ —u| Vx e B(u,r).

i=1
This and [17, Theorem 2.33] imply that there exist uy; € A, up; € X* and 7 ; €
%BX* (¢=1,---,n) such that
1 N N
lluk,: — ul|| < o uy,; € od(-, A;)(ug) C N(A;,up;) N Bx« and

1
.

n
* 2 * *
xr — T uk}7i — x,w»
1=1

n *
Hence 7 ) u ; 2 2* as k — oo. Since By~ is sequentially compact with respect to
i=1

1=
the weak™ topology, without loss of generality we assume uy; X uf € N(Aj,u)NBx-

as k — oo (passing to a subsequence if necessary). Hence

x* :Tiuf GTiN(Ai,u)OBX*.
i=1

i=1

This shows that (4.5) holds for any § € (0, %), and so 5hm+ ﬂlf(é) < 7. Letting
—0

T — (A, -+, Ap;a), it follows that (4.12) holds. The proof is completed.

Under the subsmoothness assumption of each A; at a, the following theorem shows
that the equality in Theorem 4.1 holds and the necessary condition is also sufficient.

THEOREM 4.2. Let X be an Asplund space and suppose that each A; is subsmooth
ata € A. Then

lim 3] (8) = (A1, -, An;a).

6—0+

Consequently, {A1, -+, An} is locally linearly regular at a if and only if there exist
7,0 € (0, +00) such that (4.5) holds.
Proof. By Theorem 4.1, we need only show that

(4.13) lim 3/ (6) > n(Ay,---, An;a).

§—0+
Since (4.13) trivially holds if 6lir(r)1+ ﬂlf (0) = 400, next we assume that 511]%1+ ﬂlf (0) <
+00. Take an arbitrary 7 € (51i%1+ ,6’[(5), +00) and § > 0 such that (4.5) holds.
Consider any ¢ € (0, %) Since each A; is subsmooth at a, Proposition 2.1 implies
there exists 01 € (0, ¢) such that
(4.14) (xf, 2y — a;) < d(z;, A;) + EH:cZ —a;|| for all z; € B(a,d1)

n
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2
and z € B(a,r)\ A. Then d(z,A) < |jz —al <r. Let v € (max{d(m’A), 7'5}, 1).
By Theorem 3.1 (applied to case (AF)), there exist z € bd(A) and z* € N(A, z) with
|2*]] = 1 such that

(4.15) (2%, 2 = 2) 2 7lle — 2|
and y|jz — z|| < d(z, A). Thus, ||z — z|| < @ < r. Hence
lz=all < |lz—z| + || —al| <2r=04d <.

It follows from (4.5) that there exists xf € N(4;,z) N Bx~ such that * =7 > af.
By (4.14), one has

(x*,x — 2) = TZ(gc;k,a? —2z) < TZ(d(x,Ai) + %Hx —z|).
i=1 i=1

This and (4.15) imply that (y — 7¢e)|lz — z|| < 7 3 d(z, 4;) and hence
i=1

(because z € A). Therefore, (A4, -+, Ap;a) < =7y It follows that (4.13) holds

by letting vy — 17, e — 0% and 7 — 6lim+ ﬂlf (6). This completes the proof.
—0

The following proposition and Theorem 4.1 explain that under the local linear
regularity assumption, the subsmoothness and Clarke regularity of each A; imply,
in some sense, the subsmoothness and the Clarke regularity of the intersection A,
respectively.

PROPOSITION 4.2. Let X be an Asplund space and 6l_i>r(r)1+ BI(8) < +oo. Suppose
that each A; is reqular in the Clarke sense at all points of A close to a. Then A is
regular in the Clarke sense at all points of A close to a. If, in addition, each A; is
subsmooth at a, then A is subsmooth at a.

Proof. Take § > 0 such that each A; is is regular in the Clarke sense (resp.
subsmooth) at each point of AN B(a,d). Then

(4.16) No(As,u) = N(A;,u) Vue AN B(a,d).

Considering smaller § if necessary, one can find 7 € (511111+ B1(5), 4o0) such that
—0

that (4.5) holds. When each A; is subsmooth at a, it is easy to verify that for any
€ > 0 there exists r € (0, §) such that (2.3) holds whenever v € AN B(z,r) and
u* € N(A, u) N Bx~«. Thus, we need only show that

(4.17) Ne(A,u) = N(A,u) Yuec An B(a,d).
15



Let u € AN B(a,0) and u* € N(A,u). By (2.1), there exists a sequence {(ug,u})}
n (AN B(a,d)) x X* such that ur — v and uj Y. w* with uj € N(A,uy) for all
k. It follows that {u}} is bounded. Without loss of generality, we assume that each
uyp € BX*. By (4.5) and (4.16), there exist u}(i) € N(A;, ux) N Bx- such that

up =T Z uj(i). Without loss of generality, we can assume that u} (i) WL (1) €

N(A;, ) ﬂ Bx«, i = 1,---,n (passing to subsequences if necessary). Hence, u* =
n
7 > u*(i). On the other hand, by the definition of the Fréchet normal cone it is easy
i=1
verify that

Z (Aj,u) C N(A,u) Yue A.

