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Abstract. We provide a rule to calculate the subdifferential set of the pointwise supremum
of an arbitrary family of convex functions defined on a real locally convex topological vector space.
Our formula is given exclusively in terms of the data functions and does not require any assumption
either on the index set on which the supremum is taken or on the involved functions. Some other
calculus rules, namely chain rule formulas of standard type, are obtained from our main result via
new and direct proofs.
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1. Introduction. Many operations with convex functions preserve convexity,
and so it is natural to ask if the subdifferential of the resulting function can be written
in terms of the data functions. Specific to convex analysis is the classical operation of
taking the pointwise supremum of an arbitrarily indexed family of convex functions.
It has no equivalence in the classical theory of differentiable analysis and constitutes
a largely used tool in convex optimization, in theory as well as in practice (see, for
instance, [1], [10], and the references therein). In [5] and [8] certain specific techniques
relying on the supremum function were applied in the framework of semi-infinite linear
optimization.

In this paper, we provide explicit characterizations for the subdifferential map-
ping of the supremum function of an arbitrarily indexed family of convex functions,
exclusively in terms of the data functions. The main virtue of our approach is that
the index set over which the supremum is taken is arbitrary, without any algebraic or
topological structure. Also the convex functions we consider in this paper are general,
defined on a separated locally convex space, and not necessarily lower semicontinuous
(Isc) or even proper. Further, we do not assume regularity conditions such as the
continuity of the supremum function, the continuity of the data functions, conditions
on their domains, and the like.

Since many convex functions can be written as the supremum of continuous affine
mappings, numerous operations dealing with such (convex) functions can be formu-
lated as a pointwise supremum of other functions whose subdifferentials can easily
be characterized. Specifically, we have proved that our formulas also lead to other
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calculus rules for the subdifferentials of certain operations with convex functions, such
as the sum and the composition with affine applications. In this way, our approach
gives rise to a unifying view of many well-known calculus rules in convex analysis.

Deriving calculus rules for subdifferentials is one of the first issues raised in convex
analysis. Consequently, many earlier contributions dealing with pointwise supremum
functions can be found in the literature. See, for instance, [26] to trace out the
historical origins of the issue, as well as [2], [3], [4], [12], [13], [15], [20], [21], and [27].
This is why we make a short historical review of some of these results.

Consider the pointwise supremum f := sup,c7 f; of a collection of convex func-
tions f; : X — RU {400}, t € T # (), defined on a separated locally convex space X,
and let z € dom f. When T is finite and each f; is continuous at z, a basic result due
to Dubovitskij and Milyutin asserts that (see, e.g., [13])

0f(2) = co (User(05:(2))
where

T(z):={teT|fi(z) = f(2)},

and co stands for the convex hull. When T is a separated compact topological space
and the function (¢,2) — f;(x) is upper semicontinuous with respect to ¢ for each z,
then assuming that each f; is continuous at z, the following formula can be found, for
instance, in [32, Thm. 2.4.18]:

Of(z) =l (co UteT(z)Bft(z)) )

where the closure, cl, is taken in the topological dual space X* with respect to the
weak* topology w* = o(X*, X).

According to [26], the last result was first established by Levin [15] for a finite-
valued convex function defined on R™. The continuity assumption on the data func-
tions is weakened in [29] and [21, Thm. 4].

Even in simple situations dealing with finitely many functions, the problem is
involved so that simple examples in the Euclidean space show that these nice formu-
lae above do not hold in general. Nevertheless, in order to overcome this difficulty,
Brgndsted [2] used the concept of e-subdifferential to establish the following formula,
which is valid when T = {1,2,...,k} and all of the functions f;, i =1,2,...,k agree
at z:

0f(2) = Noup (co Uk, o. fi(z)) .

In the case of an infinite collection of convex functions (7" infinite), and following
[10, p. 405], the most elaborated results are due to Valadier in [27] where, in the
context of normed vector spaces and assuming that the supremum function f is con-
tinuous at z, the subdifferential 0f(z) is expressed by considering not only z but all
nearby points around it. More precisely, denoting by ||| the corresponding norm in
X, the following formula is given in [27]:

0f(2) = Nesocllco(Hofi(y) ly e X, t €T ly— 2l <& filz) = f(z) —€})].

By using the concept of e-subdifferential, Volle [28] obtained another characteriza-
tion of df(z) where only the nominal point z appears but in terms of approximate
subgradients:

0f(2) = Neso ceo (H0:fu(2) |t € T': fi(2) = f(2) —€})].
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It is worth noting that if either all of the functions f; are affine or if the space X
is Banach, then the last two formulas above are equivalent. The equivalence for
affine functions is clear while in the Banach spaces setting this observation is partly
due to Brgndsted—Rockafellar’s theorem, expressing the e-subdifferential by means of
exact subdifferentials at nearby points. As it can be seen, the advantage of using
such an enlargement of the subdifferential, namely, the e-subdifferential, is to avoid
qualifications type conditions. Such an idea is exploited in the survey paper [11]
(see also references therein) to provide many calculus rules without requiring any
regularity condition.

Recently, in [7], the following characterization for the subdifferential df is given
when f; : R" — RU {400}, t € T, are proper convex functions and 7 is arbitrary:

0f(2) = Nesocl [co (U{0:fi(2) [t € T fi(2) > f(2) — €}) + Naom £ (2)]

where Nqom f(2) stands for the normal cone to the domain of f (dom f) at z, provided
that either the f;’s are lsc or that the relative interiors of their (effective) domains
have a common point. In this setting, the formula above implies the one given by Volle
[28], since Ngom (%) = {0} whenever z is a continuity point of the supremum function
f. Further, when dealing with a finite number of functions the term Ngom ¢(2) can be
removed from the formula above which, consequently, entails the one of Brgndsted [2].

At this step, the purpose of the present paper is twofold. First, we extend the last
formula from [7] to the setting of convex functions defined on locally convex spaces
and which are not necessarily proper or Isc. To this aim, we consider those collections
of functions satisfying the following closedness criterion, which holds for a broad class
of convex functions and obviously covers the case of lsc functions:

(1) ol f =supcl fi,
teT

where cl f and cl f; stand for the Isc hull of the convex functions f and f;, respectively.
Second, we give a unified approach for the framework of calculus rules in convex
analysis. In fact, our characterization of Jf also allows us to obtain formulas for
the subdifferential of the resulting function in many operations as the sum of convex
functions and the composition of an affine continuous mapping with a convex function.
In this way, we provide direct and easier proofs for the basic chain rules when some
supplementary qualification conditions are assumed.

