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FINITE ELEMENT COMPUTATIONS OF
KOLMOGOROV-PETROVSKY-PISKUNOV FRONT SPEEDS IN
RANDOM SHEAR FLOWS IN CYLINDERS*
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Abstract. We study the Kolmogorov—Petrovsky—Piskunov minimal front speeds in spatially
random shear flows in cylinders of various cross sections based on the variational principle and an
associated elliptic eigenvalue problem. We compare a standard finite element method and a two-scale
finite element method in random front speed computations. The two-scale method iterates solutions
between coarse and fine meshes and reduces the cost of the eigenvalue computation to that of a
boundary value problem while maintaining the accuracy. The two-scale method saves computing
time and provides accurate enough solutions. In the case of square and elliptical cross sections, our
simulation shows that larger aspect ratios of domain cross sections increase the average front speeds
in agreement with an asymptotic theory.
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1. Introduction. Front propagation in heterogeneous flows is an active research
area in applied science and mathematics [7, 14, 15, 18, 19, 25, 32, 33, 36]. A funda-
mental problem is to characterize and compute large-scale front speeds in random
flows [10, 19, 30, 31, 39]. The Kolmogorov—Petrovsky—Piskunov (KPP) minimal front
speeds admit a variational characterization in terms of the principal eigenvalue or
principal Lyapunov exponent of an associated linear operator [6, 5, 16, 37, 28, 29].
The variational principle of KPP front speeds makes accurate and efficient analyti-
cal and numerical studies possible. It is known that KPP front speeds are enhanced
by spatially random shear flows in cylinders, with a quadratic (linear) law in the
small (large) root mean square amplitude regime; see [28] and the references therein.
However, less is known about how the domains influence the front speeds.

In this paper, we shall study the dependence of KPP front speeds (in spatially
random shear flows) on the aspect ratio of cylindrical cross sections. We shall use
both numerical methods and asymptotic methods. Let D = R x €, where Q C R?
is a simply connected bounded domain with a Lipschitz continuous boundary. The
reactive scalar equation is

(1.1) ug = Dy yu+ B - Vg yu+ f(u),
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where f(u) = u(l — u), the KPP nonlinearity; * € R, y = (y1,92) € Q C R?%
B = (b(y,w),0), b(y,w) being a stationary Gaussian process with mean zero; and
parameter w refers to a random sample or realization. The zero Neumann boundary
condition is imposed on u at 0f2. The KPP minimal speed along z is given by
[6, 5, 36, 26]

. _ a o (A w)
1.2 = — inf 22227/
12 =@ =i
where p is the principal eigenvalue with a positive eigenfunction of the eigenvalue
problem

Ad+ N2+ X0(y,w) + f(0)]¢ = p(\w)o inQ,
(1.3) ¢

5 = 0 on 99.

The KPP front speed computation becomes that of a principal eigenvalue prob-
lem in a general domain 2. We shall perform Monte Carlo simulation of the KPP
minimal front speed ensemble by solving a large number of eigenvalue problems (1.3)
and then minimizing the objective function (1.2). The shear flow b will be random
but smooth, and its spectral energy decays rapidly towards high frequencies. A re-
solved computation is feasible with refined finite element meshes. To reduce the
computational cost in solving the stochastic eigenvalue problem (1.3), we employ a
so-called two-scale finite element method, first proposed in [23] and later developed
in [8, 9, 11, 20, 24, 34, 38]. The two-scale method reduces the cost of eigenvalue
computation to the level of computing a boundary value problem. The method is
iterative and related to [22, 35].

Our method is formulated for KPP reactions. For other nonlinearities, the vari-
ational formula (1.2) provides an upper bound only. However, it is known in many
cases (including fronts through shear flows) that qualitative properties of front speeds
of non-KPP reactions are the same as the KPP ones; see [15, 28, 36, 40] among others.
As of now, computing the non-KPP random front speeds relies on direct simulation
of the governing equation (1.1) in time [28]. Some non-KPP front speeds satisfy min-
max principles [17, 18]. Though helpful for analysis of random front speeds [27], the
min-max principles have not been utilized for computation.

