arXiv:1304.0328v1l [math.NA] 1 Apr 2013

WALSH SPACES CONTAINING SMOOTH FUNCTIONS AND
QUASI-MONTE CARLO RULES OF ARBITRARY HIGH ORDER

JOSEF DICK*

Abstract. We define a Walsh space which contains all functions whose partial mixed derivatives
up to order § > 1 exist and have finite variation. In particular, for a suitable choice of parameters,
this implies that certain Sobolev spaces are contained in these Walsh spaces. For this Walsh space
we then show that quasi-Monte Carlo rules based on digital (¢, a, s)-sequences achieve the optimal
rate of convergence of the worst-case error for numerical integration. This rate of convergence is also
optimal for the subspace of smooth functions. Explicit constructions of digital (¢, «, s)-sequences are
given hence providing explicit quasi-Monte Carlo rules which achieve the optimal rate of convergence
of the integration error for arbitrarily smooth functions.
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1. Introduction. Quasi-Monte Carlo rules are quadrature rules which aim to
approximate an integral f[o s f(x) d by the average of the N function values f(x,)

at the quadrature points xg,...,znx_1 € [0,1]® (and hence are equal weight quadra-
ture rules). The dimension s can be arbitrarily large. The task here is to find ways of
how to choose those quadrature points in order to obtain a fast convergence of the ap-
proximation to the integral. Explicit constructions of quadrature points in arbitrary
high dimensions are until now available for the following two cases:
1. for sufficiently smooth periodic functions arbitrary high convergence can be
achieved using Kronecker sequences [I8, Theorem 5.3] or a modification of
digital nets recently introduced in [2];
2. a convergence of O(N ~!(log N)*~1) can be achieved for functions of bounded
variation (in this case the functions are not required to be periodic).
For non-periodic functions no explicit constructions have been established which can
fully exploit the smoothness of the integrand. This paper provides a complete solution
to this problem.

Among other things we show that an explicit construction of suitable point
sets and sequences can be obtained in the following way: let d > 1 be an inte-
ger and let xg,x1,... € [0,1)% be the points of a digital (¢, m,ds)-net or digital
(t,ds)-sequence over a finite field F, in dimension ds (see [20] for the definition of
digital nets and sequences and see for example [9] 20, 21} 23, [31] for explicit con-

structions of suitable digital nets and sequences). Let &, = (p1,...,Tn,ds) With
Tnj=Tn1q "+ Tnjoq 2+ and 2,5, € {0,...,q— 1} (ie. z, ;, are the digits
in the base ¢ representation of x,, ;). Then for n > 0 we define y,, = (Yn,1,---,Yn,s)
with
co d
Yn,j = Z Ziﬂn,(j—l)dw,iq*k*(“l)d forj=1,...,s.
i=1 k=1

(Note that the addition here is carried out in R and that the sum over i above is
often finite as =, j ; = 0 for 7 large enough.) We point out here that the quality of the
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point set or sequence is directly related to the t-value of the underlying (¢, m, ds)-net
or (t,ds)-sequence, see Theorem [.11] and Theorem .12

CorollaryB.5lnow shows that quasi-Monte Carlo rules using the points yg, ..., yy_1
(with N = ¢™ for some m > 1) achieve the optimal rate of convergence of the integra-
tion error of O(N~Y(log N)”*) for functions which have partial mixed derivatives up
to order ¥ which are square integrable as long as 1 < 9 < d (Corollary 5.0 is actually
more general). If 9 > d no improvement of the convergence rate is obtained compared
to functions with smoothness ¢ = d, i.e. we obtain a convergence of O(N~%(log N)?).
Similar, but less general results for periodic functions compared to those in this paper
have been shown in [2] by a different proof method. (The construction above is an
example of a construction method which can be used. In Section [ we outline the
general algebraical properties required for the construction of suitable point sets.)

The quasi-Monte Carlo algorithm based on digital nets and sequences proposed
here has also some further useful properties. For example our results also hold if one
randomizes the point set by, say, a random digital shift (see for example [4] [5 [17]).
(This follows easily because the worst-case error (see Section [l is invariant with
respect to digital shifts in the Walsh space and hence we obtain the same upper
bounds for randomized digital nets and sequences.) In summary the quadrature rules
have the following properties:

e The quadrature rules introduced in this paper are equal weight quadrature
rules which achieve the optimal rate of convergence up to some log N factors
and the result holds for deterministic and randomly digitally shifted quadra-
ture rules.

e The construction of the underlying point set is explicit and suitable point
sets are available in arbitrary high dimensions and arbitrary high number of
points.

e The quadrature rules automatically adjust themselves to the optimal rate of
convergence O(N~?(log N)*?) as long as 1 < ¥ < d.

e The underlying point set is extensible in the dimension as well as in the
number of points, i.e., one can always add some coordinates or points to an
existing point set such that the quality of the point set is preserved.

In the following we lay out some of the underlying principles used in this work
which stem from the behaviour of the Walsh coefficients of smooth functions. Walsh
functions are piecewise constant wavelets which form an orthonormal set of £5(]0, 1]°).
In their simplest form, for a non-negative integer k with base 2 representation k = kg4
o+ Km_12™ 1t and an x € [0,1) with base 2 representation x = 1127  + 29272+ ..
the k-th Walsh function in base 2 is given by

walk (:E) — (_1)KDI1+“'+Km71$m.

(Later on we will use the more general definition of Walsh functions over groups.)

The behaviour of the Fourier coefficients of smooth periodic functions is well
known, i.e. the smoother the function the faster the Fourier coefficients go to zero
(see for example [34]). An analogous result for Walsh functions has, to the best of the
authors knowledge, not been known until now (see Fine [I0] who, for example, shows
that the only absolute continuous functions whose k-th Walsh coefficients decay faster
than 1/k are constant functions). This will be established here and subsequently be
exploited to obtain quasi-Monte Carlo rules with arbitrary high order of convergence.
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To give a glimpse of how the Walsh coefficients of smooth functions behave,
consider for example the Walsh series for 1/2 — :

oo oo

1/2—2 = Z cpwalg(x) = Z 27 2walga ().

k=0 a=0

Although the function is infinitely smooth, in general the decay of the Walsh coefficient
is only of order 1/k. But note that most of the Walsh coefficients are actually 0. For
example when we consider (1/2 — z)?, then typically we would have that the Walsh
coefficient of k = 2% is of order 27%, the Walsh coefficient of k = 21 4 292 (a1 > a2)
is of order 27%17% and for k = 2% + 29 4 ... + 2% with a; > --- > a, and v > 2
the k-th Walsh coefficient would be 0. By considering (1/2 — x)3,(1/2 — z)%,..., or
more generally polynomials, one can now realize that the speed of convergence of
the Walsh coeflicients depends on how many non-zero digits k& has. This is the basic
feature which we will relate to the speed of convergence of the Walsh coefficients for
smooth functions.

Subsequently we will explicitly state and use the behaviour of the Walsh coef-
ficients of smooth functions. In general the Walsh functions depend on the base ¢
digit expansion of the wavenumber k and also of the point x where the Walsh func-
tion is to be evaluated. Hence, maybe not surprisingly, the value of the k-th Walsh
coefficients of smooth functions also depend on the g-adic expansion of k. We show
that the Walsh space & 4.9~ introduced in Section [B] contains all functions whose
partial mixed derivatives up to order § < ¥ exist and have finite variation, where 9 is
a parameter restricting the behaviour of the Walsh coefficients of the function space
Es,q.9,~- (We use a similar, though much more general, technique as Fine [10] used
for showing that the Walsh coefficients of a differentiable function cannot decay faster
than 1/k.)

The concept of digital (¢, a, 8, m, s)-nets and digital (¢, o, 8, s)-sequences (see Sec-
tion Ml and also [2] for a similar concept) is now designed to yield point sets which
work well for the Walsh space & 4,9,~, just in the same way as the digital nets and
sequences from [9] 19} 20} 23] B1] are designed to work well for the spaces for example
considered in [4] [TT] (or as lattice rules are designed to work well for periodic Korobov
spaces). Here the power of the result that the Walsh space &; 4.9, contains smooth
functions comes into play: it follows that we can fully exploit the smoothness of an
integrand using digital (¢, a, a, m, s)-nets or digital (¢, @, «, s)-sequences. As the con-
struction of the points y,, ¥, ... introduced at the beginning yields explicit examples
of digital (¢, o, a, m, s)-nets or digital (¢, o, a, s)-sequences as shown in Section [ we
therefore obtain explicit constructions of quasi-Monte Carlo rules which can achieve
the optimal order of convergence for arbitrary smooth functions.

In the next section we introduce Walsh functions over groups and state some of
their essential properties.

2. Walsh functions over groups. In this section we give the definition of
Walsh functions over groups and present some essential properties. Walsh functions
in base 2 were first introduced by Walsh [33], though a similar but non-complete set
of functions has already been studied by Rademacher [27]. Further important results
were obtained in [I0]. We follow [26] in our presentation.

2.1. Definition of Walsh functions over groups. An essential tool for the
investigation of digital nets are Walsh functions. A very general definition, corre-
sponding to the most general construction of digital nets over finite rings, was given
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n [I5]. There, Walsh functions over a finite abelian group G, using some bijection ¢,
were defined. Here we restrict ourselves to the additive groups of the finite fields Iy,
p prime and 7 > 1. We restate the definitions for this special case here for the sake
of convenience. In the following let N denote the set of positive integers and Ny the
set of non-negative integers.

DEFINITION 2.1 (Walsh functions). Let ¢ = p”, p prime, r € N and let Fy be the
finite field with ¢ elements. Let Z, = {0,1,...,¢ — 1} C Z and let ¢ : Z; — F, be a
bijection such that ¢(0) = 0, the neutral element of addition in ;. Moreover denote
by ¢ the canonical isomorphism (described below) of additive groups ¢ : F, — Ly,
and define 1 := ¢ o p. For 1 < i < r denote by m; the projection m; : Zy — Zy,
(1, Tp) = X5

Lq —@>Fq

NI

Z; — 2y

Let now k € Ny with base ¢ representation k = rg + k1q + - -+ + Km_1¢™ " where
K1 € Zq and let z € [0, 1) with base ¢ representation z = x1/q+x2/¢*+- -+ (unique in
the sense that infinitely many z; must be different from ¢ — 1). Then the k-th Walsh
function over the additive group of the finite field F, with respect to the bijection ¢
is defined by

FopWalk(z) = exp (% i > (mion)(ki)(mio 77)(901+1)> :

=0 i=1

For convenience we will in the rest of the paper omit the subscript and simply write
waly, if there is no ambiguity.

Multivariate Walsh functions are defined by multiplication of the univariate com-
ponents, ie., for s > 1, * = (21,...,25) € [0,1)* and k = (k1,...,ks) € N§, we
set

walg(x) = Hwalkj (x).
j=1

We now briefly describe the canonical isomorphism. Let F, = Z,[6], such that
{1,6,...,6""1} is a basis of F, over Z, as a vector space. Then the isomorphism
between Fy and Z;, shall be given by

P(x) = (21, .. ,IT)T, for x = Z:z:ﬂi*l,xi € Zy.
i=1

For more information on the Walsh functions defined above see [26].

