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Abstract. An adaptive finite element method is analyzed for approximating functionals of
the solution of symmetric elliptic second order boundary value problems. We show that the method
converges and derive a favorable upper bound for its convergence rate and computational complexity.
We illustrate our theoretical findings with numerical results.
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1. Introduction. Adaptive finite element methods (AFEMs) have become a
standard tool for the numerical solution of partial differential equations. Although
used successfully for more than 25 years, in more than one space dimension, even for
the most simple case of symmetric elliptic equations of second order a(u,v) = f(v)
(Vv), their convergence was not demonstrated before the works of Doérfler [Dér96]
and Morin, Nochetto, and Siebert [MNS00]. Convergence alone, however, does not
show that the use of an AFEM for a solution that has singularities improves upon,
or even competes with, that of a nonadaptive FEM. Recently, after the derivation of
such a result by Binev, Dahmen, and DeVore [BDD04] for an AFEM extended with a
so-called coarsening routine, in [Ste07] it was shown that standard AFEMs converge
with the best possible rate in linear complexity.

The aforementioned works all deal with AFEMs in which the error is measured
in the energy norm || - ||z := a(-,-)2. In many applications, however, one is not so
much interested in the solution u as a whole, but rather in a (linear) functional g(u)
of the solution, often being referred to as a quantity of interest. With u, denoting
the finite element approximation of w with respect to a partition 7, from |g(u) —
g(ur)| < |lgller||v — ur| g, obviously it follows that convergence of u, towards u with
respect to || - || g implies that of g(u,) towards g(u) with at least the same rate. It is,
however, generally observed that with adaptive methods especially designed for the
approximation of this quantity of interest, known as goal-oriented adaptive methods,
convergence of g(u,) towards g(u) takes place at a higher rate. Examples of such
methods can be found in the monographs [AO00, BR03, BS01], and in references
cited therein. So far these goal-oriented adaptive methods are usually not proven to
converge. An exception is the method from [DKV06], however, in which adaptivity is
purely driven by energy norm minimalization of the error in the dual problem a(v, z) =
g(v) (Vv). Another exception is the goal-oriented method from [MvSST06], which is
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proven to converge with a rate equal to what we will demonstrate (for piecewise
linears), where in [MvSST06] the strong assumption u, 2 € C3(Q) was made.
The starting point of our method is the well-known upper bound

(L.1) lg(u) — g(ur)| = la(u — ur, 2 = 27)| < [lu— urllellz — 2| 2,

where z; is the finite element approximation with respect to 7 of z. Having available an
AFEM that is convergent with respect to the energy norm, in view of (1.1) an obvious
approach would be to use it for finding partitions 7, and 74 such that the corresponding
finite element approximations u,, and z, have, say, both energy norm errors less
than /e. Indeed, then the product of the errors in primal and dual finite element
approximations with respect to the smallest common refinement of 7, and 74—and
thus the error in the approximation of the quantity of interest—is less than €. This
approach, however, would not benefit from the situation in which, quantitatively or
qualitatively, either primal or dual solution is easier to approximate by finite element
functions.

The alternative method we propose here works, in essence, as follows. On the kth
iteration, we start from a partition 7, and compute on it the solutions of the primal
and dual problems. To advance the iteration, this partition is refined in such a way
that the product ||u —u.||gl|z — 2 || £ is reduced by a constant factor. To achieve this,
we consider the effort needed to reduce each of ||u — u.|| g and ||z — 2, || g by the same
constant factor, which we do by separately computing suitable refinement sets. The
smallest of these sets is then applied to 75 to obtain 7j41.

We can show that this method is convergent. In particular, we prove that if,
for whatever s,t > 0, the solutions of the primal and dual problems can be approxi-
mated in energy norm to any accuracy d > 0 from partitions of cardinality O(6~1/%)
or O(6~1/%), respectively, then given € > 0, our method constructs a partition of
cardinality O(e~/(5¥")) such that

l9(u) = g(ur)| < flu—ur|lBllz — 2|5 <e.

In view of the assumptions, this order of cardinality realizing ||u —u,||g||z — z: ||z < €
is optimal. Moreover, by solving the arising linear systems only inexactly, we show
that the overall cost of the algorithm is of order O(e~1/(s+1),

The convergence rate s + t of our goal-oriented method is thus the sum of the
rates s and t of the best approximations in energy norm for primal and dual problems.
With the approach of approximating both primal and dual problem within tolerance
V€, the rate would be 2min(s,t). Another alternative approach, namely, to solve
each of the problems to an accuracy of €%/t and £/ respectively, would also
result in the rate s +¢. This approach, however, is not feasible, since the values s and
t are generally unknown. Our method converges at the rate s + t without previous
knowledge about the regularity of the solutions.

Concerning the value of s (and similarly ¢), when applying finite elements of
order p, for s up to p/n, a rate s is guaranteed when the solution has “ns orders
of smoothness” in L () for some 7 > (1 + s)~! (instead of in Ly(f2) required for
nonadaptive approximation) (cf. [BDDP02]).

Our method is based on minimizing an upper bound for the error in the func-
tional, which under certain circumstances can be crude. Actually, in all available
goal-oriented adaptive methods the decision of which elements have to be refined is
based on some upper bound for the error. Unlike the error in energy norm, there
exists no computable two-sided bound for the error in a functional of the solution.
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This leaves open the possibility that some bounds are “usually” sharper than others.
An argument against the upper bound (1.1) brought up in [BRO03] is that it is based
on the application of a global Cauchy—Schwarz inequality, whereas the dual weighted
residual method advocated there would better respect the local information. The
contribution of the current paper is that we prove a rate that is generally observed
with goal-oriented methods. When applying finite element spaces of equal order at
primal and dual sides, we neither expect (see Remark 5.1 for details) nor observe in
our experiments that on average our bound gets increasingly more pessimistic when
the iteration proceeds.

This paper is organized as follows: In section 2, we describe the model boundary
value problem that we will consider. The finite element spaces and the refinement
rules based on bisections of n-simplices are discussed in section 3. In section 4, we
give results on residual-based a posteriori energy error estimators. In section 5, we
present our goal-oriented AFEM under the simplifying assumption that the right-
hand sides of both primal and dual problems are piecewise polynomial with respect
to the initial finite element partition. We derive the aforementioned bound on the
cardinality of the output partition. In section 6, the method is extended to general
right-hand sides. By replacing the exact solutions of the arising linear systems by
inexact ones, it is further shown that the required number of arithmetic operations
and storage locations satisfies the same favorable bound as the cardinality of the
output partition. Finally, in section 7, we present numerical results obtained with the
method. To apply our approach also to unbounded functionals, here we recall the use
of extraction functionals, an approach introduced in [BS01].

In this paper, by C < D we will mean that C' can be bounded by a multiple of
D, independently of parameters upon which C' and D may depend. Similarly, C 2 D
is defined as D < C,and C < D asC <D and C 2 D.

2. The model problem. Let 2 C R" be a polygonal domain. We consider the
following model boundary value problem in variational form: Given f € H~1(), find
u € H(Q) such that

(2.1) a(u,v) = /QAVu Vo = f(v) (ve Hg(Q)),

where A € Lo () is a symmetric n x n matrix with essinfyeq Amin (A(x)) > 0. We
assume that A is piecewise constant with respect to an initial finite element partition
79 of € specified below. To keep the exposition simple, we do not attempt to derive
results that hold uniformly in the size of jumps of p(A) over element interfaces,
although, under some conditions, this is likely possible; cf. [Ste05]. For f € Lo(9),
we interpret f(v) as [, fv.

