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Abstract. A BDDC (balancing domain decomposition by constraints) method is developed for
elliptic equations, with discontinuous coefficients, discretized by mortar finite element methods for
geometrically nonconforming partitions in both two and three space dimensions. The coarse compo-
nent of the preconditioner is defined in terms of one mortar constraint for each edge/face, which is
the intersection of the boundaries of a pair of subdomains. A condition number bound of the form
C maxi{(1 + log(Hi/hi))

2} is established under certain assumptions on the geometrically noncon-
forming subdomain partition in the three-dimensional case. Here Hi and hi are the subdomain di-
ameters and the mesh sizes, respectively. In the geometrically conforming case and the geometrically
nonconforming cases in two dimensions, no assumptions on the subdomain partition are required.
This BDDC preconditioner is also shown to be closely related to the Neumann–Dirichlet version of
the FETI-DP algorithm. The results are illustrated by numerical experiments which confirm the
theoretical results.

Key words. elliptic problems, finite elements, mortar methods, parallel algorithms, precondi-
tioner, BDDC, FETI–DP, change of basis

AMS subject classifications. 65F10, 65N30, 65N55

DOI. 10.1137/070697859

1. Introduction. This study concerns a scalable BDDC (balancing domain de-
composition by constraints) method for solving linear systems arising from mortar fi-
nite element discretizations of elliptic problems with discontinuous coefficients. BDDC
methods were first introduced by Dohrmann [5] as an alternative to and an improve-
ment of the balancing Neumann–Neumann methods. These more recent methods use
different and more flexible coarse finite element spaces which lead to sparser linear
systems. Additionally, as in the dual-primal finite element tearing and interconnect-
ing (FETI-DP) methods, all linear systems actually solved have symmetric, positive
definite coefficient matrices.

The coarse basis functions are related to a relatively small set of continuity con-
straints, across the interface between the subdomains, which are enforced throughout
the iteration. In the standard, conforming finite element case, these constraints are
given in terms of common values at subdomain vertices and/or common values of av-
erages computed over subdomain edges and/or faces. We will refer to these as primal
constraints and the corresponding subspace as the primal space of displacements. We
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A BDDC METHOD WITH MORTAR DISCRETIZATION 137

note that the theory (and practice) of BDDC methods for conforming finite elements
is by now quite well developed; see [23, 26, 25].

In a FETI-DP method, a linear system, formulated for a set of Lagrange mul-
tipliers, is solved after eliminating the displacement variables. The resulting linear
system, in itself, contains a coarse problem, which also is directly related to the primal
constraints discussed above, i.e., they are given by matching conditions on averages
over edges/faces and/or by enforcing continuity of the solutions at vertices. Its pre-
conditioner, on the other hand, is built only from subdomain problems, while for a
BDDC method a linear system in the original degrees of freedom is solved in an iter-
ation with a preconditioner that has both coarse and subdomain components. This
appears to provide the BDDC methods with more flexibility, e.g., in allowing for the
use of inexact coarse problems. Thus, for standard finite element problems an inexact
coarse problem can be introduced by applying the BDDC method recursively to the
coarse problem; see Tu [30, 29] and a recent conference paper by Mandel, Soused́ık,
and Dohrmann [27]. The use of inexact local problems for the BDDC preconditioners
has also been considered by Li and Widlund [24]. We also note that Klawonn and
Rheinbach [17] have developed and extensively tested algorithms which use inexact
solvers for the coarse problem of FETI-DP methods.

There are a number of articles on solving the algebraic problems given by the mor-
tar discretizations considered in this paper; see [32] and the literature cited therein.
Most of them concern the simpler case of geometrically conforming partitioning of
the original region Ω; see, however, Achdou, Maday, and Widlund [1], where some
iterative substructuring methods are developed and analyzed for problems in two di-
mensions in the geometrically nonconforming case, and Kim and Widlund [13], where
an additive Schwarz method with overlap is designed and analyzed. Among the pa-
pers on the geometrically conforming case that are related to this paper, we mention
[14, 12], where a Neumann–Dirichlet version of a FETI-DP method is analyzed. In [6],
a FETI-DP method is considered, which is a generalization of a variant known for the
standard conforming discretization. To the best of our knowledge, BDDC methods
for the mortar discretization have not previously been discussed in the literature even
for the geometrically conforming case.

A condition number bound of the form C(1 + log(H/h))2 was first given for the
BDDC operator by Mandel and Dohrmann [26] for a standard conforming discretiza-
tion. This bound is of the same quality as the FETI-DP methods. In fact, the BDDC
methods have been shown to be closely related to the FETI-DP methods. Thus, Man-
del, Dohrmann, and Tezaur [25] have shown that the eigenvalues of the FETI-DP and
BDDC operators are the same except possibly for eigenvalues equal to 0 and 1. More
recently, a new formulation of the BDDC method was given by Li and Widlund [23].
They introduced a change of variables as well as an average operator for the BDDC
method closely related to the jump operator used in [19] in the analysis of FETI-DP
methods. The change of variables greatly simplifies the analysis; it has also led to
a successful and robust implementation of FETI-DP methods; see [16, 18]. We note
that the idea of changing the variables for FETI-DP algorithms was discussed already
in [20]. We also note that FETI-DP algorithms have also been implemented using
enough point constraints to assure that there are no floating subdomains. In addition,
optional admissible primal constraints (e.g., averages over edges or faces) are added to
enhance the rate of convergence of the iterations; see [9]. These constraints are then
handled by a separate set of Lagrange multipliers. We note that in our context, we
often have no point constraints, and therefore this second approach cannot be used.

In this paper, we will describe a BDDC method for mortar discretizations, after
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138 HYEA HYUN KIM, MAKSYMILIAN DRYJA, AND OLOF B. WIDLUND

a brief introduction to mortar methods. We will use a change of variables, as in
[23] and Klawonn and Widlund [21], which is related to the primal constraints over
edges/faces. We will consider quite general geometrically nonconforming partitions,
i.e., we will not make any assumptions that the intersection of the boundaries of a
pair of subdomains is a full face, edge, or a subdomain vertex.

We will work with mortar methods without any continuity constraints at sub-
domain vertices. Our results are valid for the traditional mortar methods as well as
the dual basis mortar methods first introduced by Wohlmuth [31, 32]. We propose a
preconditioner with a certain matrix of weights D and obtain the condition number
bound, C maxi

{
(1 + log(Hi/hi))2

}
, under some assumptions on the geometrically

nonconforming subdomain partition in three dimensions. When the algorithm is ap-
plied to a geometrically conforming partition in three dimensions or a geometrically
nonconforming partition in two dimensions, we obtain the same bound without any
assumption on the partition. The subdomain partition can have interfaces that are
narrow faces and our bounds can be established for such quite general cases. Section 4
is devoted to proving our condition number bound in terms of a bound of an average
operator ED in an appropriate norm.

