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Abstract

The long-time behavior of solutions of systems of conservation laws has been extensively studied. In particular,
Liu and Zeng [6] have given a detailed exposition of the leading order asymptotics of solutions close to a constant
background state. In this paper, we extend the analysis of [6] by examining higher order terms in the asymptoticsin
the framework of the so-called two dimensional p-system, though we believe that our methods and results also apply
to more general systems. We give a constructive procedure for obtaining these terms, and we show that their structure
is determined by the interplay of the parabolic and hyperbolic parts of the problem. In particular, we prove that the
corresponding solutions develop long tails.

1 Introduction

In this paper, we consider the long-time behavior of solutions of systems of viscous conservation laws. This topic has
been extensively studied. In particular, for the case of solutions close to a constant background state, [6] (building on
work of [2]), contains a detailed exposition of the leading order long-time behavior of such solutions. More precisely,
it is shown in [6] that the leading order asymptotics are given as a sum of contributions moving with the characteristic
speeds of the undamped system of conservation laws and that each contribution evolves as either a Gaussian solution
of the heat equation or as a self-similar solution of the viscous Burger’s equation. Thus with the exception of the
translation along characteristics, these leading order terms reflect primarily the dissipative aspects of the problem.

In this paper, in an effort to better understand the interplay between the hyperbolic and parabolic aspects of the
problem, we examine higher order terms in the asymptotics. We work with a specific two-dimensional system of
equations — the p-system, but we believe that its behavior is prototypical. In particular, we think that our methods
and results would extend to more complicated systems such as the “full gas dynamics’ and the equations of Magneto-
Hydro-Dynamics (MHD) as considered in [6].

The specific set of equations we consider is the following:
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b = c20,a+ 0,9(a,b) + o (920 + 0,(f(a,b)dzb)) . b(z,0) = by(x) . (1)
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We will make precise the assumptions on the nonlinear terms f and g below, but in order to describe our results
informally, we basically assume that |g(a, b)| ~ O((|a| + |b])?) and |f(a,b)| ~ O((|a| + |b])). We also note that
without loss of generality, we can set ¢c; = ¢o = 1 and a = 2 in (1.1), which can be achieved by appropriate scalings
of space, time and the dependent variables, and possible redefinition of the functions f and g.

Physically, (1.1) is a model for compressible, constant entropy flow, where a represents the volume fraction (i.e. the
reciprocal of the density) and b is the fluid velocity. The first of the two equations in (1.1) is the consistency relation
between these two physical quantities. In particular, it would not be physically reasonable to include a dissipative term
in this equation, whereas such a term arises naturally in the second equation which is essentially Newton’s law, in
which internal frictional forces are often present. As a consequence of the form of the dissipation the damping here is
not ‘diagonalizable’ in the terminology of [6].

Next, we note that with the scaling ¢; = ¢o = 1 and o = 2 in (1.1), the characteristic speeds are 1. If the initial
conditions ag and by in (1.1) decay sufficiently fast as |x| — oo, Liu and Zeng [6] showed that a(z,t) + b(x,t) =
\/f—ﬂggt( jf—thO((lH)—%), where g are self-similar solutions of either the heat equation, or of Burger’s equation,
depending on the detailed form of the nonlinear terms. In this paper we derive similar expressions for the higher order

terms in the asymptotics through a constructive procedure that can be carried out to arbitrary order.

More precisely, we show that for any N > 1, there exist (universal) functions {g:*}~_, and constants {d;"}_,
determined by the initial conditions, such that

N
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We give explicit expressions for the functions g:= below, but focusing for the moment on the case N = 1 and the
variable a, we have

oo, ) = 5o (o G + 96 o)) gy (498 Gtte) + a0 o))+ O )
where the functions ggt(z) and gf (z) are solutions of the following ordinary differential equations:
0205 () + 320-05 () + 505 (2) + 20 (g ()7) = 0 (L3)
D26t (2) + 520,07 (2) + S0 (2) + 2000008 ()97 (2)) = 0. (14

Here c. are constants that depend on the Hessian matrix of g(a, b) at a = b = 0 and that will be specified in the course
of our analysis. We will prove that while all solutions of (1.3) have Gaussian decay as |=| — oo, general solutions of
the linear equation (1.4) are linear combinations of two functions g; 4 (z), where g, 1 (z) decays like a Gaussian as
z — Foo but only like \z|‘% as z — oo, see also [5]. The graphs of the functions g/ (z) and g; () are presented in
Figure 1.

Thus, the higher order terms in the asymptotics develop long tails. These tails are a manifestation of the hyperbolic
part of the problem (or perhaps more precisely of the interplay between the parabolic and hyperbolic parts). Were we
to consider just the asymptotic behavior of the viscous Burger’s equation which gives the leading order behavior of the
solutions, we would find that if the initial data is well localized, the higher order terms in the long-time asymptotics
decay rapidly in space and have temporal decay rates given by half-integers.

We also note one additional fact about the expansion in (1.2). Prior research [3, 9] has shown that for both parabolic
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Figure 1: Graphs of the functions g, (left panel) and g, (right panel). Note the long tail of
g1 asz — oo.

equations and damped wave equations the eigenfunctions of the operator
1
Lu(z) = 0%u + izazu

play an important role for the asymptotics. In particular, on appropriate function spaces this operator has a sequence
of isolated eigenvalues whose associated eigenfunctions can be used to construct an expansion for the long-time
asymptotics. In this connection we prove that the functions g are closely approximated by eigenfunctions of £ with
eigenvalues A\, = —% + 2= (»*+1): more precisely, the functions g;* are eigenfunctions of a compact perturbation
of L, see e.g. (1.4). However, so far we have not succeeded in finding a function space which both contains these
eigenfunctions (the functions g;= decay slowly as z — -00) and in which the corresponding eigenvalues are isolated
points in the spectrum. We plan to investigate this point further in future research.

Before moving to a precise statement of our results we note that our approach makes no use of Kawashima’s energy
estimates for hyperbolic-parabolic conservation laws [4]. Instead we prove existence by directly studying the integral
form of (1.1).

We now state our results on the Cauchy problem (1.1). We begin by stating the precise assumptions we make on the
nonlinearities f and g in (1.1).

Definition 1 Themaps f, g : R> — R are admissible nonlinearities for (1.1) if there is a quadraticmap go : R2 — R
and a constant C' such that for all |z|, |z | and |z2| small enough,

l9(2)] < Clz*, l9(z1) — g(22)| < Clz1 — 2z2|(|21| + |22]) ,
[Ag(2)] < Claf’ . |Ag(z1) — Ag(z2)| < Clzy — 2a|(|21]| + |22])* |
|f(z)| < Clz| and |f(z1) - f(z2)| < Clz1 — 22 ,

where Ag(z) = g(z) — go(2).



The main result of this paper can be formulated as follows:

Theorem 2 Fix N > 0. There exists ¢y > 0 sufficiently small such that if

(I) |a0|H1(R) + |a0|L1(R) < ¢o and |b0|H2(]R) + |b0|L1(]R) < €

(i) |$2a0|L2(R) + |$2bO|L2(R) < 00,

then (1.1) has a unique (mild) solution with initial conditions ao and by. Moreover, there exist functions {g:=}_,
(independent of initial conditions for n > 1) and constants C, {d-}2_, determined by the initial conditions such
that

N
= 1 +(ztt + (ot N
a(%t)—&-b(%t) = \/1—+t90 (\/1—H)+z:1mdngn(\/1—+t)+}%u (CC,t)
n= (15)
N
1 —(_x—t 1 - —(_x—t N
a(z,t) —b(z,t) = Ve (A7) + Z:l mdngn (Jmg) + By (2.1),
where the remainders R)Y and R satisfy the estimates
3__ 1 N
Sup(l + t)4 2N+2 ||R{uv}(7t)”L2(R) < CN
>0
(1.6)

sup(L+ )4 77 |9, RY, ) (- )l|r2m) < C -
t>0

Furthermore, for n > 1, the functions ¢ satisfy g=(z) ~ |z| "2t 27 as z — +o0.