We summarize some important properties of Walsh functions over the additive
group of a finite field which will be used throughout the paper. The proofs of the
subsequent results can be found e.g. in [16] 25] (see also [I]). In the following we call
x € [0,1) a g-adic rational if = can be represented by a finite base ¢ expansion.

PROPOSITION 2.2. Let p, q, Fy and ¢ be as in Definition 21l For z,y with
q-adic representations x = .o g~ and y = Yo Yiq "t w € Z (taking w neg-
ative, hence the following operations are also defined for integers), define x @,y =

—i
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o0

Yoo 2iq " where z; == @ (o(xi) + @(yi)) and Opx = Yoo vig~t where v; =
o Y —p(x;)). Further we set x ©,y 1= x By (S,y). For vectors x,y we define the
operations component-wise. Then we have:
1. For all k,1 € Ny and all x,y € [0,1), with the restriction that if x,y are not
q-adic rationals then x @, y is not allowed to be a g-adic rational, we have

walg () - wal;(z) = walgg i(x), walg(x) - walg(y) = walg(z ©, y)

and, with the restriction that if x,y are not q-adic rationals then x ©, y is
not allowed to be a g-adic rational,

walg () - wal)(z) = walpe 1(x), walg(x) - walg(y) = walg(z S, y).

2. We have

K 0 ifl#0
wal; (k = ’
kz:% ali(k/q) {q ifl=0.

3. We have
1 1
/ walp(z)dz =1 and / walg(z)dx =0 if k > 0.
0 0

4. For all k,1 € N§ we have the following orthogonality properties:

—_— 1 ifk=1
/ walg (x)waly(z) dez = if 7
[0,1)¢ 0 otherwise.

5. For any f € L2([0,1)*) and any o € [0,1)° we have

/ f(x)dx = / flx®,0)de.
[0,1) [0,1)°

6. For any integer s > 1 the system {walg : k € N3} is a complete orthonormal
system in L4([0,1)%).

REMARK 2.3. The restrictions in item 1. was added to exclude cases like: © =
(0.010101...)2, y = (0.0010101...)3 and = & y = (0.1)2, for which the result is of
course not true. On the other hand, the result holds for x @ y = (0.0111111...)s.

Throughout the paper we will use a fixed bijection ¢ and a fixed finite field F, is
used for Walsh functions and @, and ©,. Hence we will often write ® and © instead
of @, and Oy.

In the following section we will deal with Walsh series and Walsh coefficients,
which we briefly describe in the following: functions f € £2([0,1)*) have an associated
Walsh series

f@)~ 3 flkywal(e),

keNg

where the Walsh coefficients f (k) are given by
(k) = / F(@)wal(z) dz.
[0,1)*

For smooth functions the Walsh series converges to the function, which is shown in
Section
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3. Walsh spaces containing smooth functions. In the following we inves-
tigate how the Walsh coefficients of smooth functions decay and subsequently we
use this to define function classes based on Walsh functions which contain smooth
functions. But first we introduce a suitable variation.

3.1. A generalized weighted Hardy and Krause variation. In the follow-
ing we generalize the Hardy and Krause variation which suits our purposes later on.

3.1.1. Holder condition. A function f : [0,1) — R satisfies a Hélder condition
with coefficient 0 < A < 1 if there is a constant Cy > 0 such that

1f(z) — f(y)| < Cflz —y* forall z,y € [0,1).

The right hand side of the above inequality forms a metric on [0,1). When one
considers the higher dimensional domain [0,1)® then |z — y| is changed to some other
metric on [0,1)°. Here we consider tensor product spaces and we generalize the
Holder condition to higher dimensions in a way which is suitable for tensor product
spaces in our context. Consider for example the function f(x) = H§:1 fi(z;), where
x = (z1,...,%5) and each f; : [0,1) — R satisfies a Holder condition with coefficient
0 < A < 1. Then it follows that for all ) #u C S:={1,..., s} we have

II15@) = il < TLCs TT 2 — wil® (3.1)

JEuU JEu JEuU

for all z;,y; € [0,1) with j € u. But here [[_, |2; — y;| is not a metric on [0, 1)*.
Note that we have

115G = fw)l = D0 f@) T £ (32)

JjEu vCu JjEV jEuU\v

which can be described in words in the following way: for given ) # u C S let
xj,y; € [0,1) with z; # y; for all j € u; consider the box J with vertices {(a;);cu :
a; = xjora; = y; for j € u}. Then (B.2) is the alternating sum of the function
Hjeu f; at the vertices of J where adjacent vertices have opposite signs. This sum
can also be defined for functions on [0,1)® which are not of product form.

Indeed, let for a subinterval J = J[5_, [2;,y;) with 0 < 2; < y; < 1 and a function
f:1]0,1)* = R the function A(f,J) denote the alternating sum of f at the vertices
of J where adjacent vertices have opposite signs. (Hence for f = szl f; we have

A(f,T) =112 (fi(5) = fi(y5)-)
3.1.2. Generalized Vitali variation. Let p > 1. Then we define the general-
ized variation in the sense of Vitali with coefficient 0 < A < 1 by

p\ L/P
) , (3.3)

where the supremum is extended over all partitions P of [0, 1]* into subintervals and
Vol(J) denotes the volume of the subinterval J.

Note that for A = 1 and p = 1 one obtains the usual definition of the Vitali
variation, see for example [20]. If we take p = oo, then we obtain a condition of the

form [BI) where u = S and where we can take the constant H;Zl Cy, = V)\(SO)0 (f)-

V() = s (Z Voll)| G
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For s =1 and p = oo we obtain a Holder condition with coefficient 0 < A < 1. In this
sense we can view ([B3) as a fractional Vitali variation of order A.

For A = 1 and if the partial derivatives of f are continuous on [0, 1]° we also have
the formula

s p 1/p
)/ y o f
Vi (f) = (/{071]5 9z, 0. dw) ) (3.4)
for all p > 1. Indeed we have
B o°f B 3Sf
A= | [ G @ as] = v |- )

for some ¢ ; € J, which follows by applying the mean value theorem to the inequality

_*F
O0x1 -+ 0xs

95 f

< Vol(J)~! m(m)' .

min
zeJ

(2)

o5 f
9 (@)da| <

Therefore we have

J) p 8Sf p
Vol = Vol(J) | 7————
5 voi) | S| = Y ol |- e
JepP JeP
s p
which is just a Riemann sum for the integral f[o 1] % dx and thus the equality

follows.
Using Holder’s inequality and the fact that (Ejep(Vol(J)lfl/P)P/(pfl))1_1/p =

(ZJGP VOI(J))l 1 =1 it follows that
V,\(,S1)(f) < V,\(,Sg(f) for all p > 1.

3.1.3. Generalized Hardy and Krause variation. Until now we did not take
projections to lower dimensional faces into account (in ([BI]) we did take projections
into account as we considered all ) # u C S).

For ) #£u C S, let V/\(Ig ) (fu;u) be the generalized Vitali variation with coefficient
0 < XA <1 of the |u|-dimensional function f, () f[o 1ye-tul f(@) d® s\, For u =10

we have fj = f[o 16 f(x)dzs and we define VA(ylpl)(f@, 0) = |fg|. Let ¢ > 1, then

1/q

Vapa(f) = Z( V3D (fus )) (3.5)

uCS

is called the generalized Hardy and Krause variation of f on [0, 1]*.

For A = p = q = 1 one obtains an unanchored version of the usual definition
of the Hardy and Krause variation, see [20]. A function f for which V), 4(f) < oo
is said to be of finite variation with coefficient A. (We remark that in some cases it
might be appropriate to leave out the term corresponding to v = @ in (3.3]), but here
this term will be needed later on and hence we include it already in the definition of
the variation.)
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3.1.4. Generalized weighted Hardy and Krause variation. As first sug-
gested in [30] (see also [6]) different coordinates might have different importance,
hence we can also define a weighted variation. In the spirit of the weighted Sobolev
spaces in [6], let v = (4 )ucn be an indexed set of non-negative real numbers. Then
we define the weighted variation Vi p q,~(f) of f with coefficient 0 < A <1 by

1/q

Vst = [ S (K i)’

uCS

Note that for A = 1 and p = q = 2 the weighted variation V), q~(f) coincides
with the norm in a weighted unanchored Sobolev space for any function in this Sobolev
space, i.e, we have the identity Vi 22.~(f) = || fllsob, where

oo = [ 370 /

uCS 0, 1)l

1/2
ol f(x)

[0,1)s—lul 8mu

dzs\,| dzy

denotes the norm in the weighted Sobolev space (see [6] for more information on this
Sobolev space).

3.2. The decay of the Walsh coefficients of smooth functions. We are now
ready to show how the Walsh coefficients of smooth functions decay. This behaviour
is essentially captured in Definition [3.5 below. But before we get there we need several
lemmas to prove the result. The following lemma is needed to show how the Walsh
coefficients of functions with bounded variation decay. A simpler version of it was
shown in [25] Lemma 4].

LEMMA 3.1. Let f € £1([0,1)%) and let k = (k1,. .., ks) € N® with k; = r;q% 1+
K where aj € N, k; € {1,...,¢ =1}, 0 < kj < ¢%~ " and let 0 < ¢; < ¢*~" for
ij=1,...,s. Then

[ (@) k@ de| < g S aup | A )],
[Tiileja™ "t (cj+1)g™ %) J

where the supremum is taken over all bozes of the form
J= H[djvej) < H[ch_aj+17 (Cj + 1)q_aj+l)
j=1 j=1

with q%e; —d;| € {1,...,q—1}.
Proof. We have wal,, = wal

wjq Walk/ and the function Walk/ is constant on

each subinterval [cjqg=% ! (¢c; + 1) —aitly, Hence we have

f(x) walg(x) de

/H§1 [esa™ 4 (ej+1)g~ %)

= /HS NP Hwal qti (xj)dex|.
j:lcj Cj

Note that the function wal,_ i is constant on each of the subintervals [r;q~%, (r; +

1)g=*) for r; = 0,...,q% — 1 for j = 1,...,s. Without loss of generality we may
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assume that c¢; = 0, for all other c; the result follows by the same arguments. Thus
we have

/s Hwal j-1(zj) de

]‘:1[07‘17(1 +1
qg—1
= Z Hwalnj r]/q)/ _  f(z)dz.
T1yeeny rs=07j5=1 3‘?:1[”‘17% (rj+1)g” ")

Let now a(y,.r) = ij ~a5) f(x)dx and for a given 0 < 71,...,7s < q

_alrja” "9, (rj+1)q
let

qg—1
A(ry,...,rs)=¢° Z Z (—1)‘“'@(,51“7.{1 yyyyyy ) (3.6)

ti,ests=00#uC{1,...,s}

where (t,, T, S],\u) denotes the vector obtained by setting the j-th coordinate to ¢;
it j € wand r; if j ¢ u. Further let

B(ry,... Z Z a’(tu;"'{l ,,,,, P

t1pete=0 uC{L,...,5}

Then we have

qg—1 s

Z Hma(n,...,r&)

T1,...,7s=0j=1

Since Zz;é wal,;(r/q) =0 and A(ry,...,rs) is a sum where each summand does not
depend on at least one rj, i.e. the case u = () is excluded in ([B.6), it follows that
the first sum on the right hand side above is zero. Further we have a(,,
A(ry,...,rs) = B(ry,...,rs) and thus

.....

q—1 s q—1
S I wals, i/ag,..on| < D 1B@,..r)l.
T1,07=0 j=1 T1yeme=0
We have
[B(roseeosms)l Ste{ol,?%t)zi—l}s Z (_1)‘u|a(tum{1 ,,,,, shwd |-

uC{T,....s}
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Therefore we have

f(x) wal_ a;-1(z;)de
/1_[;1[07qaj+1) ng 74

q—1
u
= Z tG{Omaxfl}S Z (_1)‘ |“(tuﬂ'{1 ,,,,, sH\u)
T1ere=0" a uC{1,...,s}
<q® max g —1)! |at
{0, g1} (1) (tusT i1, . s \u)
uC{l,...,s}

UC{T, s}

Hence we may in the following assume without loss of generality that the maximum in

the last line of the inequality above is taken on for r = (r1,...,rs) and t = (t1,...,ts)
which satisfy r; #t; for j=1,...,s.
We have

- / S ()@ +y,) dal,

;:1[qu7aj)(rj+1)qiaj) uwC{1,..., s}

where y, = (y1,...,ys) with y; = 0 for j ¢ w and y; = (¢; —r;)g~ % for j € u. We
can write

S DM S+ y,) = AL ),

uC{T,....s}

where J, =[]}
it follows that

([min(z;, z; + (t; — ;)¢ %), max(xj, z; + (t; —r;)g~*)). Therefore

Z (_1)|u‘a(tu,r{1 gw | ST =1 Sup A, Ja)l.