Given some g € H~1(Q), we will be interested in g(u). With z € H}(Q) we will
denote the solution of the dual problem

(2.2) a(v,z) =g(v) (ve H&(Q))

We set the energy norm on Hi () and dual norm on H~1(Q) by

1
lvlle = a(v,v)2 and ||hl|e = sup —
0#vEHL(Q) vl e

respectively.
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3. Finite element spaces. Given an essentially disjoint subdivision 7 of € into
(closed) n-simplices, called a partition, we will search approximations for u and z
from the finite element space

v, = HY(Q)n [ P,
Ter

where 0 < p € N is some fixed constant. For approximating the functionals f and g,
we will make use of spaces

V=[] Boa(D).

Tet

Although it is not a finite element space in the usual sense, we also use

(3.1) Wi = [[{h € H(div;T) : [h-n]or € Lo(0T)},
Ter

with n being a unit vector normal to 0T, and []or denoting the jump of its argument
over 0T in the direction of n, defined to be zero on 9Q. Obviously, [VE]™ C WE.

Below, we specify the type of (nested) partitions we will consider, and we recall
some results from [Ste08], generalizing upon known results for newest vertezx bisection
in two dimensions.

For 0 < k <n—1, a (closed) simplex spanned by k+ 1 vertices of an n-simplex T
is called a hyperface of T'. For k = n—1, it will be called a true hyperface. A partition
7 is called conforming when the intersection of any two different T, T € 7 is either
empty or a hyperface of both simplices. Different simplices T', T” that share a true
hyperface will be called neighbors. (Actually, when © # int(f2), the above definition
of a conforming partition can be unnecessarily restrictive. We refer to [Ste08] for a
discussion of this matter.)

Simplices will be refined by means of bisection. In order to guarantee uniform
shape regularity of all descendants, a proper cyclic choice of the refinement edges
should be made. To that end, given {zo,...2z,} C R™, not on a joint (n — 1)-
dimensional hyperplane, we distinguish between n(n + 1)! tagged simplices given by

all possible ordered sequences (zo, z1,. .., %)y and types v € {0,...,n —1}. Given a
tagged simplex T = (x¢, 1, ..., Zn), its children are the tagged simplices

(ZE(), rg—‘é—zn yLLy ooy Loys Tyl e - axn—l)('y+1)modn
and

(xna wogwn s Ly ,IE’W Tn—1y--, xv+l)('y+l)modn7
where the sequences (241, ...,%n—1) and (z1, ..., 2,) should be read as being void for
v =mn—1and 7 = 0, respectively. So these children are defined by bisecting the edge
ToT, of T—i.e., by connecting its midpoint with the other vertices x1,...,T,_1—

by an appropriate ordering of their vertices and by having type (v + 1)modn. See

Figure 3.1 for an illustration. This bisection process was introduced in [Tra97] and,

using different notation, in [Mau95]. The edge ZoZ,, is called the refinement edge of

T. In the n = 2 case, the vertex opposite this edge is known as the newest vertez.
Corresponding to a tagged simplex T' = (xo, ..., %)y, We set

Tr = (ﬁnaxla'”axﬂﬂxnfla' "7x’y+17x0)’77
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1

F1G. 3.1. Bisection of a tagged tetrahedron of type 0 with the next two-level cuts indicated.
2.0 1,1 L2
IA ‘ A
0 0

0 2 1 20 2 21 0
F1c. 3.2. Matching neighbors for n = 2, and their level 1 and 2 descendants. The neighbors in
the rightmost picture are not reflected neighbors, but the pair of their neighboring children are.

which is the tagged simplex that has the same set of children as 7', and in this sense
is equal to T'. So actually we distinguish between %n(n + 1)! tagged simplices.

Given a fixed conforming initial partition 79 of tagged simplices of some fixed
type v,

we will exclusively consider partitions that can be created from Ty by
recurrent bisections of tagged simplices, in short, descendants of Tg.

Simplices that can be created in this way are uniformly shape regular, dependent only
on 79 and n. For the case that €2 might have slits, we assume that

0N) is the union of true hyperfaces of T € 19.

We will assume that the simplices from 7y are tagged in such a way that any two
neighbors T' = (zo,...,&n)y, T = (2§, ...,2),)y from Py match in the sense that if
ToZr, or xz!h, is on TNT’, then either T and T" are reflected neighbors, meaning that
the ordered sequence of vertices of either T or T coincides with that of 77 on all but
one position, or the pair of neighboring children of T and T are reflected neighbors.
See Figure 3.2 for an illustration. It is known (see [BDD04] and the references therein)
that for any conforming partition into triangles there exists a local numbering of the
vertices so that the matching condition is satisfied. We do not now whether the
corresponding statement holds in more space dimensions. Yet we showed that any
conforming partition of n-simplices can be refined, inflating the number of simplices
by not more than an absolute constant factor, into a conforming partition 7y that
allows a local numbering of the vertices so that the matching condition is satisfied.
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For applying a posteriori error estimators, we will require that the partitions 7
underlying the approximation spaces be conforming. So in the following

7,7, 7, etc., will always denote conforming partitions.

Bisecting one or more simplices in a conforming partition 7 generally results in a
nonconforming partition p. Conformity has to be restored by (recursively) bisecting
any simplex T' € p that contains a vertex v of a T € p that does not coincide with
any vertex of T' (such a v is called a hanging vertex). This process, called completion,
results in the smallest conforming refinement of p.

Our adaptive method will be of the following form:

forj:=1to M
do create some, possibly nonconforming refinement o; of Tj_1
complete g; to its smallest conforming refinement 7;

endfor

As we will see, we will be able to bound Zj\il #o0;j — #7j—1. Because of the
additional bisections made in the completion steps, however, generally #71ay — #70
will be larger. The following crucial result, which relies on the matching condition in
the initial partition, shows that these additional bisections inflate the total number
of simplices by at most an absolute constant factor.

THEOREM 3.1 (generalizes upon [BDD04, Theorem 2.4] for n = 2).

M
#rar — #10 S Y H#oj — #7io1,
=1

dependent only on 19 and n, and in particular thus independently of M .

Remark 3.2. Note that this result in particular implies that any descendant o
of 79 has a conforming refinement 7 with #7 < #p, dependent only on 79 and n.

We end this section by introducing two more notations. For partitions 7/, 7, we
write 77 D 7 (7' D 7) to denote that 7’ is a (proper) refinement of 7. The smallest
common refinement of 7 and 7/ will be denoted as 7 U 7.

4. A posteriori estimators for the energy error. Given a partition 7, and
with u, denoting the solution in V. of

(4.1) a(ur,vr) = f(v) (vr €V,),

in this section we discuss properties of the common residual-based a posteriori error
estimator for ||u — u,||g. Since a(, ) is symmetric, an analogous result will apply to
||z — 27|l g, with z; denoting the solution in V, of

(4.2) a(vr, z:) = g(v;) (vr € V).

By formally viewing H}(€2) as V. corresponding to the infinitely uniformly refined
partition 7 = oo, at some places we interpreted results derived for u, to hold for the
solution u of (2.1) by substituting 7 = oo.

For developing an AFEM that reduces the error in each iteration, it will be
necessary to approximate the right-hand side by discrete functions. Loosely speaking,
in [MNSO0O0] the error in this approximation is called data oscillation. Being on a
partition 7, it will be allowed to use functions from V* + div[V*]?, where div :=
(=V) : La(Q)™ — H~Y(Q). Depending on the right-hand side at hand, it might be
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more convenient to approximate it by functions from V* or from div[VZ]™, or by a
combination of these. In view of this, we will write

(4.3) f=f+divs?,

where f' € H-1(Q) and f2 € Ly(2)" are going to be approximated by functions
from V* or from div[V*]"™, respectively. Similarly, we write g = g' + divg?.