This paper is organized as follows. In section 2, we present standard and two-
scale finite element methods and their convergence properties. We also derive an
asymptotic theory of KPP minimal speeds in the limit of thin domains, implying that
larger aspect ratios of domains lead to larger front speeds. In section 3, we show
numerical results of random KPP front speeds in rectangular and elliptical domains
of various aspect ratios. The front speeds always increase with the aspect ratio of
domains, in agreement with the asymptotic theory. We also compute probability
distributions of random front speed and compare costs as well as the efficiency of the
standard and two-scale methods. Concluding remarks are in section 4.

2. Numerical methods and asymptotic theory.

2.1. Preliminaries. We use the standard notation for Sobolev space W*P (1)
and their associated norms and seminorms [1, 12]. For p = 2, we denote H*(Q2) =
W2(Q), || - ls.o = || - Is,2,0, and || - [[o = || - [lo,2,0- Let (-,-) be the standard inner
product of L?(£2). Throughout this paper, the letter C' (with or without subscripts)
denotes a positive (random) constant independent of mesh sizes.
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Consider the following problem: Find ¢ € H'(Q2) and p € R such that

Ap+V(y,w)o = pw)e, y inQ,
@1) 9¢ 0, y € 09,
ov

where V (y,w) is a stationary continuous scalar random process in y and so V (y,w) €
L>(Q). Let u = p(w) be the principal (simple) eigenvalue with corresponding eigen-
function ¢ > 0 and ||¢|lo.q = 1.

Define a(¢,v) = [, VoVv — [, V(y,w)¢v; the variational form for (2.1) is

(2.2) a(6,v) = —p(w)(¢,v) Vo e H'(Q).

Note that if we define
a(¢,v) = a(¢,v) +&(¢,v)
for some constant £ > 0, then (2.2) is equivalent to
(2.3) a(¢,v) = fi(¢,v) Vv e H'(Q),

where i = —p + €. Select a positive random constant £ so that a(¢,v) is a positive
symmetric definite bilinear form and satisfies

(2.4) C_lHuH%)Q <a(u,u) Yue H&(Q).

We compute the principal eigenvalue p of (2.2) or, equivalently, the minimal eigen-
value of (2.3). We shall use the following property of eigenvalue and eigenfunction
approximations [3, 4, 38].

PROPOSITION 2.1. Let (fi,¢) be an eigenpair of (2.3). For anyw € HY(Q)\ {0},
there holds

o _aw—dw—¢) _(w—¢w—0¢)
) T T (wow) M ww)

(2.5)

Let Th(2), consisting of shape-regular simplices, be a finite element mesh over
Q with mesh size h = max,eq h(z), where the function h(z) denotes the diameter of
the element 7 containing z. Define S"(£2) to be the space of continuous functions on
Q such that for v € S"(2), v restricted to each 7 is linear, namely,

(2.6) ShQ)={ve Q) :v]|, islincar Vr € T"(Q)}.

We refer the reader to [12, 13] for its basic properties. For instance, for a given
u € H1*5(Q), there holds

@7 it (- vlloa + lu—vlie) < Chluliiae,  0<s <L
veESh(Q)

2.2. One-scale discretization scheme. The standard finite element discre-
tization for (2.2) is a one-scale discretization: Find ¢;, € S"(Q2) and uj, € R such that
[énlloo =1 and

(2.8) a($n,v) = —pn(¢n,v) Yo € S(Q),
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which is equivalent to
(2.9) a(pn,v) = fin(dn,v) Yo € S"(Q),

with fij, = —pp+E. In the following discussion, we assume that (—up, ¢r) and (i, on)
are the first eigenpair of (2.8) and (2.9), respectively.