The summary of the paper is as follows. In section 2 we introduce the main tools
and basic results used in the paper. In section 3 we give the aimed formula for the
subdifferential of the supremum of an arbitrary family of convex functions. After a
series of auxiliary lemmas the main result is stated in Theorem 4. In it we use a
closedness criterion which is studied in Corollary 9. We close this section by deriving
some other formulae in Corollaries 7 (for affine functions), 8 (for finite-dimensional
spaces or, more generally, when the relative interior of the domain of the supremum
function f is not empty), 10 (Volle’s formula), and 12 (Brgndsted’s formula). In
section 4 we introduce a unifying framework for deriving subdifferential calculus rules.
Namely, in Theorem 13 we give a formula for the subdifferential of the sum of a convex
function and another convex function precomposed with a continuous affine mapping.
Theorem 13 constitutes a slight extension of Hiriart-Urruty—Phelps formula (Corollary
14). Tt also yields an easy derivation of the basic chain rule (Corollary 16) when some
supplementary conditions are assumed, namely, the Moreau—Rockafellar constraint
qualification.
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2. Notations and basic tools. In this paper X and Y stand for (real) separated
locally convex spaces. Their topological dual spaces are respectively denoted by X*
and Y*. The spaces X and X* (Y and Y*) are paired in duality by the bilinear
form (z*,2) € X* x X — (z*,2) := (x,2*) := 2*(x) (v*,y) € Y* xY — (y*,y),
respectively). Throughout the paper, the sole topology defined on the dual spaces
is the w*~topology. The zero vectors in the involved spaces are all denoted by 6,
and the neighborhoods of 6 are called §-neighborhoods. We use the notation R :=
R U {—o0, +00}.

We first recall some basic results of convex analysis which can be found, e.g.,
in the books [17] and [32] and the references therein (see also [10] and [22]). Given
two nonempty sets A and B in X (or in X*, Y, Y*), we define the algebraic (or
Minkowski) sum by

(2) A+B:={a+bla€c A, beB}, A+0:=0+A:=0;
moreover, if § # A C R we set
AA:={da| €A, ac A}, AD:=0.

Furthermore, Az := A{z}, A = {A\}A, and z + A := {z} + A.

By co A, cone A, and aff A, we denote the convexr hull, the conic hull, and the
affine hull of the set A, respectively. Moreover, int A is the interior of A, and cl A
and A are indistinctly used for denoting the closure of A (w*—closure if A C X* or
A CY™). In this way, we set €04 := cl(co A) and coneA := cl(cone A). We use ri A to
denote the (topological) relative interior of A (i.e., the interior of A in the topology
relative to aff A if aff A is closed, and the empty set otherwise). We shall use Greek
letters for denoting real numbers.

The following properties are applied very often:

(3) cl(A+ B) =cl(A+clB),

and if A is convex,

(4) AriA+ (1 —A)clA CriA for every A € ]0,1].
Associated with A # () we consider the sets

A® :={a* € X*| (x",z) > -1 for all z € A},

A” = —(cone A)° = {z* € X* | (z*,z2) <0 for all z € A}, and

At = (—A)NA  ={a" e X" | (z*,z)=0forall z € A},
i.e., the (one-sided) polar, the negative dual cone, and the orthogonal subspace (or
annihilator) of A, respectively. Observe that A° is a closed convex set containing

9, A~ is a closed convex cone, and At is a closed linear subspace. Further, by the
bipolar theorem, we have

(5) A®° =co(AU{0}) and A~ = cone(co A).
If A C X is convex and x € X, we define the normal cone to A at x as

_J A—2x)” if zeA,
NA@W{ if v e X\ A
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As a consequence of this definition Ny(z) = @ for every x € X. If A # () is convex
and closed, A, represents its recession cone defined as

A ={y € X |2+ Ay € X for some x € X and all A > 0}.
Given a function f : X — R, its (effective) domain and epigraph are defined by

dom f :={z € X | f(z) < +o0},
epifi={(x,a) e X xR | f(z) < a};

moreover, when f is proper, that is, dom f # () and f(z) > —oo for all z € X, we
consider the graph of f as being defined by

gph f = {(z, f(z)) € X xR | z € dom f}.

So, for f proper one has epi f = gph f + R (6,1). We say that f is convez if epi f is
convex. In what follows we shall use the convention 400 — 00 := 400+ (—00) := +oc.
Assume that f is convex. The lower closure of f is the function cl f : X — R defined
by

(cl f)(z) :=inf{t | (z,t) € cl(epi f)}.

Clearly we have epi (cl f) = cl (epi f), which implies that cl f is a lsc convex function
dominated by f;i.e., cl f < f. Equivalently, we have

(cl f)(z) = liminf f(y) Vo e X.

y—x

Further, it can be checked that cl (dom (cl f)) = cl (dom f). If (cl f) (x) = f(x), then
f is Isc at x. If there exists xg € X such that (cl f) (zg) = —o0, then (cl f) (x) = —c0
for all z € dom (clf). We shall denote by A(X) the set of all the proper convex
functions on X, and by I'(X) the subset of A(X) consisting of the lsc functions; the
sets A(X*) and T'(X*) are defined in a similar way.

The Fenchel conjugate of f is the function f*: X* — R given by

fr(@7) = sup{(z”, ) — f(2) [z € X}.

The functions f and cl f have the same conjugate; i.e., f* = (cl f)*. The biconjugate
of f is the function f**: X — R given by

() :=sup{(z*,z) — f*(z") | 2" € X*}.

Let us recall here that f* € T'(X*) if and only if dom f # @) and there exist z* € X*
and a € R such that f(z) > (z*,2) + « for all x € X; this happens, for instance,
when f € T'(X) in which case we have f** = f.

The support and the indicator functions of A # () are, respectively, defined as

oa(x™) = sup{(x*,a) | a € A} for z* € X*,
and

Ta(z) = 0 ifxeA,
AT oo ifze X\ A
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The function o4 is sublinear, Isc, and satisfies
(6) oA = 0z = 5.

