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Study of Singularities in Nonsmooth Dynamical Systems via Singular
Perturbation”
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Abstract. In this article we describe some qualitative and geometric aspects of nonsmooth dynamical systems
theory around typical singularities. We also establish an interaction between nonsmooth systems
and geometric singular perturbation theory. Such systems are represented by discontinuous vector
fields on R, ¢ > 2, where their discontinuity set is a codimension one algebraic variety. By means of
a regularization process proceeded by a blow-up technique we are able to bring about some results
that bridge the space between discontinuous systems and singularly perturbed smooth systems. We
also present an analysis of a subclass of discontinuous vector fields that present transient behavior
in the 2-dimensional case, and we dedicate a section to providing sufficient conditions in order for
our systems to have local asymptotic stability.
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1. Introduction. The purpose of this article is to present some aspects of the geometric
theory of a class of nonsmooth systems. Our main concern is understanding the dynamics
of such systems by means of tools in the geometric singular perturbation theory. Many
similarities between such fields were observed, and a comparative study of the two categories
is called for. The main task for the future is to bring the theory of nonsmooth dynamical
systems to a maturity similar to that of smooth systems. Needless to say, geometric singular
perturbation theory is an important tool in the field of continuous dynamical systems, of
which very good surveys are available (see [6, 7, 9]). The techniques of geometric singular
perturbation theory can be used to obtain information on the dynamics of the nonsmooth
system, mainly in searching minimal sets.

The study of nonsmooth dynamical systems has in recent years established an important
bridge between Mathematics, Physics, and Engineering. The book [5] presents motivating
models that arise in the occurrence of impact motion in impact systems as well as switchings
in electronic systems and hybrid dynamics in control systems. For a survey on qualitative
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aspects of such systems we refer the reader to [14] and references therein. In many appli-
cations examples of nonsmooth systems where the discontinuities are located on algebraic
varieties are available (see, for example, [1, 2]). See, for instance, the system represented by
%+ x sign(z) + sign(z) = 0. Concerning theoretical results on this subject we refer the reader
to [3, 12]. This paper is mainly motivated by such issues. It is worthwhile to point out that
in [4] and [10] preceding results were established in two dimensions and three dimensions,
respectively, when the discontinuity set is a codimension one submanifold.

Let X be a nonsmooth vector field in RY, and denote by S its discontinuity set. First we
focus our attention on the flow (determined by the orbits of X tending to S) that is tangent
to 8, which is denominated the sliding mode. It appears when the flow of X across S and
points “inward” cannot leave such a surface.

Now we address the discussion to a more general context. Let 4 C Rf, £ > 2, be an open
set with 0 € U. Let S = S; |J Sa, where S and Sy are codimension one submanifolds of U
with 0 € §§ NS,y that are in general position. Around 0 € U we have that S; U Sy separates U
into four open quadrants: M, ..., M,. In our approach § will be the discontinuity boundary
of our systems, also named the switching variety.

Let X;, i = 1,...,4, be C" vector fields, with k > 1, Kk = o0, or K = w, defined on
U. We are concerned with the behavior of the sliding mode generated from a discontinuous
differential system expressed by

(1.1) 2=X(2)=Xi(2), zeM,;, i=1,...,4

We will denote these systems by X = (X1, ..., Xy) € Q%3 (U) and the intersection M; M
by 87,]

Throughout the paper we consider local coordinates (z1,z9,...,xy) such that S; = S14 U

Sa3 = {x2 = 0}, Sp = S12 U S34 = {x1 = 0}, and
M1:{1‘1>0,1‘2>0}, M2:{$1<0,ZE2>0},
MgZ{x1<0,1’2<0}, M4:{x1>0,x2<0}.