There is a slight incongruity in this result in that the norm in which we estimate the remainder term is weaker than
the one we use on the initial data; namely, we do not give estimates for the remainder in H2(IR), or in the localization
norms L*(R) and the weighted L2(R)-norm (on that aspect of the problem, see Remark 3 below). Theorem 2 actually
holds for slightly more general initial conditions than those satisfying (i)-(ii). Furthermore, we will prove that the
estimates (1.6) hold for all initial conditions (ag, bo) in a subset D, C H; x Hy that is positively invariant under the
flow of (1.1). However, since the topology used to define the subset D5 is somewhat non-standard, we have chosen to
state the result initially in this slightly weaker, but hopefully more comprehensible, form to keep the introduction as
simple as possible.

Remark 3 It is interesting to note (see Proposition 7 below) that || z2a(-, t)|| 2wy + [|2°b(-, t)||L2(r) is finite for all
finite t > 0, but that the terms with » > 1 in the asymptotic expansion do not satisfy this property due to the long tails
of the functions g

Remark 4 As the asymmetry in the degree of = derivatives in (1.1) suggests, we require more spatial regularity from
the second component (the b variable) than from the first (the a variable). It is then natural to expect that RY or RYY
are not necessarily in H2, but that only their difference is.

We conclude this section with a few remarks. Define uy(x,t) = a(x,t) £ b(x,t). Then the asymptotics of the
solutions of (1.1) in the variables u.4 are the same as those of the two dimensional (generalized) Burger’s equation

Opus = 02up + Opug + Op(crul — cu?)

1.7
Ou_ = a;fu, — Ozu_ + (%(CJLQ_ - C#ﬁ) ) 7
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where the constants ¢ are determined by the Hessian of g(a, b) at « = b = 0 through

_ 1 agg 5a8bg 1
= ig(l’ 1) ((“)aabg %9 )| ucbso . (:I:l) '

We will see that the hyperbolic effects manifest themselves through the ‘source’ terms —c_u? , respectively cu? in
the first, respectively second equation in (1.7). In particular, none of the terms g with n > 1 would be present in the
asymptotic expansion if those terms were absent.

Finally, note that we have chosen to state Theorem 2 for finite N. As it turns out, the sums appearing in (1.5) converge
in the limit as N — oo, in which case the estimates (1.6) hold with time weights replaced by (14 ¢) In(2 +¢)~! and
1+ t)% In(2 + ¢)~1. The proof can easily be done with the techniques used in this paper and is left to the reader.

The remainder of the paper is organized as follows: In Section 2, we discuss the well-posedness of the Cauchy problem
(1.1) in an appropriately defined topology. In Section 3, we explain our strategy for proving our main result, Theorem
2, on the long time asymptotics of solutions of (1.1). Namely, we decompose that proof into a series of simpler sub-
problems which are then tackled in subsequent sections: in Sections 4 and 5, we investigate properties of solutions
of Burger’s type equations, respectively of inhomogeneous heat equations, as they occur naturally in the asymptotic
analysis. In Section 6, we collect some estimates that are used in the proof of the well-posedness of (1.1). Finally, in
Section 7, we specify the sense in which the semigroup of the linearization of (1.1) is close to heat kernels translating
along the characteristics, and we give estimates on the remainder terms occurring in Theorem 2.

2 Cauchy problem

To motivate our technical treatment of the problem and in particular our choice of function spaces, we first note that
upon taking the Fourier transform of the linearization of (1.1), it follows that

a ay _ (0 ik a
‘9t(b) B L(b) :<ik —2k2) (b) ' @1)
We then find that the (Fourier transform of) the semigroup associated with (2.1) is

oLt ek2t<cos(ktA) + £ sin(ktA) % sin(ktA) ) 7 2.2)

£ sin(ktA) cos(ktA) — % sin(ktA)

where A = /1 — k2. The most important fact about the semigroup e is that it is close to e™*, the semigroup
associated with the problem

(. u\ _ (0240, 0 U
O (v) =Lo (v) :( 0 02 — 81) (v) ' 2:3)
Formally, e™* can be obtained by setting A = 1 in e and by conjugating with the matrix
(1 1
S= (1 - 1> . (2.4)

These two operations correspond to a long wavelength expansion and a change of dependent variables to quantities
that move along the characteristics. More precisely, we will prove that e™ satisfies the intertwining property

Sel't ~ elots |

where the symbol ~ means that the action of these two operators is the same in the large scale — long time limit; see
Lemma 19 at the beginning of Section 7 for details.



Furthermore, e satisfies parabolic-like estimates

1
|eLt| < Oemin(kz,l)i’< } \/1Irk2>7 (2.5)
1+k2
— min(k?,1) ¢
eLf(.O)‘ S e ! ) (2.6)
ik Vi 1+k2

uniformlyin¢ > 0and k € R.

Hence, to summarize, e™* behaves like a superposition of heat kernels translating along the characteristics of the
underlying hyperbolic problem. In view of the above observations as well as of classical techniques for parabolic
PDE’s, see e.g. [7, 1], we will consider (1.1) in the following (somewhat non-standard) topology (cf also [8]):

Definition 5 We define By, resp. B, as the closure of C5° (R, R?), resp. C5°(R x [0, 00), R?), under the norm | - |,
resp. || - ||, where for zg = (ao,bp) : R — R?and z = (a,b) : R x [0,0) — R?, we define

|20 = ||Zo]lc + llzoll2 + [Dzoll2 + [D*boll2 . lzl] = 2lloc.0 + ll2llo, 2 + [IDz]l3 s + [D?b]5,2+ -
Here (Da)(x,t) = 0,a(x,t), a(k, t) is the Fourier transform of a(x, t),

1+1¢)¢
Il =501+ O Wl =500 P 160

and || - ||, is the standard L?(R) norm.

Before turning to the Cauchy problem with initial data in By we collect a few comments on our choice of function
spaces.

Consider first the requirements on the initial conditions in (1.1). While the use of H! space is quite natural in this
context, we choose to replace the L' norm by the (weaker) control of the L°° norm in Fourier space. This has the great
advantage that all estimates can then be done in Fourier space, where the semigroup e has the simple, explicit, form
(2.2).

In turn, our choice of g-exponents in the norm || - || is motivated by the fact that these are the highest possible exponents

forwh_ich the || - |[-norm of the leading order asymptotic term ﬁgﬁf(ﬁ%) is bounded. Note also that for the linear
evolution (2.1), we have
le™ 20| < Clzol , (2.7)

since j(k, t) = e~ min(* Dty () satisfies

1 n

1D, 8)ll2 < C(e™* D™ o]z + min(t ™4 % laolloc, | D" uo]l2 )
foralln=0,1,....
Finally, we note that for admissible nonlinearities in the sense of Definition 1, the map h(a,b) = f(a,b)0,b+g(a,b) =
h(z) satisfies

1h(@)ll1, 3 + [17(2) 2,2 + [ DR(2)l]5 5 < Cllzll? (2.8)
1h(z1) = h(22)l[1,1 + [|P(z1) = h(22)[l5,3 < Cllz1 — 22| (|21 ][ + [|22]) , (2.9)
I1D(h(z1) = h(22))ll2,5 < Cllz1 — 22| (|21 + [|22]) - (2.10)

We are now fully equipped to study the Cauchy problem (1.1) in B:



Theorem 6 For all zg € By with |zg| = |(ao, bo)| < €0 Small enough, the Cauchy problem (1.1) is (locally) well posed
in 5 if the nonlinearities are admissible in the sense of Definition 1. In particular, the solution satisfies ||z|| < ceq for
some ¢ > 1 and is unigue among functions in 13 satisfying this bound.

