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ANALYSIS OF A SPACE-TIME DISCRETIZATION FOR DYNAMIC
ELASTICITY PROBLEMS BASED ON MASS-FREE

SURFACE ELEMENTS
C. HAGER' AND B. I. WOHLMUTHT

Abstract. In this paper, a new space-time discretization is proposed which is based on a modified
mass matrix. The mass associated with a surface layer of elements is redistributed such that the
inertia at the boundary is removed. This approach is motivated by the observation that standard
space-time discretization schemes applied to dynamic contact problems yield spurious oscillations. A
widely used approach for the numerical simulation of these problems is based on Lagrange multipliers
which represent the contact stresses. But the algebraic contact conditions in combination with the
inertia volume terms often yield nonphysical results for the contact stresses, and the stability of the
algorithm can be lost. Our modified matrix is calculated via nonstandard quadrature formulas that
require no extra computational effort. In addition, the conservation properties of the underlying
algorithm are carried over to the modified method, and the standard optimal a priori estimates are
still satisfied. Numerical examples confirm the optimality of the approach and its stabilization effect
applied to contact problems.

Key words. dynamical contact problem, mass lumping, quadrature formula, moment conser-
vation, Lagrange multiplier, a priori error estimate

AMS subject classifications. 65D32, 656M60, 7T0E55, 74B05, 74M15, 74505

1. Introduction and motivation. The numerical simulation of contact prob-
lems in elasticity plays an important role in many applications in mechanics. The
interest in this type of problem has led to extensive research activities from both the
numerical and the theoretical points of view (see [7, 15, 17, 20, 22] and the references
therein for an overview of the topic). A common approach for solving frictional contact
problems is the use of Lagrange multipliers [21] to ensure the weak fulfillment of the
contact and friction conditions. Mathematically, the Lagrange multipliers represent
the dual variable at the contact boundary, whereas physically, they can be identified
with the surface traction. Unfortunately, continuum mechanic models for the contact
conditions do not capture all features of the dynamic contact properly. As a conse-
quence, numerical simulation results often show spurious oscillations in the Lagrange
multiplier (see, e.g., [3, 10]). An example is shown in Figure 1.1, where the calculated
values for the normal component of the Lagrange multiplier are displayed, computed
with a standard finite element discretization scheme in space and a midpoint scheme
in time.

Recently, different approaches have discussed how to overcome this numerical
artifact [9, 11, 12, 13, 14, 16]. In [12, 13, 14], a space-time discretization based on a
modified mass matrix for the inertia term has been proposed. The mass associated
with the elements adjacent to the contact boundary is shifted to the inner elements
such that a mass-free layer is obtained. By this, the original PDE decouples into an
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Fic. 1.1. Normal Lagrange multiplier for a two-body contact problem given in section 7.2 with
standard mass matric My, .

algebraic equation in time for the contact nodes and a PDE in time for the other
nodes, which leads to a higher regularity in time for the contact stresses, as shown in
[11]. Thereby no spurious oscillations in the numerical computation of the Lagrange
multipliers occur. But in the above references, the new mass matrix is defined as the
solution of a constrained minimization problem, which makes its computation quite
expensive. This drawback is overcome in [9], where an appropriate mass matrix is
constructed by local modifications of the original one. In particular, the changes can
be assembled in terms of special quadrature formulas, and no extra computational
cost comes into play by the modification.

The aim of the current paper is twofold. First, the implementation of the new
discretization scheme is studied. Here we propose and discuss two different proto-
types of suitable nonstandard quadrature rules. The first formula, already presented
in [9], is based on a macroelement decomposition, whereas the second variant can
easily be applied to completely unstructured shape-regular triangulations in two and
three dimensions. Second, we analyze the error of the new discretization scheme and
provide optimal a priori estimates under suitable regularity assumptions by applying
techniques from the theory of variational crimes. We emphasize that, in contrast to
standard mass lumping techniques, the new method results in a singular mass matrix.
Hence, norm equivalences based on the regularity of the mass matrix no longer apply.

The work is organized as follows: In section 2, we state the setting of linear
elasticity considered here and introduce our notation. In section 3, we describe two
representative examples of quadrature rules that can be used to define the modified
mass matrix. We focus on the key requirements that these formulas satisfy. A different
mathematical interpretation of these modified quadrature rules as a combination of
stable interpolation operators and standard quadrature is presented in section 4. In
the next two sections, we prove a priori estimates for the semidiscrete system in
section 5 and for the fully discrete system in section 6, after stating the regularity
assumptions. Section 7 contains numerical examples confirming the error reduction
properties proved in the previous sections. Moreover, we demonstrate the stabilization
effect of the method by the numerical solution of a dynamic two-body contact problem.

2. Problem setting. Let Q C R? d € {2, 3}, be an open, bounded domain with
piecewise smooth boundary 9€2. We consider the following dynamic linear elasticity



problem: Find the displacement vector u = u(t,x) C RY satisfying
ou—divo(u) =1 in (0,7] x €,
u=0 in (0,7] xTp,

(2.1) clum=gy in (0,7] xI'y,

u(0,)=ug in €Q

LI(O, ) = Vo in €.
The boundary 9 is partitioned into two disjoint subsets, 9Q = I'p U 'y, with
meas (I'p) > 0. As we can always reduce nonhomogeneous Dirichlet boundary con-
ditions to the homogeneous case, the value of u on the Dirichlet boundary I'p is set
to zero, whereas the boundary traction on I'y is given by gx. The outward normal

on the boundary 0f2 is denoted by n, and 1 stands for the volume forces acting on 2.
The stress tensor o(u) is given by the constitutive equations of linear elasticity

c(u) = % (Vu+ (VW)T),  o(u) = Atr(e(w)ld + 2ue(w),

where we assume constant material parameters g, u, A for ease of notation.
From now on, we denote vector-valued spaces by a bold letter, e.g., Ly(2) :=
[L2(Q)]4. To obtain the weak formulation of (2.1), we define X := H'(Q) and take
= {x € X : x|r, = 0} as the test space for the displacements. Thus, we
arrive at the following weak formulation: Find u € L?((0,7),V) such that u €
L%((0,T),L%(Q)), i € L*((0,T),V’), and

m(i, x) +a(u,x) =f(x), x€V, te(0,T],

(2.2) (u(0,),x) = (w0, x), x €V,
(u<07 )aX) = (VO>X)> X €V,
with the notation m(u,x) := fQQu xdx, a(u,x) = [,0( (x)dx, f(x) =

Jol- xdx + fFN gn - xds, and (u,x) = Jqu- de We remark that by these defi-
nitions, m(-,-) and a(-,-) are symmetric and continuous bilinear forms [5]. Further,
meas (I'p) > 0 implies that a(-,-) is V-elliptic. The definition of the time-dependent
spaces and norms used here can be found in [8].