,,,,,

uC{1,...,s} €[5 [rja”“7,(r;+1)g” %)

The result follows. O

In the following lemma we now obtain a bound on the Walsh coeflicients for
functions of bounded variation. It is a generalization of [25], Proposition 6].

LEMMA 3.2. Let 0 < A <1 and let f € L2(]0,1)%) satisfy Va1,1,4(f) < 0o. Then
for any k € N5\ {0} the k-th Walsh coefficient of f satisfies

(k)| < g Eae e DV (5 ),

where k = (k1,...,ks), u = {1 < j <s:k; # 0} and for j € u we have k; =

Kkq 1 + K}, where k; € {1,...,q—1}, a; € N and 0 <k} < g%t



Explicit constructions of quasi-Monte Carlo rules achieving arbitrary high convergence 11

Proof. Let f € £2([0,1)*) with k-th Walsh coefficient f(k). First note that it
suffices to show the result for k € N° as otherwise we only need to replace the function
f with the function f,(x,) = f[o 1)s—lul f(x)dzs\,. Hence let now k € N° be given

and let k' = (k7,...,k%). Then we have

/ f(x) walg(x) de
[0.1)®

(e1+1)g™ 1 F! (cst1)g— ™!
< Z / . / f(x) walg(x) d| .

—a1+1 —as+1
. 1
ogcj<qaﬂ q sq

i<j<s

1

Now we use Lemma [3.I] and thereby obtain that the above sum is bounded by

)DREEEEED ‘fz?ﬂ(aj_l)sgplﬁ(fwf)l,

0<ci<ge1=1  0<cs<gos—1

where the supremum is taken over all boxes J = [[_,[d;,e;) C [[j_, [ciq= %t (cj +
1)g~%*1) with ¢%|e; — d;| € {1,...,q — 1}. Now we have

, —25=1(a;=1)
- T < - g Zml D
B sup A < sp 3 VOl A DI

where the supremum on the right hand side is taken over all partitions P, of the cube
[[-ileja %t (¢j+1)g~*T") and where each I € P is of the form I Z\H;d[xj, ;)
with ¢%|y; —x;] € {1,...,q — 1}. We have ¢~ >i=1% < Vol(I) < ¢~ >i=1(%~1 and
therefore

q* Z}?:l(ajfl)

W < Vol(I)Aqs < qszz;j:l(ajfl)

and hence

¢ D sup AL )] € ¢ E D sup 30 Vo) AL D)L

Pe 1ep,
Note that
i A(f,T
ST sup S Vol AL < sup S VW)W
ogcj-<q“f’1 Pe IeP, P JeP

i<j<s

where the supremum on the left hand side is taken over all partitions P of the cube
[l= [cjq=% T (c;+1)g~%*1) into subintervals and the supremum on the right hand
side is taken over all partitions of [0,1)® into subintervals. Thus the result follows. O

For the next lemma we will need the following two functions. For x € {1,...,¢—1}
let now

qg—1
Vg = eralﬁ(r/q).
r=0
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If g is chosen to be a prime number and the bijections ¢ and 7 are chosen to be the
identity, then v, = q(e*>™*/¢ — 1)~ see [4, Appendix A].

Further for [ € {1,...,q — 1} we define the function (,(x) = Zf;gl wal;(r/q),
where a > 1 and z = 21¢~ ! +22¢ 2 +--- and where for 2, = 0 we set (,(z) = 0. The
function (, depends on z only through z,, thus it is a step-function which is constant
on the intervals [cq™ % (¢ + 1)¢g %) for ¢ = 0,...,¢* — 1. By [25] Proposition 5] it
follows that (, can be represented by a finite Walsh series. Indeed, there are numbers

€0 ..., Cq—1 (which depend on ! but not on a) such that
gt
Calz) = Z czwal,ga—1 ().
z2=0

If g is chosen to be a prime number and the bijections ¢ and 7 are chosen to be the
identity, then (,(z) = (1 — waljga—1(2))(1 — wal;(1/q)) "', i.e., co = (1 —wal;(1/q))*,
e = (wal;(1/q) —1)~! and ¢, = 0 for z # 0, 1.

The following lemma will be used in the induction step for differentiable functions.
For example, for a differentiable function F' : R — R given by F(x) = fox fly)dy we
can calculate the Walsh coeflicients using integration by parts in the following way:
for k£ > 0 we have

1

F(k):/olF(x)W(:v)dx: [/jmdym)h—/Olf<x>/;mdydx
- —/Olf(:v) [ it ayas, (3.7)

0

where we used foo walg(z) dz = fol walg (z) dz = 0. For k = 0 on other hand we obtain

1

F<o>=/01F<x>W<x>dx= [/Ommdym)h—/Olf<w>/;mdydx
- /O1 f(@)do - /01 /(@) /;Wo(y)dydw, (3.8)

Thus if we know the Walsh series for f, then we can easily calculate the Walsh
series for F', provided that we know the Walsh series for fom walk(y) dy. This will be
calculated in the following lemma. It appeared in a simpler form in [10].

LEMMA 3.3. For k € Ny and z € [0,1) define Ji(x) = foz walg(y) dy. For k > 1
let k=1q*"t+ k" wherel € {1,...,q—1},a>1 and 0 < k' < q* 1. Then Ji can be
represented by a Walsh series which is given by

qg—1 oo g—1
Ji(x) =q~ ¢ ( Z cowal, g1y (2) + 27 'walg (z) + Z Z q61vﬁwa1,€qa+cl+k(x)> .

z2=0 c=1 k=1
Further we have

oo g—1

Jo(z)=1/2+ Z Z q v, wal e (2).

c=1kr=1

Proof. Let k = lg® '+ K witha > 1,0 < kK < ¢ landl € {1,...,q —
1}. The function walja-1(y) is constant on each interval [r¢=%,(r + 1)¢~*) and
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waly (y) is constant on each interval [eq=@*!, (c 4+ 1)g7**!). We have wali(y) =

walj a1 (y) waly (y). For any 0 < ¢ < ¢*~! we have
/ waly(y) dy = waly (cg=o+?) / waljga—1(y) dy
[cgmott (c+1)go+t) e q*‘”l (e+1)g=oth)

walg (cq—ot1) Zwall r/q)
=0.
Thus we have

Jk (.CC) = walk/ (I)quafl (:E)

Let t =21¢ ' +22¢ 2+ and y = xa+1q_1 + xa+2q_2 + .-+, then we have
re—1
Tiger (@) = q* Y wali(r/q) + ¢~ “wali(za/q)y.
r=0

We now investigate the Walsh series representation of the function Jjga-1(z). First
note that wal;(x,/q) = waljge—1(2). Further, by a slight adaption of [4 eq. (30)] we
obtain

oo g—1

y=1/2+ Z Z g v, wal, -1 (y). (3.9)

c=1 k=1

As wal, ge-1(y) = walgate—1(x) we obtain

oo gq—1
y=1/24> > g v walgure ().
c=1 1

=1 k=

As noted above, the Walsh series of (,(z) = Zf;gl wal;(r/q), where for z, =0
we set (,(z) = 0 can be written as

qg—1

Ca(ZC) = Z sz.

2=0

Altogether we obtain

q* Jpga—( Zczwalzqa (z) +27 Wallqa 1(z)

oo q—1

+ Z Z qicflvnwalﬁqa‘FC*lJrlqafl (.’L’)

c=1 k=1

and therefore

o0

q—1
q*Ji(z Zczwalzqa L (o) + 27 walg (2) —i—ZZq “lyewal,gate-145(2).
c=1k=1
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The result for k& = 0 follows easily from 33). O
Note that Lemma [3:3] can easily be generalized to arbitrary dimensions s, since
for k = (k1,...,ks) € N§ we have for any © = (z1,...,x5) € [0,1)° that

Jn(@) = / wale@) dy = [ Ji, (@)
[0,2) j=1

where [0, ) = [];_,[0,z;).
The next lemma shows how the Walsh coefficients of a function F = [ f can be
obtained from the Walsh coefficients of f.

LEMMA 3.4. Let f € £5([0,1)%) and let F(x) = ﬁ07m)f(y) dy, where [0,z) =
szl[(), ;) with € = (1, ...,5). Further let F(k) denote the k-th Walsh coefficient
of F. Letk = (ki,...,ks) e Njandlet U ={1<j<s:kj#0}. ForjeU let
ki =1;q% '+ k), 0<l;j <qand 0 <k} < q%~" and further let k' = (ki,... kL)
where k% =0 for j ¢ U. Then we have

I:—'(k:) =q 2jeu 4 Z (—1)\U| Z f(k:’ + (hy,0)) xUw.k(hy),

UCvCS hoenl!

where (hy,0) denotes the s-dimensional vector whose j-th component is h; for j € v

and 0 otherwise and where for hy, = (hj)jev € Ngj‘ we set

Xvwk(ho) = [ or, (hy) T ¢(hs)-

jeu jev\U
Here
c, + 2_1lz:[j for h; = 2q% T,
pr;(hy) = < waq™ ! Jor h=zq% =" 4 1;q%71,0> 0,0 < 2 <g,

0 otherwise,

where 1,—;;, =1 for z =1; and 0 otherwise, and

2-1 for hj =0,
d(hj) =9 v.q7"t for h=2z¢% "1 i>0,0<2z<q,
0 otherwise.

Proof. Using integration by parts in each coordinate, Fubini’s theorem and
Jk(0) = Jix(1) = 0 for any k € N (see Equations (B.7) and (B.8) for one-dimensional
examples) it follows that

F(k) = / F(x)walg(x)dx = Z (=1l / Ji, () f(x) d,
[0,1)5 veves [0,1)5
where for k = (k1,...,ks) and @ = (z1,...,2,) we have J, (zo) = [[;c, Jk, ())-
Using the Walsh series expansion of Jg given by Lemma we can now express

the Walsh coefficient F'(k) as a sum of the Walsh coefficients f(h), from which the
result follows. O
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The following definition now captures the essence of the decay of the Walsh co-
efficients of smooth functions and will be used in the statement of the subsequent
lemmas, theorems and corollaries.