Set
palh) = | sw inf [[(=A=V(,0) +67 vl
FEL2(Q), [|£llo,0=1 vES" ()
on(—p) = e S Ueisrifm) Ju— |10
with

M(—p) = {w € H'(Q) : w is an eigenvector of (2.2) corresponding to —u}.

For the standard finite element solution (—pp, @p), the following estimates hold [3, 4,
9, 38].
THEOREM 2.2. There hold

(2.10) |6 — dnlli,0 < Con(—p),
(2.11) ¢ — ¢nllo,o < Cpa(h)llg — dnll10;
(2.12) 1 < —pn < —p+ C8j(—p),

where C' is independent of the mesh parameter h. Moreover, if €1 is convex or a
domain with a smooth boundary, then

(2.13) w—pn+ 10— onlloq + k¢ — éull1a < Ch2

2.3. Two-scale discretization scheme. To reduce computational cost, let us
present a two-scale scheme dating back to [23]; see also a general framework in [38],
where a(+,-) is a (deterministic) positive symmetric definite bilinear form. We extend
the two-scale approach to solving (2.1).

Let H > h and assume that S¥(Q) C S"(Q). We put the mesh size to the
superscript and subscript of an eigenpair to tell the difference between the one-scale
and two-scale finite element solution on the corresponding mesh; e.g., we use (1w, ¢ )
and (up,, ¢n) to denote the one-scale solution on TH(Q) and T"(€), respectively, and
use (u", #") to denote the two-scale solution associated with the fine mesh T"(€).
The two-scale finite element scheme for (2.3) is as follows.

Two-scale discretization scheme.

Step 1. Find (fig, ¢m) € R x SH(Q) such that ||¢x|lo.o =1 and

a(¢m,v) = i (¢, v) Yo e ST(Q).

Step 2. Find ¢" € S"(Q2) such that
(2.14) / V6"V + €0d"o = it (d11,0) + (V@) — € + €0)éi,v) Vo € SH(Q),
Q

where & is some (deterministic) positive constant.
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Step 3. Compute the Rayleigh quotient

‘ah — &(¢h7 Qbh)

(", ")

and set " = —ah + €.

The error estimate of the two-scale solution reads as follows.

THEOREM 2.3. Let (u,¢) be the principal eigenpair of (2.2) and (u",¢") be
obtained from the two-scale scheme. Then

(2.15) = ¢"[l1.0 < C (6% (—p) + p(H)S1 (—p) + 0n(—p)) ,
(2.16) = " < C (63 (—p) + p*(H)8 (— ) + 0 (—p)) -

Moreover, if Q is convexr or a domain with a smooth boundary, then for h = O(H?)
there holds

(2.17) = "+ 6 = ¢" |10 < Ch2.

Proof. From the construction of ¢" and (2.8), we have

V(" = on) Vo + &(¢" — dn)v
= i (P, v) — fin(dn,v) + (V(y,w) — €+ &) (¢n — én),v) Yo € S*(Q).

It follows from V(y,w) € L>°(2) and the identity

firr (Br,v) — fin(bn,v) = (firr — fin) (b, ) + fin(om — dn,v) Yo € SM(Q)

that

(2.18) 6" — onllia < Cpn — pu| + |éa — dnllo.q),

which together with the triangular inequality leads to

6" — dll1.a < 6" — dnllie + |6n — dll10
< C(lpn — pu| + |lég — dnlloa) + |én — ¢ll1.0-

Combining the triangular inequalities with Theorem 2.2 gives

lin = e < |pn = pl + [ — pl < C63(—p),
lor — dnllo.o < o — dllo,a + [[¢n — dllo.o < Cp(H)ou(—p),

which leads to (2.15). Proposition 2.1 and (2.15) imply (2.16). Theorem 2.2, (2.15),
and (2.16) produce (2.17). This completes the proof.

Theorem 2.3 says that the resulting two-scale approximations of eigenvalue and
eigenfunction still maintain optimal accuracy.