Next we discretize (2.2) in space using a shape-regular triangulation 7 of € into
quadrilaterals/hexahedrals or simplices. The discretization is such that the Dirichlet
boundary I'p can be written as UKeTD Klaﬂ for a subset 7p C 7},.

For w C R? and k € Ny, we define Pr(w) as the space of polynomials with the
basis functions x% with x € w, a € N¢, and || < k. Furthermore, Qj(w) is the
polynomial space spanned by the functions x®* with maxi<i<q(a;) < k. Let X}, be the
space of lowest order (k = 1) conforming finite element functions on the triangulation
7Th, and set Vj, := X;, N V. The former space is spanned by the nodal finite element
basis functions {¢p }pen, , where N}, is the set of all vertices of the triangulation 7j,.

With this, we obtain the following semidiscrete problem: Find u;, € L?((0,T), V},)
with 1y, 1, as before and

m(iin, Xp) + a(un, x5) = £(x45), Xn € Vi, t€(0,7],
(2.3) (un(0),x5) = (Won-Xn), Xn € Vh,
(an(0),x1) = (Von, Xn), Xn € Va-



The boundary values ug, and vgy, are suitable approximations of the continuous initial
data which we are going to specify later. Writing the first equation of (2.3) in matrix
notation gives

(2%@ My, + Apuy, = 1),

We hereby use the notation uy for the function as well as its vector representation.
In the rest of this work, ¢ and C' denote generic constants independent of the

mesh size h := maxge7, hix or time variables. Further, we use the abbreviations
| [[kw = Il - l[mr ) for the static and [| - [|l1kw = || - [z ((0,7),H*(@)) for the time-
dependent norms. In addition, we set || - |lco kw = || * [|Loo((0,7), 15 (w))-

3. Construction of M. As motivated in the introduction, we are now going
to describe the construction of a new mass matrix Mg as a local modification of the
standard mass matrix M} such that the degrees of freedom of the potential contact
nodes do not contribute to the inertia term. In order to formulate the construction
of My, we need some preliminary definitions.

We assume that contact can occur only on a connected subset I'c of I' i satisfying
e NTp = 0. Thus, the modification of the mass matrix involves the nodes within
the set Cj, defined by

(3.1) Cy, = {pENh :pef‘c}, Ny := Np\Cp,.

As illustrated in Figure 3.1, we denote the union of all elements along I'c and its
complement by

Qc1 = U (supp ¢p), Q= N\ Qc1.

p€ECy,

The interface 02c1 N 0Ny is called I'y. Further, we introduce layer-like domains

Qcz = |J (suppey), Qes:= |J (suppgy).

pCQe, pCQeo2,
PEN, PEN,

For discrete functions vy, wy € X, we now define a modified bilinear form
(3.2) my (v, wp) == Q" (ovh - Wp)

with a suitable quadrature rule Q° that is composed of local quadrature formulas Q%
Two representative examples follow.

Ezxample 3.1 (quadrature rule Q). On each element K € 75, K C Qy, we
take any standard quadrature formula of sufficient accuracy. The only modification
is on elements K C Q¢ which satisfy by definition K N T'¢ # (). Depending on the

oo
0 b—b—p——p—p—<p O NH
H NN e N N
0 b—b—P—p—~p——D
) [OF I NI N N N N
FH C?2 bGP~ O Ch
} QCl - .- . .. .. .. I -
NG, I'ec

Fia. 3.1. Examples for Qc1, Qcoa, Qcs, and Q.
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Fic. 3.3. Nodes and wetights of the quadrature rule % in three dimensions for K C Q¢ .
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shape of the element and its position relative to I'¢, different situations can occur. In
Figures 3.2 and 3.3, several cases are depicted; for each situation, the corresponding
quadrature nodes and weights with respect to the reference element K ([0, 1]¢ or the
unit simplex, respectively) are given. The intersection of OK with the boundary I'c
is on the bottom side of each element and marked in gray, whereas the quadrature
nodes are indicated by filled black bullets.

Example 3.2 (quadrature rule Q'). On each element K € 7;,, K C Q\Qco,
we again take any standard quadrature formula of sufficient accuracy. Modifications
occur on elements K C Q¢9o. In order to describe the construction of the quadrature
formula, we need the notion of so-called macroelements (see [9] for a more detailed
explanation).

We assume that there exists a second triangulation 7,' possibly with hanging
nodes such that each element of ’Z;Ll can be written as the union of elements in 7j,.
Moreover, if K € 7}11 with K C Qp, then K € 7;,. Each K € Thl\’]?l contains at least
one element of 7, being in Q¢ (see the shaded parts in Figure 3.4) and exactly one
element K € 7, with K1 C Qy. We note that such triangulation ’Z;Ll exists for any
75, as no further conditions on the shape of the macroelements are imposed, but it is
not uniquely defined. If 7}, is obtained from 73 by uniform refinement, 7,! can easily
be constructed. R

In Figure 3.4, representative reference macroelements K in two dimensions are
depicted, each with one example of a suitable quadrature formula. The rule for the
quadrilateral element (on the left side of Figure 3.4) exhibits a tensor product structure
with Gaufl nodes in the direction tangential to the contact part of 0K and equidistant
nodes in the remaining direction; thus, the formula can easily be generalized to the
three-dimensional (3D) case.

Using m';(-,+), i = 0,1, for the definition of the mass matrix (now denoted by
M?;), we obtain the modified version of (2.4):

(3.3) M}Juh + Apuy, =1,
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Fi1a. 3.4. Nodes and weights for the quadrature rule Q}A( on macroelements K in two dimensions.

The solutions of (2.4) and (3.3) are not the same, but from now on uy, refers only to
the solution of (3.3), also neglecting the index i in order to keep the notation simple.

