arXiv:math/0703424v1 [math.PR] 14 Mar 2007

Mean-variance Hedging Under Partial Information

M. Mania V2, R. Tevzadze V¥ and T. Toronjadze V-2

) Georgian American University, Business School, 3, Alleyway II,
Chavchavadze Ave. 17, A, Thilisi, Georgia,
E-mail: toronj333@yahoo.com

2 A. Razmadze Mathematical Institute, 1, M. Aleksidze St., Thilisi, Georgia,
E-mail: mania@rmi.acnet.ge

nstitute of Cybernetics, 5, S. Euli St., Thilisi, Georgia,
E-mail:tevza@cybernet.ge

Abstract

We consider the mean-variance hedging problem under partial Information. The
underlying asset price process follows a continuous semimartingale and strategies
have to be constructed when only part of the information in the market is avail-
able. We show that the initial mean variance hedging problem is equivalent to a
new mean variance hedging problem with an additional correction term, which is
formulated in terms of observable processes. We prove that the value process of the
reduced problem is a square trinomial with coefficients satisfying a triangle system
of backward stochastic differential equations and the filtered wealth process of the
optimal hedging strategy is characterized as a solution of a linear forward equation.
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1 Introduction

In the problem of derivative pricing and hedging it is usually assumed that the hedging
strategies have to be constructed using all market information. However, in reality in-
vestors acting in a market have limited access to the information flow. E.g., an investor
may observe just stock prices, but stock appreciation rates depend on some unobservable
factors; one may think that stock prices can only be observed at discrete time instants or
with some delay, or an investor would like to price and hedge a contingent claim whose
payoff depends on an unobservable asset and he observes the prices of an asset correlated
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with the underlying asset. Besides, investors may not be able to use all available infor-
mation even if they have access to the full market flow. In all such cases investors are
forced to make decisions based only on a part of the market information.

We study a mean-variance hedging problem under partial information when the as-
set price process is a continuous semimartingale and the flow of observable events not
necessarily contain all information on prices of the underlying asset.

We assume that the dynamics of the price process of the asset traded on the market
is described by a continuous semimartingale S = (S;,t € [0,7]) defined on a filtered
probability space (Q, F,F = (F,,t € [0,T]), P), satisfying the usual conditions, where
F = Fr and T' < oo is the fixed time horizon. Suppose that the interest rate is equal to
zero and the asset price process satisfies the structure condition, i.e., the process S admits
the decomposition

t
Sy = So + M, —l—/ Md(M)y, (AN-M)p <0 a.s., (1.1)
0
where M is a continuous F'—local martingale and A is a F-predictable process.

Let us introduce an additional filtration smaller than F

Gy C F, forevery tel0,T].

The filtration G represents the information that the hedger has at his disposal, i.e., hedging
strategies have to be constructed using only information available in G.

Let H be a P-square integrable Fp-measurable random variable, representing the
payoff of a contingent claim at time 7.

We consider the mean-variance hedging problem

to minimize E[(X7" — H)?] over all 7€ II(G), (1.2)

where II(G) is a class of G-predictable S-integrable processes. Here X;"™ = z+ fot TudSy 18
the wealth process starting from initial capital x, determined by the self-financing trading
strategy 7 € II(G).

In the case G = F' of complete information the mean-variance hedging problem was
introduced by Féllmer and Sondermann [§] in the case when S is a martingale and then de-
veloped by several authors for price process admitting a trend (see, e.g., [6], [12], [26],[27],
[25], [10], [111).

Asset pricing with partial information under various setups has been considered. The
mean-variance hedging problem under partial information was first studied by Di Masi,
Platen and Runggaldier (1995) when the stock price process is a martingale and the prices
are observed only at discrete time moments. For a general filtrations and when the asset
price process is a martingale this problem was solved by Schweizer (1994) in terms of
G-predictable projections. Pham (2001) considered the mean-variance hedging problem
for a general semimartingale model, assuming that the observable filtration contains the
augmented filtration F*° generated by the asset price process S

FS C G, forevery te[0,T). (1.3)
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In this paper, using the variance-optimal martingale measure with respect to the filtration
G and suitable Kunita-Watanabe decomposition, the theory developed by Gourieroux,
Laurent and Pham (1998) and Rheinldnder and Schweizer (1997) to the case of partial
information was extended.

If F° C G, the price process is a G-semimartingale, the sharp bracket (M) is G-
adapted and the canonical decomposition of S with respect to the filtration G is of the
form

t
Sy =S +/ E(\|Gu)d(M)s + M, (1.4)
0

where M is a G-local martingale.
In this case the problem (L.2) is equivalent to the problem

to minimize  E[(X7" — E(H|Gr))?] over all 7€ II(G) (1.5)

which is formulated in G-adapted terms, taking in mind the G-decomposition (4] of
S. Therefore the problem (LH) can be solved as in the case of full information using
the dynamic programming method directly to (L) , although one needs to determine
E(H|Gr) and the G-decomposition terms of S.

If G is not containing F'°, then S is not a G-semimartingale and the problem is more
involved, although we solve it under following additional assumptions:

A) (M) and X are G-predictable,

B) any G- martingale is a F-local martingale,

C) the filtration F is continuous, i.e., all F- local martingales are continuous,

D) there exists a martingale measure for S that satisfies the Reverse Holder condition.

We shall use the notation Y, for the process E (Y;|G,)- the G-optional projection of Y.
Condition A) implies that

t
0

Let .
H,= E(H|F,) = EH +/ h,dM, + L; (1.6)
0

and

t
H, = EH+/ hSdM, + LY (1.7)
0

be the Galtchouk-Kunita-Watanabe (GKW) decompositions of H; = E(H|F;) with re-
spect to local martingales M and M , where h, h® are F-predictable process and L, L¢
are local martingales strongly orthogonal to M and M respectively.

We show (Theorem 3.1) that the initial mean variance hedging problem (L2) is equiv-
alent to the problem to minimize the expression

E[(x+ /0 rdS, — Hr)? + /0 (F2(1— p2) + 2ma ) (M), (1.8)



over all m € TI(G), where

U d(M
he = h¢p} —hy and p?zdéM;z-

Thus, the problem (L), equivalent to (LZ), is formulated in terms of G-adapted
processes. One can say that (L8] is the mean variance hedging problem under complete
information with additional correction term and can be solved as in the case of complete
information.