In section 5, we show that our BDDC preconditioner is closely connected to
the Neumann–Dirichlet preconditioner for the FETI-DP methods given in [14, 12].
Connections are established between the average and jump operators, and the spectra
of the BDDC and FETI-DP methods are then shown to be the same except possibly
for an eigenvalue equal to 1.

Results of numerical experiments are reported in the final section and show that
the FETI-DP and BDDC methods perform well and very similarly when the same set
of primal constraints is selected.

Throughout this paper, C denotes a generic constant that depends neither on the
mesh parameters nor on the coefficients of the elliptic problems.

We note that this paper originated from two projects developed separately by
the first and second authors; the contribution of the third began with a suggestion
that a theory could be developed for the geometrically nonconforming case using tools
similar to those of [23].

2. Finite element spaces and mortar matching constraints.

2.1. A model problem and the mortar methods. We consider a model
elliptic problem in a polygonal/polyhedral domain Ω ⊂ R

2 (R3): find u ∈ H1
0 (Ω) such

that

(2.1)
∫

Ω

ρ(x)∇u(x) · ∇v(x) dx =
∫

Ω

f(x)v(x) dx ∀v ∈ H1
0 (Ω),

where ρ(x) ≥ ρ0 > 0 and f(x) ∈ L2(Ω).
We partition Ω into disjoint polygonal/polyhedral subdomains

Ω =
N⋃

i=1

Ωi.

As previously noted, the partition can be geometrically nonconforming; see further
discussion below. We assume that ρ(x) = ρi, x ∈ Ωi for some positive constant ρi.

We denote by Xi the P1-conforming finite element space on a quasi-uniform tri-
angulation of the subdomain Ωi. The finite element meshes typically do not align
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A BDDC METHOD WITH MORTAR DISCRETIZATION 139

across subdomain interfaces. The trace space of Xi on ∂Ωi is denoted by Wi. We will
use the product spaces

X :=
N∏

i=1

Xi, W :=
N∏

i=1

Wi.

For functions in these spaces, we will impose mortar matching conditions across the
interfaces using suitable spaces of Lagrange multipliers. Some of these matching
conditions will be enforced throughout the iteration; they are directly related to the
primal subspace.

In a geometrically nonconforming partition, the intersection of the boundaries of
neighboring subdomains may be only part of an edge/face of a subdomain. We define
the entire interface by

Γ =

⎛⎝⋃
ij

∂Ωi ∩ ∂Ωj

⎞⎠ \ ∂Ω.

Among the subdomain edges/faces, we select nonmortar (slave) edges/faces Fl such
that ⋃

l

F l = Γ, Fl ∩ Fk = ∅, l 	= k;

see Figure 1 for an example of the selection of the nonmortar edges. For the case
when ρ(x) are very different across the interface, it is beneficial to select the part with
smaller ρi as the nonmortar; see Assumption 4.2.

Since the subdomain partition can be geometrically nonconforming, a single non-
mortar edge/face Fl ⊂ ∂Ωi may intersect the boundaries of several other subdomains
Ωj . This provides Fl with a partition

F l =
⋃
j

F ij , Fij = ∂Ωi ∩ ∂Ωj ;

see Figure 1 for the mortar counter parts of the nonmortar edge Fl. A dual or standard
Lagrange multiplier space M(Fl) is introduced for each nonmortar edge/face Fl. We
require M(Fl) to have the same dimension as the space

(2.2)
◦

W (Fl) := Wi|Fl
∩ H1

0 (Fl),
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Fig. 1. Nonmortar edges (black) and mortar edges (white) in a geometrically nonconforming
partition.
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that it is nonempty, and that it contains the constants. Constructions of such La-
grange multiplier spaces are given in [2, 3] using standard Lagrange multiplier spaces,
and in [31, 32] using dual Lagrange multiplier spaces; see also [11].

For (w1, . . . , wN ) ∈ W, wi ∈ Wi, we define φl ∈ L2(Fl) by φl = wj on Fij ⊂
Fl. The mortar matching condition for the geometrically nonconforming partition is
given by

(2.3)
∫

Fl

(wi − φl)λds = 0 ∀λ ∈ M(Fl), ∀Fl.

The mortar finite element method for problem (2.1) amounts to approximating the
solution of the continuous problem by a Galerkin method using the mortar finite
element space

X̂ := {v ∈ X : v|Γ satisfies the mortar matching condition (2.3)} ,

where v|Γ is the restriction of v to the interface Γ. We introduce the space Ŵ as the
restriction of X̂ to Γ,

Ŵ :=
{
w : w = v|Γ ∀v in X̂

}
.

2.2. Finite element spaces and a change of variables. In this subsection,
we introduce a change of variables for some of the unknowns in the space W . It
is based on the primal constraints that will be specified for our BDDC method. In
mortar discretizations, we may consider the following sets of primal constraints: vertex
constraints; vertex and edge average constraints, or edge average constraints only, for
two dimensions; and vertex constraints and face average constraints, or face average
constraints only, for three dimensions. We note that vertex constraints are appropriate
only for the first generation of the mortar methods, in which case the subdomain
vertex values are constrained to be continuous. In order to reduce the number of
primal constraints, we can also select only some edges/faces as primal. Such choices
have been considered for the FETI-DP methods and conforming finite elements in
[21], and for mortar finite elements in [15].

In our BDDC formulation, we will select primal constraints over edges/faces from
the set of mortar matching constraints (2.3). We consider {λij,k}k, the basis functions
of M(Fl) that are supported in F ij ⊂ F l, and define

(2.4) λij =
∑

k

λij,k.

We assume that at least one such basis function λij,k exists for each Fij .
We now introduce one primal constraint over each interface Fij ⊂ Fl and for all

edges/faces Fl,

(2.5)
∫

Fij

(wi − wj)λij ds = 0,

and define

(2.6) W̃ = {w ∈ W : w satisfies the primal constraints (2.5)} .
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A BDDC METHOD WITH MORTAR DISCRETIZATION 141

We note that Ŵ ⊂ W̃ ⊂ W , where Ŵ is the restriction of X̂ to Γ. For the case
of a geometrically conforming partition, i.e., when each Fij is a full edge/face of
two subdomains, these constraints are edge/face average matching conditions because
λij = 1. In addition to these constraints, vertex constraints can be considered but
only if the partition is geometrically conforming.

Throughout this paper, we use hats for functions and function spaces that satisfy
all of the mortar matching conditions. We use tildes for functions and function spaces
that satisfy only the primal constraints across the subdomain interface.

Following Li and Widlund [23], we now introduce a change of variables based on
the primal constraints. We provide details for the two-dimensional case but note that
this approach can be extended to the three-dimensional case without any difficulty.