Several properties are worth noticing about the quadrature formulas presented in
Examples 3.1 and 3.2:

e They are based on some standard quadrature rule, where the modifications
are only locally performed near I'c.

e No quadrature node is located inside the support of basis functions ¢, for
p € Cp. The entries mi; (-, e;¢,) = m'y(ej¢p, ) of the mass matrix M}, with
the jth unit vector e; € R? vanish, which leads to zero rows and columns for
the degrees of freedom on the boundary I'c. Hence, the resulting matrix M},
is singular.

e Some of the formulas contain negative weights which in principle could cause
stability problems. But as the local mass matrix for K is positive semidefinite
for all quadrature rules shown above, the stability is not affected.

e Both quadrature formulas are exact for functions in Py (K). In addition,

it can easily be checked that Ql is exact for functions in Pa(K ) for the

simplicial case and for @3(K) in the quadrilateral case.

e As the definition of Q! needs the construction of the macroelement triangu-
lation 7,!, this rule is more suited for structured meshes which often consist
of quadrilateral /hexahedral elements. In contrast, Q" can easily be applied
even to unstructured simplicial meshes.

Examples 3.1 and 3.2 can be considered as prototypes for two different ways of
constructing the modified mass matrix M}'{; the former is associated with the trian-
gulation 7,0 := 7y, and the latter is based on the macrotriangulation 7,'. Written
concisely, we can define the formula Q?, i € {0,1}, locally with respect to the trian-
gulation 7,’ as follows:

(3.4) Q' (vi-wn) = Y Qi(vi-wn), Vi, wh€ Xy,
KeT;

Below, we summarize the main features of Examples 3.1 and 3.2 as requirements
which a suitable quadrature formula Q! has to satisfy:
Q1. No quadrature point of Q is placed in Qci\I'y.
Q2. For K € T}, the local formula Q% is exact for all functions in Pa;(K).
Clearly, a quadrature formula of type Q° satisfying condition Q1 cannot be locally
exact for all functions in Py (K) with K € 7,?, K C Q¢q. But a formula of type Qj
can exhibit a higher degree of exactness than Py(K), as recorded in condition (2.
In fact, as stated before, the examples given in Figure 3.4 on the reference
macroelement K are exact for all functions in Q3(K) in the quadrilateral /hexahedral

case and for P»(K) in the simplicial case. Using the transformation Fx : K — K to



obtain the nodes and weights on the actual macroelement K € 7,!, we have to take
into account the determinant det(F 1;1) which is piecewise constant for simplicial ele-
ments but can be piecewise in Q1 (K) for quadrilateral /hexahedral elements. Hence
both quadrature rules given in Figure 3.4 are locally exact for all functions in Po(K).

The following lemma is a direct consequence of condition Q2.

LEMMA 3.3. If the quadrature formula Q°, i € {0,1}, is chosen according
to condition (Q2, the new mass matric M% in (3.3) conserves the total mass; i.e.,
lTM% 1 = 1T My 1 holds with the vector 1 = (1,...,1)T € RAm(Vr) Moreover, the
mass matriz M}, conserves the zeroth, first, and second order moments of the original
system (2.4) (i.e., the total mass, the center of gravity, and the moments of inertia).

Proof. For the proof, see [9]. 0

4. Different interpretation of m}{(, -). In this section, we will look at the
modified bilinear form m;(-,-) defined in (3.2) from a different mathematical point
of view. Let us assume that there exists an interpolation operator I7, i € {0,1}, on
X}, satisfying the three conditions

P1. I} is L*(Qca)-stable; ie., |17 xpll0.00, < cllXnllo,ocs, Xn € X,

P2. I}lth‘QH = Xh|QH7 Xn € Xh7 )

dP3- Iyxnlk = xnle, Xalx € Pi(K), K €Ty,
an

(4.1) m?[(th"?h) = m<I}iLXh7Ifith>7 Xn> M € X

Remark 4.1. Condition P1 is a common assumption for a well-defined inter-
polation operator, whereas P2 is motivated by the observation that m&; (x,,n),) =
m(xp, M) for x,,n, € Xp, with supp x;, C Qg or suppn, C Qy. Requirement P3
reflects the fact that Q° is exact for all functions in Po;(K), K € )%, i € {0,1}.

Remark 4.2. Conditions Q1, P1, P2 and the relation (4.1) imply the following
inequality (as shown in [9]):

(4.2) clixn

Hence we can state that |- |, := /mY(,-) is equivalent to the L?(2p)-norm and
thus is a seminorm on Xj,. Condition P1 and (4.1) imply that m&;(-,-) is continuous
on Xh.

By condition Q1, all quadrature points of Q° are placed in Qp, and thus we get
by (3.2), (3.4), and P2

My (X, M) = Z Qk(oxy, M) = Z Q% (o Iixy, - Ihny) = miy (I xp,, Thny,)-
KeT} KeT}

ban <My xn) < Clixanlldon  Xn € Xa.

From (4.1), we find

(43) S Qilolix, - Tim) = 3 /K oTixy - Tim, dx.

KeT) KeT}

This formula holds if the quadrature formula Q% is exact on each element K €
7,0 for the product of the functions I} x), - Iin,, Xn,N, € Xn. Thus, for a given
quadrature formula Q’, we can define a corresponding interpolation operator I} via
the relation (4.3).

In the following, we return to Examples 3.1 and 3.2 and construct appropriate
operators I} and I}.
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Fic. 4.1. Nodal values of the modified basis functions (;Sg on K for K C Qg¢1 for the two-
dimensional (2D) case.
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Fic. 4.2. Nodal values of the modified basis functions ¢>2 on K for K C Qc1 for the 3D case.

4.1. Interpolation operator Ig. The action of the linear operator I} can be
characterized by the images of the basis functions ¢,, p € Nj. Hence, we compute
the right-hand side of (4.3) for functions x,,,n, € {€;¢p,1 <j <d,pC K € T?}.

Equation (4.3) and condition Q1 imply that IPe;¢, = 0 has to hold for any p € Cj,
defined in (3.1). For nodes p € Ny, we know from Q1 that for any modified basis
function gbg constructed according to the specification

(4.4) G on S,
: L quch,qCK BpqPqy on K C Qcq,

with 3,, € R, we have

Q% (ejdp - erdy) = 6;1Q% (Dpdg) = 5x Q% (Sp9y) -
Hence we are looking for scalar values 3,4, such that
(4.5) Qk (¢p9y) = { ?& 6960 dx leee,Ch e
and we define
(4.6) INejpy :=e;¢0, 1<j<d peN,.

The first condition of (4.5) is valid for any (,, € R, whereas the second relation
depends on the quadrature formula Q% and is fulfilled only for certain choices of 3.
Figures 4.1 and 4.2 display several representatives of the functions ¢g, p € Ny, which
correspond to the quadrature rules in Figures 3.2 and 3.3. They span a modified finite
element space X9:

(4.7) Xh=1¢ > ope):a, €R?
PENH

One can easily verify that the operator I} given by (4.6) satisfies conditions P1-P3
and by construction (4.1).
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Fi1G. 4.3. Nodal values of the modified basis functions qbllj on K for K C Qgq for the 2D case.