Let us introduce the value process of the problem (L.§))

T
VH(t 2) = essinfE dS, — Hrp)? 1.9
o =gt [ s o

+/t [ma(1 = i) + 2w ]d(M) |Gy

We show in section 4 that the value function of the problem (L.8) admits a represen-
tation

VE(t, 2) = V;(0) — 2Vi(1)z + Vi(2)2?, (1.10)
where the coefficients V;(0), V;(1) and V;(2) satisfy a triangle system of backward stochastic

differential equations (BSDE). Besides, the filtered wealth process of the optimal hedging
strategy is characterized as a solution of the linear forward equation

t 2
Sx 19 ‘Pu(2) + )‘uVu(Q) N~
Xp=a— [ = X:dS,+
! Al—%+%%®

t 2 7
(1) + A Vu (1) + hy 5
v dS,,. 1.11
*A 1= 02+ p2V,(2) (L11)

In the case of complete information (G = F) we have p = 0, h = 0 and (LI gives
equations for the optimal wealth process and for the coefficients of value function from
[20].

In section 5 we consider a diffusion market model which consists of two assets S and
Y, where S, is a state of a process being controlled and Y; is the observation process.
Suppose that S; and Y; are governed by

dSt = /.Ltdt + Utdwto,
d}/;g = atdt + btdwt,

where w® and w are Brownian motions with correlation p and the coefficients u,o,a
and b are F¥-adapted. So, in this case F, = Fts,y and the flow of observable events is
Gy = FY. We give in the case of markovian coefficients solution of the problem (L2) in
terms of parabolic differential equations (PDE) and an explicit solution when coefficients
are constants and the contingent claim is of the form H = H (S, Yr).



2 Main definitions and auxiliary facts

Denote by M¢(F') the set of equivalent martingale measures for S, i.e., set of proba-
bility measures () equivalent to P such that S is a F-local martingale under Q).
Let
MS(F) = {Q € M¥(F) : BZ3(Q) < oo},

where Z;(()) is the density process (with respect to the filtration F') of @ relative to P.
Remark 2.1. Since S is continuous, the existence of an equivalent martingale measure
and the Girsanov theorem imply that the structure condition (] is satisfied.
Note that the density process Z;(Q) of any element ) of M¢(F') is expressed as an
exponential martingale of the form

E(=A- M+ N),

where N is a F- local martingale strongly orthogonal to M and &(X) is the Doleans-Dade
exponential of X.
If the local martingale Z;™" = &, (—X - M) is a true martingale, dQ™"/dP = Z}*"dP
defines an equivalent probability measure called the minimal martingale measure for S.
Recall that a measure () satisfies the Reverse Holder inequality Ry(P) if there exists
a constant C' such that
Z3(Q)

Z(®)

E( |F;)<C, P—as.
for every F-stopping time 7.

Remark 2.2. If there exists a measure () € M(F') that satisfies the Reverse Holder
inequality Ro(P), then according to Kazamaki [15] the martingale M? = —\- M + N
belongs to the class BMO and hence —\ - M also belongs to BMO, i.e.,

E(/TT Aod(M),|F;) < const (2.1)

for every stopping time 7. Therefore, it follows from Kazamaki [I5] that &(—\ - M) is
a true martingale. So, condition D) implies that the minimal martingale measure exists
(but Z™" is not necessarily square integrable).

For all unexplained notations concerning the martingale theory used below we refer
the reader to [5],[19],[14].

Let II(F') be the space of all F-predictable S-integrable processes 7 such that the
stochastic integral

t
(- S), = / rudSu, t € 0,7,
0

is in the S? space of semimartingales | i.e.,

T

E(/0 w2d(M),) +E(/0 A d(M) ) < oo



Denote by II(G) the subspace of II(F') of G-predictable strategies.
Remark 2.3. Since A - M € BMO (see Remark 2.2), it follows from the proof of
Theorem 2.5 of Kazamaki [15]

E(/O Al d(M),)? = E(|x| - M, || - M)2

T
< 2||)\ . M||BMOE/ 7T2d<M>u < Q.
0

Therefore, under condition D) the strategy m belongs to the class TI(G) if and only if
EfOT m2d(M), < oco.
Define J#(F) and J2(G) as spaces of terminal values of stochastic integrals, i.e.,

JHF)={(r-S)r: 7€ (F)}.
JH(G) = {(m - S)r : 7 € I(G)}.

For convenience we give some assertions from [4] , which establishes necessary and
sufficient conditions for the closedness of the space J2(F) in L.

Proposition 2.1. Let S be a continuous semimartingale. Then the following assertions
are equivalent:
(1) There is a martingale measure Q € M(F) and J3(F) is closed in L*.
(2) There is a martingale measure QQ € M(F) that satisfies the Reverse Hélder con-
dition Ro(P).
(3) There is a constant C' such that for all m € II(F') we have

Isup(r - S)llizge) < Cll(r - Sl o

(4) There is a constant ¢ such that for every stopping time 7, every A € F, and for
every m € II(F') with m = 71}, 1) we have

[ 14— (7 - S)r|lr2p) 2 cP(A)Y2.

Note that assertion (4) implies that for every stopping time 7 and for every = € II(G)
we have

E((1 +/T7rudSu)2/FT) > c. (2.2)

Let us make some remarks on conditions B) and C).

Remark 2.4. Conditions B), ') imply that the filtration G is also continuous. By
condition B any G-local martingale is F-local martingale, which are continuous by con-
dition C'). Recall that the continuity of a filtration means that all local martingales with
respect to this filtration are continuous.

Remark 2.5. Condition B) is satisfied if and only if the o-algebras F;, and G are
conditionally independent given G; for all ¢ € [0, 7] (see Theorem 9.29 from Jacod 1978).

Now we recall some known assertions from the filtering theory. The following propo-
sition can be proved similarly to [19].



Proposition 2.2. If conditions A), B) and C) are satisfied, then for any F-local
martingale M and any G-local martingale m©

— t d(M.mC .
M, = E(M,|G,) = / E(<’772>|Gu)dmf + LY, (2.3)
0 d(mS),

where LY is a local martingale orthogonal to m©.