Moreover, it is known that (domo4)” = (€0A)w (e.g., [29, p. 142]) or equivalently,
by using (5),

(7) cl(domoy) = [(€0A) 0] -

If Ay,..., A, C X are nonempty sets (m > 2), then clearly o4, + -+ + 04, =

OAy4tA,, and max{oa,,...,04,, } =04,0..uA,,; moreover, if 1 <k < m, then
oA+ -+ 04, +max {UAHN ey O’Am} = O0A 4+ A+ (A 1U--UA,)

Hence

domoa,4..44,, =domoa,u...ua,, = domUA1+---+A;¢+(AH1u--AuAm)-
Using (6) and (7) we get

[€0(A1 + -+ An)],, = [0(A1 U - UA,)],
(8) :[@(Al+'--+Ak+(Ak+1U--~UAm))]OO.

If f is convex and € > 0, the e-subdifferential of f at a point x € X such that
f(z) € R is the w*—closed convex set

O.f(x) == {e* € X* | f(y) — f(x) > (a",y — ) —< for all y € X},

If f(z) ¢ R, then we set O.f(z) := 0. In particular, for ¢ = 0 we get df(z) :=
Oof(x), the subdifferential of f at x. Given x € X and € > 0 we recall the following
properties: 0f(z) = Ne>00:f(z) and O-f(z) = 0:-f(2) + Naom s(2); moreover, as a
simple computation shows (see also [32, Exer. 2.23]),

(9) [0=f(2)] .o = Naom f(z) for all z € dom f and € > 0 with 0. f(z) # 0.
If f is not proper, then 0. f(x) =0 for all x € X. If f is Isc at x and f(z) € R, then

(10) O: (cl f) (z) = 0. f ().
If 0f (z) # 0, then we have
(11) (clf)(z) = f(z) and O (cl f) (z) = Of ().

If f e A(X) and f(z) € R, then we have 9. f(z) # 0 for all € > 0 if and only if f is
Isc at x. Moreover, we have

(12) O f(x) ={a" € X*| f(x) + f*(z") < (z*,z) + ¢} for all € > 0.
If Ais convex and = € A,
Ola(z) = (cone(A —z))” = Na(z).

Finally, if f € T'(X), then for every z € dom f, v € X and € > 0, we have (see [32,
Thm. 2.4.11])

(13) flaw) o= uf JEXXIZTDHE ),

A>0
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3. Calculus rules for the subdifferential of the supremum function. In
this section we consider a nonempty family {f; | t € T} of convex functions f; : X — R
defined on a (separated) real locally convex space X. The corresponding pointwise
supremum function f: X — R, given by

(14) f(z) = sup{fi(x) |t € T},

is also convex; our main purpose in this section is to provide a formula for the subd-
ifferential 0f of f in terms exclusively of the data functions f;, ¢ € T. The following
simple example draws aside, in general, the possibility of writing df in terms of df;,
teT.

Ezample 1. [11, Ex. 2.1] Let f1, f2 : R = RU {+o0} be defined by

fw ={ 2 R0 ad fie) = hi-a)
so that f := max{fi, fo} = Io}. Then, we easily check that df(0) = R while both
0f1(0) and Jf2(0) are empty.

Nevertheless, Theorem 4 below provides a characterization of df, which involves
the approximate subdifferentials of the data functions. To start with, we first establish
two elementary lemmas.

LEMMA 1. Let h € A(X) and A C domh be a convexr set. If riA # 0, then
ian h = infdA h.

Proof. Set p := inf4 h. Fix some xy € ri A and consider x € cl A. Take x,, :=
(1 - L)z + Lz for n > 1; then

< h(xn) < (1= 3)h(x) + 5-h(x).

n

Taking the limit we get p < h(x); hence p < infe 4 h. 0
The following simple result is an immediate consequence of (10) and (11).
LEMMA 2. Let h € A(X) and x € domh. If clh € A(X), then

0:h() = Ocl h(z)—h(z)+e L h(x) for all € € R.
Hence d:h(z) # 0 for e > h(x) — clh(z), and d:h(x) =0 for e < h(z) — clh(x).

From now on, we fix the following notations. Given z € X and £ > 0 we set
F.:={L C X | L is a finite-dimensional linear subspace, with z € L},
and

To(2) :={t € T| fi(2) = f(2) — &},

where f; and f are defined as in (14).

The following lemma provides the first extension of Proposition 3 in [7] to general
locally convex spaces; [7, Prop. 3] is established in R™ using subdifferential calculus
for support functions. Here we give a direct proof, which, in particular, does not
appeal to the Fenchel linearization of the functions f;.

LEMMA 3. Let fy € I(X) fort € T # 0 and set f := sup,cp fi. Assume that
z € dom f and that ri(dom f) # 0, then

af(z) = N d <co( U 8asft(z)) + Naom f(z)> Yo > 0.

>0 teT:(z)
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Proof. Fix a > 0. Denote by A the set in the right-hand side of the above equality.
Without loss of generality (w.l.o.g.) we assume that z = 6 and f(0) = 0. Set

T.:=T.(0), A.:=co (UteTE(Z)aaeft(Z)) .

Note first that, Ae C O(14a)ef(6), which together with Naom £(0) = (O(14a)eft(0)) oo,
implies that cl (A: + Naom £(0)) C 9(14a)cf(0). Indeed,

(15) (z,2%) < fi(z) = fi(0) + ae
<fle)+ (A +a)e VteT., Vo' € 0afi(), Vo € X,

whence 2% € 0(144)ef(0). Hence A C Nes00(140)=f(0) = 0f(0).

Let us prove now that 0f(0) C A. Notice that f = h*, where h := infiep fi >
f* > 0. Moreover, for z* ¢ A; and € > 0, we have that h(z*) > (1Aa)e := min{1, a}e.
Indeed, if t € T, then a* & One f(0), and so f;(x*) > fi(0) + fi(z*) > (0, 2*) + ac =
ae, while, for t € T\ T, we have that f;"(x*) > (0, 2*) — f1(0) > —f(6) + & = . Hence
fif(x*) > (1 Aa)e for every t € T, and so h(z*) > (1 Aa)e. Take now Z* € X*, which
is not in ¢l (A: 4+ Naom f(#)) for (some) € > 0. Using a separation theorem, there exist
Z € X and v > 0 such that

(16) (Z,2%) > v+ (T, ") + (Z,u") for all z* € A, and all u* € Ngom ¢(8).