Remark 4.1. Obviously, any f € H~1(Q) can be written in the above form with
vanishing f2. On the other hand, by taking f? = —Vw with w € H}(2) being the
solution of [, Vw- Vv = f(v) (v e Hj(R)), we see that we can equally well consider
a vanishing f'.

For i, € V., fl € Ly(Q), and f2 € W (see (3.1)), where we have in mind
approximations to wu,, f!, and f2, respectively, and T € 7, we set the local error
indicator

nr(fY, £2,0,) = diam(T)?(|f* + V - [AVa- + )7, r)
+ diam(T) || [[AVa, + £2] - n]or |13, 0m)-

Note that the first term is the weighted local residual of the equation in strong form.
We set the energy error estimator

E(r, fh ) = [Z nr(f', fQ,uT)] .

TeT

The following Proposition 4.2 is a generalization of [Ste07, Theorem 4.1] valid for
A =1d, f?2 = 0, and polynomial degree p = 1. This result in turn was a generalization
of [BMNO02, Lemma 5.1, eq. (5.4)] (see also [Ver96]) in the sense that instead of
|l — u. ||z, the difference ||u, — u,||g for any 7" O 7 is estimated. Proposition 4.2
tells us that this difference can be bounded from above by the square root of the sum
of the local error indicators corresponding to those simplices from 7 that either are
not in 7’ since they were refined or have nonempty intersection with such simplices.
By taking 7/ = oo, this result yields the known bound for ||u — u, || .

PROPOSITION 4.2. Let 7/ D 7 be partitions, and let f! € Ly(Q), 2 € W2, and

G=G(r,7):={Tecr:TNT#0 for some T €1, T ¢7'}.

Then we have

1

2

Hu‘l'/_uTHESCl ZnT(flanauT)]

TeG

for some absolute constant C1 > 0. Note that #G < #7' — #7.
In particular, by taking 7" = oo, we have

(44) ||u_u‘r||ESclg(Tafla.fQ)uT)'

_ - la(u,r —tr,v.0)]
Proof. We have |[u;r — url|p = supg4, ,cv_, o5

v € V,, we have

. For any v,» € V.,

a(Urr — Ur, V) = a(Urr — Up, Vs — U7)

= ZLfl(UT/ - UT) - .f2 : V(UT/ - 'Uq-) — AVuT/ . V(UT/ — 1}7.)
T

= XT: {(f1 +V - [AVuy + £ (or — vr) — /

[AVu, + f2] ‘n(v — UT)} ,
oT
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where the last line follows by integration by parts. By taking v, to be a suitable
local quasi-interpolant of v, as in [Ste07] (for p > 1, one may consult [KS08]) or,
alternatively, a Clément-type interpolator, and applying a Cauchy—Schwarz inequality,
one completes the proof. d

Remark 4.3. For the lowest order elements, i.e., p = 1, a statement similar to
Proposition 4.2 is valid with error indicators consisting of the jump terms over the
interfaces only. As a consequence, along the lines that we will follow for elements
of general degree p, for p = 1 a cheaper goal-oriented AFEM can be developed that
has similar properties. Details can be found in Appendix A of the extended preprint
version [MS08] of this work.

Next we study whether the error estimator also provides a lower bound for ||u —
ur||g and, when 7/ is a sufficient refinement of 7, for ||u,» — u,||g. In order to
derive such estimates, for the moment we further restrict the type of right-hand sides.
The proof of the following proposition will be derived along the lines of the proof
of [BMNO2, Lemma 5.3], where the Stokes problem is considered (see also [MNS00,
Lemma 4.2] for the case p =1 and f? = 0). For convenience of the reader we include
it here.

PROPOSITION 4.4. Let 7 C 7' be partitions, and let f' € Vi, f2 € [Vi]", and
U, € V..

(a) If T € T contains a vertex of 7' in its interior, then

diam(T)?|[ f' + V- [AVar + f2[7, ) S Jurr = Grlip ()

(b) If a joint true hyperface e of Ty, To € T contains a vertex of T/ in its interior,
then

diam(e) |[[AVar + £ nlell?, o) < ltr — 3 0y o)
2
+Y  diam(T3)?| £ + V- [AVa, + £2)13, 0,
=1

Proof. Let ¢ € H(Q) N I]pe, Pr(T") be the canonical nodal basis function
associated to a vertex of 7/ inside T'. Writing Ry = (f1+V-[AVu.+f?])|r € Pi—1(T),
and v, = Rpor € V., using the fact that supp v, C T, by integration by parts we
get

/ R3 < / Rior — / Rrve = (o + divF2)(om) — / AV, -V,
T T T T
:/AV(UT/—TLT)-VUT/,
T

and so by v |17y S diam(T) " Hvr | 1,y S diam(T) || Ry || £,y(1), we infer (a).

Let ¢ € Hy () NI e, Pr(T) be the canonical nodal basis function associated
to a vertex interior to e. Writing J. = [[AVi, + f2] - n]. € Pa_1(e), let J. €
P;_1(T1 U T3) denote its extension constant in the direction normal to e, and let
Uy = Jepe € V. Using the fact that suppv, C T1 U 15, by integration by parts we
get

/Je2 S/Jé’qse :/JEU-,—/ :/ (AV@T+f2)-VvT/+/ V- (AVr + f2)v..
e e e T1UT, T,UT>
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From
/ 2 Vo = —divf(ve) = —a(usr,ve) —|—/ o,
T UT> Ty UT>
we infer
/Jf < alty — Urr, vp7) +/ (f* +V-(AVi, + f2)v
e T UT>

2
S [WT — ur | g (10 diam(e) "t ) ||RTi||L2(Ti)] [verll 2y (TiuTs)-
=1

Using the fact that |lve||p, o) = | JellLamurn) = diam(e)%HJeHLz(e), we infer
item (b) of the proposition. O

In view of this last result, we will call a (possibly nonconforming) ¢ D 7 a full
refinement with respect to T € 7 when

T, and its neighbors in T, as well as all true
hyperfaces of T, all contain a vertex of o in their interiors.

As a direct consequence of Proposition 4.4 we have the following.
COROLLARY 4.5. Let T be a partition, let f1 € V*, f? € [VX]", and 4, € V,,
and let 7" D 7 be a full refinement of T with respect to all T from some F C 7. Then

(4.5) C2 [Z TIT(flan,UT)] < lur —t-l|g

TeF

for some absolute constant co > 0. In particular, we have
(4.6) (T, L A ) < |lu— s B

Next, we investigate the stability of the energy error estimator.
PROPOSITION 4.6. Let 7 be a partition, and let f1 € Lo(Q), f2 € W, and
vy, wr € V.. Then
CQ|€(T7 fla .f2a UT) - 8(7-7 flv fza w‘l')| < ||UT - wT”E
Proof. For fl € Ly(Q), f2 € W%, and v,,w, € V., by two applications of the
|12

triangle inequality in the form ||| - || — | - | |2 <|I-—-J?, first for vectors and then for

functions, we have
|S(T7f17f251}7') _5(T5f15f27w7')| S E(val - flvfz _f27v7' _wT)'
By substituting f1 = f! and f2 = f2, and by applying (4.6) the proof is com-
plete. d
5. An idealized goal-oriented AFEM. From (2.2) and u—u, L) V; 3 27,
we have

(5.1)  g(u) = g(us)| = la(u — ur, 2)| = |a(u — ur, 2 — 27)| < |lu — ur || El|2 — 27 || -

We will develop an adaptive method for minimizing the right-hand side of this ex-
pression.
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Remark 5.1. A question that naturally arises is whether there is something to
be gained from using finite elements of different orders for the dual and the primal
problems. Note that the derivation of (5.1) remains valid if the dual solution is
computed in a lower order space, or for that matter in any space that is a subspace of
V. But this will result in a larger ||z — z. ||z, worsening our error estimate without
changing the actual error |g(u) — g(u,)|.