We recall that Fl ⊂ ∂Ωi, denoted from now on by F , is a nonmortar edge/face and
that {Fij}j is a partition of F given by Fij = F ∩ ∂Ωj, a mortar edge/face of Ωj . We
denote by {vk}L

k=1 the values of the unknowns of wi ∈ Wi at the nodes on Fij , with
nodal basis functions that are supported in F ij , and by {ηk}p

k=1 the other unknowns
on F ij . We will now define a transformation that retains the unknowns {ηk}p

k=1 and
changes {vk}L

k=1 into {ξk}L
k=1 as follows: we pick one unknown ξm among {ξk}L

k=1

and build a transformation TFij so that

(2.7)
(

η
v

)
= TFij

(
η
ξ

)
, ξm =

∫
Fij

wiλij ds∫
Fij

λij ds
.

Here η, v, and ξ denote vectors of the unknowns {ηk}p
k=1, {vk}L

k=1, and {ξk}L
k=1,

respectively.

Let

Aηk
=

∫
Fij

φηk
λij ds∫

Fij
λij ds

, Avk
=

∫
Fij

φvk
λij ds∫

Fij
λij ds

,

where φηk
and φvk

are the nodal basis functions of the unknowns ηk and vk, respec-
tively. To make the presentation simpler, we assume that p = 2, but what follows can
be generalized to any p. We will use the following transformation TFij :

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

η1

η2

v1

...
vm−1

vm

vm+1

...
vL

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= TFij

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

η1

η2

ξ1

...
ξm−1

ξm

ξm+1

...
ξL

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0 0 0 · · · 0
0 1 0 · · · 0 0 0 · · · 0
0 0 1 · · · 0 A 0 · · · 0
...

...
...

. . .
...

...
...

. . .
...

0 0 0 · · · 1 A 0 · · · 0
c1 c2 r1 · · · rm−1 A rm+1 · · · rL

0 0 0 · · · 0 A 1 · · · 0
...

...
...

. . .
...

...
...

. . .
...

0 0 0 · · · 0 A 0 · · · 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠D
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

η1

η2

ξ1

...
ξm−1

ξm

ξm+1

...
ξL

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= A

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
1
...
...
...
...
...
...
...
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

ξm +

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

η1

η2

ξ1

...
ξm−1

ξ0

ξm+1

...

...

...
ξL

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

ξ0 = c1η1 + c2η2 + r1ξ1 + · · · + rm−1ξm−1 + rm+1ξm+1 + · · · + rLξL

and

A =

∫
Fij

λij ds∑L
k=1 Avk

, c1 = − Aη1

Avm

, c2 = − Aη2

Avm

, rk = − Avk

Avm

, k 	= m.

We can then see that this transformation satisfies the (2.7) requirement. The trans-
formation TFij can be applied to each face Fij ⊂ F independently, since it does not
change any nodal values other than {vk}L

k=1, which are associated with the unknowns
of the nodes interior to Fij .

On the other side, the mortar side, of the interface Fij , i.e., Fij ⊂ ∂Ωj , we
perform a change of basis to the unknowns in finite element space Wj . In this case,
we introduce another set of unknowns {vk}J

k=1 and {ηk}p
k=1. The unknowns {vk}J

k=1

are related to the nodes on Fij with nodal basis functions, which belong to Wj and are
supported in F ij . The unknowns {ηk}p

k=1 are the remaining unknowns on Fij . The
transformation TFij is then defined for these unknowns similarly as for a nonmortar
interface.

Using the transforms TFij , we represent the Schur complement of the local stiffness
and the mortar matching matrices, and the local force vector in the space of the new
unknowns by

T (i)tS(i)T (i), B(i)T (i), T (i)t
g(i).

Here S(i) is the reduced matrix obtained after eliminating all variables associated with
only the subdomain Ωi, and T (i) designates the transform of the original unknowns
into the new unknowns of the subdomain boundary ∂Ωi. In the following, we will use
the same notation, S(i), B(i), and g(i), for the matrices and vectors obtained after the
change of unknowns, to simplify the notation. We will also use the notation Wi for
the space of the new unknowns.

The unknowns ξm in (2.7), representing certain weighted averages over the edges,
are the primal variables. Using the new variables, the space W̃ , defined in (2.6), can
be represented as

(2.8) W̃ = WΔ ⊕ ŴΠ,
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A BDDC METHOD WITH MORTAR DISCRETIZATION 143

where WΔ consists of the vectors of unknowns which are not primal unknowns, and
ŴΠ consists of the vectors of global, primal unknowns.

We now derive the matrix representation of the mortar matching condition (2.3) in
the space W̃ of the new unknowns. The mortar matching condition (2.3) is redundant
when enforced for the functions in the space W̃ . We recall that {λij,k}k are the
Lagrange multiplier basis elements supported in Fij . To make the mortar matching
condition nonredundant, we eliminate one basis element among {λij,k}k for each Fij ⊂
Fl, and we denote the reduced Lagrange multiplier space by M(Fl). The entire
nonredundant Lagrange multiplier space is then defined as

M =
∏

l

M(Fl).

The remaining nonprimal, mortar matching conditions of (2.3) are enforced using the
reduced space M(Fl). In matrix form, this can be written as

(2.9) BΔwΔ + BΠwΠ = 0.

The space WΔ can be split into

WΔ = WΔ,n ⊕ WΔ,m,

where n and m denote unknowns in the interior of the nonmortar edges/faces and
the remaining unknowns, respectively. The mortar matching conditions can then be
written as

(2.10) Bnwn + Bmwm + BΠwΠ = 0.

Since these equations are obtained using only the nonredundant Lagrange multiplier
space M , the matrix Bn is invertible.

After a symmetric permutation, we can write the local Schur complement and
the local Schur complement vector as

S(i) =

(
S

(i)
ΔΔ S

(i)
ΔΠ

S
(i)
ΠΔ S

(i)
ΠΠ

)
, g(i) =

(
g
(i)
Δ

g
(i)
Π

)
,

and define a partially subassembled matrix and two vectors by

(2.11) S̃ =
(

SΔΔ SΔΠ

SΠΔ SΠΠ

)
, gΔ =

⎛⎜⎜⎝
g
(1)
Δ
...

g
(N)
Δ

⎞⎟⎟⎠ , gΠ =
N∑

i=1

R
(i)
Π

t
g
(i)
Π ,

where

SΔΔ = diagN
i=1

(
S

(i)
ΔΔ

)
,

SΠΔ =
(
R

(1)
Π

t
S

(1)
ΠΔ · · · R

(N)
Π

t
S

(N)
ΠΔ

)
, SΔΠ = St

ΠΔ,

SΠΠ =
N∑

i=1

R
(i)
Π

t
S

(i)
ΠΠR

(i)
Π .