It follows that Z € (Ngom £(6))~ = cl(R4 dom f). Furthermore, note that from (15)
we get dom f C domoy,, and so C := Ry (dom f) C domoy, = dom(oa, — T*).
Since aff C = aff(dom f) and ri(dom f) # @), we have that riC # 0. Using Lemma 1
for 04, — z* and C we obtain that one can take z € dom f.

For A €]0,1[ we have

f(AZ) = sup{(A\Z,z") — h(z™) | 2" € X~}

=max<{ sup [(AZ,z*)—h(z*)], sup [(AZ,z") — h(z")] }
T*EAL z*eX*\ A

But, h > 0 and (Z,z*) > v+ 04_(Z) (being a consequence of (16)) allow us to write
sup [(AZ,z*) — h(z™)] < sup (A\Z,z") = Aoa,(T)
T*€A: T* €A
< )\(_'Y + <j7i‘*>) < </\j7‘i‘*>a
while the fact that h > (1 A a)e on X* \ A, implies that

sup  [(AZ,z%) —h(z")] < sup  A[(Z,27) —h(z®)]+  sup (1= A)[=h(z")]
z*eX*\ A, z*eX*\ A, z*eX*\ A

<M (Z)—1=-N1Aa)e=Af(Z)— (1 -1 Aa)e.
Thus, since
A(E) — (1= N (LA a)e < (AT, z*)

for A € ]0, 1] sufficiently small, for such A we have f(AZ) < (AZ, x*), whence z* ¢ Jf(0)
because f(0) = 0. The proof is complete. |

Now we are ready to give the main result of the paper in which we establish the
formula of the subdifferential of the supremum function f defined in (14).
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_ THEOREM 4. Let {f; [t € T'} be a nonempty family of conver functions f : X —
R and set f := sup,cp fir. Assume that

clf =sup{clfy |t €T}

Then, for every z € X, we have

of(z)= N c1<co( U 8agft(z)) +deomf(z)> for all o > 0.

LEF.,e>0 teT. (z)

Proof. Fix a > 0 and denote by A the set in the right-hand side of the preceding
equality.

Note first that the conclusion holds if f(z) ¢ R. Indeed, if f(z) = +oo, then
0f(z) =0 = Npndom f(2) for every L € F,, and the conclusion holds trivially (taking
into account (2)). If f(z) = —oo, then fi(z) = —oo for all t € T, and so df(z) =
Oacft(2) =0 for all t € T and all € > 0, and again the conclusion holds trivially.

In the rest of the proof we assume that f(z) € R and so, w.l.o.g., we take z = 6
and f(#) = 0. To simplify the writing we use the notation

T.:=1T.(0), A.:=co (UteTgaagft(G)) ,  F=F,.

The inclusion A C 9f(0) easily follows by the definition of A.. Indeed, fix x €
dom f, and let L € F. Then, by setting F := L + Rz we get

(o0 ') < (,2%) < fo(@) — Fi(0) +ae < [@) + (1+a)e
for all t € Ty, * € Oae f:(0), and v* € Ngndom £(0), whence
(z,v*) < f(z) 4+ (14 a)e for all v* € cl (A + Nendom £(0)) -
Because E € F and Ngndom 7(6) C Nrndom £(0), we deduce that
(x, 0"y < f(x)+ (1 + a)e for all e > 0 and v* € A.

Hence (z,v*) < f(z) — f(0) for all x € dom f and v* € A. Therefore, A C 9f(6). To
prove the inclusion df() C A it suffices to assume that 9f(0) # @ in which case, by

(11),
(17) 9f(0) = 0(clf) (0) and (cl f) () = f(6) = 0.

For this aim we shall introduce a family of functions satisfying the assumptions
of Lemma 3.

Let us set S := {t € T | clf: is not proper}. Then cl f; takes its values in
{—00,+00} for t € S and so, because (cl f;)(0) < (cl f)(0) = 0 for t € T, we obtain
that (cl f)(8) = —oo for ¢t € S; using our hypothesis we get T\ S # 0.

Fix L € F and define the family of functions {¢; | t € T} C I'(X) by

| max{(cl fi)(x), -1} forte S,
g(w) = { (el £,)(z) for t € T\ S

and set

g(x) == sup{gi(2) + (x,2%) | 2* € L+, t € T}.
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(Observe that g = sup,cr g¢ +Ir.) Then, since g; > cl f; for every ¢ € T, the current
assumption yields

g=supg; +1p >supc1ft+IL =clf+1.
teT

Furthermore, thanks to (17), there exists a convex neighborhood U of 8 such that
(cl f)(z) > —1 for every & € U. Hence for x € U N L we have either (cl f)(z) =
+00 > g(z) or (cl f)(x) < +o0; in this case for ¢ € S one has (cl f;)(x) = —o0, and so

gr(x) = =1 < (cl f)(x), while for t € T'\ S one has g:(z) = (cl f)(z) < (cl f)(x). We
deduce that g(x) < (cl f)(x) for x € U N L. Therefore,

(18) g(x) = (cl f)(z) +Ip(z) for every x € U.
Moreover, because LNU Ndom f C LN U Ndom(cl f) = U Ndom g, we get

(19) Ndomg(o) C NLﬂdomf(e)'

Now set

T :={teT]|g(0) > —c}.

Then T/ C T, \ S for ¢ € ]0,1[. In fact, since g:(0) = —1 for t € S, we have that
T/ c T\ S. Hence, for t € T, we write 0 > f,(8) > (cl f;)(0) = g:(0) > —e, and
so t € T.. Moreover, for t € TE’ we have that Jae(cl f¢)(0) C Op14a)efi(6). Indeed,

since we have f:(6) — (cl f:)(0) < f(6) — g:(0) = g(0) — g:(0) < &, Lemma 2 yields

Oae(l f£)(0) = Onef,(0)—(c1 £)(0) f1(0) C O14a)efi(#). In view of these observations
we get

(20) co ( U 8asgt(9)) C co <t eUT;a‘““)E ft(0)> for all & € ]0, 1[.

teT!

Now we go back to the proof of the inclusion 9f(0) C A. We apply Lemma 3
for the family {g( .+ | (t,2*) € T x Lt} C T(X) with gy ) = g + 2" and «
(this is possible because g = sup{g( .~ | (t,2*) € T x L*} and domg C L, and so
ri(dom g) # @), L being a finite-dimensional space). We obtain

000) = Net (o U Ouclar+2)0)) + Naomy 0))

>0 teT!,z*eLt+

= 10 (U 20etn(®)) + I 4 Ny 4)).

e>0 teT!