And how about using a higher order space for the dual problem? In this case,
(5.1) no longer holds. As g(u) = f(z), we can approximate it by f(z,) with

(5.2)  |f(2) = f(zr)| = la(u, 2 — 27)| = |a(u — ur, 2 — 27)| < |lu = ur||Bl2 = 2] B

Thus, as before, we obtain a worse error estimate than if we had used the same higher
order space for the primal problem as well.

We conclude that with our approach there is no gain from using different orders
and, accordingly, will consider here only spaces of equal order.

Up to and including Lemma 5.3, we start with discussing a method for reducing
|lu — ur|| g or similarly ||z — 2,|| g separately. For some fized

C2
e |0,=— ),
( G )
we will make use of the following routine to mark simplices for refinement:

MARK|r, 1, f2,4,] — F

% fl e Ly(Q), f2 e Wr, 4, € V,.

Select, in O(#7) operations, a set F' C 7 with, up to some absolute factor, minimal
cardinality such that

(53) ZnT(flaf27aT)2925(T3f15f27a7)2'

TeF

Remark 5.2. Selecting F that satisfies (5.3) with truly minimal cardinality
would require the sorting of all np = nr(f!, f2,4,), which takes O(#7 log(#7))
operations. The log-factor can be avoided by performing an approximate sorting
based on binning that we recall here: With N := #7, we may discard all ny <
(1 —02)&(r, L, £2,14,)?/N. With M := maxze, nr, and ¢ the smallest integer with
2797 IM < (1—0%)E(Pe, f, f2,wpe)? /N, we store the others in ¢+ 1 bins depending
on whether nr is in [M, 1 M), [$M, M), ..., or [272M,27971M). Then we build F
by extracting nr from the bins, starting with the first bin, moving to the second bin
when the first is empty, and so on until (5.3) is satisfied. Let the resulting F' now
contain 77 from the ¢th bin, but not from further bins. Then a minimal set F that
satisfies (5.3) contains all 7 from the bins up to the (¢ — 1)th one. Since any two
nr in the fth bin differ at most by a factor of 2, we infer that the cardinality of the
contribution from the ¢th bin to F is at most twice as large as that to F, so that
#F < 24F. Assuming that each evaluation of nr takes O(1) operations, the number
of operations and storage locations required by this procedure is O(g + #7), with
q < logy(MN/[(1 = 8)E(r, 1, £2,717)?]) < logy(N/(1 — 62)) < logy(#7) < #r. The
assumption on the cost of evaluating 7y is satisfied when f! € V* and f2 € [VZ]", as
will be the case in our applications.

Having a set of marked elements F', the next step is to apply the following:
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REFINE|r, F] — 7/
% Determines the smallest 7' 2O 7 which is a full refinement
% with respect to all T € F.

The cost of the call is O(#7’) operations.

Using the results on the a posteriori error estimator derived in the previous sec-
tion, we have the following result.

LEMMA 5.3. Let f1 € Vi, f2 € [Vi]". Then for F = MARK]|r, f!, f?,u,] and
7 O REFINE|r, F], we have

1
2n27 3
(5.4) Ju— el < [1 = 25" flu—uells.
Furthermore
#F S #T — #70
for any partition T for which
1
c10%]2
= sl < [1 = S=] u— el

Proof. Since this is a key result, for convenience of the reader we recall the
arguments from [Ste07].
From

lu—urll% = llu—ur B+ lurr — urll%

and, by (4.5), (5.3), and (4.4),
c2f
lur = el = 208(r, f1, £ ) 2 o llu = s,

we conclude (5.4).

With 7 being a partition as in the statement of the theorem, let 7 = 7U7. Then,
as 7 and 7, the partition 7 is a conforming descendant of 7o, ||[u — uz||g < ||u — uz| g,
and

#T — #7 < #7 — #70.

To see the last statement, note that each simplex in 7 that is not in 7 is in 7. Therefore,
since 7 D Ty, the number of bisections needed to create 7 from 7, whose number is
equal to #7 — #7, is not larger than the number of bisections needed to create 7 from
7o, whose number is equal to #7 — #7g.

With G = G(7,7) from Proposition 4.2, we have

CE Y nr(f 2 ur) 2 flur = uellf = o= wrl|% = flu— uz||3
Tea

- C

2n2
> A}, > CRPE (T, £, 20 )?
by (4.6). By construction of F, we conclude that

#E S #G S H#T — #7 < #7 — #70,
which completes the proof. O
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The idea of the goal-oriented AFEM will be to mark sets of simplices for re-
finement corresponding to both primal and dual problems, and then to perform the
actual refinement corresponding to that set of marked simplices that has the small-
est cardinality. In order to assess the quality of the method, we first introduce the
approximation classes A°.

For s > 0, we define

e>0 {7illu—urllp<e}

and equip it with norm ||u|| 4s := ||u||g+|u|4s. So A?® is the class of functions that can
be approximated within any given tolerance € > 0 in || || by a continuous piecewise
polynomial of degree p on a partition 7 with #7 — #7y < e~V S|u|}4/f.

Remark 5.4. Although in the definition of A* we consider only conforming de-
scendants 7 of 7p, in view of Remark 3.2, we note that these approximation classes
would remain the same if we would replace 7 by any descendant g of 7y, conforming
or not.

While the A® contain V. for any s, and thus are never empty, only the range
s < p/n is of interest, as even C'™ functions are only guaranteed to belong to .A°
for this range. Classical estimates show that for s < p/n, H*P(Q) N H}(Q) C A?,
where it is sufficient to consider uniform refinements. The class A® is much larger
than HTP(Q) N H(Q), which is the reason to consider adaptive methods in the first
place. A (near) characterization of A° for s < p/n in terms of Besov spaces can be
found in [BDDP02] (although there the case n = 2 and p = 1 is considered, results
easily generalize).

We now consider the following adaptive algorithm:

GOAFEM([f!, 2. 9%, 9% €] — [mn, Ur, , 27,
% For this preliminary version of the goal-oriented AFEM,
% it is assumed that f*,g' € Vi and f? g* € [V3 ]".
k=0
while C1&(mi, f1, f%,ur,) - C1€(mh, 9%, g% 27, ) > € do
F, := MARK|r, f1, f?,u.,]
Fy .= MARK|[7, g%, 9%, 2+,
With F being the smallest of F), and Fy, Th+1 := REFINE[r, F]
k=k+1
end do
n:=k

THEOREM 5.5. Let f',g' € Vi and f?,g* € [Vi|". Then [, ur,,2:,] =
GOAFEM|f!, f2, g%, g% €] terminates, and ||u — u.,||gllz — 2., |g < . Ifu € A
and z € A%, then

#7n — F10 S eV (| Vlstt),

Aslz]ar)

dependent only on 19, and on s or t when they tend to 0 or co.

Remark 5.6. Assuming only that v € A® and z € A?, given a partition T,
the generally smallest upper bound for the product of the errors in energy norm in
primal and dual solutions that can be expected is [#1 —#70] ™% |u| as [#7 —#70] ~t|2] ¢
Setting this expression equal to ¢, one finds #7 — #79 = e~/ ) (Ju 4o || 40 )/ HD.
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We conclude that the partition produced by GOAFEM is at most a constant factor
larger than the generally smallest partition 7 for which ||u — u,||g||z — 2| g is less
than the prescribed tolerance.