REMARK 2.1. In Step 2, the random term appears on the right-hand side only,
and the fine mesh computation is on a boundary value problem. The eigenvalue prob-
lem is on a coarse mesh in Step 1. If the absolute value of the random term V (y,w) is
bounded by some deterministic positive constant vg, then & in (2.9) (and hence Step 1)
and &y in Step 2 can be selected to be vg.
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REMARK 2.2. We may also obtain similar results for the following scheme

(cf. [38]):
Step 1. Find (figr, o) € R x SH(Q) such that ||pu oo =1 and

a(pm,v) = fig(du,v) Yo e SH(Q).
Step 2. Find ¢" € S"(Q) satisfying
a(¢",v) = fig(¢u,v) Yo € S"(Q).
Step 3. Compute the Rayleigh quotient
B a h7 h
it = (9", 0")

(9", ¢")
and set ph = —ph + €.

2.4. A thin domain theory. Consider the cross section Q = [0,¢] x [0, 1] for €
small. The area of () is 1, while the aspect ratio is %. Integrating (1.3) over y; = [0, €|
and applying the zero Neumann boundary condition gives

(2.19) Byays + (A2 4+ No(ya,w) + f/(0))d = 1,

where ¢(y2) is the integral average of ¢(y1,y2) over y1 € [0,€], and b(ya,w) is the
integral average of b(y1, y2,w) over y; € [0,€]. An approximation is made so that the
integral average of b(yi1,y2,w) ¢ is replaced to leading order by the product of the
integral averages of the two factors. The eigenvalue problem (2.19) is on the large
interval [0,1]. For a Gaussian process b(yz,w) with large enough root mean square
amplitudes, the principal eigenvalue p behaves like the running maximum of b [26];
the latter scales as /—2log e in probability (Theorem 6.9.5 of Chapter 6 of [2]). Hence
1 increases with the aspect ratio in probability, and it follows from (1.2) that the front
speed also increases with the aspect ratio in this regime.

3. Numerical results. In this section, we report numerical results using both
the standard finite element scheme and the two-scale finite element scheme.
For a given constant A > 0, we find (A, w) € R such that

(3.1)  (Ve, Vo) — (N + Xb(y,w) + f(0)]¢,v) = —p(A,w)($,v) Vv e H' (),

where (2 is a two-dimensional domain and b(y, w) is a random process. Let S"(2) be
the linear finite element space over a uniform mesh 7" () with mesh size h.

The standard finite element scheme is the following: Find (un, ¢n) € R x S*(Q)
such that ||¢n]lo,o =1 and

(3.2) (Von, Vu) — ([A\2 + Xb(y, w) + f/(0)]on, v) = —pn(\w)(on,v) Yo € SH(Q).

To approximate the principal eigenvalue, we apply the inverse power method to solve
the above algebraic system.
To generate the random process b(y,w), we adopt the random Fourier method [21]

M M
(33)  browr(y) = > Y exp(—((1dk1)® + (jadks)?)/2)1/dk} + di3

J1=0j2=0
. [<j1j2 cos 27T(j1d/€1,j2d/€2) -y + N1 ja sin 27T(j1dk1,j2dk2) . y],
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Fic. 1. A realization of random process bpoyur(y) on the (y1,y2) € [0,1] x [0,4] square domain
(left) and on the axis (0,y2) € [0,4]. The grid size is 1/16.

where y = (y1,y2)7 € , dk; and dk, are wave number spacing, and M is the highest
Fourier mode retained. {(j,;,}}! j,—1 and {nj,,}}/ ;,—; are independent standard
unit Gaussian random variables. The energy spectrum of the process has exponential
decay towards high frequencies. The random field b is also statistically isotropic.
Figure 1 shows a realization of the random field at grid size 1/16.