Denote by §* = S\ (81 N Sy) the regular part of S. In §* the definition of an orbit-
solution obeys, whenever possible, the Filippov convention (see [8]). Consider M; and M;,
1 # 7, having a common boundary. According to this convention there may exist generically a
sliding region S*' C S* such that any orbit which meets S remains tangent to S* for positive
time. This region is the part of S* on which X; and X; point inward to §*. Analogously
there may exist generically an escaping region S C §* such that any orbit which meets S
remains tangent to §* for negative time.

On S [ J 8% the flow slides on S*; the flow follows a well-defined vector field XS called
the sliding vector field. See Figure 1. The sewing region S** C S* is the part of $* where
the flow crosses §*. The boundary between the three regions is the locus of points where the
vector field is tangent to S* and the flow grazes the switching surface. In our context such
points together with the critical points of X° and S; N Sy constitute the set of singularities
of X.

We remark that outside the three above-mentioned open regions (grazing regions), non-
uniqueness of solutions is allowed, and the setting of local qualitative analysis has successfully

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



510 J. LLIBRE, P. R. DA SILVA, AND M. A. TEIXEIRA

Xi(q)
A
K
Ms My
Sa4 Skj

Figure 1. Boundary of four regions and the sliding vector field.

been the object of many studies. In the specific topic addressed in this paper the situation
may be even more complicated since we want to study the dynamics of the vector field X
around the origin. Alexander and Seidman in [1, 2] established a discussion of such a situation
by using two mechanisms termed blending and hysteresis. Our approach is closest in spirit to
the works [4] and [10], and one of our concerns is to know when a sliding flow in S* can be
continued until the intersection S1 N S,. In addition, we also present some applications of the
techniques developed in [4] and [10] for analyzing the behavior of the so-called transient flow
around 0.

We begin by explaining the main concepts with a concrete example before discussing the
general result of this setting.

Ezample. Consider U C R?, an open set with 0 € & and X = (X1,...,X4) € Qoa, (U).
We denote X; = (fi, gi,hi), i = 1,...,4. Suppose that f; <0, g1 <0; fo >0, g2 <0; f3 >0,
g3 > 0; and fy <0, g4 > 0. This means that all vector fields point inward to the intersecting
switching curve ¥ = 8§ NSy = {(0,0,z3)}. It is natural to extend the definition of the sliding
vector field to this set. A possible sliding vector field is a convex combination of X7, X5, X3,
and X4. We denote this combination by

i=4
XAEL...,M =MX1+ -+ Xy, Z’\i — 1.

i=1

If
f1(0)  f2(0)  f3(0)  £4(0)
rank | g1(0) g2(0) g3(0) ¢4(0) | =3,
1 1 1 1

then there exists an open set 0 € & C R3 such that for any (0,0, 23) € U the set
i=4
{/\ ERY D N =1, X ,,(0,0,z35) € 2}
i=1

is a nonempty set with dimension one in R*. Clearly we face here an ambiguity situation, and
naturally some questions arise. For example, What is required to avoid such ambiguity?, or
How about the dynamics of smooth systems nearby X ?
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Let X = (X1,...,X4) € Q934 (U). Summarizing, in what follows we give a rough overall
description of the main results of this paper.
(a) There exist four curves

{Vi(¢7mlap) :0}7 {ai(eax%p) :0}7 1= 1727

with 0,7 € [0,7], 21,20 € R, p € R*~2, and such that the sliding region S*' | J S on the
regular part S* is homeomorphic to one of them. Moreover, the sliding vector field X< is
topologically equivalent to one of the following reducing problems:

’Yi('lb,(lfl,p)zo, .fl :5i(¢7:1:17p)7 /‘):Vi(waxlap)

or
a’i(07m27p) :07 :1';2 :/Bi(eax27p)7 p:Ui(97$2ap)'

See Theorem 2.2(a), (b).
(b) For ¢ > 3 there exists a differential system

C(97¢7p) =0, 6(97¢7p) =0, = ¢(971/}7p)7

which extends the concept of the Filippov system for the case S; N Ss. See Theorem 2.2(c).
(c) For ¢ =2, X1 = X3, and X9 = Xy, the flow of the regular vector fields which approach
X = (X1, X3, X1, X>) in the transient case is described. See Proposition 5.4.