(2.12)

Here R
(i)
Π is the restriction of the global primal unknowns to the subdomain primal

unknowns. The matrix S̃ is central to the description of our BDDC algorithm.
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3. A BDDC method for the mortar discretizations. In this section, we
will define a BDDC operator for the discrete elliptic problem described in section 2.1.
We consider the same finite element space and subdomain partition as in section 2.1
and, as in section 2.2, we will work with the unknowns obtained after the change of
variables.

Since the matrix Bn of (2.10) is invertible, we can solve for wn,

wn = −B−1
n (Bmwm + BΠwΠ).

We next define the matrix

(3.1) RΓ =

⎛⎝−B−1
n Bm −B−1

n BΠ

I 0
0 I

⎞⎠ ,

which maps (wt
m, wt

Π)t into a vector (wt
n, wt

m, wt
Π)t that satisfies the mortar matching

condition (2.10). The mortar finite element space of section 2.1 can then be charac-
terized as

Ŵ =
{
w ∈ W̃ : (wn, wm, wΠ) satisfies (2.10)

}
.

In the BDDC method, we work with the following discrete problem:

(3.2) Rt
ΓS̃RΓ

(
wm

wΠ

)
= Rt

Γ

(
gm

gΠ

)
,

where gm is the component of the vector gΔ in (2.11) not related to the nonmortar
part.

Let us now define, with RΓ given by (3.1),

(3.3) RD,Γ = DRΓ =

⎛⎝Dnn

Dmm

DΠΠ

⎞⎠RΓ,

where the scaling matrices are selected to be

(3.4) Dnn = 0, Dmm = I, DΠΠ = I.

We now propose the following preconditioner:

(3.5) M−1 = Rt
D,ΓS̃−1RD,Γ

for problem (3.2). Using the block Cholesky decomposition of S̃ as in Li and Wid-
lund [23], we have

S̃−1 =
(

S−1
ΔΔ 0
0 0

)
+ ΨtF−1

ΠΠΨ,

where

FΠΠ =
N∑

i=1

(
R

(i)
Π

)t(
S

(i)
ΠΠ − S

(i)
ΠΔS

(i)
ΔΔ

−1
S

(i)
ΔΠ

)
R

(i)
Π ,

Ψt = Rt
Π −

N∑
i=1

(
R

(i)
Δ

)t(
S

(i)
ΔΔ

)−1

S
(i)
ΔΠR

(i)
Π .
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Here R
(i)
Π : ŴΠ → W

(i)
Π is the restriction of the global primal variables to those of

the subdomain Ωi, and Rt
Π : ŴΠ → WΔ⊕ŴΠ and (R(i)

Δ )t : W
(i)
Δ → WΔ⊕ŴΠ provide

extensions by zero. The columns of the matrix Ψ are coarse basis functions of minimal
energy with the value 1 at one of the primal unknowns and vanishing at the other
primal unknowns; see [5].

The BDDC operator of the problem, given in (3.2), with the preconditioner M−1,
given in (3.5), is then given by

(3.6) BDDC = Rt
D,ΓS̃−1RD,ΓRt

ΓS̃RΓ.

4. Condition number analysis using a bound on ED. In this section, we
will estimate the condition number of the BDDC operator by using the approach
introduced in [22]. A bound for the average operator ED in the S̃-norm is central in the
analysis; see below. For definitions of RΓ and RD,Γ, see (3.1) and (3.3), respectively.
The operator ED is defined by

(4.1) ED = RΓRt
D,Γ.

In the following, we will show that the weight matrix D has been chosen so that

(P1) Rt
ΓRD,Γ = Rt

D,ΓRΓ = I,

(P2) |EDw|2
S̃
≤ C max

i

{(
1 + log

Hi

hi

)2
}
|w|2

S̃
.

Here |w|2
S̃

= 〈S̃w, w〉. We then consider

Rt
ΓRD,Γ

(
wm

wΠ

)
=
(−Bt

m(Bt
n)−1Dnnzn + Dmmwm

−Bt
Π(Bt

n)−1Dnnzn + DΠΠwΠ

)
,

where

zn = −B−1
n (Bmwm + BΠwΠ).

We recall the scaling factors of the weight matrix D in (3.4) and we can easily see
that these weights give the (P1) property.

Remark 4.1. The weights above lead to an operator ED of the form

ED

⎛⎝wn

wm

wΠ

⎞⎠ =

⎛⎝−B−1
n (Bmwm + BΠwΠ)

wm

wΠ

⎞⎠ .

In contrast to the case of conforming finite elements, this does not involve any aver-
aging across the interface. We will still call ED the average operator, borrowing the
name from the conforming case.

We will now show that the average operator ED satisfies the (P2) property for the
weight matrix D just given. As a preparation, we need to establish an estimate for
the mortar projection of a function w in W̃ in the H

1/2
00 (F )-norm. For an edge/face

F ⊂ ∂Ωi, the space H
1/2
00 (F ) consists of the functions for which the zero extension to

the whole boundary ∂Ωi belongs to the Sobolev space H1/2(∂Ωi). It is equipped with
the norm

‖w‖2

H
1/2
00 (F )

= |w|2H1/2(F ) +
∫

F

|w(x)|2
dist(x, ∂F )

ds(x).

D
ow

nl
oa

de
d 

07
/3

1/
13

 to
 2

16
.1

65
.9

5.
77

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

146 HYEA HYUN KIM, MAKSYMILIAN DRYJA, AND OLOF B. WIDLUND

This norm has the well-known property that

(4.2) c|w̃|H1/2(∂Ωi) ≤ ‖w‖
H

1/2
00 (F )

≤ C|w̃|H1/2(∂Ωi),

where w̃ is the zero extension of w to ∂Ωi \ F ; see [10, Lemma 1.3.2.6].
We recall that a nonmortar edge/face F of ∂Ωi is a union of mortar interfaces Fij

common to ∂Ωi and ∂Ωj . We recall that φ is a function defined on F with φ = wj

on each Fij ⊂ F , and with wj ∈ Wj , the finite element space provided for ∂Ωj . We
then have φ ∈ H1/2−ε(F ) for any ε > 0. Because of the slightly weaker regularity of
the function φ, caused by the geometrically nonconforming partition, we have some
difficulty obtaining the condition number bound with only two logarithmic factors
for geometrically nonconforming partitions in three dimensions. We will overcome
this difficulty by using an additional finite element space for the interface Fij and
an L2-projection onto this space. This will result in a condition number bound with
two logarithmic factors under some assumptions on the geometry of the subdomain
partition; see Assumption 4.3 below.

We also need the following assumption on the coefficients of the elliptic problem.
We note that this assumption basically reflects a weakness of the mortar methods in
the case of geometrically nonconforming partitions.