Then in view of the evident fact that L+ + Nindom £(8) C Nindom £(6), and using
(19) and (20), we get

dgd)c N (co ( U 8a€gt(0)> +deomf(9)>

e€]0,1] teT!

e (0 U Busarefil®)) + Neraom6))

e€]0,1] teT.
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Hence, for each € € ]0,1[ we obtain that, taking into account (17) and (18),
f(0) C Al £)(0) + L+ = d(cl £)(8) + 1L (0) C D (cl f +11)(0)

= dg(0) C <co ( U a(1+a)5ft(9)> + deomf(f’)>

teTe

for all € €]0,1[. Since 6 := 1$5e €]0,¢[ C 0, 1] (for € € ]0,1[), we also have that

df(9) C cl <co ( U aasft(e)) + NLrdom f(9)> C el (Az + Nindom £(0))

teTs

for all € €]0,1[. Since € € ]0,1[ and L € F were arbitrarily chosen, we obtain that

of@)c N (A +Niadomys(#)) = (1 cl(Ac + Nradomf(0)) = A
LeF,e€]0,1] LeF,e>0

The proof is complete. ]

Theorem 4 provides a complete description for 0f only in terms of the data
functions f;, t € T. Other descriptions will be provided in Theorem 6 below. We first
establish the following lemma, which provides a straightforward infinite-dimensional
extension of the corresponding statements in 7, Prop. 4].

LEMMA 5. Let T # 0 and {fe |t € T} C I(X), and set f :=sup{f: | t € T}.
Then, for every z € dom f, we have that

(21) Naom 7(2) = {v*" € X* | (v, (v", 2)) € [€0 (Urer gph f;)] o}
(22) ={v" € X* | (v*, (v",2)) € [0 (Urer epi f{)] o }
(23) ={v" € X" | (v",(v",2)) € (epi f*) o }

(24) ={v" e X*| (v, (v",2)) € epi(Tdom )} -

Proof. We assume that f is proper. Statement (24) is just the definition of
Ndom £(2). As seen in Lemma 3, we have that

(infteT ft*)* = SUP¢er ft** = SUP¢er fi=F

Since f is proper we obtain that

that is, epi f* = €0(User epi f;); moreover, by [32, Exer. 2.23] one has (epi f*)_ =
epi(0dom f). Using these two relations we get statements (22) and (23). To finish
the proof, it suffices to establish the equality between the sets appearing in the right-
hand sides of (21) and (22), say, E1(z) and Es(z), respectively, or simply the inclusion
E5(z) C Eq(2), since the opposite inclusion is trivial. Indeed, because for any proper
function g : X — R one has gphg + R, (#,1) = epig, we obtain that

€0 (Uger gph f}) C cl[co (User gph f;') + R (0,1)] =0 (User epi f;') = epi f™.

Since f* is proper, we have [¢6 (User gph f7)] N — [R4(0,1)], = {(#,0)}, and so by
[30, Cor. 3.12] (see also [16, Thm. 1.1]), we obtain that &6 (Uter gph f7) + Ry (0,1) is
closed, whence €0 (Uter gph f;) + Ry (0,1) = T0 (User epi f;), and

[¢6 (Uter gph f) + R (0, 1)]
[c0 (Uter gph f)] o + R4(6,1).

[@ (UteT epi ft*)]oo
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Take v* € Fs(z); using the preceding relation, (v*,(v*,z)) = (2*,n7+ A) for some
(x*,n) € [co (Uer gph f)] ., and A > 0. Moreover, since dom fx{—1} Cdom (0epi s+ )
[(epl “)oe) > We obtain that

dom f > {=1} € [(€0 (Urer epi 7)) o] C [(0 (Urer gph 7)) o]

and so ((z*,n), (2,—1)) < 0. Since v* = z*, it follows that

A= <(’U*,’I7), (Zv 71)> = <(17*777)» (Zv 71)> < 0;

hence A = 0, and so (v*, (v*,2)) = (2*,n) € [c0(Uter gph ;)] This shows that
v* € El(Z) O

We have the following theorem in which, for simplicity, we suppose that f; € T'(X)
forallt e T.

THEOREM 6. Let T # 0 and {f; |t € T} C I'(X), and set f := sup,cp fr. Then,
for every z € X and every o > 0, we have that

o= N w(drt U o) = N (Bt U 2uhis).

LEF;,e>0 teTe(z) LeFze>0 e
where
Ap = {U* € X" (v, (v',2) € [CO((Ll xRi)U <U epift*)ﬂ }’
teT s
BL — {’U* € X* (U*7 <U*,Z>) = |:CO((LL X {0}) U (U gphft*>):| }
teT 0

Proof. According to Theorem 4 it suffices to write Nyndom (%) in terms of the data
functions f; for each L € F,. Indeed, by Lemma 5 applied to the family {f; | t € T}U
{I} C T(X), we have Npndom £(2) = A, = Br; we used the fact that (Ir)" = I,
and so epi (I1)" =epi(I;1) = L+ x Ry and gph(I1)" =gph(I;.) =L+ x {0}. O

In the affine case (f; affine) our formula takes a simpler form.

COROLLARY 7. Assume that T # (O and f := sup{{(a},) — B, | t € T}, with
af € X* and By € R. Then, for every z € X, we have that

f(z)= (1 cl(co{a; [t € Te(2)} + Br),

LeF.,e>0
where Te(z) :={t €T | (a},z) — Bt > f(2) — €} and

By, = {11* e X* | (v*, (v*,2)) € [@ ((LJ‘ x {0 U{(a;,B:) | t € T})}OO } .
In particular, for a given nonempty set A C X*, we have that

doa(z)= [\ cl(co(A.)+ [co (LJ‘ U A)]Oo n{z}"),
LEF:,e>0

where A, :={a* € A (z,a*) > oa(z) —e}.