Proof. Let By, := |[u—ur| ||z — 2r,||g- Then Exyq < [1— ]2Ek by (5.4), and
c2& (i, f1, F2 ur )€ (Th, g%, 92, 20,) < Ex by (4.6). So GOAFEM[fl,f2,g ,g%, €]
terminates, with E,, < C1E(7y, f1, f2,u., )C1E(Tn, g, g%, 2-,) < € by (4.4).

With F} being the set of marked cells inside the kth call of REFINE, Lemma 5.3
and the assumptions u € A%, z € A? show that

— 25 _ 2 2 - _
. < min{ [1- ] IR [ - D) L
1 1 1/t 1/t
Smin{flu—ur 57l 12 = zn 1214
<  max mln{5 l/s|u|1/s 71/t| |1/t} Ek—l{ s+t)(|u|A |Z|At)1/(s+t)-

T m>Ep_y

The partition 74 is the smallest conforming refinement of the generally nonconforming

0k, defined as the smallest refinement of 7,1 which is a full refinement with respect to

all T € Fy. From Theorem 3.1, #or —#7x—1 < #F}, the majorized linear convergence
2

of k— FEp_q,and E,,_1 > %E, we conclude that
1

#rn — #10 S Y H#F S By (ulas 2] ae) VY
k=1

< 5_1/(S+t)( )1/ s+t) O

|ulas|z|ar

6. A practical goal-oriented AFEM. So far, we assumed that f = f! +
divf?, g = ¢g' + divg?, with f1,g' € Vi, f2,g* € [VZ]" for any partition 7 that
we encountered; i.e., we assumed that f1,g' € V¥ | f2, g% € [Vi ]". From now on,
given a partition 7, we will approzimate f,g € H='(Q) by fL, +divf?, g + divg?,,
respectively, where fl,, gL, € V*,, f2,, g% € [V:,]" and either 7/ = 7 or, when it is
needed to have a smaller approximation error, 7/ O 7. We will set

Jrr = fqz-L/ + div.ff/a gr = gql-’ + dng72-"

To be able to distinguish between primal or dual solutions corresponding to dif-
ferent right-hand sides, we introduce operators L : H} () — H~1(Q) by (Lv)(w) =
a(v,w) (v,w € H}(Q)), and L, : V, — V. by (L,v,)(w,) = a(v,,w,) (v, w, € V,).
The solutions u, z, u,, z, of (2.1), (2.2), (4.1), (4.2) can now be written as L~'f,
(L')~tg, L71f, (L))~ 'g, respectively. Since in our case L' = L and L. = L., for nota-
tional convenience we will drop the prime. Note that || L[|z = |||, | L7 | p—E < 1,
and |71 — LY | pr—p < 1.

Furthermore, in view of controlling the cost of our adaptive solver, from now on
we will solve the arising Galerkin systems only approximately.

The following lemma generalizes upon Lemma 5.3, relaxing both the condition
that the right-hand side is in VX +div[V*]" and the assumption that we have the exact
Galerkin solution available, assuming that the deviations from that ideal situation are
sufficiently small in a relative sense.

LEMMA 6.1 (see [Ste07, Lemmas 6.1 and 6.2]). There exist positive constants
w = w(#,C1,c2) and X = Nw,C1,ca) such that for any f € H-1(Q), partition T,
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frev:, f2e V™, u, € V. with
(6.1) If = frller + 17 fr — arll e < WE(T £, £2. ),
F := MARK]r, f!, f2,u,] satisfies
#E S #7 — #70
for any partition 7 for which
lu —uellp < Allu —ur| &

Furthermore, given a

1
ne <|:1_C29;}271>7

there exists an w = w(u, 0, C1,c2) > 0, such that if (6.1) is valid for this w, and for
7' D REFINE[r, F], f» € HY(Q) and i, € V.,

Hf - f‘r’”E’ + ”L;lfT’ - aT’HE < w‘s(Tv 7}7 f?va‘r)v
then
lu—1trle < pllu—1ulle.

For solving the Galerkin systems approximately, we assume that we have an it-
erative solver of optimal type available:

GALSOLVE[r, f,, u{”, 6] — @,
% fr e (V) and W e V., the latter being an initial approximation for an
% iterative solver. The output u, € V. satisfies

1L fr = trllm < 6.

% The call requires < max{1,log(6 || L1 f, — US-O)HE)}#T
% arithmetic operations.

Multigrid methods with local smoothing, or their additive variants (Bramble-Pasciak—
Xu) as preconditioners in conjugate gradients, are known to be of this type.

A routine called RHS¢, and analogously RHS,, will be needed to find a suffi-
ciently accurate approximation to the right-hand side f of the form f! + divf? with
fl e vz f2 e [Vi]". Since this might not be possible with respect to the current
partition, a call of RHS; may result in further refinement.

RHSf[Tv 5] - [7-/’ -}’7 7?’]
% 6 > 0. The output consists of fL, € Vi, and f2, € [Vi,]", where 7/ =7 or,
% if necessary, 7' O T, such that ||f — fr||e < 9.

Assuming that u € A® for some s > 0, the cost of approximating the right-
hand side f using RHS will generally not dominate the other costs of our adaptive
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method only if there is some constant ¢y such that for any 6 > 0 and any partition 7,
for [7/,-,-] := RHS¢[r, d], it holds that

#r! — g7 < 671,

and the number of arithmetic operations required by the call is < #7'. We will refer
to such an RHS as s-optimal with constant cy. Obviously, given s, such a routine
can exist only when f € A*, defined by

1S —1 Ca : s

A {f SHT): Zggs{r:infﬁev;,ﬁ;@f]n ||fff7nE/§a}[#T #ml” < OO} '

On the one hand, v € A® implies that f € A°. Indeed, for any partition 7, let
f? = —AVu,. Then f7 € [Vi]" and | f — divf?||e = |lu — us||p. On the other
hand, knowing that f € A° is a different thing than knowing how to construct suitable
approximations. If s € [%, pnil] and f € H*"~1(Q), then the best approximations f!
to f from VI with respect to Lo(f2) using uniform refinements 7 of 7y are known
to converge with the required rate. For general f € A®, however, a realization of a
suitable routine RHS has to depend on the functional f at hand.

Remark 6.2. When u and f are smooth, then v € AP/ and f e AWP+tD/n,
Indeed, u is approximated by piecewise polynomials of degree p, and f by those of
degree p — 1 (apart from possible approximations from div[V%]™), whereas the errors
are measured in H}(Q) or H~1(), respectively. Also for less smooth u and f, one
can expect that usually u € A® and f € A for some s’ > s.

In our adaptive method, given some partition 7, for both computing the error
estimator and setting up the Galerkin system, we will replace f by an approximation
from V%, 4+ div[V%,]" where 7/ D 7 (and similarly for g). This has the advantages
that we can consider f ¢ Lo(Q) + divW?, for which thus the error estimator is not
defined, and that we don’t have to worry about quadrature errors in various places in
the algorithm.

Assuming f € L2(Q) + divW? for any 7, another option, followed in [MNS00], is
not to replace f by an approximation, but to check whether, on the current partition,
the error in the best approximation for f from Vi (4div[VE]™), called data oscillation,
is sufficiently small relative to the error in the current approximation to u, and, if
not, to refine 7 to achieve this. Convergence of this approach was shown, and it
can be expected that by applying suitable quadrature and inexact Galerkin solves,
optimal computational complexity can be shown as well. The observations at the
beginning of this remark indicate that “usually,” at least asymptotically, there will
be no refinements needed to reduce the data oscillation. This explains why common
adaptive methods that ignore data oscillation usually converge with optimal rates.