It follows from this proposition that for any G-predictable, M-integrable process m
and any G-martingale m¢

(im0 = [ (UG atne), -

t
:/ Tud(M, m%),, = (- M,m®),.
0

Hence, for any G-predictable, M-integrable process 7

—

(w-M)t:E(/Otwdes|Gt):/Otwsdz\z. (2.4)

Since 7, A and (M) are G-predictable, from ([2.4]) we have

—

t t
(m-9) = E(/ TudSy|Gy) = / TudSy, (2.5)
0 0

where

t
S, = S, +/ Aud(M), + M,
0

3 Separation principle. The optimality principle

Let us introduce the value function of the problem (2] defined as
T
U™ (t,z) = essinfE WS, — H)?|Gy). 3.1
(¢,2) = essinf ((x+/t m )?|GY) (3.1)

By GKW decomposition
t
H,= E(H|F,) = FEH +/ hydM,, + L, (3.2)
0

for a F-predictable, M-integrable process h and a local martingale L strongly orthogonal
to M. We shall use also the GKW decompositions of H; = F(H|F;) with respect to the

local martingale M

t
H,= FH + / h¢dM, + L (3.3)
0
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where h¢ is a F-predictable process and L® is a F- local martingale strongly orthogonal
to M. -
It follows from Proposition (applied for m“ = M) and Lemma [AT] that

t

—~

(E(H|G.), M), = /O tE(hf\Gu>d<z\7>u= 0 hCp2d(M),. (3.4)

We shall use the notation B ,\ R

Note that h belongs to the class II(G) by Lemma [A2
Let us introduce now a new optimization problem, equivalent to the initial mean
variance hedging problem (I.2]), to minimize the expression

E[(z+ /0 7,dS, — Hr)* + /0 (ma(1 = p) + 2muhy)d(M),], (3.6)

over all m € TI(G). Recall that S, = E(S,|Gy) = So + [ Aud(M),, + M,.

Theorem 3.1. Let conditions A), B) and C) be satisfied. Then the initial mean-
variance hedging problem (I3) is equivalent to the problem (38). In particular, for any
7 € II(G) and t € [0,T]

El(z+ /t mudS, — H)?|Gy] = E[(H — Hr)?|Gy] (3.7)

T T
FE[(@+ / rdS — Fp)? + / (R2(1 = 02) + 21 d(M).|G].
t t

Proof. We have

T T T
t t t

:E[(x+/tT7rud§u—H)2\Gt} +2E[(x+/tT7rud§u—H)(/tde(Mu—J\Z))\Gt}

T
+ E[(/ mud(M, — M,))’|G)] = I + 21, + I, (3.8)
t
It is evedent that
T
L =E[(z+ / TudSy — Hr)?*|Gy] + E[(H — Hr)?|Gy]. (3.9)
t

Since m, A and (M) are Gp-measurable and the o-algebras F; and G are conditionally
independent given G; (see Remark 2.5), it follows from equation (2.4) that

E[/tT quud(M)u/tT mud(M, — M,)|G,] = E[/tT quud(M)u/OT mud(M, — M,)|G,]
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~E[ /t Tmudw)u /0 t mud(M,—M,)|G,] = E| /t : Tudad( M) E( /0 Twud(Mu—z\?u)\GT)\Gt}

—E[ /t ' mudad (M), |G, B[ / mud(M, — M,)|G,] =0 (3.10)

0

On the other hand using decomposition ([B.2)), equality (B4, properties of square
characteristics of martingales and the projection theorem we obtain

E[H / " rd(M, — TGy = E[H / " rdM|GY] — B[y / " rdTLIG]
= B[ [ mdlM.B(HIP)IG) = B[ [ md(fT, 11,1
=Bl [ mdMlGl — B[ [ w0061 -

E[/t 7u(hy = WG p2)d(M),|Gy] = —E[/t T d(M),|Gy]. (3.11)

Finally, it is easy to verify that

25 [ wh [ s, - W + B[ [ maon - TL)Yi6] -

E[(/tTﬂid<M>u - /tTvrgd<z\7>u)|Gt} -

=Bl [ w1 - daan.c). (3.12)

Therefore equations (B.8), (3.9),310), (311, and ([B.I2) imply the validity of equality
B.2). O

Thus, it follows from Theorem B.] that the optimization problems (L2) and (3.6)
are equivalent. Therefore it is sufficient to solve the problem (B.6]), which is formulated
in terms of G-adapted processes. One can say that (B3.0) is a mean variance hedging
problem under complete information with correction term and can be solved as in the
case of complete information.

Let us introduce the value process of the problem (3.6

T
VH(t,z) = ess infE[(x +/ TudS, — Hp)?+
mell(G) t

T
s [ = )+ 2m B0, (3.13)
t
It follows from Theorem [3.1] that
U (t,2) = VI (t,2) + E[(H — Hr)*|Gy]. (3.14)

The optimality principle takes in this case the following form

9



Proposition 3.1. (Optimality principle). Let conditions A, B) and C') be satisfied.
Then
a) For allz € R, m € II(G) and s € [0,T] the process

t t
VH(t, T+ / TudSy) + / [Wg(l - ,02) + 2w, hy)|d(M),

is a submartingale on [s,T|, admitting an RCLL modification.
b) ™ is optimal if and only if the process

t t
VH(t x + / medS,) + / (752 (1 — p2) + 27 h,)d({ M),
1s a martingale.

This assertion can be proved in a standard manner (see, e.g., [7], [L6]). The proof
more adapted to this case one can see in [20].
Let

T T
V(t,x) = essinfE[(z + / TudSy,)? +/ T2l — p2)d(M),|Gy].
Tell(Q) t t

and

T T
Vi(2) = essinf E[(1 + / TudS,)* + / mo(1 = p2)d(M),|Gy].
mell(G) t t

It is evident that V (¢, x) (resp. Vi(t)) is the value process of the optimization problem
3:8) in the case H =0 (resp. H =0 and x = 1), i.e.,

V(t,x) = VO(t,x) and Va(t) = VO(t,1).

Since II(G) is a cone, we have that

T
V(t,z) = 2”essinf E[(1 +/ ﬂalSu)z—l—
Tell(Q) ¢ Xz

T
Ty
[0 aanie] = i), (5,19
t
Therefore from Proposition Bl and equality (815 we have the following

Corollary 3.1. a) The process

Va(t)(1 + / rdS)? + / (m)2(1 = p2)d( M),

t > s) is a submartingale for all m € II(G) and s € [0,T].
b) ™ is optimal iff

%®G+/ﬂwﬂfﬁ/wyﬂ—ﬁme

t > s, s a martingale.
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Note that in the case H = 0 from Theorem 3.1 we have
T
E[(1+ / rudS,)%|Gr) = (3.16)
t

B[+ / 7d8,)% + / 72 (1 — 2)d(M),|C]

and, hence
Va(t) = U°(t, 1). (3.17)

Lemma 3.1. Let conditions A) — D) be satisfied. Then there is a constant 1 > ¢ > 0
such that Vi(2) > ¢ for allt € [0,T] a.s. and

1=p2+p2Vi(2) > ¢ pMae. (3.18)
Proof. Let
T
V/7(2) = essinfE[(1 + / TudS.)?| ).
t

well(F)

It follows from assertion 4) of Proposition 2] that there is a constant ¢ > 0 such that
V,F(2) > cfor all t € [0,T] a.s.. Note that ¢ < 1 since V¥ < 1. Then by (B.17)