Proof. Upon taking the Fourier transform of (1.1), we get

O (Z) :(i?@ _%) (Z) + (ilgh) ’ (2.11)

which gives the following representation for the solution

_ (a(®)\ _ rifao /t L(t—s) 0 _ Lt
z(t) = (b(t)) =e (bo) + Ods e (&Eh(z(s))) =e'zo+Nz(t) . (2.12)
We will prove below that for all z; € B, = 1, 2, we have
[Nzl < Cllzl* and [[N]z1] = Nz2]|| < Cllza — 2a|(||z1 ]| + [|z2]]) (2.13)

for some constant C'. The proof of Theorem 6 then follows from the fact that for all zg € B, with |zg| < € small
enough and ¢ > 1, the r.h.s. of (2.12) defines a contraction map from some (small) ball of radius ceg in B onto itself.

The general rule for proving the various estimates involved in (2.13) is to split the integration interval into two parts,
with s € 7; = [0, %] ands €7, = [%, t]. InZy, we place as many derivatives (or equivalently, factors of k) as possible
on the semigroup e“(*—*) while on Zs, (most of) these derivatives need to act on A, since the integral would otherwise
be divergentat s = ¢.

Additional difficulties arise from the fact that e™* has very little smoothing properties (slow or no decay in k as
|k] — oc), so that in some cases we need to consider separately the large-k part and the small-k part of the L2 norm,
say. This is done through the use of IP, defined as the Fourier multiplier with the characteristic function on [—1, 1].

We decompose the proof of | NV[z]|| < C||z||? into that of

—

INz]|| < [NT2llloc.0 + [NV [2]ll5,1 + IPDNz]]l5 3 + [[(1 — P)DNz][l5 5
+1(1 = P)D*Nzl2l5, 2+ + |1 = QPD’*Nz]2 5,5+ + [|QPD*N 2]z 5+
< Cllz)?, (2.14)

where Q is the characteristic function for ¢ > 1 and \/[z]» denotes the second component of \/[z].

We now consider ||[PDAN[z] [[2,2 as an example of the way we prove the above estimates. We have

IPDN[2](,t)]|2 < [|h(2)]2,2 ( _— Iklﬁe‘%*) /Ofis (1+s)77

|k|<1,7>0 t—s
2, b (1+s)7 %
+ ||Dh(z 5< supek4>/d57
D)l (| sup e R
2 2 ds 1 tds 3
SCZQ(—/ + )gcz21+t—Z 2.15
(7 [t + T )=l 2.15)

for all ¢ > 0, which shows that ||]P’D/\/[z]||2% < C||z||*. All other estimates in (2.14) can be done similarly; we
postpone their proof to Section 6 below.

Finally, we note that the Lipschitz-type estimate in (2.13) can be obtained in the same manner, mutatis mutandis, due
to the similarity between (2.9) and (2.10) with (2.8); we omit the details. m



We can now turn to the question of the asymptotic structure of the solutions of (1.1) provided by Theorem 6. Note that
already if we wanted to prove that e™*z, satisfies ‘Gaussian asymptotics’ we would need more localization properties
on z, than those provided by the Bo-topology. It will turn out to be sufficient to require zg € By N L%(R, z™dx) for
(some) m > 2. We now prove that this requirement is forward invariant under the flow of (1.1):

Proposition 7 Let p,,(x) = |z|™ and define
D,, = { zo € By such that |zg| + ||pmzoll2 < oo} )

If zg € Dy, and |zo| < €p such that Theorem 6 holds, then the corresponding solution z(t) of (1.1) satisfies z(t) € Dy,
for all finite ¢ > 0. Furthermore, there holds |z(¢)| < (1 + d)eo for some (small) constant 4.

Proof. Note first that by Theorem 6, |z(t)| < ||z|| < (1 + d)eq since zg € By and |z¢| < €. Then, fix m € N,
m > 1. The proof of Theorem 6 can easily be adapted to show that (1.1) is locally (in time) well posed in D,,,. Global
existence then follows from the fact that the quantity

1 1o
grows at most exponentially as ¢ — oco. Namely, we have
BN () = /dx |:v|m((9z(ab) + 2002 + bam(f(a, b)ub + g(a, b)))

— 00

- /Zlox m|x|m*1sign(:c)(b(a +g(a,b) + (2 + f(a, b))bazb)

— 00

_ /E} 2™ (@:0)2(2 + f(a.0))

S/é}@m—lVl“+MWﬂbw+QMﬁD+@+fWﬁwa

- [ e @07(2 + 1(a.)

< /_iiox ((m —ymlg |m|mX|b(a +g(a,b)| + 272 + f(a, b)|b2)
<4 (m7 60) + CQ(EO)N(t) ,

due to the estimates || f(a, b)||coc < Cep < 2 and || \%j’%”w <Ce. nm

3 Asymptotic structure - Proof of Theorem 2

We can now state our main result on the asymptotic structure of solutions of (1.1) in a definitive manner:

Theorem 8 Let D,, be as in Proposition 7 with m > 2, let zg € D,,, with |zg| < ey such that Theorem 6 holds and
write z(t) = (a(t), b(t)) for the corresponding solution of (1.1). Then there exist functions {g:*}~_, (independent of
zo for n > 1) and constants Cy, {d;F }V_, determined by z, such that

N
— 1 +( _x+t 1 + T+ (_ztt N
a(z,t) +b(z,t) = 1+t90( 1+t)+z(1+t)1*2n1+1 dn 9y () + Ry (2, 1)
n=t (3.1)
1 N 1 . N
_ —( x—1 - —( x—
(o) b t) = Gt )+ 2 g 0 ) A 0,

(o]



where the remainders RY and R satisfy the estimates

3__ 1
sup(l+ )% 72V | Ry, ) ( )l < O
t>

o (3.2)
5__ 1 N

sup(l +¢)a1 7 28+2 ||61R{u,v}('7t)||L2(R) <Cn.
>0

Furthermore, for n > 1, the functions g+ satisfy g (2) ~ |z| "2t 27 as z — +o0.

Remark 9 As will be apparent from the proof of Theorem 8, any hyperbolic-parabolic system of the form
hz + f(2)z = (B(2)2z)z

with admissible nonlinearities in the sense of (the natural extension of) Definition 1 gives rise to solutions having the
same asymptotic structure as those of the p-system as long as the following two conditions are satisfied:

1. There exist two matrices S and A with S non-singular and A diagonal having eigenvalues of multiplicity 1 for
which Sel* ~ e™0'S in the sense of Lemma 19 (see Section 7), where Ly = 924+Ad, and L = B(0)02— f(0)9,.

2. The Cauchy problem with initial condition in the corresponding function space (the natural extension of B to
the problem considered) is well posed and satisfies the analogues of Theorem 6 and Proposition 7.