Consider the scaled realizations ¢ b(y,w;) (i = 1,..., N), § being a positive deter-
ministic constant. We first solve (3.2) and obtain an approximation of the principal
eigenvalue p(A,w;). Then we find a sample of minimal speed

A, w;
-y 2
and the average
_ 1 Y
(3.4) B (0] % B =5+ 15 3 Mi(0).

where ¢ = 24/ f’(0) denotes the minimal speed in the case of zero advection, M;(§) =
ct(8) —c§ —6b;, and b; is the integral average of b(y, w;) over cross section (2. Subtract-
ing 6b; improves the accuracy of finite sample approximation of expectation [26, 28].

The most expensive part of the computation is solving linear eigenvalue problem
(3.1). Due to the large number of such eigenvalue problems involved (on the scale
of 10%), the two-scale method is very helpful for reducing computational time without
losing accuracy.

We will solve (3.1) both for square and elliptical domains. We first show fully
resolved computational results from the one-scale method (the standard finite element
method) on the effect of domain sizes. Later, we compare these as a benchmark with
the results of the two-scale scheme to demonstrate the advantage of the latter. In the
two-scale method, we choose the coarse mesh size H = 1/4 and the fine mesh size
h=1/16.

3.1. Resolved computation of one-scale method. First, we consider the
square domains. We use the standard finite element method to compute the average
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= 805 N

E[c'(®)]

F1G. 2. The average enhancement of minimal speed as a function of § € [0,2]. Left (right) panel
is with N = 2000 (10000) samples and mesh size h = 1/16. The legends show that the different
lines refer to different domain aspect ratios.

30 6
== 202 == 22
-5~ 2.5x1.6 -6- 2.5x1.6
—— 41 — 4xt

24

E[c'(®)]
E[c'(3)]

Fia. 3. Average enhancement of minimal speed with 1000 samples. The left figure shows the
values when 6 € [0,50], and the right figure shows the values when § € [30,50]. The legends show
that the different lines refer to different domain aspect ratios.

speed with various domain aspect ratios. Figure 2 plots the ensemble averaged front
speeds as a function of scaling parameter § € [0,2] when the domains have different
aspect ratios but the same area (equal to 4). Comparing the left panel (N = 2000)
and the right panel (N = 10000) shows that convergence in N for averaged speeds
occurs at N = 2000, in fact beginning even at N = 1000. We observe that as the
domain aspect ratio increases, so does the average front speed. Because the random
field b is isotropic, the average speed is invariant as the domain dimensions in y; and
y2 switch. The monotonicity of the plotted curves comes from the enhancement of
front speeds by shear flows (see [28] and the references therein).

Figure 3 plots the enhancement of the minimal speed in the range ¢ € [0, 50].
The figure recovers the fact that when § is small (large), the enhancement obeys a
quadratic (linear) law in 6. Moreover, it shows that the effect of aspect ratio on
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) 2 28 24 25 26 27 28 29 3 2 21 22 23 24 25 26 21 28 28 3
), 5=1.0 (), 5=10

F1G. 4. Probability distribution functions of enhancement M(8) at & = 1.0 with N = 2000
samples (left) and N = 10000 samples (right) for rectangular domains at four aspect ratios.

average front speeds persists to larger values of §. We omitted plotting the 8 x 0.5
curve partly because the 2 x 2 and 2.5 x 1.6 curves would have looked too close.

We also compute the distributions of the speed enhancement M (J) at fixed 4.
We partition the range of M values into @ = 300 bins and approximate the speed
distribution as

Lo~ X (Mi(9)
(35) pdf({l)):— A if$€[$‘,$'+1), jzlv"'7Q7

N ; (41 = z5) Y
where x;(x) is the characteristic function of the interval [z}, z;41). Figure 4 shows
the values of pdf at various domain aspect ratios with N = 2000 and 10000 samples
at 0 = 1. Both the mean and variance of the speed enhancement increase with the
aspect ratio.