Proof. These formulae easily follow by Theorem 6, similarly as in
[7, Prop. 1]. O

The following corollary gives us a simplified representation for the subdifferential
set of f when ri(dom f) # (. This is also an extension of Lemma 3 when the functions
fi are not necessarily lsc.
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COROLLARY 8. Let {f; | t € T} be a nonempty family of convex functions
fi : X — R, and set f := sup,cp fi. Assume that ri(dom f) # 0. Then, for every
z€ X and a > 0, we have that

Of(z) = cl (co( U 8a5ft(z)> +Nd0mf(z)>.

e>0 teT.(z)

Proof. The inclusion “D” follows immediately by Theorem 4, since we have
Naom £(2) C Nrndom f(2) for every L € F,. To prove the inclusion “C”, let o > 0 be
fixed, and let Of(z) # 0 (otherwise the inclusion is obvious). We (may) assume that
z =0 and f(#) = 0. Then it suffices to show that df(6) C ¢l (co (UteTa(e)aagft(H)) +
Ndomf(e)) for any given ¢ > 0. Let V € V, that is, V is a #—neighborhood in X*,
and L € Fy be such that L+ C V. We may suppose w.l.o.g. that L Nri(dom f) # 0,
which in particular, implies that L Nri(Ry dom f) # (. Using (4) we obtain that
cl(LNRidom f) = LNcl(Ry dom f); this implies that (see [32, p. 7])

Nrrdom £(0) = (LN cl(Ry dom f))™ = cl(L™ + (Ry dom £)7) = cl (L + Naom £(0)) -
So, by using once again Theorem 4 and (3), we obtain that

af(0) C cl [co (Uter. (9)0acft(0)) + NLAdom r(6)]
= cl [co (Urer. (0)0ac f1(0)) + L + Naom £ (0)]
C co (UteTs(g)aaeft(e)) + Ndomf(e) + V

As V is an arbitrary 6—neighborhood, we get that

vev teT. ()
=cl(co (UteTE(g)aaeft(a)) + Naom 1 (6))

which finishes the proof. ]
From a geometric point of view the closedness criterion given in Theorem 4 is
equivalent to

(25) I ( N epift) — () cl(epi o),

teT teT

which is itself satisfied by a wide variety of convex functions as the following result
shows.

COROLLARY 9. Let {f; | t € T} be a nonempty family of convex functions
fi : X — R, and set f := sup,er ft. Assume that one of the following conditions
holds:

(i) All of the functions fr, with t € T are lsc.

(ii) There exists xg € dom f such that f; is continuous at xo for everyt € T.

(iii) T:={1,...,k,k+ 1}, and there exists xo € ﬁf:ll dom f; such that fy,..., fx

are continuous at xq.

(iv) X =R" and dom f N (Mierri(dom f;)) is nonempty.

Then, we have that

clf =sup{clf, |t eT},
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and, consequently, for every z € X and a > 0, it holds that

011 = 1 a0 U 0uehl®) +Nonaons())

LEF. e>0 teT.(z)

Proof. Setting A; :=epi f; for t € T and A := epi f, one has always A = Nyer Ay,
and we have to show that cl A = Nyer cl(At). The inclusion cl A C Nier cl(At) being
obvious, it remains to prove that cl A D Nier cl(A) in each of the following cases.
(i) It is immediate.
(ii) First observe that [31, Lem. 13] is valid even if f is not proper. Consider
p > f(xo). Applying this result we obtain that yo := (xo, ) € (),ep int A;.
Now if x € (,cpclAs, then (1 — XNz + Ayo € (epint Ay C A for every
A €]0,1[, whence = € cl A.

(iii) Set B := ﬂleAt. Then, similarly as in (ii), we can show that yo := (zo, ) €
Agy1 Nint B. Hence

ol (NierAe) = el (Ags1 N B) = cl AgiNel B = cl A N(Nfy el Ay) = Nyerr cl As.

(iv) This is practically [22, Thm. 9.4].
Taking into account Theorem 4, the final conclusion follows. ]

The following result (for « = 1) is due to Volle (see, e.g., [28, Thm. A]) and is
originally established in the context of normed spaces.

COROLLARY 10. Let {f; | t € T} be a nonempty family of convex functions
fi : X =R, and set f := sup,er fi. Assume that f is finite and continuous at z € X.
Then, we have

8f(Z) - ﬂg>0@ (UtETE(z)aaEft(Z)) fOT’ all a > 0.

Proof. Because f is finite and continuous at z, we have that z € int(dom f), and
80 Naom f(2) = {0}. Further, as z € Nyerint(dom f) Condition (ii) of Corollary 9
yields cl f = sup{cl f; | t € T}. Of course, ri(dom f) = int(dom f) # 0, and so the
conclusion follows from Corollary 8. a0

In order to derive Brgndsted’s formula (Corollary 12 below) we shall need the
following result on normal cones.

LEmMA 11. (i) Let g1,...,g9x € D(X), f € I(Y), and consider a continuous
affine mapping A : X — Y, where X and Y are (separated) locally convex spaces.
Then, for every z € dom (g1 + -+ gr + f o A) and alle,¢e1, ..., > 0, we have that

Naom(gy +--+gi+foa) (2) = [c1(0ey91(2) + -+ + 0z, 91(2) + Ag0: f(A2))]

where Ay is the linear part of A, and A§ is the adjoint of Ag.
(ii) Let {f1,.-. s fm} C T(X), with m > 2 and 0 < k < m. Then, for all
z €~y dom f; and all eq,...,em > 0, we have that

Nm:”=1 dom f; (Z) = [Cl (851 fl (z)+ : '+8€kfk(z)+co <a€k+1 fk+1(z)u' : 'Uaémfm(z)))}

oo’

where C1+ -+ Cr =0 ifk=0 and Cri 1 U---UC,, =0 if k =m.
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Proof. (i) Using (7) and (13), as well as the fact that Ry (BNC) =R, BNR,C
when B and C' are convex sets containing 6, we get that
[(c1 (01 91(2) + - + Oc g (2) + AGOe f(A2)))oo]
= cl(dom(0q, g, (z) +* + 0o, gu(z) T To.f(a2) © Ao))
— ol (dom((g1).,(,)) N -+ A dom((g)., (2)) N A7" dom(fL(Az,-)))
=cl(Ry (domgy —2) N+ NRy(dom gy — 2z) N Ay (Ry(dom f — Az)))
=cl(Ry (dom(g1 + -+ +gx + foA) —2)),

whence the conclusion follows using (5).