T
Vi(2) = U°(t,1) = essinfE|(1 +/ TudS,)?|Gy] =
¢

Tell(G)

Vi(2) = essinf E[E((1 + /T TudS,)2|F) |Gy >

mell(G)
>V (2) > e
Therefore, since p? < 1 by Lemma

L= g+ Vi(2) 2 1= pi 4 pfe > inf (1—7+7e) =c

4 BSDEs for the value process

Let us consider the semimartingale backward equation

n16/fwwu /%mﬁh (1.1)

with the boundary condition

YT =1, (42)
where 7 is an integrable Gp-measurable random variable, f : Q x [0,7] x R? — R is
P x B(R?) measurable and m is a local martingale. A solution of ({ZI)-(Z2) is a triple
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(Y, 1, L), where Y is a special semimartingale, ¢ is a predictable m-integrable process and
L a local martingale strongly orthogonal to m. Sometimes we call Y alone the solution
of ([A.1))-(d.2)), keeping in mind that ¢ - m + L is the martingale part of Y.

Backward stochastic differential equations have been introduced in [I] for the linear
case as the equations for the adjoint process in the stochastic maximum principle.The
semimartingale backward equation, as a stochastic version of the Bellman equation in an
optimal control problem, was first derived in [2]. The BSDEs with more general nonlinear
generators was introduced in [22] for the case of Brownian filtration, where an existence
and uniqueness of a solution of BSDEs with generators satisfying the global Lifschitz
condition was established. These results were generalized for generators with quadratic
growth in [17], [18] for BSDEs driven by a Brownian motion and in [21], [29] for BSDEs
driven by martingales. But conditions imposed in these papers are too restrictive for our
needs. We prove here existence and uniqueness of a solution by directly showing that the
unique solution of the BSDE we consider is the value of the problem.

In this section we characterize optimal strategies in terms of solutions of suitable
Semimartingale Backward Equations.

Theorem 4.1. Let H be a square integrable Fpr-measurable random variable and let
conditions A), B),C) and D) be satisfied. Then the value function of the problem ([3.4)
admits a representation

VAt ) = Vi(0) — 2Vi(1)z + Vy(2)2?, (4.3)

where the processes V;(0), Vi(1) and Vi(2) satisfy the following system of backward equa-
tions

Ua(2)p2 + AYa(2))?
1= p3 4 p3Ys(2)

i) =y + [ | aiay,

+fm®ﬂ@w@>nm=L (4.4)

F (292 + AY(2) (De(1)pF + A (1) — h
%ﬂy+A 1 —p2 + p2Y;(2)

Yi(1) = JMM%

+ /t ()M, + Li(1),  Yy(l) = E(H|Gy), (4.5)

l)pg + )‘s}/;(l) - ils)2
T 1 2V.0)

¥(0) = Yo (0) +/t s d(M),

n / t ¥s(0)dM, + Ly(0), Yr(0) = E*(H|Gr), (4.6)

where L(2), L(1) and L(0) are G-local martingales orthogonal to M.
Besides the optimal filtered wealth process Xf’”* =zx+ fg mrdS, s a solution of the

linear equation
t 2
X =x— / N X dS,+
' o 1—p2+p2Vu(2)
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t 2 b
0

1—p3 + piVu(2)
Proof. Similarly to the case of complete information one can show that the optimal

strategy exists and that V(¢ x) is a square trinomial of the form ([Z3)) (see, e.g., [20]).
More precisely the space of stochastic integrals

Ji(G) ={(7 S)r 7 € I(G)}

is closed by Proposition2.I]and condition A). Hence there exists optimal strategy 7*(t, ) €
(G) and U¥ (t,z) = E[|H —x — ftT i (t, £)dS,|*|F]. Since ftT 7k (t, x)dS, coincides with
the orthogonal projection of H — 2 € L? on the closed subspace of stochastic integrals,
then the optimal strategy is linear with respect to z, i.e., (¢, z) = 70(t) + xm}(t). This
implies that the value function U (¢, z) is a square trinomial. It follows from the equality
BId)that VH (¢, x) is also a square trinomial and it admits the representation (Z3]).

Let us show that V;(0), V;(1) and V;(2) satisfy the system (£4)-(4.0]). It is evident that

T
_1yH _ . Q _ I1.\2
Vi(0) = V*(1,0) = essint E[( [ 7S, — Fr)

" / w2(1— ) + 2m B d(M), |G (4.8)
and

T
R _ : T \2
Vi(2) = VO (¢t 1) = igsr&%gE[(l +/t TudSy)

n / 72(1— 2)d(M)|Gy]. (4.9)

Therefore, it follows from the optimality principle (taking 7= = 0) that V;(0) and V;(2) are
RCLL G-submaringales and

Vi(2) < EWV(T)|Gy) <1,

Vo(t) < B(E*(H|G7)|Gy) < E(H?|GY).

Since

1
)

the process V(1) is also a special semimartingale and since V;(0) — 2V;(1)x + V;(2)2? =
VH(t x) > 0 for all z € R, we have that V,2(1) < V;(0)V;(2), hence

Vi(1) = 5(Vi(0) + Vi(2) = V(L. 1)), (4.10)

VA(1) < BE(H?|G,).

Expressions (48), ([£9) and (B.I3) imply that V7(0) = E*(H|Gr), Vr(2) = 1 and
VH(T x) = (x — E(H|Gr))?. Therefore from [@I0) we have Vy(1) = E(H|Gr) and
V(0),V (1), V(2) satisfy the boundary conditions.
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Thus, the coefficients V;(i),7 = 0, 1,2 are special semimartingales and they admit the
decomposition

Vi(i) = Voli) + Auli) + /t 05 ()M, + my(d), i=0,1,2, (4.11)

where m(0), m(1), m(2) are G-local martingales strongly orthogonal to M.
There exists an increasing continuous G-predictable process K such that

t t
(M), = / vdK,,  Ayi) = / (YK, i = 0,12,
0 0

where v and a(i),i = 0, 1,2, are G-predictable processes.
Let X =z + f: T dS,, and

st —
AN t ~
Vi = VIRED) + [ 7= )+ 2mh)ld0),
Then using (A3]), (A1) and the It6 formula for any ¢ > s we have

t
(R =2t / 2m A KT 122 )d(M) ot

t
2 / r X7 di, (4.12)
and .
YTV H (s, 1) = / (R57)2a,(2) — 2877 a, (1) + 4y (0)]dI,+
t A~
/ (721 = pi + paVue (2)) + 21, X7 (A Ve (2) + u(2)p2) —