DEFINITION 3.5. Let k = k(v;a1,...,a,) = k1q "  + - + Kkyq®™ 1 with v > 1,
Klyeerip €{1,...,q—1} and 1 < a, < --- < a1 be a natural number. For k=0 we
set v =0, i.e., k(0) =0. A function B : Ng — R is called q-adically non-increasing if
B(k) = B(k(v;as,...,ay)) is non-increasing in v and each a; fori=1,... v, that is,

for any v > 0 we have
B(k(viay,...,ay)) > B(k(v+1;a},...,a,,1))

with 1 < aj,,y < --- < @} and ay,...,a, € {a},...,a, 1} and for an arbitrary
1 <i<wv we have

B(k(v;a,...,ay)) = B(k(vial,...,¢i—1,a; + 1,041, .., a4))

provided that a; +1 < a;_1 in case 1 < i < w.

In the following lemma we give a bound on the Walsh coefficients of F'if f satisfies
some smoothness condition.

LEMMA 3.6. Let B: N§ — [0,00) be a g-adically non-increasing function in each
variable. Let f € L£5(]0,1)%) and let the Walsh coefficients of f satisfy

\f(k)| < B(k) for all k € N3,

Let F(x) = me y)dy, where [0,x) = H;Zl[O,xj) with € = (x1,...,Ts).
Further let F(k) denote the k-th Walsh coefficient of F. Let k = (ki,...,ks) €
Ng\ {0} and let U = {1 < j < s:k; #0}. ForjeUletk; =1;q%""+k} and
0 <k} <q®~ ' and further let k' = (K{,...,k,) where kj = 0 for j ¢ U. Then there

is a constant Csy > 0 independent of k such that

B (k)| < Cor g Zoev 9 B(K).

Proof. Using Lemma [B.4] we obtain that

|F(k)| < g~ iev “B(k DY D> Ixvwk(h

UCvCS p enl?!

as |f(k' + (h,,0))| < Bk + (h,,0)) < B(k') for all values of h,, € Ng" for which
XU.v.k(hy) # 0, since B is g-adically non-increasing in each variable.
Thus it remains to bound 3y ,cs 22y, enl |XU,v,k(Ry)| independently of k. We

only prove the case where ¢ is chosen to be a prime number and the bijections ¢ and
n are chosen to be the identity, as in this case we can obtain an explicit constant
Cs,u > 0. The general case can be obtained by similar arguments using the result
from Lemma [3.4]

Using the notation from Lemma [B.4] we have

D ok () = 1= w4+ 27w g =1
heNg

[e%s) q—1
+Zq—z Z |e27riz/q _ 1|—1
i=1 z=1

< 3(2 — 2cos(27m/q)) " /?
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and

0o 0o q—1
STl =27+ Y g YR 1 < 2 (2 - 2cos(2n/g)) 2.
h=0 i=1 z=1

Therefore we have

Z Z |XU,v,k(h'u)|

UCvCS py, enly!
< 3IU1(2 — 2cos(27/q))~1Y1/2(3/2 + (2 — 2 cos(27/q)) ~1/2)* 1Y
and hence we can choose
Cov = 3Y1(2 — 2cos(2n/q))71VV/2(3/2 + (2 — 2 cos(27/q)) ~1/2)*~ IV (3.10)

in Lemma [3.6] for this case. O

We use the above results now to establish an upper bound on the Walsh coeffi-
cients of a polynomial. The proof will give a glimpse on how the argument will work
for more general function classes.

LEMMA 3.7. Letk = k1q® 14+ +ryq® L withv > 1, Kky,...,ky € {1,...,q—1}
and 1 < a, < -+ <ay. Forv=01Ietk=0. Let f:[0,1) = R be the polynomial
f(x) = fo+ fiz+- -+ fiz® with f; # 0 and let f(k) denote the k-th Walsh coefficient
of f. Then for v > 0 there are constants 0 < Cy; ., < 00 such that

|f(R)] < Criwg™® 77,

where we can choose Cy ;. =0 for v > 1.

Proof. Let f(x) = fo+fiz+-- -+ fix, where i = deg(f) (that is, f; # 0). Then we
have f()(z) =i!f; # 0. As f( is a constant function, its Walsh series representation
is simply given by f()(z) = i!f;. Now we use Lemma[3.6 The dimension s in our case
is 1 and we can choose the function By by B1(0) = i!|f;| and for k£ > 0 we set By (k) = 0.
Note the function B; defined this way is a g-adically non-increasing function. Then it
follows that there is a constant C7 > 0 such that the Walsh coefficients of the function
Jo fOt)dt = OV () — fE=D(0) are bounded by C1g~d!| fi| for all k where v =1
and the Walsh coefficients are 0 for v > 1. The Walsh coefficient for k£ = 0 is given
by FU=(1) — f0-2(0) — F6-1(0).

Now consider the function [ FED@) dt = fO-2 (x) — £0=2(0). Tt follows from
the above and Lemma that the Walsh coefficients of f(~2)(z) — f0=2)(0) can
be bounded by a g-adically non-increasing function Bs. Indeed there are constants
Cy, C3 > 0 such that we can choose B2(0) = | =2 (1) — f(=2)(0)— fE=1(0)]|, Bz2(k) =
Caoq= for v =1, Ba(k) = C3¢~ 2 for v = 2 and Ba(k) = 0 for v > 2. Again By is
a g-adically non-increasing function and Lemma can again be used.

By using the above argument iteratively we obtain that there is a constant C' > 0
such that |f(k)| < Cqg = 7% for k = kg™ L+ 4 kg™ with Ky,. .. Ky €
{1,...,¢g—1}and 1 <a, < --- < ay. The result thus follows. O

For the case where ¢ is chosen to be a prime number and the bijections ¢ and 7
are chosen to be the identity and for 0 < v < i we can choose

Criw=C">_ C" U f, (3.11)

l=v
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where C' = (2 —2cos(27/q))~"/? and C" = 3/2 4 (2 — 2 cos(27/q))~*/? in Lemma 377

Let f:[0,1)®* — R be such that the partial mixed derivatives up to order é > 1
in each variable exist and are continuous. We need some further notation: let 7 =
(T1,...,7s) and

oLt tTs

Np) = 2
For 7 € {0,...,0}* let w(r) = {1 < j <s:7 =0} Let vy = (Y)uvcn be an
indexed set of non-negative real numbers. Let v(7) = {1 < j < s:7; > 0}. Then
for 0 < A <1andp,q,t > 1 (p,q,t do not appear in the subscript of N as they do
not have influence on our subsequent bounds, we only assume that they are bigger or
equal to 1) we define

1/¢

T
N&)\,’y(f) = Z FY;(},-) |: )\(Ip q))l)(f(‘r)( OS\U(T))):| ; (312)
7€{0,...,6}°

where, for clarity, we introduce the additional superscript (|u(7)|) in the Hardy and

(\u(‘r)\)

Krause variation Vy which indicates the dimension of the function and where

foru(r) = 0 we set VLT (70, 051000)) = O]
The weights v are mtroduced to modify the importance of various coordinate
projections and were first introduced in [30], see also [0l [7]. If for some v C S the

weight v,» = 0, then we assume that the function f satisfies V ‘U D LT (,08,0)) =0
for all 7 € {0,...,0}° with v(7) = v and in (BI2) we formally set 0/0=0.

The parameters in the definition of N, 4 have the following meaning:

e ¢ denotes the order of partial derivatives of f required in order for Ns x ~(f)

to make sense;

e )\ is a Holder type parameter or fractional order type parameter of the general-
ized Hardy and Krause variation; roughly, f needs to have partial derivatives
up to order & + A, where for 0 < A < 1 this means some type of fractional
smoothness or in dimension one a Holder condition of order A;
the Vitali variation is in p norm;

g is the norm in the summation of the generalized Hardy and Krause variation;
t is the norm in the summation over the T;

~ are the weights which regulate the importance of different coordinate pro-
jections;

Note that for A =1 and p = g = v = 2 the functional N;  ~ is just the norm in a
weighted reproducing kernel Sobolev space with continuous partial mixed derivatives
up to order § + 1 in each variable. In one dimension the unweighted norm in this
reproducing kernel Sobolev space is given by

(£, 9)sob,an,6+1 (3.13)
= f(0)g(0) + -+ f°71(0)g" 1 (0)

1 1 1
+Aﬂ%mmé¢%mm+%ﬂ“%mWWmm

and for higher dimensions one just takes the weighted tensor product of the one
dimensional reproducing kernel Sobolev spaces (see [7] for examples of weighted tensor
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product reproducing kernel Sobolev spaces). Let the s dimensional weighted inner
product be denoted by (-, -)sob,an,s,6+1,4 and the corresponding norm || - ||sob,an,s,5+1,v
(indeed if the partial mixed derivatives up to order § +1 of f are continuous on [0, 1]*
then we have ”f”sob,an,s,t?-i-lﬁ = Ns1~(f))-

In the following we define a function p which will be used throughout the paper:
let § > 1 be an integer and 0 < A <1 be a real number. Then for k = (k1,...,ks) we
set

Hasia(k) = ngsea(k;) (3.14)
j=1
with
0 for k=0,
Ugota(k) =< a1+ +a, for v < 4, (3.15)
a1+ +as+ Aagyy  for v >4,
where for k& € N we write k = k¢ 4 -+ + Koq®™ ! with v > 1, ky,...,ky €

{1,...,g—1}and 1 <a, <--- < a3.

THEOREM 3.8. Let 6 > 1 be an integer, 0 < X <1, p,q,t > 1 be real numbers and
an indezed set v = (y)ven of non-negative real numbers be given. Let f :]0,1)* — R
be such that the partial mized derivatives up to order § in each variable exist and such
that N5 ~(f) < co. Then for any k € N§ \ {0} it follows that there is a constant
Ct.q,s,v > 0 independent of k such that

|f(k)| S C.f7q7s),yq_/‘q,6+/\(k)'

Proof. In order to prove the result we use the Taylor series expansion of the
function f. We have

fw= Y T+ Y > @-ny

r€{0,...,6—1}= PF#uCS 75\, €{0,...,d—1}s~ Il
H jeS\u x"_'j -

JES\ J| / f((su)TS\u)(yu7 OS\u) H(xj — yj)5 1 dyu (316)
HjeS\u T J[0u,zu) j€Eu

First note that the first sum in (BI6) is a polynomial in  and therefore the
Walsh coefficients of this polynomial satisfy the desired bound by Lemma 3.7

Now we consider the second sum. Let () # u C S with u = {ji1,..., jj,} be given.
Then for j ¢ u the Walsh coefficients satisfy the desired bound by Lemma B.7 Hence
it remains to consider the Walsh coefficients of

Gu(xy) = / f((su,TS\u)(yu70$\u) H(% . yj)é—l dy,
[Ou;mu) jeu
= /[ )f(5u,‘l'5\u)(yu705\u) H(x] _ yj)J:l dy,,,
01b)1u

JEU

where (z — y)+ = max(0,z — y).
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By differentiating the function G, in each variable 0 < k < ¢ times we obtain
(see [32, pp. 153,154])

oFlul

s—1) \M . o
= <(5(T—>k)'> /{O i )f(‘s‘“ (g, 0sva) [ [ (25— )" F dy,,.