(ii) Taking f = 0 in (i) and observing that dom(g; + - -+ + gx) = ()F_; dom g, we
get that Nox  qomg, (2) = [c1(9,91(2) + - + 0z, 9x(2))] .- The conclusion follows
now using (8).

The following result is due to Brgndsted (e.g., [2]); see also [7, Prop. 7] where
such a formula is extended to families of infinitely many convex functions defined on
R™.

COROLLARY 12. Consider the convex functions f; : X - R fori=1,....k, and
set f:=max{f1,..., fx}. Assume that

cl f = max{cl f1,...,cl fr}.
Given z € X such that (cl f)(z) = (cl f;)(2) fori=1,...,k, we have that

0f(2) = Neso®o (UL, 0-5i(2) ) -

Proof. 1t suffices to establish the inclusion “C” in the nontrivial case 9f(z) # 0.
According to (11), the function f is proper and satisfies f(z) = (cl f)(z) € R and
0f(z) =0 (cl f) (#). Because

(clfi)(2) < fi(2) < f(2) = (1 f)(2) = (el fi)(2),

we obtain that (cl f;)(2) = fi(z) = f(2) € Rfor all i € T := {1,...,k}; hence the
functions cl f;, with i € T, are proper. Furthermore, using (10) we get

(26) O:(cl fi)(2) = O fi(2) for all e > 0 and i € T.

Fix € > 0; it is clear that T.(z) = T. Let V € V, that is, V is a convex -
neighborhood in X*, and take L € F, such that L+ C V (< L+ C 1V). Applying
Theorem 4 for {cl f1,...,cl fx} and « = 1, we have that

d(clf)(z) Cel (co (UieTag(cl fl)(z)) + NLmdom(le)(z)) .
But Lemma 11(ii) applied to {cl fi,...,cl fx,I1} implies that

NLmdom(clf)(Z) = [@ (LL + (UieTaE(Cl fi)(z)))}oo’

where we used the property d.1;(2) = L. Thus, taking into account (3) and (26),
we get that

Of(z) =0 (cl f) (2) C el (o (U;eq0s(cl fi)(2)) + [co (LL + (Ujer0e(cl fl)(z)))}oo)
C el (@ (LT + (Uier@:/i(2))) + [@0 (L7 + (Uierd=fi(2)))] )
=306 (L* + (U;jer0:-£fi(2))) = L (LT + co (U, er0-£i(2)))
C Lt +co (Ujer0-£i(2)) + 3V C co (Ujeq0-fi(2)) + V.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/30/18 to 193.145.230.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

878 A. HANTOUTE, M. A. LOPEZ, AND C. ZALINESCU

Consequently,
Af(2) € Nvey (0 (Ujerd:fi(2)) + V) =0 (U, er0:fi(2)) -
Finally, the conclusion follows by taking the intersection over € > 0. 0

4. Other calculus rules. Throughout this section, we consider two convex func-
tions f:Y - Rand g: X — R, where X and Y are (separated) real locally convex
spaces, and a continuous affine mapping A : X — Y defined by

Ax = Agx + b,

where Ay is the linear part of A and b € Y. We denote by Aj; the adjoint operator of
Ayp.

We show that our rule given in Theorem 4, providing formulas for the subdifferen-
tial of the supremum function, also gives calculus rules for other operations expressed
by means of the convex function g+ fo A. The resulting formulas are not new, but our
aim here is to highlight the unifying character of Theorem 4, which also yields alter-
native proofs that do not rely on the commonly used approach based on conjugation
theory [23].

At the first stage, we derive in the following theorem a slight extension of the
Hiriart-Urruty—Phelps formula [11]. This allows us to express the subdifferential of
g+ f o A in terms of the approximate subdifferentials of f and g. For comparative
purposes, when the involved spaces X and Y are Banach, this is equivalent to writing
9(g + f o A) in terms of the subdifferentials of the data functions at nearby points
(e.g., [14], [18], and [25]).

THEOREM 13. Let us consider two convex functions f : Y — R and g : X — R,
where X and Y are (separated) real locally conver spaces, and a continuous affine
mapping A: X — Y, i.e., Ax = Aoz + b, where Ay is the linear part of A andb €Y.
Assume that the following holds (when it makes sense):

c(g+foA)=(clg)+(clf)o A
Then, for every z € X, we have that

g+ foA)(z) = (N cl(9-9(2) + A50- f(Az)),

e>0

where Af is the adjoint operator of Ay.

Proof. Let us set ¢ := g+ fo A, and ¢ := (clg) + (cl f) o A. The inclusion
“ D7 always holds, and consequently, it suffices to establish the opposite one when
d¢(2) # 0. In such a case, by (11) and the current assumption, we have

(clg) (2) + (el f) (Az) = (cl¢) (2) = p(2) = g(2) + f(Az) €R,
and
(27) dp(z) = 9 (clp) (2) = 9 ((clg) + (c1f) o A) (2) = I(2).
Hence, (clg) (z) = g(z) € R and (cl f) (42) = f(42) € R, and so cl f € TI'(Y) and

clg € T'(X). Furthermore, according to (10), for every € > 0, one has 0. (clg) (z) =
0-9(z) and 0 (cl f) (Az) = 0. f(A=z).
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Now, by the Legendre—Fenchel linearization of cl f, we write that for every z € X,
P(x) = (clg) () + (cl f) (Az)

= (clg) (z) +sup{(y", Az) — f*(y*) [ y* € dom f"}
= sup{(clg) (z) + (Agy™, z) + (", b) = f*(y") | y" € dom f*}.

So, applying Theorem 4 (with o = 1) together with Corollary 9(i),

(z)= [ «d (co ( U (0:(clg)(z) + A{;y*)) + deomw(z)),

LeF.,e>0 y* €T (2z)

where, by (12),

To(2) ={y" € Y" [ (clg) (2) + (Agy™, 2) + (", b) — [ (y") = ¥(2) — e}
={y e Y [(df)(A2) + f7(y") < (¥° AZ>+€} 9z (cl f) (Az).