4.2. Interpolation operator I}. We proceed analogously to the previous sub-
section and look for modified local basis functions gb]lj, p € Ny, defined according to
(4.4) such that

0, C Ch,
Qi (ejdp - exdy) = 0k QK (¢p0y) = { T

Ojk [ Opdgdx  else.

A possible construction of the functions (bzlj, p € Ny (which are shown in Figure 4.3
for the 2D case), can be done as follows: For each K € ’Z;ll, let Ky € 73, be the unique
element satisfying K1 € K N Qpy (see Figure 4.3). For each vertex p C K;, we define
qb;) as the polynomial extension of ¢,|x, onto K. This implies ¢;)| K = ¢p|Kk for
K €T, NnT}.

Now, we can define the interpolation operator [ }1L and the modified finite element
space X,11 as in (4.6) and (4.7), respectively, with the upper index 0 replaced by 1.
The conditions P1-P3 are easy to verify.

Remark 4.3. We note that the modified basis functions gzﬁ;, i€{0,1},forpC Ty
are in general not globally continuous because of their elementwise definition, which
leads to X! ¢ Xj. If one wants to avoid such a nonconforming situation or if the
mesh is strongly anisotropic, the nodal values of the modified basis functions can
be adapted to be continuous or to respect the anisotropy. However, this results in
supp q% # supp ¢, in general. Hence an elementwise definition of the interpolation
operator and the corresponding quadrature formula according to (4.3) would not be
possible.

5. A priori error estimate for the semidiscrete system. In order to gain
an a priori error estimate for the solution of (3.3), we proceed similarly to the proof
of the lumped mass matrix method in [19] which can be interpreted as a variational
crime introduced by a quadrature formula (for details see [1]).

In the following, we will need a projection operator onto the discrete space Xy,
which allows for local estimates. An example is the Scott-Zhang operator Zj, [18]
which preserves the homogeneous Dirichlet boundary conditions on I'p and satisfies
the following for each element K € 7j:

(5.1) je{0,1}, se{1,2}: [|Znv —Vljx < Ch I V[s0, veEHQ),
(52) |ZhV|1,K < C’|V|17WK7 vV & Hl(Q),
(5.3) 1Znvllo,x < Cl[v]ow, v e L*(Q),

where O = J{T : T € Tp,, TN K # ()} is the patch of elements around K.
We start with a lemma about the approximation properties of the interpolation

operator I}, i € {0,1}.



LEMMA 5.1. Let I} satisfy conditions P1-P3 (given in section 4). Then the
following inequalities hold:

(5'4> ||IIiXh - Xh”O,Q < ChHXh”l,ch Xn € Xh>
(5.5) 115, Z0v = V0,000 < CRIVI1Lacs, veX.

Proof. The estimate (5.4) follows directly from P2 and P3, whereas (5.5) results
from the triangle inequality, (5.1), (5.2), and (5.4). O

Another tool we are going to use in the following is the Sobolev embedding theo-
rem [5] which states that, for an interval [a,b] C R, L*°([a, b]) is continuously embed-
ded in H!([a,b]). A corollary of this theorem is the following lemma given in [6].

LEMMA 5.2. Letu € L?((0,T),X) andu € L?((0,T), X') for some Banach space
X. Then we have u € C°([0,T), X) and

sup [lu(®)llx < € (Il eqom,x) + lallzegom.x )-
te[0,T]

We define the quadrature error of the modified bilinear form using (4.1):
e (Xns M) = Mg (Xs M) — m(xns Mn) = M X L) — m(xn, 1)

for functions x;,,n; € Xj. The next lemma gives a bound on this bilinear form.
LEMMA 5.3. Letu € X, x;, € X}, and assume that I,il meets conditions P1-P3.
Then the following estimate holds:

(5.6) b (Znu, x,)| < Ch(|[ulli0csIXnllooc. + allo.c X 10c.) -
For u,v € H3(Q), we obtain

(5.7) €t (Znw, Zpv)| < Ch2 (||u

2.0/lvllLe +ulLelviz.e) -

Proof. Recalling condition P2 which implies that (n, — I}n,,) vanishes on Qg for
n;, € X}, we consider (5.6):

e (Znu, x)| = Im(I}, Zow, I} x) — m(Zpu, X3,
= |m((I}, = Id) Zyu, I; xp,) + m(Zpu, (I}, — 1d)x,,)|
< C(||(I;, = Id) Znul|o,ocill T} Xn .20+ | Znallo.0cl (17 — Id)Xpll0,.00:)

< Ch (||Zhu||1,Qc2 HXh

0.2¢2 T [[ullo,ac. [ Xnll1.00.)
< Ch([lulliocsllxzllo.nc. + lallo.ac. IXxnll10c2)

where we made use of P1, (5.2), (5.3), and (5.4).
Now we turn to (5.7). Due to the Sobolev embedding theorem and standard
arguments, we get for v e X

V1500, < ChIVIT o, J€{1,2,3}.

Here we employed the fact that the width of {2¢; is bounded in terms of a constant
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multiple of h. Similarly, we obtain ||v||7q,, < Ch[v|]3q for v € H*(), which leads
to

e (Znu, Zpv)| < ||(I} — 1d) Znullo,0e |11} Znv

OvﬂCl
+ 1 Znul|o,0c, |(I}, = 1d) Zuv]|o,0c,
< Ch (|1 Znull1,00: 120V l0,.00. + |1 Znullo,00, 120V ]1,00.)

< CR*2 (Jull1,00 1 Z0 V1,0 + | Zhu

|V |1,ch)

1,0

< Ch* (Jufzellv

Lo+ lullielvlze). O

We further state another auxiliary result about the time derivative of the discrete
operators Zp, which holds by definition (see [18]).

LEMMA 5.4. For u € X we have Z,u = (Zpu).

Now we are able to derive a priori bounds on the difference u, —u. We start with
an H'(Q)-estimate which can be shown for I} satisfying conditions P1-P3 without
additional assumptions on €2 or the boundary conditions.

To this end, we introduce wj, € L2((0,7), V}) as a suitable elliptic projection of

u onto Vy:

(5.8) a(wn,xn) = (£, x5,) — mi (Znit, xn), Xxn € Vi, 0<t<T.

For V), C V and a V-coercive bilinear form a(-, -) this equation uniquely defines wy,.
Now we bound the difference between u and wy,.