JEuU

Hence %kT‘:‘Gu(:cu) = 0 if there is at least one j € u such that z; = 0. Further we
have ’

WGU(wu) = ((0 - 1)!)‘ |f(5u’ s\")(wuaOS\u)-

From Ns » ~(f) < o0 it follows that the Walsh coefficients of f(0«Ts\u)(z,,, 0s\u)
decay with order g 042 (k) in each variable. Further we have

u(®y) / / / G (ys)dys - dy
[0,xz.) J[0,y,) [0.y5_4)

as the function G, and its derivatives are 0 if at least one x; = 0 for j € u, i.e., we
have

/ Gy dy =Y (~1)"VGT Y (@, 0,,) = GT V().
[0,2y)

vCu

Hence it follows by repeated use of Lemma that the desired bound holds for G,
and thus the result follows from BI6). O

For the case where ¢ is chosen to be a prime number and the bijections ¢ and 7
are chosen to be the identity we can also obtain an explicit constant in Theorem [3.8
Indeed, using Lemma [3.2] Lemma together with the explicit constant (BI0) and
Lemma B.7] together with the explicit constant [BII) we obtain that the constant
Cy,~ can be chosen as

Crasa= >, IfO@CT+m 4 7 g,
T€{0,...,6—-1}% 0#uCS
Vo ()70
Z C'EJ'ES\HTjV;y'f‘)(f(éu’Ts\u)('aOS\u))u

TS\u €0, s—1}s—lul
Wuu«J(-rS\u)#O

where C' =1 for 2 < ¢ < 6 and C = (2 — 2cos(27/q))~'/2 for ¢ > 6 (note that for
q > 6 we have C' > 1) and

Cou= 3\u|(2 _ 2cos(27r/q))*‘“|/2(3/2 +(2- 2cos(27r/q))*1/2)57|“‘_
As noted above, under certain conditions we can write V(‘ ul)

B

We give a further useful estimation of the constant by separating the dependence
of the function from the constants. This way we obtain

C.ﬂq,s,'y < Cti,q,an&/\n(f)a

also as an integral, see
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where
Cogqun = D, TunCTHHT
7€{0,...,6—1}
+ Z qlu‘cg,u Z WuuU(Ts\u)éZjes\uTj' (3'17)
0#uCS Ts\u€{0,...,0—1}s~1ul

Consider now the case where the weights are of product form (see [7]), i.e., there is a
sequence of positive real numbers (y;);jen such that v, = [] jeo 7y for all v € N and
for v = () we set v, = 1. If now ¢ is prime with 2 < ¢ < 6, then

S

Caen = L1 #2565 = 1)+ TT [(1 26— 1)(3/2 ) +2,34C

- H [(1 (6 = 1)(3/2+ é)} _

For example for ¢ = 2, § = 1 and product weights we obtain

S

Crasy =1-2"+2 (1 +6v)).

j=1

The approach used here for prime g and ¢ the identity map can also be used for
arbitrary prime powers ¢ and arbitrary mappings ¢ with ¢(0) = 0. Hence we obtain
the following corollary.

COROLLARY 3.9. Under the assumptions of Theorem[3.8 there exists a constant
Cs,q,5,v > 0 independent of k and f such that

F )| < Cog.snNspny(Fae2® - for all k € NG,
where g 51 is given by (3-14)) and (313).

REMARK 3.10. The results in this section also hold for the following generaliza-

tion. In the definition of Ns ), we anchored the function and its derivatives at 0,

lu()])
P,a,1
a € [0,1)° and using V/\(];i(q":il)(f(,as\u(.,))) in the definition of Nj~. It can be
shown that in this case we also have Theorem [B.8 and Corollary 3.9

i.e., we used V)f (f(-,08\u(+))). This can be generalized by choosing an arbitrary

3.3. Convergence of the Walsh series. For our purposes here we need strong
assumptions on the convergence of the Walsh series S(f)(x) = EkENS f(k)walg(x) to
the function £, i.e., we require that the partial series Sy, (f)(®) = 3 reng f(k)walg(x)

k

j<m

converges to f(x) at every point & € [0,1)° as m — oo. (Note that the Walsh
series S(f) for the functions considered in this paper is always absolutely convergent,
ie, ZkeNg f(k)| < oo, hence the Walsh series S(f)(x) is uniformly bounded by

ZkeNg |/ (k)| and therefore S(f)(x) itself converges at every point € [0,1)*.) This
is necessary as we want to approximate the integral at function values x, and for
our analysis we deal with the Walsh series rather than the function itself, hence it is
paramount that the function and its Walsh series coincide at every point @ € [0,1)°.

As the functions considered here are at least differentiable it follows that they
are continuous and using the argument in [10, p. 373] it follows that the Walsh series
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really converges at every point « € [0,1)° to the function value f(x). Indeed, for a
given x € [0,1)® we have

Sgm (f)() = Y Jkwalk(z) = Vol(Jo) ™ [ f(z)de,

ke{0,...,qm—1}s Ja

where J; = H;Zl[q*m lg"x;],q¢ ™ ¢ x;] + g~ ™). The last equality follows from

Z f(k:)walk(:c)

ke{0,....,qm—1}s

- /[0,1>sf(y) ST walk(e)wale(y) dy
=Vol(Jp)™' | f(x)da.

As the function f is continuous it immediately follows that Sgm (f)(x) converges to
f(x) as m goes to infinity and the result follows.

3.4. A function space based on Walsh functions containing smooth
functions. In this section we use the above results to define a function space based
on Walsh functions which contains smooth functions for smoothness conditions con-
sidered in the previous section.

Let ¥ > 1 be a real number and ¢ a prime power. Then for k € Nj we set
re.0(k) = ¢ #2®) where p, . is given by (BI4) and BI5) (if ¥ is an integer, then
choose A =1 and § =9 — 1 and otherwise § = [ and A =9 — |¥]).

Now we define a function space & 4,94 C £L2([0,1)*) with norm || - [|¢, , , . given
by
_ |f(ku7 05\u)|
Fllen o, =maxy, ! sup ——
Il =i’ sup S

where again for 7, = 0 we assume that f(ky, 0s\,) = 0 for all k, € Nlul,

The following result follows now directly from Corollary [3.91

COROLLARY 3.11. Let§ > 1,0 < A <1, p,q,t > 1 and an indexed set v =
(70 )vcn of non-negative real numbers be given. Then there exists a constant Cs g s~ >
0 such that for every function f :[0,1)° — R, whose partial mized derivatives up to
order ¢ exist, we have

[ fllesgsiny < Cog,54Nox~(f),

where g 51 is given by (3-14)) and (313).

Again, using (3I7) an explicit constant in Corollary B.11] can be obtained for ¢
prime and ¢ the identity map. For all other cases (i.e., arbitrary prime powers ¢ and
mappings ¢ with ¢(0) = 0) explicit constants can be obtained as well, but in this
case the constant may also depend on the particular choice of ¢ and ¢. Further, as
noted already above, for A = 1 and p = q = v = 2 the functional Ns ), coincides
with the norm in a certain Sobolev space (the one dimensional inner product for this
Sobolev space is given by ([BI3) and for higher dimensions one just considers tensor
products of the one dimensional space) and hence it follows that & 4541, contains
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certain Sobolev spaces. Hence Corollary [B.11] shows that if we want to prove results
for smooth functions it is enough to consider & 49 (in the following we design
quasi-Monte Carlo rules which work well for & 9 ~ rather than directly for smooth
functions, so the results for smooth functions come as a byproduct).

A function f € & 49,4 can be written as a sum of their anova terms f = >~ s fu

(see [8]). For a function f € & 4.9~ given by f(x) = ZkeNg f(k)walg () the anova
term f, corresponding to a subset u C S is simply given by

fu@a) = Y f(ku,0s\u)walk, (20).

k. €Nlul

If for some u C S we have ,, = 0, then this implies that the anova term corresponding
to u satisfies f, = 0. Hence the Walsh space &; 4,9,4 consists only of functions whose
anova term belonging to a subset u is zero for all subsets u with v, = 0 (see also [7]).

4. Digital (¢, «, 8,n x m, s)-nets and digital (¢, «, §, o, s)-sequences. In this
section we give the definition of digital (¢, i, 8, n X m, s)-nets and digital (¢, «, 8, o, s)-
sequences. Similar point sets were introduced in [2].

4.1. The digital construction scheme. The construction of the point set
used here is a slight generalization of the digital construction scheme introduced by
Niederreiter, see [20], by breaking with the tradition of having square generating
matrices.

DEFINITION 4.1. Let g be a prime-power and let n,m,s > 1 be integers. Let
Ci,...,Cs be n x m matrices over the finite field F, of order q. Now we construct ¢
points in [0,1)%: for 0 < h < g™ —1let h = ho+hig+ -+ hm_1¢™ ! be the g-adic
expansion of h. Consider an arbitrary but fixed bijection ¢ : {0,1,...,¢— 1} — F,,.

Identify h with the vector h = (@(ho),...,(hm-1))T € Fys

transpose of the vector (note that we write h for vectors in the finite field Fy" and h

where T means the

for vectors of integers or real numbers). For 1 < j < s multiply the matrix C; by ﬁ,
ie.,

Cih = (y;1(h),....yjn(h)" €FD,

and set
—1 ) h 1 . h
Thj = w_i__i_wé())
1 q
The point set {zg,...,xem_1} is called a digital net (over F,) (with generating ma-

trices C1, ..., Cy).

For n,m = oo we obtain a sequence {xg, €1, ...}, which is called a digital sequence
(over Fy) (with generating matrices C1, ..., Cs).

Niederreiter’s concept of a digital (¢,m,s)-net and a digital (¢, s)-sequence will
appear as a special case in the subsequent section. Further, the digital nets considered
below all satisfy n > m.

For a digital net with generating matrices C1,...,Cs let D = D(C4,...,Cs) be
the dual net given by

D={keN;\{0}:C/ ki + -+ C[k, =0},
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where for k = (ki1,...,ks) with k; = k0 + k19 + -+ and k;; € {0,...,q — 1} let
Ej = (p(Kj.0)s- - @(Kjn-1))". Further, for ) # u C S let D, = D((C;);ecu) and
D =D, NN

Note that throughout the paper Walsh functions and digital nets are defined using
the same finite field I, and the same bijection ¢.

The following lemma is a slight generalization of [26] Lemma 2.5].

LEMMA 4.2. Let {xg,...,xqm_1} be a digital net over Fy with bijection ¢, where
»(0) = 0, generated by the n x m matrices C1,...,Cs over Fg, n,m > 1. Then for
any vector k = (k1,...,ks) of nonnegative integers 0 < ky,..., ks < q" we have

q"—1 .

™ 4fk € DU{0},
Z FypWalg(zn) = {q J {0}
h=0

0 else,

where 0 s the zero vector in N§.