Hence

o(z) = N «d (05 (clg)(z) + AjO:f(Az) + NLﬂdomw(Z))-

LeF.,e>0

Now let V € V (that is, V is a convex #—neighborhood in X*), and let L € F, be such
that L+ C V. Then, for every ¢ > 0, from Lemma 11(i) we get

Nzrdom(2) = [cl (9:(clg)(2) + Agd=(cl f)(Az) + LT)] _,
so that, by taking into account (3), (27) leads us to

dp(2) = 0(z) C el (cl (9-(clg)(z) + Ajo- (cl f) (Az) + L*)
+ [l (0:(cl g)(2) + A30- (el f) (Az) + L*)] )
= cl (9:(clg)(2) + Agd- (cl f) (A2) + L)
CO:(clg)(z) + AgOe (cl f) (Az) +V
=0:9(2) + Ag0: f(Az) +V,

and consequently,

9¢(2) € Nesollvey (0e9(2) + Agd=f(Az) + V) = .50 1 (9:9(2) + Age f(Az2)).

The proof is complete. ]

Taking f and g to be lsc in Theorem 13 we obtain the following result of Hiriart-
Urruty—Phelps [9].

COROLLARY 14. Let f, g, and A be as in Theorem 13. If f and g are, in addition,
lsc, then for every z € X, we have that

g+ foA)(z) = (N cl(0:-9(2) + A50: f(Az)).

e>0

In Corollary 16 below we derive the well-known Moreau-Rockafellar’s formula on
the sum (e.g., [19], p. 47). But, first, we need the following lemma, which gives us
information about the closure of convex functions. Its proof does not appeal to the
framework of Fenchel duality.
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LEMMA 15. Let f:Y — R and g : X — R be conver functions, and A: X —Y
be a continuous affine mapping. Assume that f is finite and continuous at Axqg for
some xg € (domg) N A~ (dom f). Then

cl(foA+g)=(clf)o A+ (clg).

Proof. Because cl f < f, clg < g, and (cl f) o A+ (clg) is Isc, one has (cl f) o
A+ (clg) < cl(foA+g). Moreover, in our hypothesis f and cl f are proper. To
establish the converse inequality it suffices to take

z € (dom (clg)) N A~ (dom (cl £)) C (dom (clg)) N A" (cl (dom f))

such that (cl(fo A+ g))(z) > —oc.
Let us fix A €]0,1[ and set z := Azg+(1—X\)z [€ (dom (clg))N A~ (cl (dom f))].
Since Axg € int (dom f) and Az € cl(dom f), (4) yields

Axy = A(Azo + (1 — Nz) = Mo + (1 — X\) Az € int (dom f),

and so f is continuous at Azy. Now let (z;)ic;r C X be a net which converges to x
and satisfies (clg) (xx) = lim; g(Azg + (1 — X)z;). Since lim; f(AAzg + (1 — N)Az;) =
f(Azy) = (cl f) (Az)y), we obtain that

(cl(fodA+g))(zx) < limiinf (f()\Aaco + (1= XN)Ax;) + g(Azo + (1 — )\):vz))
= (cl f) (ANAzo + (1 — X)Ax) + (clg) (xy)
< A((clf) (Azo) + (clg) (o)) + (1 = A)((cl f)(Az) + (clg) (2))-

Whence, as A | 0 we get
liminf(cl (f o A +g))(zx) < (cLf) (Az) + (clg) (=),

and so (cl(fo A+ g))(x) < (clf) (Az) + (clg) (z). The proof is complete. |
COROLLARY 16. Let f : Y — R and g : X — R be conver functions, and

A: X — Y be a continuous affine mapping with linear part Ag. Assume that f is

finite and continuous at Axq for some xg € (domg) N A~ (dom f). Then, for every

z € X, we have that
A(f oA+ g)(z) = A50f(Az) + dg(2).

Proof. Tt is enough to show that 9(f o A + ¢)(z) C A{Of(Az) + Og(z). Taking
into account Theorem 13 and Lemma 15, it suffices to prove that

(28) DO cl (A(*)asf(Az) + agg(z)) C AjOf(Az) + dg(z)

for the nontrivial case d(g + f o A)(z) # 0; hence z € (domg) N A~! (dom f) and

9(2), f(Az) € R.
Indeed, for z* in the set from the left-hand side of (28) and for each r = 1,2,...,

there are nets (v}),.; C 01/, f(Az) and (u])ier C 01/,9(z) such that uj + Afv} — x*;
thus we may assume that, for every i € I,

(uj + AGv}, 2 = wo) < (27,2 = 29) + 1.
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Since uj € 01/,g(2) and 7 > 1, this implies that
(vf, Az — Awg) < (uj,m0 — 2) + (2", 2 — x0) + 1 < g(x0) — 9(2) + (2", 2 — w0) + 2.

Because f is continuous at Azg, there exists a symmetric #—neighborhood U C Y
such that sup,c; f(y + Azo) < f(Axo) + 1. Hence, for all y € U,

(v7,y) = (v, Az — Axo) + (v, y + Az — Az)
< (vj, Az — Azo) + f(y + Axo) — f(A2) +1
<g(z ) 9(2) + (%, 2 — wo) + f(Azo) — f(Az) +4 < p

for some g > 0. This shows that inf{(v},y) | y € U} > —p, and so (v}),., C (n~'U)°.
Hence, by Alaoglu—Bourbaki’s Theorem we may suppose w.l.o.g. that (vf);e; and
(u;‘)iel w*—converge to some v € 81/, f(Az) N (= 'U)° and u} € 0y /,9(z )7 respec-
tively, and so z* = u) 4+ Ajv). By the same argument we may suppose that (v), and
(uy), also w*-converge to some v* € df(Az) and u* € 0g(z) and z* = u* + Afv* €

T

0g(z) + A§0f(Az). The proof is complete. O

Concluding remarks. (1) The preceding proof still works under more general
regularity conditions, as those studied in Theorem 2.8.3 of [32].

(2) It should be noted that Lemma 5 can be easily deduced from Corollary 2.6.3
of [32], which is itself an extension of Corollary 14.

(3) Our main result in section 3 gives the formula for the subdifferential of
the pointwise supremum f := sup;cr f; of an arbitrary family of convex functions
fi: X = R, t €T. An important special case, which commonly appears in applica-
tions, corresponds to the so-called continuous model (e.g., [13], [24], and [32, Thm.
2.4.18]); see also [6]. There, the index set T is a (separated) compact space, and the
parametrized mappings t — fi(x) are upper semicontinuous for every z € X. Such
a situation is intermediate between the finite ([29]) and the general cases, and it is
approached in a forthcoming paper.

(4) For further examples (in R™) in relation with our formula given in Theorem
4, the reader is addressed to references [6] and [7].
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