LEMMA 5.5. Choose I} such that conditions P1-P3 hold. If the solution u of
(2.2) meets the requirements %ICT,‘: € L?((0,T),H?(Q)), % € L?((0,T),X) for some
k € {0,1,2}, then the kth time derivative of the solution wy, of (5.8) satisfies

k
< Ch Ha—}j .
0,1,9 ot 0,1,9

Proof. We give the proof only for £k = 0, as the other estimates follow with
Lemma 5.4 and differentiation with respect to time.
We start with (2.2) and (5.8) for a test function x;,, € L?((0,7T), Vy):

ak+2u

atk+2

k k
(5‘9> H@ Wh o"u

otk otk

0,2, ‘

a/(wh - Zhu7 Xh) = a(u - Zhu7 Xh) + m(u - Zhﬁ7 Xh)
(5.10) +m(Zpia, xp) — My (Zpit, xp,)-

We choose x;, = wp, — Zpu; then we get with the V-coercivity of a(-, ), the continuity
of m(-,-), integration from 0 to 7, and the division of both sides by ||w}, — Zpu

0,1,0

Iwi = Znulo.e < € (|l = Zniill g, + Iln = Znulo.0)

C T
+ sup 7/ lea (Zpu, x;,)|dt.
XheLQ((O’T)th) ||Xh||0717Q 0
X, #0

With Lemma 5.3 and the Cauchy-Schwarz inequality, we obtain

O,l,QHXh 0,1,Q-

T
/ lexr(Znit, x,)ldt < Chlji
0

11



In terms of the approximation properties (5.1) and the above estimates, we find

lwn —ullo1.0 <||wn — Zpullo1.0+ [[Zru —ullo1.0 < Ch(||ulloz.a+ [do1,e). O

With these lemmas, we are able to prove the following result for the H' (Q)-norm
of the error.
THEOREM 5.6. Assume that the solution u of (2.2) meets the smoothness re-

quirements u,u, i € L%((0,T),H%(Q)) and %, % € L?((0,7),X). Let I} satisfy
P1-P3. Take the initial conditions up(0) = Zpug and (0) = Zpvg. Then the

following estimate holds:
0,1,9) '

Proof. Let up,wy, be defined by the weak form of (3.3) and (5.8), respectively.
Setting ), := u;, — wy, gives for any test function x, € L*((0,7), V)

4
0°u

ots

0°u
ots

2
(5.11) [l — 1l g0, +Iur—ullecr0 < Ch Y
s=0 0,2, s=3

(5.12) m%(éMXh) +a(On,x5) = My (Znt, x5) — M (W, X5)-
We choose X, = 0 in (5.12) and thus obtain
Ld
2dt
Using the Cauchy—Schwarz and Young inequalities and adding the positive term
a(0y,0y) on the right-hand side, we arrive at

<|éh|§{,i +a(0p, 9h)> = my(Zpit — W, O1,).

d /. . ;
(5:13) = (10nl3 + a(01.04)) < C|Zni = Wulhy + (10nf3; + a(01,00))

From (5.13) we conclude with Gronwall’s lemma, the seminorm equivalence (4.2), and
the coercivity of a(-,-) with a constant C'(7") that may depend on T

(5.14)
1941 0, + 16413 0 < € (10413 + a(61,64))
< (1) (10O 0, + 1020} ¢ + 120 = a3 0.0, ) -

This inequality holds for all ¢ € (0,7"] and hence also for the supremum. Now we have
to estimate the terms on the right-hand side. First, we can state

| Znta — Wi ll0,0.08 < [|Zn0 — 10,004 + [0 — Whllo,0.0k

Y
0,1,9)

where we made use of (5.1) and Lemma 5.5 for k = 2. Second, we get

o*u

< oh <HﬁHo,2,Q n ’ o

164.(0)llo.0n < [ Z0vo — vo

lo,2n + Vo = Wr(0)/l0,0x

< C (hl|voll1,0 + [0 = Whlo,0,04 + [t — Whllo0,0k)
2 4
0°u o%u
515 <on(s |52 o5 L)
s=1 0,2,  s=3 0,1,Q

12



where we applied Lemmas 5.2 and 5.5. Finally, we estimate similarly

10(0)[11,2 < | Zhuo — wol|1,0 + [[uo — wr(0)]|1,0

< C(hl[uollz,0 + [u=whljo1.0 + [0 =Wy

(5.16) < Ch (Z ) .
0,1,Q

s=0
4

0,1,0)

3

2

07279 s=2

0%u
ots

0%u
ots

If we insert all these results into (5.14), we conclude that

2
(517)  [0nllsc0.0u + n]lc,.0 < C(T)h <Z

s=0

0%u
ots

0%u
ots

0,1,Q>

lan = llg q,, + lun —ullie < 18ulo.0, + 10nlie + [0 —Wilog, + u—ws

07279 s=3

Now we recall u, —u = 6, + wy, — u and get

1,Q-
Due to Lemmas 5.2 and 5.5, we can estimate ||[u — wp||oo,1,0 and ||t — Wp 00,004
such that we arrive at (5.11). O

Next, we turn to the estimate in the L2?(Q)-norm, where we need a further as-
sumption, namely, the H?(Q)-regularity of the boundary value problem (2.2).

LEMMA 5.7. Let problem (2.2) be H?(Q)-regular and assume that %ICT,?, % €
L2((0,T),H?*(Q)) for some k € {0,1}. Let the interpolation operator I} satisfy con-
ditions P1-P3. Then the following estimate holds:

0,2,9)

k k k
e
0,0, otk

otk otk
Proof. Again, it suffices to consider the case k = 0. We start with the observation
that for ¢ € L2((0,7),L*(Q)), we get

ok t2u

4

0,2,0

T
g)dt
(5.19) 1ll0.0.0 = sup L (. g)dt|
geL2((0,T),L2(Q))\{0} HgH0,0,Q

as L2((0,T),L%()) is its own dual space. Now we choose ¢ € L?((0,T),V) as the
solution of the following auxiliary problem for any fixed g € L?((0,7), L3(Q)):

(5.20) a(p,v)=(g,v), veV, 0<t<T.