— 27, (Vi (D Ay + 00 (1) p2 — ho)vud K, 4+ my — my, (4.13)

where m is a local martingale.
Let

G(mz) = Gw,t,m,x) =71 — p2 + p2 Vi (2)) + 272 (AN Vi (2) + 0u(2)p2)—

_QW(Vu—(U)‘u + @u(l)pi - Eu)
It follows from the optimality principle that for each = € II(G) the process

t
/ (X7 a,(2) — 2877 au(1)) + au(0))dK ot
t o~
+ / G, X2 WdK,, (4.14)
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is increasing for any s on s <t < T and for the optimal strategy 7* we have the equality

t
/“KX@TVaA2>—2X§fhuu>+aumndK@=

t
_ / Gt X2 Y, dK,, (4.15)

Since v, dK, = d{M),, is continuous, without loss of generality one can assume that
the process K is continuous (see [20] for details). Therefore, taking in ([EI4) 74(e) =
inf{t > s: K; — K, > ¢} instead of ¢ we have that for any ¢ > 0 and s > 0

1 s (€) e e
SRR e) - 28200, + 0, (0K, =
1 (76 .
1 / G, X2 (w)dK,. (4.16)
€ Js ’

Passing to the limit in (4.16]) as ¢ — 0, from Proposition B of [20] we obtain that
220, (2) — 2zwa, (1) + a,(0) > —G(my, v)vy,  p* —a.e.
for all 7 € II(G). Similarly from (EI5) we have that p-a.e.
220, (2) — 2za,(1) + a,(0) = —G (7, 7)1V,
and hence

2%a,(2) — 2za,(1) + a,(0) = —vyessinfG(m,, 7). (4.17)
well(G)

The infinum in (£.I7) is attained for the strategy

. Vi(D)A 4 ¢(1)p} — Iy —517(‘/2(2))%4-%(2)03).

= 4.18
' 1—p? + pVi(2) (4.18)
From here we can conclude that
essinfG(m, ) > G(7y, x) =
Tell(G)
_ (Vi) + 0(1)p} — hy — z(Vi(2) M + @1(2)p7))? (4.19)

1 —pi + piVi(2)
Let 7" = Ijo7,[(t)7¢, where 7,, = inf{t : |[V;(1)| > n}.
It follows from Lemma [A.2] Lemma Bl and Lemma [A.3] that 7" € TI(G) for every

n > 1 and hence

infG < G(n?
essinf (m, x) < G(m}', @)

for all n > 1. Therefore

essinfG(m, ) < lim G(n), x) = G(7y, ). (4.20)

mell(G) n—00
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Thus (EI7), (£19) and [#20) imply that
2%a;(2) — 2xas(1) + a;(0) =
(VD)X + (1) p7 —jlt - f(%(z))\t + Spt(2)p?>2’ W ae. (4.21)
1—pf + piVi(2)

and equalizing the coefficients of square trinomials in (£21]) (and integrating with respect
to dK') we obtain that

:]/t

4,2) = /Ot (2s(2)p2 + AVa(2)) JOM).. (4.22)

- 1—p2+p2V,(2)

s>d(M)s, (4.23)

L (es(2)02 F AVA(2)) (s (1) 02 + AVA(1) = I
A _/0 1—p2+ p2Vi(2)

A,(0) = / (VA + AV —B)”
o 1—pi+pVi(2) N
which, together with (AI1)), implies that the triples (V' (i), p(i), m(7)), i = 0,1, 2, satisfy
the system (4.4])-(4.0l).
Note that A(0) and A(2) are integrable increasing processes and relations (4.22)) and
(#24)) imply that the strategy 7 defined by (4.I8]) belongs to the class II(G).
Let us show now that if the strategy 7* € II(G) is optimal then the corresponding

filtered wealth process X7 =z + f(f 7*dS, is a solution of equation (@7).
By the optimality principle the process

(4.24)

t
W?ﬂﬂmmﬂ+/wmmeﬁwnﬁmme
0

is a martingale. Using the 1t6 formula we have

+ t
Y& = / (X )2d A, (2) _2/ XTdA,(1) 4+ A (0)
0 0

t
+ [ G X))+ N, (4.25)
0
where N is a martingale. Therefore applying equalities (£.22l),([Z.23]) and (£24]) we obtain
that
. V(DA + @u(1)p2 = Iy
S Va(2)A + 9u(2) 3

X
T T T )

which implies that p{*-a.e.

) (1 = 2+ p2Vul(2))d(M)y + Ny, (4.26)

VDA R = e (@t pu(2)02)

1= pi + piVa(2) R AN
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Integrating both parts of this equality with respect to ds (and adding then z to the both
parts) we obtain that X" satisfies equation (@7). O

The uniqueness of the system (4.4])-(4.0]) we shall prove under following condition D*),
stronger than condition D).

Assume that
D¥)
T )\2
| Sravn.<c
0 Pu
Since p* < 1 ( Lemma [AT]), it follows from D*) that the mean-variance tradeoff of S is
bounded, i.e.,
T
| xaon.<c
0
which implies that the minimal martingale measure for S exists and satisfies the Reverse-
Hoélder condition Ry(P). So, condition D*) implies condition D). Besides it follows from
the condition D*) that the minimal martingale measure Q™" for S
Amin A=
Q™" = 5T(_; - M)
also exists and satisfies Reverse-Holder condition.
Recall that the process Z belongs to the class D if the family of random variables
Z:Iz<7) for all stopping times 7 is uniformly integrable.

Theorem 4.2. Let conditions A), B), C) and D*) be satisfied. If a triple (Y (0),Y (1),Y(2)),
where Y(0) € D,Y?(1) € D and ¢ <Y (2) < C for some constants 0 < ¢ < C, is a solu-

tion of the system (4.4))-(4.0), then such solution is unique and coincides with the triple
(V(0),V(1),V(2)).

Proof. Let Y(2) be a bounded strictly positive solution of ([A.4]) and let

/ (@) + L(2)

be the martingale part of Y (2).
Since Y'(2) solves ([A4), it follows from the It6 formula that for any © € II(G) the

process
t

ve =y [ St [0 ., (4.27)

t > s, is a local submartingale.
Since 7 € TI(G), from Lemma [A.T] and the Doob inequality we have

t
Esup(1+/ T dS)? <
0

t<T

T T
< const(1 + E/ 22 d(M), + E(/ Al d(M),)? < 00 (4.28)
0 0

17



Therefore, taking in mind that Y'(2) is bounded and 7 € II(G) we obtain that

E( sup Yu”)2 < 00
s<u<T

which implies that Y™ € D. Thus Y™ is a submartingale (as a local submartingale from
the class D) and by the boundary condition Y7(2) = 1 we obtain

V@) B0+ [ mdB)t+ [ mi- sd0n.G.)

for all 7 € II(G) and hence
Yi(2) < Vi(2). (4.20)

Let

Ty =

KR (WO )
L=pf+p(2) T\ 1=p2 42V (2)

Since 1+f; 7,dS, = &(—%~§), it follows from (£.4) and the It6 formula that the
process Y defined by (A27]) is a positive local martingale and hence a supermartingale.