We now briefly comment on the above assumptions for specific systems such as the “full gas dynamics’ and the MHD
system. The intertwining property of item 1 above is proved in [6] for quite general systems, though not in exactly the
same topology as that used in Lemma 19. As for item 2, local well-posedness for initial data in B is certainly not an
issue, the only difficulty is to prove that the various norms of Definition 5 exhibit ‘parabolic-like” decay as ¢ — oo.
This is very likely to hold, particularly for systems satisfying item 1.

While the variables (a, b) are adapted to the study of the Cauchy problem because of the inherent asymmetry of spatial
regularity in (1.1), they are not the best framework for studying the asymptotic structure of the solutions to (1.1). It
turns out to be more convenient to change variables to quantities that move along the characteristics. We thus define

w(z,t)\ _ (Tt oY1 1 \sa(z,t)\ (771 0
(U(a:,t)) :< 0 T)<1 —1)(1)(:5715)) =0 7)1,
where 7 is the translation operator defined by

(Tf)(x,t) = f(z+t,t) orequivalentlyby 7 f(k,t)=e™ f(k,t). (3.3)

Note in passing that

a(z,t) = %(u(w L) oz —t, t)) and b(z,t) = %(u(x ) — ol —t, t)) .

We then use the fact that z satisfies the integral equation

t
_ oLt L(t—s) 0
Sz(t) = Se zo—i—/odsSe ((%Ch(z(s)))

=S+ fas e 08 () F RO, o9

where

t

RI) =86t~ s [ 8600, 00) =08 g ugey)]
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To justify the notation, which suggests that R[z] = (R.[z], R.[z]) is a remainder term, we will prove in Section 7
that it satisfies the improved decay rates

IR {uvy(2]ll2,2+ + DR w0} [2][l2,3+ < Ceo (35)
because of the intertwining relation Se'* ~ e™*S (see Lemma 19) and the fact that h(z) = go(z) + h.o.t..

Recalling that gq is quadratic (cf Definition 1), we will write

go(2) = e+ (a+b)® — c_(a—B)? +csla+b)(a— b)
=c (Tu)? —c_(T'0)? 4+ c3(Tu)(T ')

for z = (a,b). We thus find from (3.4) that  and v satisfy
u(t) = eazt(ao +bo) + Oy /Eis eag(t*s)(c_ku(s)2 — C_T72’U(8)2)
0 , 2
+ T 'R, [2)(t) + 30, / ds eaz(t_S)T_l((Tu(s))(T_lv(s))) : (3.6)
0
v(t) = eait(ao —bo) + 0y /ds eag(t_s)(c_v(sf - c+T2u(s)2)
0 ! 3% (t—s) 1
TR,|z — 30, [ds =T ((Tu(s)) (T 1u(s))). 3.7
TR0 = a0, [ds I T((Tu(a))(T0() (37)

Note that, but for the presence of the second lines in (3.6) and (3.7), these expressions are precisely Duhamel’s formula
for the solution of the model problem (1.7), written in terms of w = 7 ~'u, and v = Tu_. The next step is to write

u=1u,+RY =up+u +RY and v=0v, +RY =vo+v, + R,

considering R and RYY as new ‘unknowns’ and

N
__ 1 4 s _ 1 +ot(_ @
up(x,t) = T +tgo ( 1+t> ) uy(x,t) = ; a +t)172"1+1 drag, (\/m)
- (3.8)
wlet) = s (i) e nled) = 2, e ()

for some coefficients {d:" }V_, and functions {g:*}V_, to be determined later.

We now use
u? = (u—ue)(u+us) +u? = RY (u + uy) + u? + 2upuy +ul
02 = (v —v) (v + ) + 02 = RY (v +v,) + 0?7 + 20001 + 03,
(Tu)(T4) = (TRNT (S5 )+ (7 R T(“55 )+ (Tu) (T 1)
Since

N
ga_(x) = Uo(CC,O) ’ ul(IvO) = Zd:{g;{(a:) )
n=1

N
9o () = vo(z,0) and vq1(z,0) = Zd;g; (x),

10



we find that R and RY satisfy
RY (1) = ¢ (a0 + bo — gy)

+ [ eamtuo( )+ 40y /Ods eai(ts)uo(s)z} — ug(t)
+ [ eamtul(()) +2¢4 0, /Eis eag(t_s)uo(s)ul(s)} —uy(t)
0
. ! 92 (t—s)—2 o2t 1+
c_[(“)m/odse T (( 0(8)? + 2vg(s )} Ze drg
+ Rulz, RN)() + T 'Rulz](t) , (3.9)

RY () = % (ap — bo — g5 )

t
+ [eamtvo( )+ c_0y /ds eaz(ts)vo(s)ﬂ —vo(t)
0

t
+ [ %ty (0) 4+ 2¢_0y /ds eag(ts)vo(s)vl(s)] —v1(t)
0

o )] S
+ Rz, RV (1) + TR, [2)(1) (3.10)
where

Rulz, RN](t) = ¢4 Eo[h1w + hau](t) — c_E_g[hy o + hso](t) + csE_1 [k + ha](t)
Ro[z, RN](t) = ¢_Eo[h1,p + h3](t) — ¢y Ba[h1y + hs.u(t) — csE1[hg + ha](t)

with RY = (RY, RY),

t
Eo[h](t) = 0, / ds (=) Toh(s)  and
0

V4 Uy

P = RY (utwe) hsw =1, he = (TRY)T(
h/l,v = szv(v + U*) ) h3,v = ’U% ; h4 = (Tu*)(T_lv*) .

)+(T-1R§V)7(“+U*)

2

Note that we can write (3.9) and (3.10) as RN = F[z, R"]. If we now consider z fixed, we can interpret R =
Flz, R"] as an equation for R" which can be solved via a contraction mapping argument. Namely, we will prove
that if ||z|| < Cep, RN — F[z, R"] defines a contraction map inside the ball

IR 2,2 e + IDRY llg.5 — + 1R I3 + IDRY |52 < C (3.11)

for e = 27V=2 provided {gF}'_, and {d;-}_, are appropriately chosen.

Basically, we will choose wug, vg, w1 and v in such a way that the second and third lines of (3.9) and (3.10) vanish. Note
that if, for instance, we set the second, respectively third lines of (3.9) and (3.10) equal to zero, the resulting equalities
are nothing but Duhamel’s formulae for Burger’s equations for uq and v, respectively for linearized Burger’s equations
for uy and v;. Properties of solutions to these types of equations are studied in detail in Section 4 below.

Once ug, vg, w1 and vy are fixed, the time convolutions in the fourth lines of (3.9) and (3.10) can then be viewed as
the solution of inhomogeneous heat equations with very specific inhomogeneous terms. Properties of solutions to this
type of equations are studied in detail in Section 5 below.

11



Assuming all results of Section 4 and 5, we now explain how to proceed to prove that F[z, R”] defines a contraction
map.

Obviously, the requirement on {g¥}V_ and {d:"}]_, is that the first four lines in (3.9) and (3.10) satisfy (3.11). This
is achieved in the following way:

1. The first line of (3.9), respectively of (3.10) satisfies (3.11) for any ggt such that the total mass of ggt is equal to
that of aq =+ by, provided ag + by and g3 satisfy || 22(ag =+ bo)||2 < oo and || 22g || < oco. This fixes the total
mass of g=. Note also that we need the estimate || 22 (ao =+ bo)||2 < co. There is no smallness assumption here,
which is to be expected since generically || 22 (a(-, t)b(-,t))||2 will grow as t — oco. Note on the other hand that
Proposition 7 shows that || 2 (a(-,t) £ b(-, t))||2 remains finite for all t < oo, so requiring || 22 (ag £ bo)||2 < oo
is acceptable.