In addition to being s-optimal, we will have to assume that RHS; is linearly
convergent, by which we mean that for any d € (0,1), there exists a D > 0 such

that for any § > 0, partitions 7 and 7/ D 7 where [7,-, ] := RHSy[r, ], the output
[7",-,] = RHS{[1’, dd] satisfies #7" < D#r1’.
Remark 6.3. Usually, a realization of [7,-,-] := RHS¢[r,d] will be based on

the selection of 7 such that an upper bound for the error is less than the prescribed
tolerance. Since this upper bound will be an algebraically decreasing function of
#7T — #79, linear convergence is obtained.

We now have the ingredients in hand to define our practical adaptive goal-oriented
finite element routine GOAFEM. Compared to the idealized version from the previ-
ous section, we will have to deal with the fact that when solving the Galerkin systems
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only inexactly, and applying inexact right-hand sides, C; times the a posteriori error
estimator £(+) is not necessarily an upper bound for the energy norm of the error. We
have to add correction terms to obtain an upper bound. Furthermore, after applying
REFINE on either the primal or dual side, we have to specify a tolerance for the
error in the new approximation of the right-hand side and in that of the new approx-
imate Galerkin solution. In order to know that a subsequent REFINE results in an
error reduction, in view of Lemma 6.1 we would like to choose this tolerance smaller
than w times the new error estimator, which, however, is not known yet. Although
we can expect that usually the new estimator is only some moderate factor less than
the existing one, it cannot be excluded that the new estimator is arbitrarily small,
e.g., when we happen to have reached a partition on which the solution can be exactly
represented. In this case, an error reduction is immediate, and so we don’t have to
rely on REFINE to achieve it.

GOAFEM]Y, g,0,,04,¢] — |7, iy, 2]
% Let w € (0,c2) be a constant not larger than the constants w(6,C1,c2) and

% w(p,0,C1,c2) for some u € ([1 — 02922]%, 1) mentioned in Lemma 6.1.
1

% Let 0 < B < [(M +Crez )24 Ci(cyt 42w~ 1))~ be a constant.

24+Crcy !
T =170, [Tp, Tlp, sz] := RHS¢[7,0,), [74,97,,92,] :== RHS,[r, 4]
Ur, = Zr, =0
do

tr, := GALSOLVE[7,, f; ,tr,,0,]
Zry = GALSOLVE[Td, Grg»> Z1gs 5d]
op = (24 Cicy 1o, + CLE(Ty, f}p, ffp,ﬂTp)
o4 = (2 + 0102_1)5,1 + Clg(Td,gql_p,gzp,E-,—d)
if opoq < € then 7 := 7, U7y, Ur 1= Ur,, Zr := Zr, stop endif
if 26, < w&(7p, lep, f?p,ﬁTp) then F, := MARK]|r, Tlp, ffp,ﬁTp]
else F), := () endif
if 204 < wS(Td,g}_p,g?_p, Zr,) then F; := MARK]|r, g}_p,g?_p, Zr)
else F;:= () endif
it Hry — #7+ 4F, < frs — 47+ #Fy
then 7 := REFINE|7,, F},], 6, := min(d,, Bo,)
[7p, }p, fp] = RHS¢[7,6,], T4 :=TUTy4
else 7 := REFINE[ry, Fy], dq := min(d4, So4)
Ty =TUT, [Td,g}_p,g?_p] = RHS, [T, d4]
endif
enddo

THEOREM 6.4. [T, 1., %] = GOAFEM|f, g,

0,94, €| terminates, and

lu— @ llgllz - 2l <.

Ifue A%, z € A", RHSy (RHS,) is s-optimal (t-optimal) with constant ¢y (cg),
0, > cyf, and §, > cg, then

#r < o + e VD [(ullfE 4 ) (Ll el e,

If, additionally, ”f”E’ S épi HQHE’ 5 éd’ and épéd 5 Hu - UTOHEHZ - ZTOHE +¢,
then the number of arithmetic operations and storage locations required by the call
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are bounded by some absolute multiple of the same expression. The constant factors
involved in these bounds may depend only on 1y, and on s or t when they tend to 0 or
o0, and concerning the cost, on the constants involved in the additional assumptions.
Remark 6.5. The condition §,, > ¢y implies that for a call [/, -,-] = RHSIr,d,],
we have 77 = 1.
Proof. We start with collecting a few useful estimates. At evaluation of o, by
(4.4) and Proposition 4.6, we have

lu—tr,lle < lu—= L7 frlle + I(L7" = LoD fr e + L5, fr, — G, |l

<O+ CrE(rp, [, 12 L ) + L2 fry — i, |
< Op + Cr(Tp, fr,, f7, tr,) + (Crey ' + IILD fr, — tr, I

(6.2) 7Q+Q%)%+Qﬂ%ﬂwﬁﬂd:m¢

and, by Corollary 4.5,

ETps fr, F2,00n,) < L7 fr, =, |1
<y lu=ur g + (L™ = LED(fr, = Plle + L7, fr, — tr, ||E]

(6.3) <M u—ur g+ c5 126,

So if 26, < wE(Tp,fT I5 2 Ur,), then 5(Tp,fT , T JUr,) < [e2 —w] Hu — us, || 5, and
S0

(1+ 0102 )w+Cl
Cco—w :

(6.4) op < Dlju—ur,||p, where D :=

Now we are ready to show majorized linear convergence of 0,04. Consider any
two instances U;E)A) and 0,(,3) of op,, where 01(7 ) has been computed preceding o, ( ),
With 5,(,‘4), 5;(,3) and T A), Tp B) belng the corresponding tolerances and partltlons,

B _ A
from (6.3), 5;(, ) < 5;(, and 7' ) > T,E and so |Ju — UTISB)HE < lu-— UTISA)HE < cr,(, )

by (6.2), and we have
o) = 2+ Cic; )5S + e (P flua),f (), ()

< (2+3C1c; ) + Crey 'l

A 243C 1
(6.5) gK@h wmmK_ER%%+q@.
Let us denote by 7", 5,()Z , flm, f (o U, cr,(,) the instances of 7,, 0, Tp TQP

Ur,, 0p at the moment of the ith call of REFINE[TP,FP]. If 265 > we(rs”, fl( s
fT(i>,uT<i>), then for any k < ¢,
crz(f) <(2+Cicgt + 2w_1))51(f) <2+ Ci(cgt + Zw_l))ﬁcrl()k)

If, for some k € N, 25,@ < wé‘(ngj),fl(j),f2(j),a7(j)) for j = 4,...,i — k, then by
K P
(6.4), Lemma 6.1, where we use that 65 < 6%/ and (6.2),

crl(f) < D|ju— o e < Dpkllu— NEER) Iz < Dukal(f_k).
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Since (2 + Ci(cy ' 4+ 2w™1))3 < 1/K by definition of 3, from (6.5) we conclude that
for any a € (0,1) there exists an M such that U;E;H_M) < aal(f). Since all results
derived so far are equally valid on the dual side, by taking o < 1/K we infer that by
2M iterations of the loop inside GOAFEM, the product 0,04 is reduced by a factor
aK < 1. Indeed, either o, or o, is reduced by a factor o, whereas the other cannot
increase by a factor larger than K.

Next, we bound the cardinality of the output partition. If GOAFEM terminates
as a result of the first evaluation of the test 0,04 < €, then by the assumptions that
ép > ¢y and 4 > ¢4, the output partition 7, U g = 79. In the following, we consider
the case that initially op,0q > €.