Therefore - .
V@) 2 B+ [ RS+ [ R0 2dnG6,) (430)

Let us show that 7 belongs to the class II(G).
From (£30) and ([£29) we have for every s € [0, 7]

T T
B+ [ mdSp+ [ RO-pdane) sv@ v <1 @)
and hence .
E(1 +/ 7udS,)? < 1, (4.32)
0

T

B[ #0-R)don, <1 (433)
0

By D*) the minimal martingale measure @mm for S satisfies the Reverse-Holder condition
and hence all conditions of Proposition [21] are satisfied . Therefore the norm

T T
B[ #dan) + B [ [RAJd).)°
0 0
is estimated by E(1+ [; ﬁudgu)Q and hence
T

T
E/ #F2p2d(M), < o0, E(/ T d(M))? < oo
0 0

It follows from (A.33]) and the latter inequality that 7 € II(G) and from (4.30) we obtain
that
Yi(2) > Vi(2),

18



which together with (£.29]) gives the equality Y;(2) = V;(2).
Thus V(2) is a unique bounded strictly positive solution of equation (£4]). Besides

/ W(2)ud 1, / VdM,  Lo(2) = ma(2) (4.34)

for all t, P-a.s.
Let Y (1) be a solution of equation (5] such that Y2(1) € D. By the Ito formula the
process

p2)0? +AV(2D) &

=Y, (1)&(— .

Be= YT v O
! 2P +AV(2) 4 he
[ 62RO g u

0 L=p?+p2V(2) 1= pi+piVu(2)

is a local martingale. Let us show that R; is a martingale.

As it was already shown the strategy

M), (4.35)

¥(2)p* + AV (2)

7= E(— .S
e v T g v Y
belongs to the class I1(G).
Therefore, (see (L28))
V(2)p* +AY(2) 5 /t = 5)2
Esup &2 (— -S) = Esup(l + T,dS5)" < 00 4.36
ey (0 MLt S A )
and hence @7 LAV (2)
¢(2)p* + 5
Y, (1 — . D.
R ey R
On the other hand equation (Z36), Lemma and Lemma Bl imply that
t 2 7
P(2)p* +AV(2) & ha
E'su Eu(— =S d(M), <
t<Tp/0 i ,0+p2V() )1—pu+pV() M

2)p2 +AY(2) 4+
Eul - S) | hy|d{ M),
< 1o [ e LT S
1 (2)p® + Y (2)
< ZEY?gup £2(—

- C tgg 2 1—p2+p?Y(2)
Therefore, the process R; belongs to the class D and hence it is a true martingale.

Using the martingale property and the boundary condition we obtain that

p(2)p* +AV(2) &
1 —p2+p?V(2) S)+

T @AV o R,
+ [ P ST MG). (43D

Thus, any solution of (4.0]) is expressed explicitly in terms of (V(2),(2)) in the form
(437). Hence the solution of (4.3]) is unique and it coincides with Vi(1).
It is evident that the solution of (4.0]) is also unique. O

T
-S)E1/2/ h2d(M), < oco.
0

Yi(1) = E(HpEm(—

19



Corollary 4.1. In addition to conditions A)-C) assume that p is a constant and the
mean-variance tradeoff (A - M) is deterministic. Then the solution of (4.4)) is the triple
(Y(2), 9(2), L(2)), with $(2) = 0, L(2) = 0 and

Yi(2) = Vi(2) = v(p, 1 = p* + (A M)r — (X~ M)y), (4.38)

where v(p, ) is the root of the equation

1— 2
7 pP’lnr = a. (4.39)

Besides
AV (2) ~

V(1) = B(HEm(~7— )

T AV (2) ~ B
[ e v g dMG). (o)

uniquely solves equation ({.3) and the optimal filtered wealth process satisfies the linear
equation
t
S AV (2 Sy A
X =z —/ 5 (2) X;dS,

t 2
0u(1)p* + XVau(1) = hy 5
dS,. 4.41
+/0 1—p?+p*Vu(2) (4

Proof. The function f(z) = # — p*Inx is differentiable, strictly decreasing on |0, oo
and takes all values from | — 0o, +oo[. So equation (4.39) admits a unique solution for
all . Besides the inverse function «a(x) is differentiable. Therefore Y;(2) is a process of
finite variation and it is adapted since (\ - M) is deterministic.

By definition of Y;(2) we have that for all ¢t € [0, 7]

1—p?
v

Yi(2) = 1 - + (A~ M)r — (A- M),.

It is evident that for « = 1 — p? the solution of (£39) is equal to 1 and it follows from
(A38)) that Y'(2) satisfies the boundary conditione Y7(2) = 1. Therefore

2

11{(5) — A nYy2) - (1— )

= —(1-p%) /tTdYul(Q) +p? [lenYu(2)
- [ oy + ) 1

T1-p" 4 p*Ya(2) B
| L) = (- = (- ),

and

20



for all t € [0,T]. Hence

“1—p? + pPYL(2) B
/0 gAY (2) = (- ),

and integrating both parts of this equality with respect to Y (2)/(1 — p* + p*Y (2)) we
obtain that Y(2) satisfies equation

YE(2)A
1 —p+ p?Y,(2)

t
V(@) - %@+ [ a(M),, (4.42)
0
which implies that the triple (Y (2),¢(2) = 0,L(2) = 0) satisfies equation (4.4]) and
Y (2) = V(2) by Theorem 4.2. Equations (£.40) and (4.41]) follow from (£37) and (4.1)
respectively, taking ¢(2) = 0.
Remark 4.1. In the case of complete information, M = M and p = 1. Therefore
equation (£Z42) is linear and Y (2) = e Mye=A M)z
Remark 4.2. Finally let us make a comment on condition B). It would be desirable
to replace condition B) by requiring that any G-martingale is a F-semimartingale, but
up to now we can’t do this, although one can weaken this condition imposing that any
G-martingale is a o(F° V G)- martingale, where o(F° V G;) is the minimal o—algebra
containing F*¥ and G, which is satisfied if F}° C G;.