4.2. (t,a,8,n x m,s)-nets and (¢, o, 8,0, s)-sequences. Digital (¢, a, 8, m, s)-
nets and digital (¢, a, 3, s)-sequences were first introduced in [2]. Those point sets were
used for quasi-Monte Carlo rules which achieve the optimal rate of convergence of the
worst-case error in Korobov spaces (which are reproducing kernel Hilbert spaces of
smooth periodic functions). By a slight generalization of digital (¢, «, 8, m, s)-nets we
will show that those digital nets also achieve the optimal convergence of the worst-case
error in the space & 4,9~ for all 1 <9 < v

The t value of a (¢, m, s)-net is a quality parameter for the distribution properties
of the net. A low t value yields well distributed point sets and it has been shown,
see for example [4] 20], that a small ¢ value also guarantees a small worst-case error
for integration in Sobolev spaces for which the partial first derivatives are square
integrable. In [2] it was shown how the definition of the ¢ value needs to be modified
in order to obtain faster convergence rates for periodic Sobolev spaces for which the
partial derivatives up to order 6 < 3 are square integrable. Here we extend those result
in several ways. First we generalize the digital (¢, a, 8, m, s)-nets used in [2] to digital
(t,, B,n x m, s)-nets and show that we then can remove the periodicity assumption
necessary in [2]. Further, if the derivatives up to order ¢ also have bounded variation
with coefficient 0 < A <1, then we have shown that such functions are in & g,54x,~-

In the following we repeat some definitions and results from [2] and give the
definition of digital (¢, «, 5,n x m, s)-nets and digital (¢, «, 3, 0, s)-sequences.

For a real number ¥ > 1 the definition of the Walsh space &; 49~ suggests to
define the metric pq9(k,1) = pg9(k 1) on N§, where pq9(k ©1) is given by B14)
and (BIH), which is an extension of the metric introduced in [19], see also [28] (the
metric for ¥ = 1 can be used for Walsh spaces for example considered in [4]; for
this case one basically obtains the metric in [I9] 28]). As we will see later, in order
to obtain a small worst-case error in the Walsh space & 49~ we need digital nets
for which min{pq 9(k) : k € D} is large. By translating this property into a linear
independence property of the row vectors of the generating matrices C1,...,Cs we
arrive at the following definition.

DEFINITION 4.3. Let n,m,a > 1 be natural numbers, let 0 < § < am/n be a
real number and let 0 < ¢t < fn be a natural number. Let [F; be the finite field of
prime power order g and let C1,...,Cs € Fg*™ with Cj = (¢j1, ..., cjn) . If for all
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1<, <---<ij1<n,where 0 <y; <mforall j=1,...,s, with

s min(v;,a)

Y > du<pa—t

j=1 =1

the vectors

Clvil,ul yer o9 Cligg 1 o5 Csyig g Csiign

are linearly independent over F; then the digital net with generating matrices C, ..., Cs
is called a digital (¢, o, 5,n x m, s)-net over Fy. Further we call a digital (¢, e, 5,n x
m, s)-net over F, with the largest possible value of 3, i.e.,, § = am/n, a digital
(t,,n X m, s)-net over [Fy.

If ¢ is the smallest non-negative integer such that the digital net generated by
Cy,...,Cs is a digital (¢, a, 8,n x m, s)-net, then we call the digital net a strict digital
(t,a, B,n X m, s)-net or a strict digital (¢, ¢,n X m, s)-net if 8 = am/n.

REMARK 4.4. Using duality theory (see [22]) it follows that for a digital (¢, a, 8, nx
m, s)-net we have mingep piq,o (k) > Bn—t and for a strict digital (¢, o, 5, n X m, s)-net
we have mingep pg,o(k) = fn —t + 1. Hence digital (¢, «, 8,n X m, s)-nets with high
quality have a large value of fn — t.

REMARK 4.5. In summary the parameters ¢, «, 3, n, m, s have the following mean-
ing:

e s denotes the dimension of the point set.

e n and m denote the size of the generating matrices for digital nets, i.e. the
generating matrices are of size n X m; in particular this means the point set
has ¢ points.

e ¢ denotes the quality parameter of the point set; a low ¢ value means high
quality. In the upper bound, ¢ is a quality parameter related to the constant
in the upper bound.

e [ is also a quality parameter. We will see later that the integration error
is roughly ¢=". This is of course only true within boundaries, which is the
reason for the parameter 3, i.e. the integration error is roughly ¢—?". Hence
[ is a quality parameter related to the convergence rate.

e « is the smoothness parameter of the point set.

We can group the parameters also in the following way:

e m,n,s are fixed parameters, i.e. they specify the number and size of the
generating matrices.

e « is a variable parameter, i.e. given (fixed) generating matrices can for
example generate a (t1,1, 51,10 x 5,5)-net, a (t2,2, 32,10 x 5,5)-net, and
so on (note the point set is always the same in each instance; the values
t1,to,..., 1, B2,... may differ). This is necessary as in the upper bounds «
will be the smoothness of the integrand, which may not be known explicitly.

e ¢ and [ are dependent parameters, they will depend on the generating ma-
trices and on «. For given generating matrices, it is desirable to know the
values of 8 and t for each value of @ € N.

Digital (¢, a, 8,n x m, s)-nets do not exist for arbitrary choices of the parameters
t,a, B,n,m, s, see [2]. The digital nets considered in [2] had the restriction that n = m
and special attention was paid to those digital nets with high quality, i.e., where a = .
In this paper, a special role will be played by those digital nets for which n = am
and # = 1. The restriction on the linear independence of the digital nets comprises
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now n —t = am — t row vectors, which is the same as in [2], with the only difference
that the size of the generating matrices is now bigger as now each generating matrix
has n = am rows. As those digital nets play a special role in this work we have the
following definition.

DEFINITION 4.6. A digital (t,,1,m x m,s)-net over F, is called a digital
(t,a, am x m, s)-net over Fy. A strict digital (¢, , 1,am x m, s)-net over F, is called
a strict digital (¢, a, am x m, s)-net over F,.

REMARK 4.7. For practical purposes we would like to explicitly know digital
(t, a, am x m, s)-nets for all o, m,s > 1 with ¢ as small as possible (as will be shown
later, they achieve the optimal rate of convergence of the integration error of inte-
grands for which all mixed partial derivatives of order « are, for example, square
integrable, thus their usefulness).

Further, for given a, m, s > 1 and a given digital (¢, a, am xm, s)-net P, we would
then also like to know the ¢’ and /3’ value of this point set P when viewed as a digital
(t',0,0',am x m,s)-net for all values § € N, i.e., ¢ and 8’ are functions of ¢ (this
is because we would also like to know how well such a digital net P performs if the
integrand has partial mixed derivatives of order up to ¢, because we might not know
the smoothness of the integrand, but still would wish that P performs best possible).

We can also define sequences of points for which the first ¢"* points form a digital
(t,, B, x m, s)-nets. In the classical case [20] one can just consider the left-upper
m x m submatrices of the generating matrices of a digital sequence and determine the
net properties of these for each m € N. Here, on the other hand, we are considering
digital nets whose generating matrices are n X m matrices. So we would have to
consider the left-upper n,, x m submatrices of the generating matrices of the digital
sequence for each m € N and where (n,,)men is a sequence of natural numbers. For
our purposes here it is enough to consider only n,, of the form om, for some given
oceN.

DEFINITION 4.8. Let a,0 > 1 and ¢t > 0 be integers and let 0 < 8 < a/o be a
real number. Let F, be the finite field of prime power order ¢ and let Ci,...,Cs €
Foexo® with Cj = (¢j1s¢4,2,-. ) 7. Further let Cj,omxm denote the left upper om xm
submatrix of C;. If for all m > ¢/(80) the matrices C1 omxm,- - -, Cs omxm generate
a digital (¢, «, 8,0m x m,s)-net then the digital sequence with generating matrices
Ch,...,Cs is called a digital (¢, a, B, 0, s)-sequence over F,. Further we call a digital
(t,a, 1, e, s)-sequence over F, a digital (¢, o, s)-sequence over F,,.

If ¢ is the smallest non-negative integer such that the digital sequence generated
by Ci,...,Cs is a digital (¢, «, 8,0, s)-sequence, then we call the digital sequence a
strict digital (¢, «, 8, 0, s)-sequence or a strict digital (¢, «, s)-sequence if @ = ¢ and
g=1

For short we will often write (¢, «, 5,n x m, s)-net instead of digital (¢, a, B,n X
m, s)-net over Fy. The same applies to the other notions defined above.

REMARK 4.9. Note that the definition of a digital (¢,1, m x m, s)-net coincides
with the definition of a digital (t,m,s)-net and the definition of a digital (¢,1,s)-
sequence coincides with the definition of a digital (¢, s)-sequence as defined by Nieder-
reiter [20]. Further note that the t-value depends on a, 8 and o, i.e., t = t(«, 3,0) or
t=t(a)ifa=0cand g =1.

The definition of (¢, «, s)-sequences here differs slightly from the definition in
[2]. Indeed the definition of a (¢, a, s)-sequence in [2] corresponds to a (¢, a, a1, )-
sequence in the terminology of this paper, whereas here we call a (¢, o, 1, v, $)-sequence
a (t, a, s)-sequence. On the other hand note that the condition of linear independence
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in Definition B3 is the same in both cases, i.e., the sum 411 + -+ + i1 min(vy,0) T+
Q5,1 *+is min(v,,a) N€eds to be bounded by am—t for all m for (t, a, 1, o, s)-sequences
and also for (¢, o, a, 1, s)-sequences.

4.3. Some properties of (¢,«, 8,n x m, s)-nets and (¢, a, 8, 0, s)-sequences.
The properties of such digital nets and sequences shown in [2] also hold here. For ex-
ample it was shown there that a digital (¢, a, m, s)-net is also a digital ([ta//a], o', m, s)-
net for all 1 < o/ < «and every digital (¢, o, s)-sequence is also a digital ([ta//a], &/, s)-
sequence for all 1 < ¢/ < «. In the same way we have the following theorem.

THEOREM 4.10. Let P be a digital (¢, o, B,n x m,s)-net over Fy and let S be a
digital (t, o, B, 0, s)-sequence over F,. Then we have:

(i) P is a digital (t',c,8',n x m,s)-net for all1 < ' < B and allt <t' < F'm
and S is a digital (t', 0, B, 0, s)-sequence for all1 < 3 < and all t <.
(i) P is a digital (t', &/, 5/, nxm, s)-net for all1 < o/ < n where §’ = fmin(a, ')/«
and t' = [tmin(o, o) /a] and S is a digital (t',d/, 8,0, s)-sequence for all
o > 1 where ' = Bmin(w, ')/ and where t' = [t min(a, ')/ a].

(iii) Any digital (t,a,n x m,s)-net is a digital ([ta//a],a’,n x m, s)-net for all
1 <o <« and every digital (t, o, 0, s)-sequence is a digital ([ta’ /o, o/, 0, 8)-
sequence for all 1 < o < a.

(iv) IfCy,...,Cs € Z;™™ are the generating matrices of a digital (t, ., B,nxm, s)-
net then the matrices Cl("/), ey Cg"/), where CJ(-"/) consists of the firstn' rows
of C;, generate a digital (t,c, B,n' x m,s)-net for all1 <n' <n .

(v) Any digital (t,«, 8,0,s)-sequence is a digital (t,a, (8,0, s)-sequence for all

1<¢' <o.