2. We can set the second lines in (3.9) and (3.10) equal to zero by picking for uq and vg any solution of Burger’s
equations

Orug = 02ug + ¢4 05 (ug)? and dyvg = 02 + ¢ 0, (vp)?

(or of the corresponding heat equations if either ¢ or c_ happen to be zero). In Proposition 12, we will prove
that there exist unique functions u( and vy of the form given in (3.8) that satisfy the conditions of item 1 above
(total mass and decay properties). This uniquely determines o and vy.

3. We can also set the third lines in (3.9) and (3.10) equal to zero, by picking any solutions «; and v; of linearized
Burger’s equations

Orur = Qzul + 2¢4 0z (uour) and Qv = 351}1 + 2¢_ 0z (vouv1) - (3.12)

In Proposition 12, we will also prove that there is a choice of functions {g*}_, such that u; and v; in (3.8)
satisfy (3.12) for any choice of the coefficients {d;* }N_, . Furthermore, in Proposition 12, we will prove that the
choice of functions can be made in such a way that g;*(x) have Gaussian tails as = — Foo and algebraic tails
as x — 4-oo. This actually completely determines g () up to multiplicative constants (this last indeterminacy
will be removed when the coefficients {d;"}_, are fixed).

4. We then further decompose the terms involving g; in the fourth lines in (3.9) and (3.10) as g (z) = f,.(Fz) +
R (z). The definition and properties of f,, () are given in Lemma 10. In particular, in Proposition 12, we will
prove that R () have zero total mass and Gaussian tails as |z| — oo, which implies that eaitR,{E also satisfy
(3.112).

5. Finally, in Section 5, we will prove that the time convolution part of the fourth lines in (3.9) and (3.10) can be
split into linear combinations of eaitfn(xx) withn = 1... N + 1 plus a remainder that satisfies (3.11). The
coefficients {d:"}_, can then be set recursively by requiring that all the terms with n» = 1... N coming from
the time convolution are canceled by those coming from item 4 above. This can always be done because the
coefficient of eaitfm(:F:c) in the time convolution part of the fourth lines in (3.9) and (3.10) depends only on
g ifm = 1andond: | if m > 1. The only term that cannot be set to zero is the last term in the linear
combination (the one with n = N + 1), which is the one that “drives’ the equations and fixes ¢ = 27V —2,

The procedure outlined in 1-5 takes care of the first four lines in (3.9) and (3.10). We will then prove in Section 7 that
the terms R, .} [z] satisfy (3.11) and that

1 1
D ID Ry [z RN lp 310 < Cep > DRV [y 540 +C, (3.13)

a=0 a=0

1 1
D ID*(Ruwy 2 RY] = Rpwuy 2R D235 < Ceo y [D*RY —RY)lp350-c  (314)

a=0 a=0

This finally proves that F[z, R™] defines a contraction map and that the solution of R = F|[z, R"] satisfies (3.11),
which completes the proof of Theorems 2 and 8.

12



4 Burger’stypeequations

In this section, we consider particular solutions of Burger’s type equations

Opug = 02ug + Y0, ud 4.1
(“)tuf = Bguff + 290, (uouf) 4.2)
of the form
+ _ 1 t(_ =
UO(‘T t) \/FQO( ) and Uy, ((E, t) - (1+t)172_"1"‘_f 9n (\/m) . (43)

We will show that for fixed M (u) /d:v uo(x,t) /Zcf:v go(x) small enough, there is a unique choice of g, and

/ A )

and R has zero mean and Gaussian tails as || — oc. In particular, g; () decays algebraically as = — oo, as is
apparent from (4.4).

g such that g (z) = f,.(Fz) + R (x), where

Before proceeding to our study of (4.1) and (4.2), we prove key properties of the functions f,,.

Lemma 10 Fix 1 < n < oco. The function f,, is the unique solution of

D2 fn(2) + 320:fn(2) + (1 = 51 ) ful(2) =0, with

1 —n 1 22 45
fa(0)=22"D(H22) and  lim 27 'T2re™ f,(2) < oo. (45)
It satisfies /Ogl)z fn(z) = 0 and there exists a constant C'(n) such that
sup 3 Z e —m e (O (2Fal2) +20.£a(2) )| < C()
X (4.6)
sup Z p2—n71 m 2+m72—n( )|a;nfn(z)| S O(’I’L) 9
zGR —0
where
1+ 22)%6% ifz>0
Ppq(2) = .
(14 22%)2 if 2<0
Proof. We first note that f,, can be written as
(e+2)?2
+z i <1 _(z40)?
ful2) = / 5%:—2/%52“ (e ). @a.7)
2m 0

This shows that f,, solves (4.5) since, defining £f = 02 f + 120.f + (1 — 54+ ) f, we find

Efn(Z)—/OO(Ef [ ¢ oz(e e )= e (-2) (e S )] =o.

13



Obviously, f,(z) is finite for all finite z, so we only need to prove that f,, satisfies the correct decay properties as
|z| — oo so that (4.6) holds. It is apparent from (4.4) that f,, decays like a (modified) Gaussian as z — oo and

algebraically as z — —oo. Furthermore, substituting f(z) = C|z|P* and f(z) = C’|z|”2e*§ into £f = 0 shows that
the only decay rates compatible with Lf = 0are p; = —2 + 2% andp, =1 — QL

(6+2)?
4

We now complete the proof of the decay estimates (4.6). Let F), ,,(£,2) = 97 ((§ + z)e™

)and Gpm (&, 2) =

We first consider the case z > 0 and note that F,, ,,, and G, ,,, satisfy
|an(€7z)| < |Fn,m(072)| and |Gn7m(§vz)| < |Gn,m(072)|

forall ¢ > 0if z > 2, for some z, large enough. We thus get, e.g.

z71 (')
s|Fn,o<o,z>|/ dsgz%*wzl*%n/den,o(g,znsoZ o
0 z—1

Fal2)] = \ [ Fuate e

The estimates on |07 (2 f,,(2) + 20, fa(2))| and [01F™ f,,(2)| when z > 0 and m > 1 can be done in exactly the same
way; hence we omit the details.

We now consider the case z < 0 and note that F;, ,,, and G,, ,,, satisfy
|an(€7z)| < |Fn,m(_%vz)| and ‘Gn,m(faz” < |Gn,m(_%vz)|

forall 0 < & < -3 if 2 < —zo for some 2, large enough. We thus find (integrating by parts in the second integral
below)

1l |—\/d§Fnog, 2y

<IFuo=5.2)l [ d de et ‘/danog, e

< Clz|# e +2(1 - %)/d{ o= gk =2 < 0|2
~3

Since the remaining estimates can again be done in exactly the same way, we omit the details. It only remains to show
that f,,(z) has zero total mass. This follows from

/ dz fu(2) = (3 = 72r) ™ / dz Lfn(2) =0,
since 8% f,,, 20, f, and f, are all integrable over R. m

n

Remark 11 Using the representation (4.7), splitting the integration interval into [0,273 ) and [2~ %, o), integrating
by parts and letting n — oo, one can prove that

22

lim 27" f,(2) = ze~ T >

n—oo

which shows that the constant C'(n) in (4.6) grows at most like 2.
We can now study in detail the solutions of (4.1) and (4.2) that are of the form (4.3):

Proposition 12 Fix 1 < n < oco. For all a;,y € R with |a-y| small enough, there exist unique functions uq and ;" of
the form (4.3) that solve (4.1) and (4.2), with g, satisfying

3 2

2
4

o e
/ dzgo(z) =a, Y mw;ngo(zﬂ < Cla

m=0
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and with g;= (2) = f,.(F2) + R (z), where R satisfy

|02 Ryy (2)] < Clary] .