Y

By our assumptions on the regularity of the boundary value problem (5.20), we obtain
w € L2((0,T7),VNH?(Q)) (see [4]) and

(5.21) Iello.2,2 < Cllgllo,0.0-

If we choose v = wj, — u in (5.20) and use (5.10), we get for x,, € L?((0,T),V})
(wh —u,8) = a(wp, — W, — x;,) + m(i — Znii, Xp,) + € (Znid, Xp)-

Now we take x; = Zn and integrate the above equality from 0 to 7"

T

T T
/ (W, —u,g)dt| < / la(wp —u, @ — Zpp)|dt + / |m(t — Zpa, Zpep)|dt
0 0 0

T
(5.22) + / et (Zpit, Znp)|dt.
0

13



For the first term on the right-hand side, we get with the continuity of a(-,-), the
approximation property (5.1) of the operator Zj, and Lemma 5.5

02,2 + [[tlo,1,02) |

T
/ la(wp —u, ¢ — Zpp)|dt < Ch? (|l 0,2,Q-
0

The second and third terms are estimated by means of (5.1), (5.3), and Lemma 5.3:

T T
/ Im(i — Znis, Zngp)|dt + / ek (Znth, Zn@)ldt < CR2[[il0.2.0ll@ll0.2.0.
0 0

Using (5.19), (5.21), and these estimates, we can now conclude that

} fOT(wh —u, g)dt|

HWh - 11||0,0,Q = sup
geL2((0,T),L2(Q))\{0} Igll0,0,2
< Ch*(||lullo.2,0 + |i]lo.2.0) - a

This lemma implies the following estimate.

9°u
THEOREM 5.8. Let the problem (2.2) be H?*(Q)-regular and assume that 52 €

L%((0,T),H%(Q)) for all s € {0,...,3}, %472 € L*((0,T),X). Choose I} according to
P1-P3 and take the initial conditions uy(0) = Zpug and a,(0) = Zpvge. Then the
following inequality holds:
N Ha‘l_u
0,2, Ot lo,1,0 ‘

Proof. Following the proof of [1, Theorem 4.1] and using the seminorm equivalence
(4.2) and Lemma 5.7, we find

0%u
ots

3
(5.23) [up — ul|oe,0.0 < CR? (Z

s=0

3
(5.24) [ = ullsc.0.04 < CR*D

s=0

0°u
ots

0,2,0

A Poincaré-type estimate yields for v € X
(5.25) [Vllo.00r < ClIVllo.0n +hlVILa)

Equation (5.24) and Theorem 5.6 then conclude the proof. a

Remark 5.9. The regularity assumptions that we pose on the exact solution
u in Theorem 5.8 are a little more strict than those from [1, Theorem 4.1]. For
Theorem 5.6, we need less regularity for the higher time derivatives of u than [1,
Theorem 4.2], but we can bound only the L2(Qz)-norm of the error (11 —11;) instead
of the norm on the full domain 2. Still, Theorem 5.8 provides an error estimate of
O(h?) with respect to the Ly(2)-norm.

6. Error estimate for the fully discrete system. In this section, we look
at the time-discretized version of (3.3): Let J7 := T for some integer J and the
stepwidth 7. Set w" := w(t,) for n € No, w € C(Q x [0,T), t,, := n7, and define

1 1

1
ow™ = = (W't —w"), w2 = — (w4 wh).
T

2

14



The fully discrete problem we now consider reads as follows: Find sequences (uy)J_,,
(vi)]_, in V,, corresponding to the displacement and the velocity, such that

u?L = Zpuyg,
V?L = ZpVo,
(6.1) nt1/2 .
(atvh Xh)+a’< 7Xh> :(fTH— / Xh)? Xh Evha OSTLS J_]-7
opuy = VZH/Q

The main results are the following two theorems with the constant C' possibly
depending on T'; the proofs are given in Appendix A for the sake of completeness.
THEOREM 6.1. Under the assumptions of Theorem 5.6, we have

(6.2) Cmax(110u(ug = ) oy + up T w20
2. ||0°*u ! ! u
<C|h .
a < (Z I lo,2,0 Z f%s OlQ>+T 009)
s=0 14 =3 Ly s=3 Uy

THEOREM 6.2. Let the assumptions of Theorem 5.8 be satisfied as well as 8t4 €
L2((0,T),H%*(Q2)). Then the following estimate holds:

(6.3)
0*u .
R < 2, 2|1 .
or<na§J Huh u HO Qp = C( ots Q+ h*r Ot4 0.2.0 23 @ts >

The Ly (2)-error can be bounded as follows.
COROLLARY 6.3. Under the assumptions of Theorems 6.1 and 6.2, we obtain

(6.4)

oy % 2

max ||0,Q
0<n<J-1
5 |lo%u o*u o*u u
S C h2 Z —S —4 —|— h27'2 1 .
s=0 ot 0,2, ot 0,1,2 ot 0,2,Q 0,0,Q

Proof. The estimate follows from the Poincaré-type estimate (5.25), the triangle
inequality, and Theorems 6.1 and 6.2. 0

7. Numerical results. For the numerical tests, we use the finite element tool-
box UG [2]. All problems are discretized in time using the midpoint rule as investi-
gated in section 6 which can be regarded as a Hilber-Hughes—Taylor scheme with the
parameters 2a = 23 = vy = 1 (see [17]).

7.1. Linear beam in two dimensions. First, we validate our error estimates
proved in sections 5 and 6 via numerical computation. To this end, we consider the
cross-section of an elastic beam of length 10 and height 1.

As material parameters for the linear elasticity law, we use Young’s modulus
E = 200, Poisson’s ratio v = 0.3, and mass density ¢ = 1.0. We choose the right-
hand side f and Neumann boundary conditions on 02 such that the exact solution is
given by

u(x,t) = (0, 0.02z; - (10 — 2y) - 23 - sin(27t)) "

15



This leads to homogeneous Neumann boundary conditions on the bottom boundary
given by x5 = 0, which we define as I'c. In the spatial domain, we use a uniform
quadrilateral grid with mesh widths from h = i to h = &, and for the time dis-

3929
cretization we compute 250 time steps with 7 = 1075,
error at time t = 3e—4 error difference at time t = 3e-4
107 ‘ ‘ ‘ ‘
g,
- m,
< -6 -
3 10
107 ‘ .
m,
——L2 error _g || O diff L2 S T,
_g||-¢-H1 error 10~ fi-a-diff H1 e i
10° o e :
- cth? ,\ --cth® 4
4 8 16 32 4 8 16 32

1/h 1/h

Fic. 7.1. Error reduction with respect to the mesh size h.

The left side of Figure 7.1 presents the exact error at time t3g with respect to
the mesh size h. As the computation with M}, and MY, leads to almost exactly the
same error, only one value is plotted. We obtain an error reduction of O(h?) in the
L?-norm and of O(h) in the H'-norm which corresponds to the theoretical results of
sections 5 and 6. On the right side of Figure 7.1, the absolute value of the difference
between the errors for the modified and the standard computation is plotted. Here
we observe numerically that the modified error converges to the standard error with
a convergence order of 4 in the H'-norm and 5 in the L?-norm. Again, there is no
visible difference between the results for MY and M};.