Assumption 4.2. The coefficients satisfy

ρi ≤ Cρj ,

where Ωi and Ωj correspond to the nonmortar and mortar side of the common set
Fij = ∂Ωi ∩ ∂Ωj, respectively.

We also will use the following assumption.
Assumption 4.3. A geometrically nonconforming partition {Ωi}i in three di-

mensions satisfies the following three assumptions.
1. The subdomains are polytopes.
2. A quasi-uniform triangulation, with a mesh size comparable to hi, is possible

for the interface Fij .
3. Any subdomain has a diameter comparable to those of its neighbors.

We recall that the finite element space
◦

W (F ), given in (2.2), and a Lagrange
multiplier space M(F ) are provided for the nonmortar edge/face F . We now define
the mortar projection.

Definition 4.4. The mortar projection πF : L2(F ) → ◦
W (F ) of the nonmortar

edge/face F is defined by∫
F

(v − πF (v))λds = 0 ∀λ ∈ M(F ).

This mortar projection has been shown to be stable in the L2- and H
1/2
00 -norms in

[3, 2, 32].
Lemma 4.5. Under Assumptions 4.2 and 4.3 and with w = (w1, . . . , wN ) ∈ W̃ ,

we have

ρi‖πF (φ − wi)‖2

H
1/2
00 (F )

≤ C

(
1 + log

Hi

hi

)2 ∑
k∈I(F )

〈S(k)wk, wk〉.

Here F ⊂ ∂Ωi is an edge/face, φ = wj on Fij ⊂ F , and I(F ) is the set of indices of
the subdomains with boundaries that intersect F .
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Proof. We will prove the result for a geometrically nonconforming partition in
three dimensions under Assumption 4.3. In the case of a geometrically conforming
partition in three dimensions and for any partition in two dimensions, the same result
can be obtained straightforwardly without any assumption on the partition.

For each interface Fij , we define a characteristic function χij ∈ L2(F ) with the
value 1 on Fij and the value 0 on F \ Fij . In addition, we introduce a quasi-uniform
finite element space U(Fij) on the interface Fij with a mesh size comparable to hi,
that of the finite element space Wi of the subdomain Ωi of the nonmortar side. The
L2-projection onto U(Fij) is denoted by Qij and it satisfies the following properties
(see [4, Chapter II]: ∀w ∈ H1/2(Fij)):

(4.3) ‖w − Qijw‖2
L2(Fij)

≤ Chi|w|2H1/2(Fij)
, ‖Qijw‖2

H1/2(Fij)
≤ C‖w‖2

H1/2(Fij)
,

where the L2-term in the H1/2-norm is scaled by 1/|Fij|. Here |Fij | is the diameter
of Fij .

Then, on F, consider

wi − φ =
∑

j

χij(wi − wj)

=
∑

j

χij ((wi − cij) − (wj − cij)) .

Here cij denotes the common average value of wi and wj defined by

cij =

∫
Fij

wiλij ds∫
Fij

λij ds
=

∫
Fij

wjλij ds∫
Fij

λij ds
,

where λij are defined in (2.4); cij is closely related to the primal mortar matching
condition (2.5).

It suffices to show that

(4.4) ‖πF (χij(wj − cij))‖2

H
1/2
00 (F )

≤ C

(
1 + log

Hi

hi

)2

|wj |2H1/2(∂Ωj)
,

and to give a similar estimate for wi−cij . We will prove (4.4) but leave out the estimate
for wi − cij , which is quite similar. The required estimate then follows from Assump-
tion 4.2 and the fact that |wj |2H1/2(∂Ωj)

is spectrally equivalent to (1/ρj)〈S(j)wj , wj〉.
Let

z = wj − cij .

We decompose Qij(z) into

(4.5) Qij(z) = IFij (Qij(z)) + I∂Fij (Qij(z)),

where the first term is equal to Qij(z) at all interior nodal points of Fij and vanishes
on ∂Fij while the second term is equal to Qij(z) at the nodal points of ∂Fij and
vanishes at the remaining nodal points of Fij . We have

‖πF (χij(wj − cij))‖2

H
1/2
00 (F )

= ‖πF (χijz)‖2

H
1/2
00 (F )

≤ 2‖πF (χij(z − Qij(z)))‖2

H
1/2
00 (F )

+ 2‖πF (χijQij(z))‖2

H
1/2
00 (F )

.(4.6)
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The first term above is estimated by

‖πF (χij(z − Qij(z)))‖2

H
1/2
00 (F )

≤ Ch−1
i ‖χij(z − Qij(z))‖2

L2(F )

= Ch−1
i ‖z − Qij(z)‖2

L2(Fij)

≤ C|z|2H1/2(Fij)

≤ C|wj |H1/2(∂Ωj).(4.7)

We have used an inverse inequality, the L2-stability of πF , and the properties of Qij(z)
given in (4.3).

There remains for us to estimate the second term of (4.6). By Assumption 4.3, the
subdomain interfaces Fij are polygonal regions. For a geometrically nonconforming
partition, the area of the interface Fij might be comparable to that of Fj , the face of
Ωj such that Fj ∩ ∂Ωi = Fij . In the other case, when Fij is only a small part of Fj ,
it could be a narrow strip, e.g., [0, H ] × [0, δ], or a rectangular region with its area
comparable to [0, δ] × [0, δ], where δ is comparable to the mesh size h.

We will first consider the second term in (4.6) when the area of the interface Fij

is comparable to that of Fj . Using (4.5), we have

‖πF (χijQij(z))‖2

H
1/2
00 (F )

= ‖πF (χij(IFij Qij(z) + I∂Fij Qij(z)))‖2

H
1/2
00 (F )

≤ C
(
‖ĨFij (Qij(z))‖2

H
1/2
00 (F )

+ h−1
i ‖Ĩ∂Fij Qij(z)‖2

L2(F )

)
≤ C

(
‖IFij (Qij(z))‖2

H
1/2
00 (Fij)

+ ‖I∂Fij Qij(z)‖2
L2(∂Fij)

)
,(4.8)

where ĨFij (v) and Ĩ∂Fij (v) are the extensions of IFij (v) and I∂Fij (v) by zero, respec-
tively. Here, we have used an inverse inequality, the stability of πF in the L2- and
H

1/2
00 -norms, and the following inequalities:

‖ĨFij (Qij(z))‖
H

1/2
00 (F )

≤ ‖IFij (Qij(z))‖
H

1/2
00 (Fij)

,

‖Ĩ∂Fij Qij(z)‖2
L2(F ) ≤ Chi‖I∂Fij Qij(z)‖2

L2(∂Fij)
.