OjizRffz =0 and su % S
w/—oo ( ) ZEIBR,Z \/ ) m—agw

1
wie=illbvies;

Proof. The (unique) solution of (4.1) of the form w(zx,t) = ) satisfying /052 go(z) = ais given by

go(2) = tanh(%)e‘%
Yl + tanh(%)erf(%)) .

In particular, we have

3 =
Z —[9"g0(2)| < Cla] . (4.8)
0

We next note that substituting (4.3) into (4.2) gives
0= 9295 (2) + 520:9;; (2) + (1 — gater ) 931 (2) + 2702 (90(2) g5, ()
= Lgy (2) + 270: (uo(2)gy, (2)) - (4.9)

We formally have (using integration by parts)

/ Wi (z) = (3 — i) / Uz Lg=(2) + 290: (un(2)gE (=) = 0, (4.10)

oo

which shows that g;= have zero total mass, provided the formal manipulations above are justified, i.e. provided g and
its derivatives decay fast enough so that the integrals are convergent.

As is easily seen, f,(z) and f,(—z) are two linearly independent solutions of £f = 0, whose general solution can
thus be written as ¢; f,,(2) 4+ cafn(—2). Using the variation of constants formula, we get that the solution of (4.9)
satisfies the integral equation

z . (—£)D n z 3 5 n
E(2) = fn(z)@[ +2v/d€ ACGE: (f))>+fn(—z)<c§[ _27/d§ ACLACHGE (&))>7
0 ' 0

where the Wronskian W (z) is given by W (2) = f,.(2)8- fn(—2) — fn(—2)8- fn(z) and ¢ and ¢ are free parameters.
Note that 1V () satisfies 0.W (z) = —5W (z) and hence W (z) = W(0)e ~= for some W(0) # 0. We now set ¢if
and cgt in such a way that (after integration by parts), we have

9 (2) = fu(F2) + Rlgz1(2) , (4.12)
RlgE)(2) = wipyn(2) | 46 e (€1,(-6) + 206~ €)an(€)0 )

+ i dn(=) [ A6 5 (E£2(€) + 200 £ ()90 () (€)

Using Lemma 10 and (4.8), it is then easy to show that for |«y| small enough, (4.11) defines a contraction map in the
norm

[flo- g = sup(V1+22)> 727 £(2)] .

z€ER
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Namely, we have the improved decay rates

1 22
e m +
sup 0" Rlg;, < Clavy| gz o o -
ZERMZ_O( — Zz)Hm,%l [921(2)] < Clar| |9 |- 4,

This shows that (4.11) has a (locally) unique solution among functions with |f|27 1 < ¢ if |ay| is small enough. In
particular, there holds

02" R,y ](2)] < Clanl

e 4
sup
2eR ZO (VI+ 22)tHm=zm

from which we deduce, using again (4.11) and Lemma 10, that [Dg:" |372Ln < ¢; and thus

e 4
sup —————|0?R[gF](2)| < Clary| .
sup (\/H—ZQ)S_TTLI [9,1(2)] < Clan|

Iterating this procedure shows that [D™g:£|, ., & < ¢ and that

3 2

e
_|omR <cC
fggn;(m)H — |02 Rlgz)(2)] < Clany|

as claimed. In turn, this proves that the formal manipulations in (4.10) are justified, so that the functions g:*(z)
have zero total mass, which shows that the remainders R[g¥](z) have zero total mass as claimed since R[g;"](z) =
g (2) — fa(£2) and since both g;*(2) and £, (z) have zero total mass. m

5 Inhomogeneous heat equations

In this section, we consider solutions of inhomogeneous heat equations of the form

o= 02u0,((+ 07 p(2322)) uw,0) =0, (51)

where f is a regular function having Gaussian decay at infinity. Solutions of (5.1) satisfy

Theorem 13 Let1 <n < 00,0 = £1,E(x) = e%, M(f) = /Oéfz f(z) and

2

o0 _&
Un(z,t) = (1+t)1¢z - \1/;_”* ful 7axt) with  fn(2) = Ldf @iﬁ . (5.2)
The solution u of (5.1) satisfies
2
lu = M(f) g, 3+ + D@ = M(f)un) |53+ <C > [ED™ flloo , (5.3)

m=0

for all f such that the r.h.s. of (5.3) is finite.

Remark 14 Note that while w — M(f)u,, ast — oo in the Sobolev norm (5.3), it does not do so in spatially weighted
norms such as L2(R,, z2dz), as u,, has infinite spatial moments for all times, while all moments of « are bounded for
finite time.
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Proof. We first define

3 a2 oo
F©) = @ (50 - M ) with M) = [ ds f) (5.4
and note that F' satisfies
2 2 2
ID?Flly+ > [pD™Flli + Y D" Fll2 < C > IED™ floo , (5.5)
m=0 m=1 m=0

where p(z) = v/1 + #2. Namely, we first note that || pF ||y < ||F||2 + ||[£”|l2 and F(k) = (ik)~*(f(k) — f(0)e ™).
Then, since |Ef || < oo implies that f is analytic, F' is regular near & = 0. The proof of (5.5) now follows from
elementary arguments.

We finally note that it follows from (5.4) that

13 29 (1+¢ )i"*% _ (z—201)2 s
(140272 ) = M(f) e T (o F (). (56)
=A(x,t) =0, B(x,t)

The proof of (5.3) is then completed by considering separately the solutions of heat equations with inhomogeneous
terms given by 9, A(x, t) and 2 B(x, t). This is done in Propositions 15 and 16 below. m

Proposition 15 Leto = £1,1 < n < oo, and let u,, be defined as in (5.2). The solution u of
ou = 0%u+ 9, A, wu(z,0)=0, (5.7)
with A defined in (5.6) satisfies

= tallo 5 + D — o) o5 < C (5.8)

Proof. The solution of (5.7) is given by

_(@=p? _ (y—205)?
a /d /d At—s) e 40+s)
:C t s .
y\/47rt—s \/47r1+s% 7

To motivate our result, we note that performing the y-integration and changing variables from s to ¢ = 25=92 in (5.9)

(5.9)

Zoooz
leads to
i — T e e o5 -
tlim (1+t)1 2"1+1u(—az L+1.1) :tlim 02\/1@2 / de - : 24 - — \/E f"( ) -
o0 o0 » (€2t —2e)' 2

More formally, taking the Fourier transform of (5.9) gives
t 2ikos
u(k,t) = ike k*(+D) /ds 671 .
o (1+s)tme

We now use that

t eQikas t 2zkas
/dS ﬁ /dS — 1
o (14s)t-am st—amw

t 21ka’s _
[ S = 0 (0 1 (k1) + 6~k T, TR
0

S 2"

<C(n),
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where 0(k) is the Heaviside step function and we defined

z 2is
In(z) = /Ods %

for z > 0. This function satisfies

1
supzl_%”un(z) — Jn,oo] < 3 for Jpeo = lim Jp,(2).