It follows from (4.16) that u* € N(A,u). Therefore, N(A,u) C N(A,u), and so
N(A,u) = N(A,u). Since N(A,u) is a convex cone, it follows from (2.1) that
Ne(A,u) = cI*(N(A,u)). This and Lemma 2.1 imply that (4.17) holds. The proof is
completed.

THEOREM 4.3. Let X be an Asplund space. Suppose that each A; is subsmooth
at a and that each A; is reqular in the Clarke sense at each point of A close to a.
Then,

(418) (A1, Aga) = lim §e(8) = lim §(6) = lim (;(8) = lim pI(5).

Proof. Since each A; is regular in the Clarke sense at each point of A close to a,
there exists 6 > 0 such that (4.16) holds. Hence

Jim 5.(6) > lim $(6) > lim B;(8) = lim B{(85) = lim 5! ().

It follows that (4.18) holds if lim B/ (8) = 400. Next assume that Jim, B/ () < +o0.
—0 —0

By Proposition 4.2, N.(A,u) = N(A,u) = N(A,u) for all u € A close to a. It follows
from (4.16) and Theorem 4.2 that (4.18) holds. The proof is completed.

The following corollary is immediate from Theorem 4.3.

COROLLARY 4.1. Let X be an Asplund space. Suppose that each A; is subsmooth
at a and that each A; is reqular in the Clarke sense at each point of A close to a.
Then the following statements are equivalent.
(i) {A1,---, An} is locally linearly regular at a.
(i) There exist 7,0 € (0, +00) such that any one of (4.5)—(4.9) holds.
(#ii) There exist T,0 € (0, +00) such that (4.5) holds.
() There exist 7,0 € (0, +00) such that such that

ZN (A,u) Yue AN B(a,d)
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and
inf {Z 7| Z:Ef =z"and z] € N(Ai,u)} <7l
i=1 i=1
for anyu € ANB(a,d) and * € N(A,u), where N is any one of the Fréchet, limiting

or Clarke normal cones.

The following corollary is immediate from Proposition 2.2 and Theorem 4.3

COROLLARY 4.2. Let X be an Asplund space, Y a Banach space and f; : X —Y
a continuously differentiable function (i =1,---,n). Let C; be a closed conver subset
of Y and A; := f71(C;) (i = 1,---,n). Let a € A and suppose that each f}(a) is
surjective. Then (4.18) holds and (i)—(iv) in Corollary 4.1 are equivalent.

Next we consider the case when X is a general Banach space.

Similar to the proof of Theorem 4.1 but with [8, Proposition 2.3.3] replacing [17,
Theorem 2.33], one can prove the following result (indeed it is simpler because every
Clarke normal cone is weak™ closed and [8, Proposition 2.3.3], different from [17,
Theorem 2.33], is an exact sum rule).

ProproSITION 4.3. Let X be a Banach space. Then

lim 67(8) <n(Ay,---, Ay a).

§—0*t

Consequently, if {A1,---,Ap} is locally linearly regular at a then there exist 7,6 €
(0, +00) such that (4.6) holds.

Similar to the proof of Theorem 4.2 but applying Theorem 3.1 to case (BC), we
can prove the following proposition.

PROPOSITION 4.4. Let X be a Banach space and suppose that each A; be sub-
smooth at a. Suppose that there exist 7,6 € (0, +00) such that (4.9) holds. Then
{Ay, -+, An} is locally linearly regular at a and

Ay, Ayia) < lim B.(6).
77( 1, ) CL) 5_1)161+ﬁ()

The following example explains that if the subsmoothness assumption is dropped
then Proposition 4.4 is not true even when X is finite dimensional.
Example. Let X = R?, A} = {(s,t) € R?: st <0} and

Ay ={(s,t) eR%: (s—1)*+t* <lands*+ (t —1)* < 1}.

By the definition of the Clarke tangent cone, it is easy to verify that T.(A1, (0,0)) =
{(0,0)}. This means that N.(A41,(0,0)) = X*. Hence

Nc(Al N A27 (070)) N BX* C NC(Ah (07 O)) N BX* + NC(A2a (070)) N BX*-
17



On the other hand, for every natural number k, let z), = (1, (2 — %)%). Noting that
A1 N Ay ={(0,0)}, it is easy to verify that

D=

2 1
d({Ek,Al ﬂAQ) = (k) R d(xk,Al) = E and d(mk,Ag) =0.

Hence, % = (2k)2 — +oc. This shows that {43, A3} is not locally

linearly regular at (0, 0).

Noting that (4.9) and (4.16) imply N.(A,u) = N(A,u) for all u € AN B(a,d),
similar to the proof of Theorem 4.3 we have the following result.

PROPOSITION 4.5. Let X be a Banach space. Suppose that each A; be subsmooth
at a and that each A; is regular in the Clarke sense at all points of A close to a.
Further suppose that there exist 7,8 € (0, +00) such that (4.9) holds. Then (4.18)
holds.

Recently, Kruger [13, 14] studied a different kind of regularity of {A;,---, A,} at
n
a defined by 0 < lir(r)lJr % sup{r > 0: ((A; —a;)N(a+pBx) #0, VYa; € rBx}.
p— ;

=1
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