In Figure 7.2, the vertical displacement and velocity of the node (5.0,1.0) are
depicted. We see that the behavior of the beam is accurately resolved.

_, displacement in x,~direction velocity in x,—direction

gr 10— : ‘ ‘ 3.14158
6 1 3.1414
4 g 3.1413
2 1 3.1412

—standard mass matrix| —standard mass matrix|

o modified mass matrix 31411 o modified mass matrix
0() 0.5 1 1.5 2 2.5 ’ 0 0.5 1 15 2 2.5
time x 1072 time X 10—3

Fia. 7.2. Vertical displacement and velocity of the node (5.0,1.0) for h = % and My, MIO{.

7.2. Frictionless contact in two dimensions. Further, we investigate the
stabilization property of the new discretization scheme applied to contact problems.
For this, we simulate the contact of two elastic discs, each with the same radius R = 8
and the data F = 100, v = 0.3, o = 2.0 - 1078, The initial distance is 0.1, and both
circles move toward each other at a speed of 800. We consider only the setting without
friction as the frictional work is very small for this example. The grid is refined near
the potential contact boundary I'c as shown in Figure 7.3; the size of the time step
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Fia. 7.3. Initial grids and effective stresses for the two-circle contact problem without friction.

is 7 = 107%. The numerical treatment of the contact conditions is explained in more
detail in [9].

We assemble the mass matrix with two distinct grids: The standard matrix M},
and the mass matrix MY are computed for a triangular as well as a quadrilateral
mesh; the matrix M}, is constructed for the quadrilateral grid only. We use the
quadrature formulas described in Examples 3.1 and 3.2 on the appropriate reference
elements and transform them into the actual elements. The computed energies for
MY, (const) and M), (stand) are displayed in Figure 7.4, showing the discrete kinetic
energy at time ¢,, given by &% := %(VZ)TMVZ, M € {My,, M%}, the potential energy

ne = (w7 Apup, and the total energy & := &L + €1 The picture at the
right of Figure 7.3 visualizes the effective stress geg := Zf,j:l |oij — 5@% tr(a)|2.

We obtain the same total energy for each computation except for MY on the
quadrilateral grid. This is due to the linear determinant of the transformation that is
not necessarily integrated exactly (see the discussion before Lemma 3.3). Hence we
rather use the quadrature formula Q! if we are dealing with a quadrilateral mesh and
curvilinear boundaries. The energy results for M}, are exactly the same as for the
computation with M}, and thus only the standard value is depicted in Figure 7.4.

energy for triangular grid energy for quadrilateral grid
3 3
2.5 25
2 2
1.5[|- - -total const 1 1.51|- - -total const
- - -elastic const - - -elastic const
11- - - kinetic const ] 1 kinetic const
—total stand —total stand
0.5/ —elastic stand| 1 0.5[|—elastic stand|
o kinetic stand o kinetic stand
0 0.2 04 06 0.8 1 0 0.2 04 06 0.8 1
time X 10—3 time X 10—3

Fia. 7.4. Energy results for the two-circle contact problem without friction.

Figure 7.5 shows the improvement in the contact stresses due to the modified
mass matrix computed for the simplicial as well as the quadrilateral grid. We see that
the standard method exhibits unphysical oscillations, whereas the modification of the
mass matrix leads to smoother results. We observe that the beginning and the end
of the contact period are the same for all our calculations.

We conclude that solving dynamic contact problems with the modification of the
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normal LM for triangular grid normal LM for quadrilateral grid

; - standard
~ standard = - o— ---mod constant
---mod constant 3 : —mod linear i
- 2 4 6 8 10 = 2 4 6 8 10
time x10™ time x 107

Fic. 7.5. LM for simplicial and quadrilateral grid at the bottom slave node.

mass matrix gives stable and smooth results without increasing the computational
work.

Appendix A. Proofs of section 6. We set 8, := Z,u — wy, and further write

(A1) €= —wp, 0<n<]
(A.2) Pl =i — Wl 0<n<.J
LEMMA A.1. If we define sequences (p}).Z8, ()28, and (€})!Z% in V), by
(A.3) pi = Zpia" 2 — 0 (Zpu")
(A.4) 7 = 0y(Zpu") — Zpu 2,
(A.5) €h = 010}, — ), + 2 Y.
n n—1
(A.6) eZ:z@tGZ—WZ—I—%(ZpZ—i—ZpZ), 1<n<J-1,
k=0 k=0

the following estimate holds with a constant C(T) depending on T':

0<n<J

J—1
(A7) max [|€5][5.q, < C(T) (TZ l€nlld e + \!E%\!%,QH> :
n=0

Proof. Using (4.2) instead of the norm equivalence with respect to || - [|o,, the
proof is done as in [1, Lemma 5.1]. 0

In order to prove the discrete equivalent of Theorem 5.6, we introduce another
sequence (V1)) by

(A.8) v = 0,(0,07) — oy + pr T2

LEMMA A.2. The following estimate holds:

5,£72 n+1/2 2 >
0§52%§_1)(H €nlloon + 167 i

n=0

J—2
(A.9) SCXT>(TEjuum%ﬂH+wwg%éﬂH+wm#%ﬁ@).
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Proof. Using the definitions, we obtain (for details see [1, Proof of Lemma 5.1])
(A20)  miy (QOER).x0) + ga (€117 + £"+3/2,xh) = mly (VR x1).
We choose the test function x;, = 9;§, nr2 e v, n (A.10) and arrive at
005 s — 007 s+ a (€172, Z“’”) —a (6
< 2rmly (Vh,ﬁt ”+1/2)

Summing from 0 to (I — 1) for 1 <[ < (J — 1) and the use of Schwarz’s inequality
give for any a > 0

903 — 00 s+ (672,677 —a (6°,6))

(A.11) <27 <QZ|Vh’Hz+ 2’8 €n+1/2‘ ) :

We set A := maxo<,<(j—1) ]8t€Z|H’i, which leads to

(A.12) Z ‘a 5"“/2‘ < A2,

Choosing a = 47T in (A.11) and using (A.12), we get
J—2 1

01kl +a (6172, 6512) < 81T Y Whlhs + 547 + 10€hl + o (6%,6)
n=0

This holds for each [ with 1 <[ < (J — 1); hence we can take the maximum of the
left-hand side. Subtracting 2A2 on both sides as well as using the coercivity, the
continuity of a(-,-), and the seminorm equivalence (4.2), we finally arrive at (A.9).
This completes the proof. 0

The estimation of Z‘]_l [V 115, is carried out in the next lemma.