5 Diffusion market model

Let us consider the financial market model
S, = gtﬂt(y)dt + gtat(Y)dw?,

dY; = a,(Y)dt + b (Y)dwy,

subjected to initial conditions, where only the second component Y is observed. Here w
and w are corelated Brownian motions with Edw?dw; = pdt,p € (—1,1).
Let us write

0

wt:pw?_l_ 1_p2wt17
where w° and w! are independent Brownian motions. It is evident that w = —/1 — p?w®+

pw! is a Brownian motion independent of w and one can express Brownian motions w®, w?

in terms of w and wt as

w = pwy — /1 — p2wi, w = /1— p2w, + pw;i. (5.1)

We assume that b2 > 0, 02 > 0 and coefficients y, 0, a and b are such that £ =
0

F"Y FY = F®. So the stochastic basis will be (Q, F, F, P), where F; is the natural
filtration of (w° w) and the flow of observable events is G; = F.
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Also denote dS; = pdt + opdw?, so that dgt = StdSt and S is the return of the stock.

Let 7, be the number shares of the stock at time ¢. Then 7 = 7,5, represents an
amount of money invested in the stock at the time ¢t € [0,7]. We consider the mean
variance hedging problem

T
to minimize F|[(x +/ 7dS; — H)?] over all @ for which 7S € II(G), (5.2)
0
which is equivalent to study the mean variance hedging problem

T
to minimize  E[(x +/ mdS, — H)?) over all m € II(G).
0

Remark 5.1. Since S is not G—adapted, 7, and %tgt can not be simultaneously G-
predictable and the problem

T
to minimize  E[(z +/ 7dS, — H)?] over all 7 € II(G), (5.3)
0

is not equivalent to the problem (5.2]) and it needs separate consideration.
Comparing with (IL1]) we get that in this case

t t
Mt:/ oo du?, <M>t:/ o2ds, A ="t
0 0 0i

It is evident that w is a Brownian motion also with respect to the filtration F***" and
condition B) is satisfied. Therefore by Proposition

t
M, = p/ osdws.
0

By the integral representation theorem the GKW decompositions ([8.2)), (3.3) take follow-
ing forms

t t
cg=FH, H;=cg +/ hsoodw’® +/ hldw!, (5.4)
0 0
t t
H, =cy + p/ hfosdws +/ htdw;. (5.5)
0 0

Putting expressions (5.1)) for w°, w' in (54) and equalizing integrands of (5.4)) and (5.5)
we obtain that -
he = p*hy — /1= p*~—
Ot

and hence

S i
he = p*hi’ — /1= p* .

O¢
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Therefore by definition of h
- —~ hi-
hy = p*hE — hy = /1 — p? —— (5.6)

Oy

Using notations
Z5(0) = posps(0), Zs(1) = posps(1), Zs(2) = posps(2), s =—

we obtain the following corollary of Theorem F.T]

Corollary 5.1. Let H be a square integrable Fr-measurable random variable. Then
the processes Vi(0), Vi(1) and Vi(2) from (4.3) satisfy the following system of backward

equations

HE e +/ot (ﬁzi(iliié‘é(fg))) ds+ /0 Z@dw, Vi@)=1,  (5.7)
V(1) = %(1)+/0t (pZ5(2) + 0,V4(2 ))1(_p(+:2f/‘(/) \/1—7h¢)

+ / t Z,()dws,  Vr(1) = E(H|Gr), (5.8)

w(0)=%(0)+/t (pZ4(1) 4+ 0.Vi(1) — /T = p% ht)” .

1 — p? +p2V;( )

- / tZS(o)dws, Vr(0) = E*(H|Gr), (5.9)

Besides the optimal wealth process X+ satisfies the linear equation

t
o pZS(Q) + 95‘/;(2) o
X* = — X*0.d dw,

et /01—p2+p2vs(2) s Bads + pi)

. /t pZs(1) + 0,V (1) — /T — p% ht
0

. 1
= 21 2V.02) (0sds + pdws) (5.10)

Example. Suppose that 6, and o; are deterministic. Then the solution of (5.7) is the
pair (V(2), ¢(2)), where ¢(2) = 0 and V(2) satisfies the ordinary differential equation

dvi(2) A
= Vr(2) = 1. 5.11
Solving this equation we obtain that
T
Vi(2) = v(p,1 — p? +/ 0%ds) = )", (5.12)
t
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where v(p, «) is the solution of (£.39). From (5.11]) follows that

2. 0.p 0,p s 2.6,p
(Inv)ry = v and In 22— :/ b, v, dr . (5.13)
t

1—p?+ pQvap vap 1—p?+ pzyfvp

If we solve the linear BSDE (5.8)) and use (5.13) we obtain

V(1) =E [ﬁT(wwg < /0 b gy + pdw,)) \Gt}

1—p?+p?y,

T 0,p - : 0,p
/ o130 —F [hs(w)é’ts <— / oy . (err+pdw,)) |Gt} ds
t 1—p2+ pPug? o 1—p2+p2p"
0 ~ : gr,ﬁ,p
=y "FE [HT(w)é'tT <—/ pdw,) |Gt}
0 1—p2+p2)

T : 6
S 7 9 P
e / . [hs(w)é’ts (— / Yr pdwr) |Gt] ds
t 1—p? 4 p?vs? o 1—p*+p%y,

Using the Girsanov theorem we finally get

' 0, 1/9”’
Vi(1) = v)*E [HT </ p epdr+w) |Gt]

1—p2+ p?ur

T : 9
s 7 9 P
+yf’p/ K —E {hs (p/ il 7 dr +w) \Gt} ds. (5.14)
¢ 1—p2+ p2vs? 1—p2+ p2y”

U

Suppose now that H = H(wy,wr), Y = w and £ = 0(t,w;) for some continuous

function 0(t, z) and a differentiable function H(x,y). Then using the elementary ideas of
Malliavin’s calculus we get

phior = h9(t, w), we) = Elpd,H(wp, wr) + 0, H (wy, wr)|F,

him = ht(tw), w) = —/1 — p2E[0, H(wh, wr)| Fy,
where 0, H (z,y), 0,H (z,y) denote the partial derivatives of H. It is evident that
E[f(t,w?, w)|F¥) = E[f(t, pw; — \/1 — p?wi, wy)|wy] for f = k¥, h*, H. Thus we obtain
the exact expression for Hy(y), h9(t,y) and ht(t,y)

Hy(y) = EH(py — /1 — p*wi,y) = E[H(w§, y)lwr =y],  (5.15)
ﬁg(t y) = ERS(t, py — /1 — p*wi",y),
R (t,y) = ERS(t py — /1 = prwity) = —/1 = pPPE[H,(wd, wr)|w, = y]
= —/1— p2E0, H(p(y + wr — w;) — /1= p2wi, py + wr — wy)).