Next we compute the front speeds in the case of elliptical domains. The boundary
equation of the elliptical domain is

x2 y2

-+ 7
a2/7r+b2/7r ’

where a and b are positive parameters controlling the aspect ratio and area. Figure 5
shows that the average enhancement of minimal speed increases with the domain area
at the same aspect ratio.

Figure 6 shows the values of E[c*] when 0 < ¢ < 2, and Figure 7 shows the values
when 0 < 6 < 50. The legends of these figures show the values of a and b and the
number of samples.

3.2. Computations by two-scale method. Using the two-scale scheme, we
computed the average enhancement of minimal speed with N = 1000 samples both
in square and elliptical domains. Choose H = 1/4 and h = 1/16 to keep h = H?. In
Figure 8, the fine-scale corrections of Steps 2 and 3 of the method clearly make an
appreciable difference in averaged speeds.

We see in Figure 8 that the average enhancement of minimal speed has little
difference whether the domain is square shape or elliptical, as long as the area and
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2.07
-5 a=4.0,b=2.0
—+- a=2.0,b=1.0
2.06 —~<+ a=1.0,b=0.5 7

1.99 I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fi1G. 5. The values of E[c*] over elliptical domains of different areas and the same aspect ratio
with N = 1000 samples.

E[c'()]
E[c'(3)]

B ' ’ 0 5 10 15 20 25 %0 3% 4 45 50

F1G. 6. The values of E[c*] with differ-
ent domain aspect ratios and the same area
at 6 € [0,2] with N = 1000, 5000, and 10000
samples.

F1G. 7. The values of E[c*] with different
domain aspect ratios and the same area at § €
[0,50] with N = 10000 samples.

the aspect ratio are the same. Figure 9 shows that results of the two-scale scheme
agree quite well with those from the standard (one-scale) finite element discretization.
Figure 10 shows that the two-scale scheme saves computing time significantly when
compared with the standard finite element method. Here we use the same numerical
linear algebra solver when implementing the two discretization schemes. We see in
Figure 10 that the 8.0 x 0.5 square domain takes much more computing time. The
reason is that, for such a thin domain, the matrix condition gets worse, and so the
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T T
— 2eH 22 H
¥ 22h + 22h
-6~ 25¢1.6H - 2516,H
[l o 25x6n | [l o 25x16h
291 oxton ¢ 250« aonio s
X 4.0x1.0,h 9] % 4.0x1.0,h
- B0X05H -6~ 8.0x05,H 0
0 8.0x05h < O 8.0x0.5,h
245 o 1 241 0
[
0
o [
23 1 23 o
- ¢ P
2 o ’ 2 o
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F1G. 8. The average enhancement of minimal speed with N = 1000 samples, computed by the
two-scale scheme. The left panel shows the enhancement of speed in the coarse mesh (results by
Step 1 in the two-scale scheme) and after the fine mesh correction (results by Steps 2 and 3 in the
two-scale scheme) for the square domain. The right panel is for the elliptical domain.

O 2x2, 2-scale

—# 2x2, 1-scale

O 25x1.6, 2-scale

25H ¢ 25x1.6,1-scale

> 4x1, 2-scale

< 4x1,1-scale
8x0.5, 2-scale
8x0.5, 1-scale

F1G. 9. The average enhancement of minimal speed computed with the fine mesh h =1/16. The
data points from the two-scale method come close to those from the standard finite element method.

convergence rate is slower when using the inverse power method to solve the eigenvalue
problem.

4. Concluding remarks. Based on the variational principle of KPP front
speeds in random shear flows in cylinders, we carried out finite element computa-
tions of KPP front speed ensemble by using both the one-scale finite element discre-
tization and the two-scale finite element discretization. The numerically computed
average speed enhancement is in agreement with theoretical analysis. In particu-
lar, equal area domains with larger aspect ratios increase the mean and variance
of the front speeds in the parameter regimes simulated. The two-scale discretiza-
tion scheme is much more efficient than the one-scale discretization while achiev-
ing the same accuracy. In future work, we plan to study front speed ensemble in
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x10'

° j j j j j * 1-scale,h
O 2-scale,h

CUP time (secs.)
N &

1

I
22 25x1.6 4xi 8x0.5

F1G. 10. The time used to produce the data in Figure 9 by one-scale and two-scale methods.

space-time random flows [29, 31] by extending the two-scale method to parabolic
problems.