4.4. Constructions of (¢,a,,n x m,s)-nets and (¢, «, o, s)-sequences. In
this section we show how explicit examples of (¢, a, 8, n x m, s)-nets and (¢, a, 5, 7, s)-
sequences can be constructed. The idea for the construction is based on the construc-
tion method presented in [2].

Let d > 1 and let C4,...,Csq be the generating matrices of a digital (¢, m, sd)-
net. Note that many explicit examples of such generating matrices are known, see
for example [9, 20, 23] B1] and the references therein. For the construction of a
(t, &, m, s)-net any of the above mentioned explicit constructions can be used, but as
will be shown below the quality of the (¢, a, m, s)-net obtained depends on the quality
of the underlying digital (¢,m, sd)-net on which our construction is based on.

Let Cj = (¢j1,...,¢im)" for j =1,...,sd, i.e., c;j; are the row vectors of Cj.
Now let the matrix C;d) be made of the first rows of the matrices C;_1yq41, - -, Cja,
then the second rows of C;_1)441,--.,Cja and so on. The matrix C;d) is then an

dm X m matrix, i.e., C;d) = (c;iil), ey cgﬁm)T where c;iil) = ¢y with [ = (v —j)d+u,
1<v<mand (j—1)d<u<jdforl=1,...,dnand j =1,...,s. The following
result is a slight generalization of [2] Theorem 3] and can be obtained using the same
proof technique.

THEOREM 4.11. Let d > 1 be a natural number and let C1,...,Csq be the gener-

ating matrices of a digital (t', m, sd)-net over the finite field ¥y of prime power order q.

Let Cfd), ey ng) be defined as above. Then for any o > 1 the matrices Cfd), ey ng)
are generating matrices of a digital (t,a, min(1, a/d),dm x m, s)-net over Fq with

s(d— l)min(a,d)—‘ |

t = min(a, d) t' + [ 5
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The above construction and Theorem [£.11] can easily be extended to (¢, o, 8, 0, s)-
sequences. Indeed, let d > 1 and let C1, ..., Csq be the generating matrices of a digital
(t, sd)-sequence. Again many explicit generating matrices are known, see for example
[9, 20, 23, BI]. Let C; = (cji,c¢j2,...)" for j = 1,...,sd, ie., c;; are the row

vectors of C;. Now let the matrix Oj(d) be made of the first rows of the matrices

C(j—1)d+15- - - Cja, then the second rows of C(;_1)441,--.,Cjq and so on, i.e.,
d T
OJ( ) = (CG-1)d41,15 -+ -5 Cid, 15 Cj—1)d41,2 - - - > Cid,25 - - +)
The following theorem states that the matrices Cfd), cee Cs(d) are the generating ma-

trices of a digital (¢, «, min(1, a/d), d, s)-sequence, compare with [2, Theorem 4].

THEOREM 4.12. Let d > 1 be a natural number and let C1,...,Csq be the gen-
erating matrices of a digital (t', sd)-sequence over the finite field Fy of prime power
order q. Let Cl(d),...,ng) be defined as above. Then for any o > 1 the matri-
ces C’fd), cee Y are generating matrices of a digital (t,c, min(1, a/d), d, s)-sequence
over Fq with

= min ) ¢+ [ U=Vt

The last result shows that (¢, a, 8, 0m x m, s)-nets indeed exist for 8 = 1 and any
0 < 0 < a and for m arbitrarily large. We have even shown that digital (¢, «, 8, am x
m, s)-nets exist which are extensible in m and s. This can be achieved by using an
underlying (¢, sd)-sequence which is itself extensible in m and s. If the ¢’ value of
the original (¢, m, s)-net or (¢, s)-sequence is known explicitly then we also know the
t value of the digital (¢,«,3,am X m,s)-net or (¢, «, 3,0, s)-sequence. Furthermore
it has also been shown how such digital nets can be constructed in practice. Further
results on such sequences are established in [2].

5. Numerical integration in the Walsh space &;, 9 ~. In this section we
investigate numerical integration in the Walsh space &5 4,9, using quasi-Monte Carlo
rules

q" -1

Qurslf) = — 3 f(aa),
q n=0

where xo, ..., xem_1 are the points of a digital (¢, a, 5, m, s)-net over F,. More pre-
cisely, we want to approximate the integral

L= [ s@a

by the quasi-Monte Carlo rule Qgm s(f). As a quality measure for our rule we intro-
duce the worst-case error in the next section.

5.1. The worst-case error in the Walsh space &; 4 9.+. The worst-case error
for the Walsh space & 49,4 using the quasi-Monte Carlo rule Qg s is given by

e(Qqm s, Es,q,04) = sSup [Ls(f) = Qqm s(f)] -
f€Es g9,y
1£llg, o 5. <1
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The initial error is given by

e(Qo,s,Es,q,04) = sup 1L (f)]-
fE€Es 4,0,y
Ile, ;o<
In the following we use digital nets generated by the matrices C1,...,Cs as

quadrature points for the quadrature rule Qgm 5. Let f € & 4.9 ~. Using Lemma
it follows that

L(f) = Qum s (NI = | D f(K)
keD
<SS EI= Y 1f k080
keD 0#uCS ku, €D},

Now we have | f(ky, 0s\u)| < Yurgw(ku)|f and thus we obtain

Es.q.9,y

|IS(f) - qu,S(f)| < ||f||gs,q,19,'y Z Yu Z Tqﬂ?(ku)- (5-1)

D#uCS k.€D;,

By choosing f(k., 0s\u) = Yurq,0(ky) for all u and k,, we can also obtain equality in
(EI). Thus we have

e(Qqm,s: Esq0.y) = Z Yu Z Tq,0 (k). (5.2)

0#uCS  ku€D}

From the last formula we can now see that essentially a large value of min{ug (k) :
k € D} guarantees a small worst-case error. Further it can be shown that

e(QO,Svgs,q,’ﬂ,’y) =70- (53)

We have shown the following theorem.

THEOREM 5.1. The initial error for multivariate integration in the Walsh space
Es.q.0,~ 1s giwen by [(Z3) and the worst-case error for multivariate integration in the
Walsh space Es 4,9~ using a digital net as quadrature points is given by (22).

In the following lemma we establish an upper bound on the sum >, cp. 74,0 (ku)
for digital (¢, a, 8, x m, s)-nets over Fy. The proof is similar to [2] Lemma 6.

LEMMA 5.2. Let ¥ > 1 be a real number, ¢ > 2 be a prime power, C1,...,Cs €
Fy*™ be the generating matrices of a digital (t,[J],5,n X m,s)-net over F, with
0 < B <1 andlet D = D;((Cj)jcu). For all ) # u C S we have: if ¥ is not an
integer it follows that

Z ra,0(ku) < Clujq.0(Bn —t + [191)\ul(ﬂl—lq—ﬂL(ﬂn—t)/WH,
k€D

where
Clujgo = a"M1((g = ¢" )™ 4+ (1 = g/ =l

and if 9 is an integer it follows that

Z Tq’ﬁ(ku> S O(u\,q,ﬂ(ﬂn —t 4+ ﬁ)‘qu_(,@n—t),
k.cD;,



Explicit constructions of quasi-Monte Carlo rules achieving arbitrary high convergence 29

where

Clupg = 4" (¢ + (1= g7 )77,

Proof. To simplify the notation we prove the result only for u = S. For all other
subsets the result follows by the same arguments.

We first consider the case where ¥ > 1 is not an integer. We partition the set D%
into parts where the highest digits of k; are prescribed and we count the number of
solutions of CIEl 4+ C’;FES =0. For j=1,...,s let now i 9] < --- <'ij;1 with
ij, > 1. Note that we now allow ¢;; < 1, in which case the contributions of those
15, are to be ignored. This notation is adopted in order to avoid considering many
special cases. Further we write 4, 197 = (i1,1,.--,%1,[9],- 95,15+ - -,0s,[9]) and define

D5(is, 1) = {k € D5t kj = [Kjag" 7+ 4 K pon g1 7+ 1
with 0 < [; < ¢ tand 1 < kjg<gqforj=1,...,s},
where |-] just means that the contributions of i;; < 1 are to be ignored. Let

Es,r91) = 1,0+ Aiy 11+ (0= [9))ig o+ s+ A o1+ (0= [9] )i 1o
Then we have

7 1 is .
; k 1,[9]—-17 J[01-17 |,Dg (7/5,[19]” (5 4)
Z @ 19 S Z Z Z Z q/’b(is, [91 ) '
ksGD* 'Ll 1=1 ’Ll “9“—1 ’LS 1=1 ’LS [o]1= =1

Some of the sums above can be empty in which case we just set the corresponding
summation index ¢;; = 0.

Note that by the (¢, [0, 3,1 x m, s)-net property we have that |D% (i 97)] = 0 as
long as iy 1+-- '+i17ﬁﬂ +e g ~—|—Z'S)w] < pn—t. Hence let now 0 <4y 1, ... 7i87ﬁﬂ
be given such that i1 1,...,i51 > 1, 4597 < -+ <ij1 for j = 1,...,s and where if
151 < 1 we set ij)l = 0 (in which case we also have ij;41 = ij;42 = ... = 0 and the
inequalities i;; > - - > i; 9 are ignored) and 4y 1 +- - -4y g1+ - i1+ g 9] >
fn —t. We now need to estimate |D3(is97)], that 1s we need to count the number
of k € Df with kj = [#; 1691 7" 4 - 4 K 19105 117 4 1]

There are at most (¢—1)"1% choices for #y 1, .. ., K 97 (We write at most because
if i;; < 1 then the corresponding x;,; does not have any effect and therefore need not
to be included).

Let now 1 < K1,1,..., ks 9] < ¢ be given and define

= T T T T
9= R1aC T ROy gy T T R 1 Gy T R 101G
where we set chl =01if [ <1 orl > n. Further let

_ T T T T
B=(cjq;--- »Cliy rgy—10- > Cals - '70511'3,(«9]*1)'

Now the task is to count the number of solutions [ of Bl = g

As long as the columns of B are linearly independent the number of solutions can
at most be 1. By the (¢, [¢#], 8,n x m, s)-net property this is certainly the case if (we
write (z)4 = max(z,0))

(1,01 — Dy + -+ (o) — [9])+ + -+

F(is, 101 — D+ 4 (s, 101 — [91)+ < [9](i, 197 + - + g, 197)
S B’I’L - t7
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that is, as long as

Bn —t

i1,p9] + s o) < W

Let now 4y g7 + -+ +is 197 > [ 19] . Then by considering the rank of the matrix

B and the dirgension of the space of solutions of Bl = 0 it follows the number of
solutions of Bl = § is smaller or equal to g/.ro1+ +is. o1 =L =0/191]  Thyus we have

D5 (is,101)] = 0
it Sl < Bn—t, weh
1221 i1 < Bn —t, we have
D5 (65,101 = (q = 1)1
if 325 Zlml iju > pn—tand 335 ij g < % and finally we have

D% (s, 107)| < (g — 1)8TginrortFie o1 =L(Bn=0)/[V1

if Zj:l E[ i;1 > Bn —t and E] 144,191 > ﬁﬂ .
We estimate the sum (5.4) now. Let Sy be the sum in (5.4) where iy 1+ - -+ 97 >
Bn —t and iy (g1 + -+ g 9] < 5{;?. Let Iy = 1,1 + -+ i1 fo1-1 + - +is1 +
g 911 and let Iy = 4y 197 + -+ +i597. Let A(l1 + I2) denote the number of

admissible choices of i1 1, ..., 4, 9] such that [y +12 = 411+ -+ 97. Then we have
L&t 1 ) Alls + 1)
— (g — 1)8/1 __ e
S1=(¢—-1) Z PCREE Z b
lo=0 li=Bn—t+1—Is