By applying Lemmas 4.17, 4.19, and 4.24 of [28] to the terms of (4.8), and using
(4.3) and the Poincaré inequality, we obtain

(4.9) ‖πF (χijQij(z))‖2

H
1/2
00 (F )

≤ C

(
1 + log

Hij

hi

)2

|wj |2H1/2(∂Ωj)
,

where Hij is the diameter of Fij , which satisfies Hij ≤ Hi.
We now consider the second term in (4.6) for the case when Fij is only a small

part of Fj . Then,

‖πF (χijQij(z))‖2

H
1/2
00 (F )

≤ Ch−1
i ‖πF (χijQij(z))‖2

L2(F )

≤ Ch−1
i ‖z‖2

L2(Fij) = Ch−1
i ‖wj − cij‖2

L2(Fij)

≤ Ch−1
i ‖wj‖2

L2(Fij)

≤ Ch−1
i δ (1 + log(Hj/δ)) ‖wj‖2

H1/2(Fj)

≤ C (1 + log(Hi/hi)) |wj |2H1/2(∂Ωj)
.(4.10)
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Here we have used an inverse inequality, the stability of πF and Q in the L2-norm,
the inequality

‖cij‖2
L2(Fij)

≤ C‖wj‖2
L2(Fij),

Lemma 3.4 of Dryja and Widlund [7] for the fourth inequality, the Poincaré inequality
in the last inequality, and that δ is comparable to the mesh size hi. We note that we
have only one log factor in this case.

Therefore, (4.6) combined with (4.7) and (4.9) or (4.10) proves the desired bound
(4.4).

With the help of Lemma 4.5, we can establish property (P2) for the operator ED.
Lemma 4.6. With Assumptions 4.2 and 4.3, the operator ED satisfies

|EDw|2
S̃
≤ C max

i

{(
1 + log

Hi

hi

)2
}
|w|2

S̃
for any w ∈ W̃ ,

where S̃ is defined in (2.11).
Proof. Using the weight matrix D of (3.4), the average operator ED, given by

(4.1), satisfies

ED

⎛⎝wn

wm

wΠ

⎞⎠ =

⎛⎝wn − B−1
n (Bnwn + Bmwm + BΠwΠ)

wm

wΠ

⎞⎠ ,

as in Remark 4.1. Here w = (wn, wm, wΠ) ∈ W̃ . Let

ŵn = wn − B−1
n (Bnwn + Bmwm + BΠwΠ),

and construct ŵi by restricting the unknowns (ŵn, wm, wΠ) to the subdomain Ωi.
Similarly, we construct wi from (wn, wm, wΠ). We note that (w1, . . . , wN ) satisfies
the primal constraints on the edges/faces. By definition, ŵ = (ŵ1, . . . , ŵN ) ∈ Ŵ ; i.e.,
ŵ satisfies all of the mortar matching conditions, and each ŵi is of the form

ŵi = wi −
∑

F⊂∂Ωi

π̃F (wi − φ),

where F is a nonmortar edge/face of ∂Ωi, π̃F (wi−φ) is the zero extension of πF (wi−φ)
to all of ∂Ωi \ F , and φ = wj on Fij := ∂Ωj ∩ ∂Ωi ⊂ F . We then obtain

|EDw|2
S̃

=
N∑

i=1

〈S(i)ŵi, ŵi〉

≤ C

N∑
i=1

(
〈S(i)wi, wi〉 +

∑
F⊂∂Ωi

〈S(i)π̃F (φ − wi), π̃F (φ − wi)〉
)

≤ C

(
N∑

i=1

〈S(i)wi, wi〉 +
N∑

i=1

∑
F⊂∂Ωi

ρi‖πF (φ − wi)‖2

H
1/2
00 (F )

)

≤ C max
i

{(
1 + log

Hi

hi

)2
}

N∑
i=1

〈S(i)wi, wi〉

= C max
i

{(
1 + log

Hi

hi

)2
}
〈S̃w, w〉.
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Here we have used that 〈S(i)wi, wi〉 � ρi|wi|2H1/2(∂Ωi)
, the bounds in (4.2), and

Lemma 4.5.
By using the properties (P1) and (P2), we can show the following condition

number bound for the BDDC operator (3.6). A proof for a quite similar case is given
in Li and Widlund [22] in their analysis of a BDDC method for the Stokes problem
with conforming meshes. We do not include a proof, which would be almost identical
to that of [22].

Theorem 4.7. With Assumptions 4.2 and 4.3, we have the condition number
bound

κ(BDDC) ≤ C max
i

{(
1 + log

Hi

hi

)2
}

.

Remark 4.8. For a geometrically nonconforming partition, the number of pri-
mal constraints tends to be larger than for a conforming partition if only edge/face
constraints are used. We note that there are several previous studies which explore
the possibility of selecting primal constraints for only some of the edges/faces; see
[15, 21, 19].

5. A connection between the FETI-DP and BDDC methods. In this
section, we will show that the BDDC method developed in the previous sections is
closely connected to the FETI-DP method developed by the first author in [14, 15]
and jointly with Lee in [12]. We will show that the two methods share the same
spectra except possibly for an eigenvalue equal to 1.

As previously noted, a comparison of the spectra of the BDDC method to that
of the FETI-DP method was made by Mandel, Dohrmann, and Tezaur [25] for con-
forming finite elements. They showed that the two algorithms have the same set of
eigenvalues except possibly for eigenvalues equal to 1. A simpler proof of this fact was
given more recently by Li and Widlund [23]. They formulated the BDDC operators,
as well as the FETI-DP operators, using a change of variables and introducing certain
projections and average operators. These projections and average operators provide
an important connection between the FETI-DP and the BDDC operators.

We now formulate an FETI-DP operator after the same change of variables as
in section 2.2. We then show that the FETI-DP operator has essentially the same
spectrum as the BDDC operator by establishing several properties of the projections
and average operators that were used by Li and Widlund [23].

After the change of variables, the linear system considered in the FETI-DP for-
mulation is given by

(5.1)

⎛⎝SΔΔ SΔΠ Bt
Δ

SΠΔ SΠΠ Bt
Π

BΔ BΠ 0

⎞⎠⎛⎝uΔ

uΠ

λ

⎞⎠ =

⎛⎝gΔ

gΠ

0

⎞⎠ ,

where the matrices SΔΔ, SΔΠ, SΠΔ, and SΠΠ are defined in (2.12) and the matri-
ces BΔ and BΠ are obtained from the mortar matching condition (2.9). We recall
that the subscripts Π and Δ stand for the unknowns or submatrices related to the
primal variables and the remaining part, respectively, and that λ ∈ M , the reduced,
nonredundant Lagrange multiplier space.