At evaluation of the test #7, — #7 + #F, < #714 — #71 + #Fy, we have

(6.6) #7p — #7 < (BKloy) Vo

Indeed, the current #r7, — #7 is not larger than this difference at the moment of the
most recent call of RHS¢[r,d,]. By the assumption of RHS being s-optimal, the
latter difference was zero when at that time 6, > cy. Otherwise, since §,, > ¢y by
assumption, this 0, was equal to 8 times the minimum of all values attained by o,
up to that moment. Using (6.5) and the fact that RHS/ is s-optimal with constant
cf, we end up with (6.6).
If, at evaluation of the test #7, — #7 + #F, < #74 — #T + #Fy, F, ;é 0, ie.,

in the preceding lines 24, < w&(7p, fT ,fT ,Ur,) and F, := MARK]r, j"2 qu]
an application of Lemma 6.1 and the assumptlon that u € AS show that then

—1/s 15 —1/s 1/s
(6.7) #F, < lu—ar, |5 Jul e S oy Vo ul Y

by (6.4).

Clearly, results analogous to (6.6) and (6.7) are valid on the dual side. Now with
Op.js 0d,; being the instances of 0, o4 at the jth evaluation of the test #7, — #7 +
#F, < #7179 — #7 + #F,, with n being the last one, an application of Theorem 3.1
shows that for 7 being the output of the call of REFINE following this last test,
being thus the last call of REFINE, we have

1/s 1/s 1 1
ul {2+ ), o0 Y + /)

#7 —#19 < me{a 1/8
Jj=1

s 1/s 1/s\s 1 s
< (0pg0ag) O (ulE el ) (2l ety e
j=1

(6.:5) S eIl 4 ") (2l 4 e/

by the majorized linear convergence of (0}, ;04,5); and 0p noan > €.

Suppose that this last call of REFINE took place on the primal side. Then
the output partition of GOAFEM is 7, U 74, where [7p,,] = RHSf[T dp) and
T4 := TUTq. As we have seen, if §, < ¢y, i.e., if possibly 7, 2 7, then 6, is 1arger than
BK~! times the current oy, Wthh by its deﬁmtlon is larger than 2 + 01(32 times
the previous value of J,, denoted as 5,(,prcv). A call of RHS;¢ [, 5,(,prcv)] has been made
inside GOAFEM, and so 7 2 7/ with [7/,-,.] := RHS¢[, 51()pmv)]. The assumption of
RHS/ being linearly convergent shows that #7, < #7.
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The current #74 — #7 is not larger than this difference at the moment of the last
call of RHS,, and so analogously we find that #74 < #7. We conclude that

(69)  #7, Ura S #7 S o+ VOO (ullf 4 el ) (2l + el e,

Finally, we have to bound the cost of the algorithm. At the moment of the first
call of GALSOLVE([r,, f; ,1r,,0p], we have

1L fr, =l < I fr, = fller + 1 f e < 8 + 1 fller S 6

by assumption. We now consider any further calls. From (6.3), |[u—u- ||z < [|fllzr S
d,, by assumption, and (6.5), we have that the currents J, and o, at the moment of
such a call satisfy o, < d,. As a consequence, we have

—1 = —1 —1 —1 — —1 _
HLTP pr_quHES H(L _LTP )f7p||E+HL pr _quHESQHL pr _quHE
<2Alf = frller + llu— ||l £] < 26p + 205 < 6.

By the assumption of GALSOLVE being an optimal iterative solver, we conclude
that the cost of these calls is O(#7p).

The number of arithmetic operations needed for the calls MARK|r, Tlp, ffp, TUr,],
7 := REFINE|r,, F}|, and [1p, -, -] := RHS{[7,0,] are O(#7), O(#7), and O(#,),
respectively. Moreover, we know that #7, S #7, and that #7 — #79 as a function of
the iteration count is majorized by a linearly increasing sequence with upper bound
(6.8). From the assumption that §,0, < [[u — ur[|Ellz — 27 ||E + €, the first 0,04 S
lu — urllEllZ — 20 ||E + €, meaning that after some absolute constant number of
iterations, either the current 7 is unequal to 7y or the algorithm has terminated.
Together, above observations show that the total cost is bounded by some absolute
multiple of the right-hand side of (6.9). O

Remark 6.6. The functions 4., zZ, produced by GOAFEM are not the exact
Galerkin approximations, and so |[u — u,||g[z — Z-[|r is not necessarily an upper
bound for |g(u) — g(@,)|. Writing

g(u)—g(u,) =alu—1tr2) =alu—tr,2—2;) =a(u—Ur,z2—2;) —a(u — Ur, 2r — Z;),

and using the fact that ||u — @-||g < op, |2 — Z:|E < 04, ||2- — 27| < 0a < (2 +
Clcz_l)_lcrd, and 0,04 < €, we end up with |g(u) — g(@.)| <1+ 2+ Clcg_l)_l]s.

7. Numerical experiments. In this section we will consider the performance
of the GOAFEM routine in practice. As many real-world problems require the
evaluation of functionals that are unbounded on H}(2), we will also consider such a
problem. As GOAFEM can handle only bounded functionals, we need to do some
additional work. Following [BSO01], we will apply a so-called extraction functional,
a technique that we recall below. An alternative approach would be to apply a
regularized functional as suggested in [OR76, BR96]. This approach can be applied
more generally since no Green’s function is needed. On the other hand, it introduces
an additional error that can only be controlled in terms of higher order derivatives of
the solution beyond those that are needed for the functional to be well defined.

7.1. Extraction functionals. Let g be some functional defined on the solution
u of (2.1), but that is unbounded on H}(Q2). With f being the right-hand side of
2.1), we write §(u) = g(u) + M(f), where g € H~1(Q2) and M is a functional on
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f. Since u and f are related via an invertible operator, this is always possible, even
for any g € H=1(2). Yet, we would like to do this under the additional constraint
that M(f) can be computed within any given tolerance at low cost. Basically, this
additional condition requires that a Green’s function for the differential operator is
available.

We consider A = Id, i.e., the Poisson problem, on a two-dimensional domain €2,
and, for some T € (), g = gz given by

(1) = 2 (7).

assuming that w is sufficiently smooth. With (r, ) denoting polar coordinates centered
at T, we have A-22" Ogr = 0z, and so —AC;;Q = §;z in the sense that for any smooth
test function ¢ € D (R?), f]R2 €59 N = Gz(¢). Generally, this formula cannot be

2mr

applied with ¢ replaced by the solution u of (2.1). Indeed, in the general case this

function has a nonvanishing normal derivative at the boundary of 2, and therefore
its zero extension is not sufficiently smooth. Therefore, with w{ := C;:f , wy being a

sufficiently smooth function equal to w{ outside some open ¥ € (2 that contains Z,
and w® := w§ — w? for any ¢ € D(R?), we write

(o) == [ wito— [ i

[ aupor [w(-00
=1 g3(¢) + Mz(—Ag).

Clearly, gz extends to a bounded functional on L;(R?), with gz(v fQ —wi)v
when suppv C Q. In particular, gz is bounded on H{(€2), which enables us to use
GOAFEM to evaluate it. Moreover, since supp w® € 2, under some mild conditions
the above reformulation can be shown to be applicable to u. The details are as follows.

ProrosiTION 7.1. If

(a) f € La(Q),

(b) w is continuously differentiable at T, and

(¢c) in a neighborhood of T, f is in LP for some p > 2,
then

Gz (u) = gz(u) + Mz(f).

Proof. Let B(Z;e) be the ball centered at T with radius e, and small enough
such that B(Z;e) € Q. Since u,w® € H'(Q\B(Z;¢)), Au € La(Q\B(F;¢)) by (a),
Aw® € La(Q\B(z;¢)), and suppw® € (), integration by parts shows that

(7.1) / 7@ - u@w = / uAw® — w® Au,
0B(; on on O\B(z:¢)

where n is the outward pointing normal of dB(;¢). )
We have lim, o fQ\B(i;E) uAw® = —lim, o fQ\B(f;s) uAwf = gz(u).
Since | [(z.0) W5 S| < IflL,B@enllwd L, (5@e) (5 + 3 = 1), and furthermore

Hw%HLq(’B(f;s)) =y 02 s |ap]1/2 — 0 when £ | 0 and ¢ < 2, from (c) we conclude
that _hmslon\B(i;s)w u_fQ w® f = Mz (f).
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The contributions of w{ to the left-hand side of (7.1) vanish when € | 0.