2>0 2—00
Now define
(k) = ike—’f2<1+t>|k|—z%(9(ak)Jn,oo + 9(_ak)m) . (5.10)
We have
ik, t) — (K, 1) < (C)|k| + t~ 127 )e ™ 0T < (O (n)|k| +t2)e K O+ (5.11)

from which (5.8) follows by direct integration. We complete the proof by showing that the inverse Fourier transform
of the function w,, (k, t) defined in (5.10) satisfies

e2
e 1

(e, t) = —E—— T I p () for fu(z) = /dg@iﬁ. (5.12)

1+’

This follows easily from the fact that

Tk t) = (1+6) 2 o, (kVIT1,0)
and that, since

+6)2

o (, _L S
) = [ ag BT

we get

1o~ . ] zkaf e8] 2151gn(l€0)£
022" f.(—ok) =272 ike” d§ —zke_k k|7 dgi
& ¢!
2n

— ike™ |k|*%( (ko) o0 + 0(—ko) W)_un(k 0)

as claimed. m

Proposition 16 Leto = +1,1 < n < oo and p(z) = v/1 + z2. The solution v of

ou =02 u+9*B, wu(zx,0)=0, (5.13)
with B defined in (5.6) satisfies
2 2
lully3+ + Dl 5+ < C (||D3F|1 CS e E Y |DmF||2> (5.14)
m=0 m=1

for all I for which the r.h.s. of (5.14) is finite.

Proof. We first note that the Fourier transform of v is given by

t
a(k,t) = —k? /dse Hi=s)=2ikos P /T + 5)(1 4 5) 272
0
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which implies

- 3 - 5 2
11 = @ully 3 +11(1 - @)Dull, <C(|IDF||2+|IDFH)sup ¢—

Here Q is again defined as the characteristic function for ¢ > 1. Next, integrating by parts, we find

ikF(R)e ™"t ikF(ky/T+ t)e kot

ks t) = + N(k,t
. 20 20 (1 + 1)z~ 2" (k%)
y k[ - FkyTT s
where N(k,t) = il /ds e—k2(t—5)—21k}o’s(k2 I (95) ((71+sl)> .
20 Jo (1+s)s 27

We then note that

= Nllg3 + ID( = M)lla g < C(IFl + D> + [D2F]3)

and that, defining G(k) = 18, F'(k), we have N (k,t) = No(k,t) + Ni(k,t) + Nao(k, t), where

A k3
No(k,t) Z2 d efk (t—s)— 2zkas<

g Jo

N (k,t) = —/d oK) m( e in

No(k,t) = ;]Z—(___)/Odse 2(t—s)—2ikos (M)

The procedure is now similar to that outlined in the proof of Theorem 6: split the integration intervals into [0, g] and
[%, t] and distribute the derivatives (k-factors) either on the functions F' and G, or on the Gaussian. Introducing the
notation

B[ (1) = /35 (G +/<t:15 (ChiL) iy (5.15)
0 t

P2,92 (t — 5)1?1 t (t — 3)172

we then find that

&
S
+

31 a
|QD" Nollz,g 4 < CIF +[D***Fllx) sup##+3
t>1

=
+ wvlp
vl o
f—
—
~
N

w

NN FN[®ENEN]

@D Nl g5 < CUIGI +[DMG ) sup 5

=+
+ wle
NR
f—
—
~
=

t1ts

o a 3+3.1
QD" Nallp 3 45+ < C([|F1 + D F||1)§1211i>m Bi[5 1. ]®)

for a = 0,1. The proof is completed by a straightforward application of Lemma 18 below, where we consider
generalizations of the function B; in (5.15) , since those will occur later on in Sections 6 and 7 (see Definition 17
below). m

6 Proof of Theorem 6, continued

In view of the estimates (2.6) and (2.8) on e and h, respectively, the estimates needed to conclude the proof of
Theorem 6 will naturally involve the functions By and B which are defined as follows:
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Definition 17 We define

Boldl(t) = /od \/—e;(’18+ s) ’
P1,91,71 3 ( ) t (1 + S)—lh 1n(2 + S)ra
Bl garai )= /d (t—s)r(t—1+ 5) * /;ds (t—s)r2(t—1+s)2 6.1)

These functions satisfy the following estimates:

Lemma 18 Let0 < py < 1,0 <7y <1—po, p1,q1,92,71 > 0andrs € {0,1}. There exists a constant C such that
for all t > 0 there holds

Bolg:](t) < C(1+1t)~ "
if 0<p; <1

it pr>1 (6.2)

_1
B[;Dhqnﬁ }(t) <C 1n(2+t)°‘{ (1+t)P

P2,92,72,73 W

where 8 = min(p; + min(g1 — 1,0) + 71, p2 + g2 +7r2 — 1), @ = max(dg, 1, Op,+r,1 +73) @nd §; ; is the Kronecker
delta. Furthermore, since

, .q1,0
Bi[, o 1) = B[00, 1(0)

the estimate in (6.2) applies for By as well.
Proof. The proof follows immediately from
B t) <e 16 + /d
O[QI]( ) € ‘/Om (% ¥ 1)

Q1,7 1 3 ds In(2 +¢)™ ds
B P1,91,71 1) < / /
R OIS V) AR T ERS T AT R

and straightforward integrations. m

We can now complete the proof of Theorem 6.
Proof of Theorem 6, continued.
First, we recall that our goal is to prove that the map N defined by

Nlz|(t) = /0 ds -9 ( " h(oz (S))) (6.3)

satisfies |A[z]|| < C forall z € B with |z|| = 1. We have already proved that ||IF’DJ\/[z]||21% < (C. The other
necessary estimates are done as follows:

INTz]lo.0 < CbupBl[

[SIE m\)—t
ol bl
[
—~
~
~—
IA

HN[z]HQ& < Cst>1]g(1 +1t)7 Bl[gﬂ(t) <C,
t_ 274

IEDATL] 2,3 < C'sup(1 + )% tByL]m<C,
t, 274
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|1 = PPNzl 3 < sup(1+ 0 Bol31(1) < €,

|1~ QPDN [zl 5+ < Cl(1 - QFDNlzls 1,3 < CIPDN a3 < C, (6.4)
i 220
|QPDN a2l 5+ < Csup £3585 BITY, ] () <, (65)
|1 = BYD°N[zlally 5+ < sup(1+1)3 Bo[§](1) < C (6.6)
t>0

In (6.4), we used the obvious estimates |PDf||2 < [|Pf]l2 and ||(1 — Q) fll2,, < 2P~ 9||(1 — Q) fll2,q if ¢ < p, While

in (6.5), we made use of sup |k|/I+ fe %"t < 1, and finally in (6.6) we used supycg [k|(1 + E2)72 = 1.
|k|<1,t>0

Incidentally, (6.6) is the only place in the above estimates where the (crucial) presence of the extra factor (1 + k2)

in the second component of the r.h.s. of (2.6) is used. This concludes the proof of Theorem 6. =

1
2

7 Remainder estimates

We now make precise the sense in which the semigroup e™* is close to that of (2.3), whose Fourier transform is given

by
—k2t+ikt
Lot [ € 0
elo :( 0 e—k%—z‘kt)' (7.1)

Lemma 19 Let IP be the Fourier multiplier with the characteristic function on [—1, 1], and let e™* resp. e™? be as in
(2.2), resp. (7.1) and S be as in (2.4). Then one has the estimates

24
sup v1+ te'z"

t>0,k€ER

<C, (7.2)

(PSeLt — eL°t8>

0,J

where (PSelt — el0tS), ; denotes the (i, j)-entry in the matrix PSe* — elotS.