LEMMA A.3. Let the solution u of (2.2) satisfy i € L?((0,T),H?*(Q)), 2 at4 €
L2((0,T),X), and let I} fulfill conditions P1-P3. Then the following inequality holds:

J—2 ) 84 A 8411 2
w13 Y Wila, < (2 (ke |G| )4 |5 )
n=0 0,1,Q 0,0,
Proof. By the definition of v} (A.8), we get
n n+1/2 n
(A.14) V718,00 < 10O 0y + 05 = OmhlIR -

Using Taylor expansion, we obtain for the first term on the right-hand side (see
[1, Proof of Lemma 5.2] for details)

1
0(0:07) = — (637 — 20,7 + 6})

(n+2)7 . (n+1)7 .
_ 1 </( (n +2)7 — )0 (t)dt +/ - m)eh(t)dt> .

2
T n+1)7 nrt
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Hence we arrive at

dt.

0, (t) (2

N 1 (n+2)7
01087 30 < € [

0,Q

Recalling the definition of 6},, we conclude with Lemma 5.5 and (5.1) that

2
0,1,

The second term on the right-hand side of (A.14) gives with (A.3) and (A.4)

J—2

(A.15) T Z 10:(0:0},)

n=0

0*u
2 < O (Huuo,m v |5

1 1 1 1 2 1
n+1/2 n .+ -+ .. ny n+ n-+ n
Py / —Qtﬂh—Zh(Zu 24——2u 1+—4u - Su 2—i——2u 1——2u).

Taylor expansion at t = (n + 1)7, summation over n, and (5.3) lead to

o | nt1y2 2 AR
(A.16) > ey = amillS o, < CT ||

n=0 [Ag)
Inequalities (A.15) and (A.16) conclude the proof. a

Now we are able to prove Theorem 6.1.
Proof. With u}} —u™ =& + (w} —u") we can estimate

(A-17) Cmax(10u(ug = ) ooy + fup T w2 )

+1/2
< max_ (10wg = uwlloan + Wi — 2]

+ [|0:&)

00 + 1€l

Using Taylor expansion as well as Lemmas 5.2 and 5.5, the first term gives

2

10 (wh —u™)I[ 0y < 10w —u™) = (o, — )" 2| + [[(Wh — )" 25,

< T/o 1Non () — BB ot + | (W0 — )" 23 g,

<O (wn -1

< Cn? (21:

s=0

g,O,QH + [[ W — il||(2),0,QH>

3 2
+)° .
Q =2 0,1,Q2

The second term yields the same upper bound, due to Lemmas 5.2 and 5.5.
For the last two terms of (A.17) we employ Lemmas A.2 and A.3 to obtain

2

0°u
ots

0°u
ots

0,2,

n +1/2 1/2
somax (10&7 1, + 16 Ra) < © (I0&2080, +180)
otu|? otu|?
(A.18) + o n?( |u)? +H— + 7= .
024 Ot lo.1.0 M lo.0.0
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Only the initial terms remain to be bounded. By the definitions (A.1) and (A.5), we
get

i T ¢l/2 i
my (0i€5, x5) + 5“( 2, x1) = mig (€9, X5).
Hence, by choosing the test function x; = &gﬁg, we obtain with Young’s inequality
1 1
0:€hlr: + 7 (a(€nr€n) — a(€h. €R)) = miy(€h, 0&h) < Clepliy + 5 10i6h T

Using the seminorm equivalence (4.2), this leads to

+€nllf o < C( + 1€nllE ) -

As we have &), = 0,,(0), the last term is treated as in (5.16). The first term yields by
definition (A.5)

2

)
Tl 0, )

/ 161 ()12 0, dt

.
| ot
0
<] + ||ﬁ—Wh||(2),o,QH

< Ch? .
0,1,Q

The second and third terms of (A.19) are estimated by means of (5.3), Lemma 5.2,
and Taylor expansion:

(A.19) [CA (||3t0 6.0, + 170116 210

Further, we have with Lemma 5.5

1
104631 61, =

83
o+ |58

osu?
ots

2
]
I78E s + o230, < Cr

s=3 07079

All together, the initial terms are bounded by

0 1
”atth%,QH + ||€h||%,ﬂ

<C<h2 <21:

0

3

2

0,2,22 =2

0%u
ots

2
+ 7
0,1,

OOQ)
Combined with (A.18), this yields the desired inequality (6.2). O
For the estimates in the L?(2)-norm we again need to impose restrictions as in
Theorem 5.8. We begin with bounding the right-hand side of (A.7).
LEMMA A.4. Assume that the problem (2.2) is H?(Q)-regular and that 92
L2((0,T),H%(Q)) holds for all s € {1,...,4}. Let I} satisfy conditions P1-P3, (md
let u be the solution of (2.2) and (uh) _o the solutzon of (6.1). Then we have the

following estimate for the sequence (€7)%_, defined by (A.6):

ots

(A.20)
J—1 3 4 2
o%u o*u
™ llerllta, <C | R . + 07 || 51 .
nZ:;) ; Nt o 2.0 9t | o z; at 0.9

21



Proof. We proceed along the lines of [1, Lemma 5.2], using Lemma 5.7 and the
norm equivalence (4.2). O

We can now prove Theorem 6.2.

Proof. With the given initial conditions, Lemma 5.2, (A.1), and the triangle

inequa

lity, we have

€51

0,90 < [[Znuo — wollo,.0n + Il —wWrllo,0.08 + [0 —Whallo,0,04-

Using (5.1) as well as Lemma 5.7, we get
3
J°u
0 2
(A.21) €0 l0.0n < CR*Y 0 :
s=0 0,2,
Combining the results of Lemmas A.1 and A.4 and (A.21), we obtain
3 4
0°u 0*u 0°u
2 2_2 2
max ||&) ooy < C hz — + R || —=— —|—’7’Z —
s — 4
0<n<J “—0 ot* 0,2, ot 0,2, s=3 ot 0,0,2
With Lemma 5.2 we finally get
n n n . .
max |ju, —u < max +lju—w +|ju—w
Jmax |[uy lo.cn < jmax {I€h]lo.cn + | nllo,0,.0m + | nll0,0.04
which concludes the proof using Lemma 5.7. 0
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