Acknowledgments. The authors wish to thank Professor S. Shu at Xiangtan
University for providing the grid generation software for elliptical domains and the
anonymous referees for their helpful suggestions.

[1]
2]
3]

[4]

[5]

[6]

REFERENCES

R. A. Apawms, Sobolev Spaces, Academic Press, New York, 1975.

R. ADLER, The Geometry of Random Fields, John Wiley and Sons, Chichester, UK, 1980.

I. BABUSKA AND J. E. OSBORN, Finite element-Galerkin approzimation of the eigenvalues and
eigenvectors of selfadjoint problems, Math. Comp., 52 (1989), pp. 275-297.

I. BABUSKA AND J. E. OSBORN, Figenvalue problems, in Handbook of Numerical Analysis,
Volume II. Finite Element Methods (Part 1), P. G. Ciarlet and J. L. Lions, eds., North—
Holland, Amsterdam, 1991, pp. 641-787.

H. BERESTYCKI, F. HAMEL, AND N. NADIRASHVILI, Elliptic eigenvalue problems with large drift
and applications to nonlinear propagation phenomena, Comm. Math. Phys., 253 (2005),
pp. 451-480.

H. BERESTYCKI AND L. NIRENBERG, Travelling fronts in cylinders, Ann. Inst. H. Poincaré Anal.
Non Linéaire, 9 (1992), pp. 497-572.

A. BOURLIOUX AND B. KHOUIDER, A rigorous asymptotic perspective on the large scale simu-
lations of turbulent premized flames, Multiscale Model. Simul., 6 (2007), pp. 287-307.
S.-L. CHANG, C.-S. CHIEN, AND B.-W. JENG, An efficient algorithm for the Schrédinger-

Poisson eigenvalue problem, J. Comput. Appl. Math., 205 (2007), pp. 509-532.

F. CHATELIN, Spectral Approzimations of Linear Operators, Academic Press, New York, 1983.

M. CHERTKOV AND V. YAKHOT, Propagation of a Huygens front through turbulent medium,
Phys. Rev. Lett., 80 (1998), pp. 2837-2840.

C.-S. CHIEN AND B.-W. JENG, A two-grid discretization scheme for semilinear elliptic eigen-
value problems, SIAM J. Sci. Comput., 27 (2006), pp. 1287-1304.

P. G. CIARLET, The Finite Element Method for Elliptic Problems, North—Holland, Amsterdam,
New York, Oxford, 1978.

P. G. CIARLET AND J. L. LIONS, EDS., Handbook of Numerical Analysis, Volume II. Finite
Element Methods (Part 1), North-Holland, Amsterdam, 1991.

P. CLAVIN AND F. WILLIAMS, Theory of premized-flame propagation in large-scale turbulence,
J. Fluid Mech., 90 (1979), pp. 598-604.

P. CoNSTANTIN, A. KISELEV, A. OBERMAN, AND L. RyzHIK, Bulk burning rate in passive-
reactive diffusion, Arch. Ration. Mech. Anal., 154 (2000), pp. 53-91.



[39]

[40]

(=1

=

w0

<

>

KPP FRONT SPEEDS IN RANDOM SHEAR FLOWS 1041

. GARTNER AND M. FREIDLIN, The propagation of concentration waves in periodic and random

media, Dokl. Akad. Nauk SSSR, 249 (1979), pp. 521-525.
HAMEL, Formules min-max pour les vitesses d’ondes progressives multidimensionnelles,
Ann. Fac. Sci. Toulouse Math. (6), 8 (1999), pp. 259-280.