After eliminating the unknowns uΔ and uΠ, we obtain an equation for λ ∈ M :

(5.2) BΓS̃−1Bt
Γλ = d,
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where

(5.3) BΓ =
(
BΔ BΠ

)
, S̃ =

(
SΔΔ SΔΠ

SΠΔ SΠΠ

)
,

and d is also the result of the Gaussian elimination.
We will now express the Neumann–Dirichlet preconditioner considered in [14, 15,

12] using the new unknowns. The Neumann–Dirichlet preconditioner M−1
DP is defined

by

(5.4) 〈MDP λ, λ〉 = max
wΔ,n∈WΔ,n

〈BΓ E(wΔ,n), λ〉2
〈S̃ E(wΔ,n), E(wΔ,n)〉 ,

where E(wΔ,n) is the extension by zero of wΔ,n ∈ WΔ,n to elements in the space
W̃ = WΔ,n ⊕ WΔ,m ⊕ ŴΠ.

We recall that the matrix BΔ is partitioned into

BΔ =
(
Bn Bm

)
,

where n denotes the columns of the nonmortar unknowns and m those that remain.
The formula (5.4) can then be written as

(5.5) 〈MDP λ, λ〉 = max
wΔ,n∈WΔ,n

〈BnwΔ,n, λ〉2
〈SnnwΔ,n, wΔ,n〉 ,

where Snn is the submatrix of SΔΔ in (5.1) corresponding to the nonmortar part. We
see that Snn : WΔ,n → W ′

Δ,n and Bt
n : M → W ′

Δ,n are invertible. Here W ′
Δ,n is the

space dual to WΔ,n. The maximum in (5.5) occurs when SnnwΔ,n = Bt
nλ, and hence

it follows that

M−1
DP = (Bt

n)−1SnnB−1
n .

Furthermore, this matrix can be written as

(5.6) M−1
DP = BΣ,ΓS̃Bt

Σ,Γ,

where

Bt
Σ,Γ =

⎛⎝Σnn

Σmm

ΣΠΠ

⎞⎠⎛⎝Bt
n

Bt
m

Bt
Π

⎞⎠
with the weights given by

Σnn = (Bt
nBn)−1, Σmm = 0, ΣΠΠ = 0.

Therefore, the FETI-DP operator with the Neumann–Dirichlet preconditioner
M−1

DP is given by

M−1
DP FDP = BΣ,ΓS̃Bt

Σ,ΓBΓS̃−1Bt
Γ,

while the preconditioned BDDC operator is given by

BDDC = Rt
D,ΓS̃−1RD,ΓRt

ΓS̃RΓ.

Let us now define the following jump and average operators:

PΣ = Bt
Σ,ΓBΓ, ED = RΓRt

D,Γ.

The following results are provided in [23, section 5].
Theorem 5.1. Assume that PΣ and ED satisfy
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1. ED + PΣ = I,
2. E2

D = ED, P 2
Σ = PΣ, and

3. EDPΣ = PΣED = 0.
Then the operators M−1

DP FDP and BDDC have the same eigenvalues except possibly
for an eigenvalue equal to 1.

We will now show that the assumptions of Theorem 5.1 hold for the operators
PΣ and ED. We recall the definition of the space of functions satisfying the primal
constraints

W̃ =
{

(wt
n, wt

m, wt
Π)t : ∀wn ∈ WΔ,n, wm ∈ WΔ,m, wΠ ∈ ŴΠ

}
,

and the mortar finite element space

Ŵ = {w ∈ W̃ : Bmwm + BΠwΠ + Bnwn = 0}.

We note that PΣ and ED are operators defined on the space W̃ .
Lemma 5.2. The operators PΣ and ED satisfy the assumptions of Theorem 5.1.
Proof. From

Σmm = 0, ΣΠΠ = 0, Σnn = (Bt
nBn)−1,

Dmm = I, DΠΠ = I, Dnn = 0,

we have

PΣw =

⎛⎝B−1
n (Bmwm + BΠwΠ + Bnwn)

0
0

⎞⎠ ,

EDw =

⎛⎝−B−1
n (Bmwm + BΠwΠ)

wm

wΠ

⎞⎠ .

Hence,

(5.7) ED + PΣ = I.

From EDw = w and PΣw = 0 for all w ∈ Ŵ , and from Range(ED) ⊂ Ŵ , we obtain

(5.8) E2
D = ED, PΣED = 0.

From (5.7), we have the identities

ED(ED + PΣ) = ED, PΣ(ED + PΣ) = PΣ,

and combining them with (5.8), we obtain

EDPΣ = 0, P 2
Σ = PΣ.

Remark 5.3. Other FETI-DP preconditioners in two dimensions with different
weights

Σ =

⎛⎝Σnn

Σmm

ΣΠΠ

⎞⎠ ,
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with nonzero weights Σmm and ΣΠΠ, have been developed and shown to give condition
number bounds of the form

C max
i

{
(1 + log(Hi/hi))2

}
for geometrically conforming partitions; see [8, 6]. We have not found any weight
matrix D that results in ED + PΣ = I for such a choice of Σ.

6. Numerical results. In this section, we present numerical results. We first
compare the BDDC and the FETI-DP methods with the suggested preconditioners,
for geometrically conforming cases, and we then illustrate the performance of our
BDDC methods for some geometrically nonconforming partitions. We solve an elliptic
problem with the exact solution u(x, y) = sin(πx)(1 − y)y,

−Δu = f in Ω,

u = 0 on ∂Ω,

where Ω is the unit square in R
2. The conjugate gradient iteration is halted when the


2-norm of the relative residual has been reduced by a factor of 106.
In the first series of experiments, the domain Ω is divided into uniform square

subdomains, as in Figure 2, that are geometrically conforming. Common values at
the subdomain vertices are selected as the primal constraints for this case. Each
subdomain has either a nonuniform mesh or a uniform mesh with n nodes on each
subdomain edge. The meshes do not match and have comparable mesh sizes across
the interface as in Figure 2.

In Table 1, we show the performance of the two algorithms when Ω is partitioned
into N = 4×4 subdomains (see Figure 2) and with the local problem size n increasing.
In this case, the upper and the right edges of each subdomain are selected to be
nonmortar edges; see Figure 2. We provide the L2- and H1-errors between the exact
solution and the solution of the iterative method, the number of conjugate gradient
iterations, and the minimum and the maximum eigenvalues of the BDDC and the
FETI-DP methods. For the H1-error, we use the broken H1-norm given by the
subdomain partition. Table 2 shows the numerical results when we fix the local
problem size to n − 1 = 4 and increase N , the number of subdomains to N = 8 × 8,
16 × 16, and 32 × 32, and divide Ω into square subdomains in the same manner as
for N = 4 × 4. We observe that the two methods give the same L2- and H1-errors.
The minimum eigenvalue of the BDDC operator is always equal to 1 while that of the
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Fig. 2. A subdomain partition (left: white edges are mortar and black edges are nonmortar)
with N = 4 × 4 and nonmatching comparable meshes with the local problem size n − 1 = 4.
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Table 1

Comparison of FETI-DP and BDDC methods where n, the local problem size, increases with a
fixed subdomain partition (N = 4 × 4).