Proof. The proof follows by considering separately |k| < 1 and |k| > 1. We first rewrite
PSelt — el = P(Sebt — eltS)+ (1 - P)elets
We then have

2
< sup Viftte T <C.

£>0,|k[>1

2
sup V1+ te'?

t>0,k€R

(( 1- IP’)eLUtS>
.3
For |k| < 1, we first compute
o/ ikt oikt
el = e F t<e—ikt _e—ikt> ;
cos(ktA) + 15 i sin(ktA)  cos(ktA) + 1EE i sin(ktA)

Selt — oKt
cos(ktA) — L sin(ktA)  —(cos(ktA) — L2 i sin(ktA))

where we recall that A = /1 — k2. We next note that
P|sin(ktA) — sin(kt)| + P| cos(ktA) — cos(kt)| < P|cos(kt(A — 1)) — 1] + P|sin(kt(A — 1))|
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<P|V1—k2 1] |k|t <Pkt

P|(L —1)sin(ktA)| < P|V/1— k2 — 1] ||t < Plk[* .

The proof is completed noting that

m 2,
sup t7|k|"e_% < C(n)
I|<1,620

forany (finite)) 0 <m <n. m

We are now in a position to prove that the remainder

t
0 0
R H=(S Lt LotS /d |:S L(t—s) _ Lo(t—s)S :|
2)(1) =( et — e S)ao + A (&JL(Z(S))) ¢ (axgo(z(s)))
satisfies improved estimates as stated in (3.5):

Theorem 20 Let ¢ be again the (small) constant provided by Theorem 6. Then for all z, € B, with |zg| < ¢, the
solution z of (1.1) satisfies

IRlz]llo,5+ + [DR[z]]2,5- < Ceo . (7.3)

Proof. We first note that
(SeLt - eL"tS)zo :(S]P’eLt - eL"tS)zo +8(1 = P)eMzg = L [zo)(t) + La[zo](t) ,
and then use the fact that by Lemma 19, we have

1l_ o

1D Lalzo]lo,345 < Csup(L+ 0% min( D z0]l2 , ¢4 % |Zp]|oc ) < C1z0]
t>0
for o = 0,1 and finally

5

[L2[zo]ll2,3 + [IDLa(20]ll2,5 < C(llzoll2 + IIDZon)gg(l +)ie T < COlaol .
This proves
H(SeLt — eLUtS)ZOHQ)% + ||D(SeLt - eLUtS)ZOHQ)% < Oz
for all zo € By. We then show that
IRIZ)(t) =(Se™ = S Jzo |, 3+ + ID(RIz] (1) —(Se" = 'S )20 )1 5+ < Cla]
for all z € B. We only need to prove the estimates for ||z|| = 1. We first decompose
R[2)() —(seLt - eLots)zo = SM[2)(t) + SNa[z](t) + Ns[z](1) , (7.4)

where

NilO = -») | dseHt-0 (o.h(ate)

0
! t—s O
Na[z](t) = P/Ods et )(&Ch(z(S)) - 3zgo(z(5))) ’
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Nafz)(t) = /d (Psett=0 et 0=98) (o o)

We then recall that h(z) satisfies
1h(z)]l5,2 + [IDA(2)]l5,5 < Cllz]?,
which implies
N3l 3 < Csup(+ 0 Bolf10) < O DALl 3 < Csup(1+ 03 Bol3)(0) < €
Moreover ho(a,b) = f(a,b)0;b + g(a,b) — go(a, b) satisfies
Iho(2)]l1.1 + [Dho(2)]l1, 2+ < Cllz]* .

Here, we need to consider separately ¢ € [0, 1] and ¢ > 1 when estimating ||[PDN> [z]]|2,3+. Writing again Q for the
characteristic function for ¢ > 1, we find

N <c,

B

[N SN[

3
ot
IPA:[2lly 3+ < C'sup 555 B

(1 — QEDAG[2]lly 5+ < C sup (1+ 1)}
0<t<1

w

B[ W

NN Y
[E—
—~
~
~—
AN

5
|QPDA:[2]lly 5+ < C'sup s B3

0 o
vl —
o ©
—
fE—
~—
~
S~—"
A

We finally note that

lgo(2)]l2,2 + [Dgo(@)ll5,3 < Cllz]l*,

5
'

and so, using Lemma 19, we find

3
141)2
sl 3+ < sup 1355 B

[NEENSE

Bl el
NN
o
fE—
—~
~
~—
AN

IR

In(2+t)

o Rl

5
DN;[Z] ||, 5+ < sup S B
2 p
T4 t>0

ol [V
k=)
-
—
~
=
AN

o= =

This completes the proof. m

It now only remains to prove the estimates (3.13) and (3.14) on the maps ﬁ{w}, where we recall that

ﬁu[z, RN](t) = CJrEo[hLu + hgﬁu](t) - 67E72[h17v + hgyv](t) + CgEfl[hQ + h4](t) y
75,1, [Z, RN](t) = C,Eo[hlyv + hgyv](t) - C+E2[h17u + hgyu](t) — CgEl[hQ + h4](t) y

with

hia=RY(u+w), hyu=ud, hy=(TRY)T (" +2“*)+ (T RY)T(* z“)
hiw=RN(v+wv.), haw=27, hy=(Tu)(T vy)
Here, we will only prove that
1 1
D ID Ry 2 RNl 345 < Ceo D RN [y 510 +C. (7.5)
a=0 a=0
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It is then straightforward to show (3.14), namely that the maps ﬁ{w} are Lipschitz in their second argument; we omit
the details.

To prove (7.5), we first need estimates on hy = (hq u, h1v), ha, hs = (k3 ., h3,v) and hy. We note that ug = (uo, vo)
and u; = (ug,vy) satisfy

l[aoll1,0 + [aaf1,0 + [[Duolly 1 + [[Duall; 1

<C,
sup(1 + t)%(|u0(it,t)| + |u1(it,t)|)+ (1+ t)2(|Du0(it,t)| + |Duy (¢, t)|)§ C
t>0

for some constant C; see Proposition 12. We thus find that

1
(Bl + IDhally 5 + [|R2lly1—c + [IDh2lly 2 < Ceo > ID“R¥||5840 .,

A = (7.6)
[hsfl11+ [IDhslly s + [[hally 2 + [|Dhall22 < C.
The proof of (7.5) then follows from Proposition 21, which implies that
1 1
> D Eg ], 45— + DB lhollls 3o < Ceo > ID RN ||y5 10,
a_Ol a=0
> IDEolballla 54 5+ + [D°Bofhally 345 < C
a=0
forany o € {—2,—1,0,1, 2} if the estimates in (7.6) are satisfied.
Proposition 21 Lete > 0and o € {—2,—1,0, 1, 2}. Then there holds
1 1
D ID Eq (]2 g5 < C 3D Rl s
a=0 a=0
1 1
> ID Eolha]la g5 < C 3 ID ol iy -

a=0 a=0
Proof. Let u; = E,[h;]. Taking the Fourier transform, we find
t
(ke t) = ik /ds e K (t=s)tioks p g gy |
0

We can restrict ourselves to 320 [ID%Aq |11 53— = 1and 34 [ID%ha]l1,145 = 1. Then, it follows that

3,a_ Sp21-—¢
34 o s
ID%urlly 35— < Csup(L+ 0T B[4, J(1) <
34 a 3, «a
(14+t)272 +5,1
||DO"LL2H21%+%* S Oiggm Bl[é,lj—%](t) S C

foraa=0,1asclaimed. m
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