. HEINZE, G. PAPANICOLAOU, AND A. STEVENS, Variational principles for propagation speeds

in inhomogeneous media, SIAM J. Appl. Math., 62 (2001), pp. 129-148.

Phys. Rev. Lett., 68 (1992), pp. 934-937.

. KOLMAN, A two-level method for nonsymmetric eigenvalue problems, Acta Math. Appl. Sin.
Engl. Ser., 21 (2005), pp. 1-12.

. R. KRAMER, A review of some Monte Carlo simulation methods for turbulent systems,
Monte Carlo Methods Appl., 7 (2001), pp. 229-243.

. LIN, Some problems concerning approzimate solutions of operator equations, Acta Math.
Sinica, 22 (1979), pp. 219-230 (in Chinese).

. LN AND G. XIE, Accelerating the finite element method in eigenvalue problems, Kexue
Tongbao (Chinese), 26 (1981), pp. 449-452.

. L1u AND A. ZHOU, Two-scale finite element discretizations for parallel differential equations,
J. Comput. Math., 24 (2006), pp. 373-392.

. MAJDA AND P. SOUGANIDIS, Flame fronts in a turbulent combustion model with fractal
velocity fields, Comm. Pure Appl. Math., 51 (1998), pp. 1337-1348.

A. R. KERSTEIN AND W. T. ASHURST, Propagation rate of growing interfaces in stirred fluids,
K

. NOLEN AND J. XIN, Variational principle based computation of KPP average front speeds in

random shear flows, Methods Appl. Anal., 11 (2004), pp. 389-398.

. NOLEN AND J. XIN, Min-maz variational principle and front speeds in random shear flows,

Methods Appl. Anal., 11 (2004), pp. 635-644.

. NOoLEN AND J. XIN, A wariational principle based study of KPP minimal front speeds in

random shears, Nonlinearity, 18 (2005), pp. 1655-1675.

. NoLEN AND J. XIN, Variational principle of KPP front speeds in temporally random shear

flows with applications, Comm. Math. Phys., 269 (2007), pp. 493-532.

. NOLEN AND J. XIN, Computing reactive front speeds in random flows by variational principle,

Phys. D, 237 (2008), pp. 3172-3177.

. NOLEN AND J. XIN, Asymptotic spreading of KPP reactive fronts in incompressible space-

time random flows, Ann Inst. H. Poincaré Anal. Non Linéaire, to appear.

. RONNEY, Some open issues in premized turbulent combustion, in Modeling in Combustion
Science, Lecture Notes in Phys. 449, J. D. Buckmaster and T. Takeno, eds., Springer-
Verlag, Berlin, 1995, pp. 3-22.

. RoNNEY, B. HasLaM, AND N. RHYS, Front propagation rates in randomly stirred media,
Phys. Rev. Lett., 74 (1995), pp. 3804-3807.

. SHEN, Parallel Adaptive Finite Element Algorithms for Electronic Structure Computing

Based on Density Functional Theory, Ph.D. thesis, Academy of Mathematics and Systems
Science, Chinese Academy of Sciences, Beijing, China, 2005.

. H. SLOAN, Iterated Galerkin method for eigenvalue problems, SIAM J. Numer. Anal., 13

(1976), pp. 753-760.

. XIN, Front propagation in heterogeneous media, SIAM Rev., 42 (2000), pp. 161-230.
. XIN, KPP front speeds in random shears and the parabolic Anderson problem, Methods

Appl. Anal., 10 (2003), pp. 191-198.

. XU AND A. ZHOU, A two-grid discretization scheme for eigenvalue problems, Math. Comp.,

70 (2001), pp. 17-25.

. YAKHOT, Propagation velocity of premized turbulent flames, Combust. Sci. Technol., 60
(1988), pp. 191-214.

. ZLATOS, Pulsating front speed-up and quenching of reaction by fast reaction, Nonlinearity,
20 (2007), pp. 2907-2921.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