From [op 0 wE3e = fo " (cost 2- + sind 24)<=0edf and (b), we infer that
: 2Ou _ 1 du (=
lime o faB(i;a) WG on = 2 ey (£)-

From

on 2me 2me

w? 2 2m
/ uG = cosf udf = L/ sinf 9%do
OB(%;¢) 0 0

27
- %/ sinf (— sinf 2- + cosf) 24 )df
0

— x
& Owg

and (b), we infer that —lim. o faB(i-a) ut gt = %a‘?—;(j) Together, the above obser-
vations give the proof. O

7.2. Implementation. The implementation of the GOAFEM routine is essen-
tially as described above, with the sole difference that we did not approximate the
right-hand sides for setting up the Galerkin systems and computing the a posteriori
error estimators, but instead used quadrature directly. This was possible, and in view
of Remark 6.2 reasonable, because in our experiments either the right-hand sides are
very smooth or they are already in V7 + div[V} |".

For all experiments, we used p = 2, i.e., quadratic Lagrange elements.

The GALSOLVE routine we use solves the linear systems with the conjugate
gradient method using the well-known Bramble-Pasciak—Xu preconditioner.

All routines were implemented in Common Lisp and run using the SBCL compiler
and run-time environment. This allowed for a short development time and well-
instrumented code. With regards to efficiency, the only effort made in that direction
consisted in making sure that the asymptotics were correct. While an efficient im-
plementation would be possible with moderate effort (see [Neu03]), for our purposes
convenience and correctness were the most important considerations.

For the experiment in which we use the extraction functional for the partial
derivative at a point introduced above, we also have to solve a quadrature problem.
For this we used the adaptive cubature routine Cuhre [BEG91] as implemented in the
Cuba cubature package [Hah05].

7.3. Experiments. To test GOAFEM, we chose two distinct situations. For
the first example, we want to compute a partial derivative at a point of a function
given as the solution of a Poisson problem, thus illustrating the applicability of our
method to this situation.

In our second example, we consider a problem in which the singularities of the
solutions to the primal and dual problems are spatially separated.

Ezample 7.2. Let Q = (0,1)2. We consider problem (2.1), choosing the right-
hand side f =1 (i.e., f(v) = [,vdx). We will test the performance of GOAFEM
on the task of computing

ou ,_
—(z),
9z, )
with Z = (Z, ). The initial partition is as indicated in Figure 7.1, with (1, 1) being
the newest vertex of all 4 triangles.

Following the discussion from subsection 7.1, we take w] = wf, and thus w® =

(1 —9)wf, with ¢ being a sufficiently smooth function, 1 outside some neighborhood
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Fic. 7.1. Initial partition 1o corresponding to Example 7.2.

1

FiG. 7.2. Right-hand side of the dual problem corresponding to Example 7.2.

of Z inside 2, and 0 on some smaller neighborhood of . Proposition 7.1 shows that
88—;‘1(;%) = [quA(=ypw§) + [o(1 = Y)w§ f. Writing (6,r) for the polar coordinates
around Z, we chose

(7.2) 0(0,r) = /Orw*(s)ds / /Om V" (s)ds,

with ¢* a spline function of order 6, with support [0.1,0.45].

We evaluated [ (1 — ¢)w§ f using the adaptive quadrature routine Cuhre. To
obtain precision of 1072 it needed 216515 integrand evaluations. On current off-the-
shelf hardware, it takes only a few seconds.

To approximate fQ uN(—pwl) we used GOAFEM. Since the right-hand sides
1 and A(—yw§) of primal and dual problems are smooth, their solutions are in
AP/™ = Al 5o that the error in the functional is O([#7 — #70]~2). We compared the
results with those obtained with the corresponding non-goal-oriented adaptive finite
element routine AFEM for minimizing the error in energy norm, which is obtained
by applying refinements always because of the markings at primal side.

The solutions of the primal and dual problems are in H3~¢(Q) for any £ > 0,
but, because the right-hand sides do not vanish at the corners, they are not in H?3(2).
Recalling that we use quadratic elements, as a consequence (fully) optimal conver-
gence rates with respect to || || g are not obtained using uniform refinements. On the
other hand, since the (weak) singularities in the primal and dual solutions are solely
caused by the shape of the domain, the same local refinements near the corners are
appropriate for both primal and dual problem. Therefore, in view of (1.1), we may
expect that also with AFEM the error in the functional is O([#7 — #70]72). On the
other hand, since quantitatively the right-hand side, and so the solution of the dual
problem, are not that smooth (see Figure 7.2), we may hope that the application of
GOAFEM yields quantitatively better results.

In Figure 7.3, we show errors in fQ uN(—pwf) as a function of #7— #79. The re-
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108

10—10

10

10!

F1a. 7.3. Error in the functional vs. #1 — #7109 using GOAFEM (solid) and AFEM (dashed)
corresponding to Example 7.2, and a curve C[#T — #710] 2.

S
S

eIt Ri
RRERERRERE RS

Fic. 7.4. Partitions produced by AFEM and GOAFEM with nearly equal number of triangles
for Example 7.2.

sults confirm that for both GOAFEM and AFEM, these errors are O([#7—#7] ~2),
where on average for GOAFEM the errors are smaller. In Figure 7.4, we show parti-
tions produced by GOAFEM and AFEM. With AFEM local refinements are made
only towards the corners, whereas with GOAFEM additional local refinements are
made in areas where quantitatively the dual solution is nonsmooth due to oscillations
in its right-hand side.

Example 7.3. As in Example 7.2, we consider Poisson’s problem on the unit
square. We now take as initial partition the one that is obtained from the partition
from Figure 7.1 by 2 uniform refinements. We define the right-hand sides f and g of
primal and dual problems by

(7.3) foy=— [ 2 oy =— [

) )
Ty aff]_ T, a.’E]_
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F1G. 7.5. Initial partition 19 corresponding to Example 7.3, and Ty (left bottom), T, (right top).

2
PN
TN

7

7

7 N
TN

AN

10°

F1a. 7.7. Error in the functional vs. #1 — #710 using GOAFEM (solid) and AFEM (dashed)
corresponding to Example 7.3, and a curve C[#T — #710] 2.

where T and T, are the simplices {(0,0), (3,0),(0,3)} and {(1,1),(3,1),(1, 3)}, re-
spectively; see Figure 7.5. That is, with x; being the characteristic function of T,
f=divixs 0]T. So in view of (4.3), here we write f as f' + divf? with vanishing
f*, and benefit from the fact that f? € [V;¥]?. Similarly for g.

The primal solution has a singularity along the line connecting the points (%, 0)
and (0, 3) (see Figure 7.6), and similarly the dual solution has one along the line con-
necting (1,1) and (4,1). Since the non-goal-oriented adaptive finite element routine
AFEM does not see the latter singularity, it behaves much worse than GOAFEM, as

seen in Figure 7.7. For GOAFEM we observe an error O([#7 —#7]~2), which, since
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F1G. 7.8. Partitions produced by AFEM and GOAFEM with nearly equal number of triangles
for Example 7.3.

p/n = 1, is equal to the best possible rate predicted by Theorem 6.4. In Figure 7.8,
we show partitions produced by AFEM and GOAFEM, respectively.
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