We have A(l; +12) < (llﬂjr;]{ﬂl]*l) and hence we obtain

1 1 (L+1l+s[¥] -1
_ 1ys[9] - — (T
S1<(g—-1) Z SN Z ( s[v] —1 )

¢
1o=0 li=Bn—t+1—Is

From a result by Matousek [I7, Lemma 2.18], see also [4, Lemma 6], we have

oo

(q _ 1)5[19] Z q% (ll + 152’7;'1 S_’—Q{I - 1)

lh=Bn—t+1—I2
< qlzfﬁn+t71+shﬂ <ﬂn —t+ Shﬂ

- s[d] -1 >

and further we have

B L85
T g _ M- UBn—0/[90114D) _

2([9]—1)
Z q@-T0Dz w)zz - Z ¢" g9 — 1

12=0
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Thus we obtain

5 < ([91=0) (LBn—0)/[9])+1) _ L pnstveafon (B = £+ 5[0
- qlo1=9 —1 s[U] -1
qs“j‘;m (Bn _( Jfr shﬂ) gL Bn=0/191).
~1—q¥ S -1

Let Sg be the part of (5.4) for which iy 1 + - +i4 97 > fn —t and 4y g7 +-- -+
s,[0] > W , i.e., we have

i1, [97—1—1
s 5 Y
i1,1=1 11 "19"71

i W%l‘lq—uﬂn—n/wuq<z‘1,m+---+ism><w1ﬂ)
=1

is,1 is,[91=1

qi1,1+"'+i1,w]71+"'+is,1+'“+i3,w]71 !

where we have the additional conditions i1 1 + -+ s 9] > Bn —t and iy 97 + - +
L, [9] > Bt - As above let I =d11+ - +i -1+t is1+ o+ i r9]—1 and
let Iy = Zl,hﬂ + - +ig 9. Let A(ly + [2) denote the number of admissible choices
of i11,..., is)w] such that [y +lo =411+ + Z'S)w]. Note that I; > L’ﬂJlQ Then we

have A(ly +12) < (ZIHSQ('HB?A) and hence we obtain

Sy < (g — 1)1 g~ LBn=)/[91]
> , > 1 (lhi+1+s[0] -1
([01-9)l I R
2. 2 qh< s[v] -1 )
lo=| 2557t |41 h=[9]l2+1
1)s191 g~ L(Bn=0)/191]

i i g1y (ll + o+ LiJ{S{_ll‘F s[J] - 1)_

la=| 2t |41 =0

=(q—

By using again Matousek [I7, Lemma 2.18], see also [4, Lemma 6], we have

N a1y (Ll [0l — 14 s[9] — 1
1 S"’lﬂ li+lo—1—129 1
> s[9] — 1

o1 (l2[9] —1+s[9] -1
< 8101 l2(1-9)—1 2

11=0

and also

ST9]—1—|(Bn— — oy (l2[9] =1+ s[¥] — 1
gl-1-lEn=0/l 3N e 19><2H [9] )

9 -1
2= 2yt |41 i
ST —1— | (Bro = _ lo+[9] —14s[9] -1
< - lEnor 3 g ﬁ)/ww(‘z [V] 19 1” )
lo=pBn—t S’V ‘|_

s _ s Bn—t+ [V =2+ 5[]\ _yan_
< T (1 = a1y W( s]—l911—1 9T - on—oyro1,
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Hence we have

s _ s Bn—t+ [V =2+ 5[]\ _ygn_
S5 < ¢*171(1 = g1=0)/101) W( S(E911—1 [V j~on—0/191,

Note that we have stebg rq.0(ks) = 51+ S2. Let @ > 1 and b > 0 be integers,
then we have

(azb> :f[l(”%) < (1+a).

Therefore we obtain
s[9]—-1
< T (B — 2o/
and
Sy < #1711 — =D/ =311 (g, — ¢ 4 [9])[V1=1g=0(Bn=)/ 191,

Thus we have

Z a0 (ks) < Csqo(Bn —t+ [0])*1V1-1q=0LBn=0/1I1]
kseD}

where
Cs g0 = qshﬂ ((q — qﬁfwj)fl +(1— q(1719)/m)75m)'

The result follows for the case 0 < ¢ — [¢] < 1.
Let now ¥ > 1 be an integer. Then using the same arguments as above it can be
shown that

Sy < (Bn —t+2)*0 g~ (Bn—t)—1+sv
and
So < q(1 — g/ 1) = (B — t + 9)*0 g (Bn=),
Thus we have

> ralks) < Clyy(Bn —t+0)7q" 0,
kseDy

where
Lo = a0(qT (1= gm0,

The result now follows. O

REMARK 5.3. We note that the above lemma does not hold for 8 > 1 in general.
Indeed, take for example u = {1}, then k, = (k1) and choose k1 = ¢™. Then the
digit vector of the first n digits of ¢" is (0,...,0)T and hence Cy k1 = 0 and hence

k@) € Df;y. Thus

Z rao(kay) =q "

k1) €DY),
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and hence a counterexample can be obtained for some choices of n, 3, 9.

In [2] we did allow 8 > 1, but therein we had the additional assumption that the
functions are periodic. In this case we were able to show that the Walsh coeflicients
r¢,0(k,l) = T[j2 rq,a(kj, ;) of the reproducing kernel also satisfy the additional
property that 74,4 (¢™kj, ¢™k;) = 7.0 (¢"k;j) = ¢ 2™, o(k;, kj) for all k;,m € N, see
[2, Lemma 15]. Similarly, if we would also assume here that r, 9(¢"k) = ¢~ ""rq.9(k)
and 7 ¢ (k) given as above if ¢ [k, then the above counterexample would fail as then
rq.0(q") = rq0(1q") = ¢~ 0"y 5 (1).

Using the above lemma we can now obtain an upper bound on the worst-case
error.

THEOREM 5.4. Let 9 > 1 be a real number and q > 2 be a prime power. The
worst-case error for multivariate integration in the Walsh space Es 4.9 ~ using a digital
(¢, [9],8,n x m,s)-net over Fy, with 0 < 8 < 1, as quadrature points is for non-
integers ¥ bounded by

e(Qqr s Esiq o) < g PLEn=D/IV1] Z YuClul,q,0(Bn —t + [0,
0#uCS
where

Clul,q0 = qlu\flﬂ ((q — qﬁftﬁj)*l +(1— q(lfﬁ)/ﬁﬂ)*\ulﬁﬂ)7

and if ¥ is an integer, the worst-case error is bounded by
e(Qqm s, Esgom) ST YT uCly g0 (B —t + )7,
0#uCS

where

Clupgn =" (¢ + (1 =g /7771,

As a direct consequence of Corollary BT we obtain the following result.

COROLLARY 5.5. Let 6 > 1 be an integer, 0 < A <1 and q > 2 be a prime power.
Then for any function f :[0,1)® — R whose partial mized derivatives up to order &
exist it follows that the integration error using a digital (t,0 + 1, B,n X m, s)-net over
F, with 0 < B <1 as quadrature points is for 0 < A < 1 bounded by

|1:(f) = Qqm s (/)] < g~ CEVLEn=D/CIDIC, o N p(f)

> NuClupgsia(Bn —t+6 4+ Dl
0#uCS

and for A =1 the integration error is bounded by

1L(f) = qu’s(f” < qi(ﬁnit)C&s,qu&)\n(f)
Z FY“C\/uI,q,éﬂ(ﬂn —t+0+ 1)\UI5+1,
0#uCS

where the constant Cs s 4.~ is given in Corollary[3.11] and the constants Cly) q.54x and
C"u|7q75+1 are given in Theorem[5.4)

Explicit constructions of digital (¢, o, min(1,a/d),dm x m,s)-nets over F, for
all prime powers ¢, integers «,d,m,s > 1 are given in Section €4l By choosing
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d =« =[] = 3§+ 1, by Theorem [54] and Corollary we obtain a convergence
of O(q=?™msI?1+1) which is optimal even for the smooth functions contained in the
Walsh space & 4,94, see [29] where a lower bound for smooth periodic functions was
shown.

REMARK 5.6. In [2, Remark 4] it was noted that if m = n and 8 > « the t-value
must grow with m and hence the restriction § < o was added. A similar argument
yields in our case that the ¢-value must grow with n if Sn > am as Theorem 5.4 shows
a convergence of O(¢~#"**) but the best possible convergence rate is ¢~*™, hence the
restriction § < am/n was added.

In case the smoothness of the function is not known our constructions adjust
themselves automatically up to a certain degree in the following way: for the con-
struction of the digital net we choose some value of d > 1 and construct a digital
(t, o, min(1, a/d),dm x m, s)-net or a digital (¢, a, min(1, «/d),d, s)-sequence for all
a > 1. The values § > 1 and 0 < A < 1 determine the real smoothness of the function,
which we now assume is not known. The value of « is the smoothness analog for the
digital net, i.e., we need to choose & = § + 1. First assume that § + A < d, then
min(1,a/d) = (6§ + 1)/d and therefore we have 8 = (6 + 1)/d. As n = dm it follows
that Sn = (§ + 1)m and therefore Corollary [5.5] shows that we achieve a convergence
of O(q=(0+Nmps+D+) “which is optimal. Now assume on the other hand that
d + A > d, then min(1,a/d) = 1 and therefore 8 = 1. Again we have n = dm and
hence fn = dm. In this case Corollary shows that our construction achieves a
convergence of O(g~4mms(O+1)+1),

Note that numerical integration of functions with less smoothness, i.e., for exam-
ple functions with partial mixed derivatives up to degree 1 in £2([0,1)%) or functions
with bounded variation, has been considered in many papers and monographs, see
for example [3] 4, [6] [7, [14], 20} 30, B1]. Using the notation from above, basically those
results are concerned with the case where § = 0 and A = 1, hence the results here
are a direct continuation of what was previously known. The construction of digital
nets proposed here for d = 1 yields obviously digital (¢, m, s)-nets and (¢, s)-sequences
as for example defined in [20]. In view of Corollary and the explanation which
followed it is hence not surprising that the classical examples and theory (see for ex-
ample [3] 4 12, 13, 14, 20, 26, 31]) only yielded a convergence of O(¢™(~1+9)) for any
€ > 0 (the € here is used to hide the powers of m).

Note that the worst-case error in the Walsh space &, 49,4 is invariant with respect
to a digital shift (see [4]), hence Corollary also holds for digitally shifted digital
nets. Thus, if one wants to use randomized digital nets, one can also use randomly
digitally shifted digital nets. The root mean square worst-case error for this case
would of course be bounded by the bound in Corollary (.5 as this bound holds for
any digital shift, i.e., our result here is even stronger in that we have shown that
even for the worst digital shift we still have the bound of Corollary From this, it
follows that for our situation here, there is, in some sense, no bad digital shift. Other
more sophisticated scrambling methods which do not destroy the essential properties
of the point set can be used as well (for example a digital shift of depth m, see [5,[17]),
see [24] for some ideas in this direction.
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