24



Remark 5.2. For deterministic 6; the equalities

= T 0,10°
E [HT <p/ epdr+wT) |wy :y]
t 1—p*+p*r

T 9.u0rar
:E{H(p(p/ Gp—l—wT)—\/l—pzw%,
t

1—p?+ p?v

/T 0,100 dr N )| ]
wr ||w, =
1Y ] 1_p +p2ygp T t Yy

T 0
0,.v0Pdr
EEH(p(p/ ep—l—wT—wt—l—y) V1 — p?wg,
t

1—p2+ p*ur
/T Gye’pdr n n )
wr —w
pt 1_p —I—pljep T t Yy
and
A s 0, 0,p
E[hsl (p/ i 5 dr—i—ws) |wt:y}
¢ 1—p2+ p2u?
* o Glrdr L
1—p?E|E|0H|p|p 5o twr | — /1 —p*wr,
¢ 1—p2 4 pPu?
/S 0,v%°dr N )| ]| }
wr | |ws | |wy =
P ¢ 1—p2+ p2r ! =Y
s g0rdr L
—1—=p?E|0.H(p|p +wr | — /1 —p? wy,
v 1= p2 4 p2)?
s g00dr
p 5, T Wr jwy =y
¢ 1—p+ p2u)
T 0
0,.v%Pdr
E—\/l—szaxH<p<p/ - 7 +wT—wt+y)—\/1—p2w%,
t 1—p>+p?”
T 9.u0rdr
P p—i-wT—wt—i-y
¢ 1—p2 4 2
are valid.

Using the well known connection between BSDEs and PDEs we can prove the following

Proposition 5.1. The system of nonlinear PDFEs

(0(t,y)v(2) + pdyv(2))? _
1—p2 +p e 0 BTy =t

(1 )+ 82 (1)

1
o (2) + 5851}(2) =

(02, y)v(2) + pdyv(2)) ((B(, y)v (1 )+p€3 v(1)) + (1 = p*) [0, H (wh, wr) |w: = y])

1—p?+ p*v(2)
|wr

v(1,T,y) = E[H(wr,y)lwr = y]
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admits sufficiently smooth solution and the solution of ({{.4),([4.9) can be represented as
Vi(1) = v(1,t,wy), Zi(1) = 0yv(1,t,wy), Vi(2) = v(2,t,wy), Zp(2) = Oyv(2,t, wy).
Besides the optimal strategy is of the form

_H(tu y)U(Q, tv y) + pﬁyU(Q, tv y)
1= p*+ p*0(2,t,y)
N O, y)v(,t.y) + pdyv(l,t,y) + (1 = p*) B0 H (wh, wr)|w, = y])
L= p? + p*0(2,t,y)

Tt X, y) = X (5.18)

)

where X and y are states at time t of the wealth and of an observable process.
Example(continued). We suppose in addition that 0,0 are constants and H =

H(Sr,Yr) = H(uT + owd,Yr). Then using the equality = f — i"jrpdzgp the

formula (5.14) can be simplified. It is easy to see that

1
lim ~ In v/ = 0.

6—0 0

Thus we can set that expression %ln l/te ?is zero as 6 = 0. For simplicity we also assume
that a =0, b= 1. For v(1) using (5.14]) and Remark 5.2 we get

o(1,t,y) = v E[H( 6)lnl/tp—l—wT—wt—l—y>]

T 0,p
0,p I T Vg
+v E | hg <— —wy + )} ds,
t /t 1— p2 + p2ufr [ 0 P tTY

or equivalently

o(1,t,y) = vP* (5.19)
X EH (uT—I—ap(—glnyt Pt wr —wp +y) — aﬂwT,p( i In v + wp —w, +y))
op |1 1
+(1 —,02)1“/t7p/t 1= 2+ 20"
xEd, H (,uT+ap(g ln? +wp — w4+ y) — o\/1 — pPws, (gln& + wr — wy —i—y)) ds.
t

taking in mind (5.I5). This formula together with (5.12) and(5.I8) gives an explicit
solution of the problem (5.2)) for the case of constant coefficients.

A Appendix
For convenience we give the proofs of the following assertions used in the paper.
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Lemma A.1. Let conditions A)-C) be satisfied and M, = E(M;|Gy). Then (]\/4\) is

<M>

absolutely continuous w.r.t (M) and u a.e.
d(M),
2 — < 1
pt d<M>t —

Proof. By (2.4) for any bounded G-predictable process h

t t 2 t 2
E/ R2d(M), = E (/ hSdMS) =K (E (/ hdes\Gt)) <
0 0 0

<E (/Ot hdes)2 < E/Ot R2d(M), (A1)

—

which implies that (M) is absolutely continuous w.r.t (M), i.e.,

0= [ i,

for a G-predictable process p. .

Moreover (ALl implies that the process (M) — (M) is increasing and hence p* < 1

pM ae.

Lemma A.2. Let H € L*(P, Fr) and let conditions A) — C) be satisfied. Then
T ~
E/ h2d(M),, < oo. (A.2)
0
Proof. 1t is evident that
T - T
E/ (hEY2d(M),, < oo, E/ h2d(M), < occ.
0 0
Therefore, by definition of » and Lemma [A.1]
T ~
E / h2d(M),
0
T T
<28 [ BG4 28 [ E0SICapai),
0 0

T T
<9p / B2d(M), + 2 / (hE)2R2d(MT), < oo.
0 0

Thus h € II(G) by remark 2.3. O
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Lemma A.3. a) Let Y = (Y;,t € [0,T]) be a bounded positive submartingale with the
canonical decomposition
Yi=Yo+ Bi +my

where B 1s a predictable increasing process and m is a martingale. Then m € BMO.
b) In particular the martingale part of V(2) belongs to BMO. If H is bounded, then
martingale parts of V(0) and V(1) also belong to the class BMO, i.e., fori=0,1,2,

E( / G2 A(MY,|G) + E((m(i))r — (m(i)),|Gy) < C (A3)

for every stopping time T.

Proof. Applying the It6 formula for Y2 — Y2 we have
T T
(m)r — (m) +2 / Y,dB, + 2 / Y,dm, = Y# —Y? < Const. (A.4)

Since Y is positive and B is an increasing process, taking conditional expectations in

(A.4]) we obtain
E((m)r — (m),|F;) < Const.

for any stopping time 7, hence m € BMO.
(A.3)) follows from assertion a) applied for positive submartingales V'(0),V(2) and
V(0) 4+ V(2) —2V(1). For the case i = 1 one should take into account also the inequality

(m(1))s < const({m(0) +m(2) —2m(1)); + (m(0)); + (m(2))¢).
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