M−1
DP FDP BDDC

n − 1 ‖u − uh‖0 ‖u − uh‖1 Iter λmin λmax Iter λmin λmax

4 5.0850e-4 6.0126e-2 10 1.40 4.09 12 1.00 4.09
8 1.2865e-4 3.0128e-2 13 1.01 5.72 15 1.00 5.72
16 3.2231e-5 1.5072e-2 15 1.00 7.72 16 1.00 7.72
32 8.0621e-6 7.5374e-3 16 1.01 1.00e+1 17 1.00 1.00e+1
64 2.0134e-6 3.7688e-3 17 1.01 1.28e+1 19 1.00 1.28e+1

Table 2

Comparison of FETI-DP and BDDC methods when N , the number of subdomains, increases
with a fixed local problem size (n − 1 = 4).

M−1
DP FDP BDDC

N ‖u − uh‖0 ‖u − uh‖1 Iter λmin λmax Iter λmin λmax

4 × 4 5.0850e-4 6.0126e-2 10 1.40 4.09 12 1.00 4.09
8 × 8 1.1744e-4 2.9900e-2 11 1.37 4.41 12 1.00 4.41

16 × 16 2.9743e-5 1.4980e-2 12 1.32 4.49 13 1.00 4.49
32 × 32 7.4317e-6 7.4917e-3 12 1.30 4.57 13 1.00 4.62

FETI-DP operator is greater than 1. The maximum eigenvalues of both operators
are almost the same; the eigenvalues are estimated by using the parameters of the
conjugate gradient iteration. We note that the minimum eigenvalue of the FETI-DP
operator converges to 1 when the number of nodes increases; see Table 1. The two
algorithms perform quite similarly with good scalability in terms of the local problem
size and the number of subdomains.

We next illustrate the performance of the BDDC method for geometrically non-
conforming partitions. We divide the unit square Ω into rectangular subdomains that
are geometrically nonconforming. For a given N , we first divide Ω into N uniform
vertical strips and then each strip into N or N + 1 rectangles, in succession; see
Figure 3 for N = 4. Each subdomain has a uniform mesh with a number of nodes
across the subdomain equal to n, n + 2, or n + 4; see Figure 3. We consider the case
when the coefficient ρ(x) = 1 in Ω and the case when the coefficient ρ(x) has jumps
across the subdomain interfaces; i.e., ρ(x) = ρi, with different constants in different
subdomains Ωi. See Figure 3 for the distribution of the ρi with the values 1, 10, 100,
and 1000 in a partition with N = 4, and for the selection of nonmortar and mortar
edges which satisfies Assumption 4.2 with C less than 1. For the uniform case with
ρ(x) = 1, we use the same selection of nonmortar and mortar edges. For a larger N ,
we copy the same pattern periodically. We run the BDDC method with increasing
numbers of nodes in a fixed subdomain partition and with an increase of the number
of subdomains with a fixed local problem size.

Table 3 presents the condition numbers and the number of iterations for both
continuous and discontinuous ρ(x). Since the subdomain partitions are geometrically
nonconforming, we have chosen∫

Fij

(vi − vj)λij ds = 0

as the primal constraints for each face Fij = ∂Ωi ∩ ∂Ωj . Here λij is the sum of
the Lagrange multiplier basis functions that are supported in F ij . We observe good
scalability in terms of the number of subdomains and the local problem size for both
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n+2

n+2

n+4

n+4

n n

n n

n+2

n+2

n+2

n+4

n+2

n+4

n+2

n+2

(1)

(1) (1)

(1)

(10)

(10)

(10)

(10)

(100) (100)

(1000)

(100)

(1000)

(100) (100)

(1000)

(100)

(1000)

n+4n+4

Fig. 3. A geometrically nonconforming partition with N = 4 and the number of nodes for each
subdomain edge for a given n, and the values of ρi (in parentheses) in the jump coefficient case:
nonmortar edges (black) and mortar edges (white) which satisfy Assumption 4.2 for the given ρi

with C less than 1.

Table 3

Performance of the BDDC algorithm with an increase of N with a fixed local problem size
(n=6) and with an increase of the local problem size, n, in a geometrically nonconforming partition
with N=4. Cond (the condition number) and Iter (the number of iterations) are provided.

ρ(x) = 1 Jump coefficient ρi

N Cond Iter n Cond Iter N Cond Iter n Cond Iter
16 12.36 23 6 11.57 20 16 6.68 15 6 6.67 14
32 12.37 24 12 14.85 22 32 6.68 15 12 7.94 15
48 12.40 24 24 18.54 23 48 6.68 15 24 9.52 17
64 12.41 24 48 22.69 26 64 6.69 15 48 11.37 18

0 5 10 15 20 25 30 35 40 45 50
0

0.5

1

1.5

2

Local problem size (n)

Fig. 4. Plot of the values, Cond/(1+ log n)2, with an increase of the local problem size, n, in a
fixed geometrically nonconforming subdomain partition with N = 4; the dashed line is for the case
ρ(x) = 1 and the solid line for the case with a jump coefficient ρi.

cases. In addition, the behavior of the condition number with an increase of the local
problem size shows that the condition number bound (1 + log(H/h))2 appears to be
optimal; see Figure 4.
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and their Applications. Collège de France Seminar, Vol. XI (Paris, 1989–1991), Pitman

D
ow

nl
oa

de
d 

07
/3

1/
13

 to
 2

16
.1

65
.9

5.
77

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

156 HYEA HYUN KIM, MAKSYMILIAN DRYJA, AND OLOF B. WIDLUND

Res. Notes Math. Ser. 299, Longman Sci. Tech., Harlow, UK, 1994, pp. 13–51.
[4] D. Braess, Finite Elements, in Theory, fast solvers, and applications in solid mechanics, Trans-

lated from the 1992 German original by Larry L. Schumaker, Cambridge University Press,
Cambridge, 1997.

[5] C. R. Dohrmann, A preconditioner for substructuring based on constrained energy minimiza-
tion, SIAM J. Sci. Comput., 25 (2003), pp. 246–258.

[6] N. Dokeva, M. Dryja, and W. Proskurowski, A FETI-DP preconditioner with special scal-
ing for mortar discretization of elliptic problems with discontinuous coefficients, SIAM J.
Numer. Anal., 44 (2006), pp. 283–299.

[7] M. Dryja and O. B. Widlund, Domain decomposition algorithms with small overlap, SIAM
J. Sci. Comput., 15 (1994), pp. 604–620.

[8] M. Dryja and O. B. Widlund, A generalized FETI-DP method for a mortar discretization
of elliptic problems, in Domain Decomposition Methods in Science and Engineering, I.
Herrera, D. E. Keyes, O. B. Widlund, and R. Yates, eds., National Auton. Universidad de
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