2. Preliminaries and statement of results. In this section basic concepts and the main
result of the paper are presented.

The sliding vector field X is defined at ¢ € Sg; N (S J S°) by X¥(q) = m — ¢, with
m being the point where the segment joining ¢ + X (¢) and ¢ + X;(q) cuts S;. In previous
works (see [4, 10, 11]) it was shown that if p = (21,...,7) € SUSy and 23 + 23 # 0, then the
sliding vector field on a neighborhood V of p can be studied via singular perturbation theory.

Suppose that p = (0,29,...,2¢) € Sz, X = X1 = (f1,91) € R x RV if 21 > 0,
X =X, =(fo,q0) e RxRVifz; <0, and fi(p) - fa(p) # 0.

Definition 2.1. A C*®-function ¢ : R — R is a transition function if p(s) = —1 for
s<—1,9(s)=1ifs>=1, and ¢'(s) >0 if s € (—1,1).

The ¢, -regularization of X is the one-parameter family given by

(2.1) X2 = (1/2) [+ p(z1/e) X1 + (1 = p(a1/e)) Xo

for 9 >0, ¢ > 0.

__ Consider, around the point p, the surface composed by the union of M; NV, My NV, and

S12={(0,p):0 € (0,7), p=(z2,...,2¢) € S12NV}. We denote M = (M;NV)US12U(MaNV)

and remark that the set {(0, p) : p € S12NV} has two distinct copies: 9(M;NV) and I(MaNV).
The blow-up process is the change of coordinates x1 = rcosf, ¢ = rsinf. It induces a

smooth vector field on M whose trajectories coincide with those of X7 on My, of X5 on Mo,

and of a singular perturbation problem on S5 described by

(22) 0" = a(r797p)7 P, = TB(T707P)7
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Figure 3. Fast and slow dynamics with the slow manifold connecting two folds.

with 7 >0, 0 € (0,7), p € S12NV, and « and f of class C*. We remark that the functions
a(r,0,p) and B(r,0, p) are given by
fi— /o g9 + 92

@ (cot 6) 5 )

g1 — g2

a = —sinf + ¢ (cot 0) 5

fi+ fa
T+

with the functions f;, g;, i = 1,2, depending on (r cos @, p). See Figures 2 and 3.

Clearly in a neighborhood of 0 € R! we have two singular perturbation problems, SP1
and SP2, defined on the sets » > 0, # € (0,7) for p € Si2, and for p € Ss4, respectively.
Moreover, another two singular perturbation problems, SP3 and SP4, defined on the sets
u >0, € (0,m) for n € Sy4, and for n € Sas, respectively, still occur. Our main result is the
following.

Theorem 2.2. Consider X = (X1,...,X4) € Qo34 (U). There exist a neighborhood V C U
of 0 and the following singular perturbation problems defined at 0 € R¢:

(23) 9/ = ai(r?a’w%p)v :I;Ql = T,Bi(’l",e,fl,‘g,p), p, = TUi(T,H,JIQ,p), 1= 172a

(24) Q;Z), :’Yi(uvwvl‘l)p)? Q?llZU(Si(U,Q,[),QJ‘l,p), p,:UV@'(U,w,Jfl,p), 1= 172a
and
(25) U'lp, = TC(T7U707¢7P)7 9, = €(T7u707¢7p)7 p, = 7"¢(7”7U7971/17P)
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with r,u >0, 0,9 € [0,7|, (x1,22,p) €V, p= (x3,...,20). Moreover, a;, B;, 0i, Vi, 0i, Vi, C,
&, and ¢ are of class C* for i = 1,2 and satisfying the following:

(a) The sliding region (SSlUSBS)ﬂSl is homeomorphzc to the slow manifold {%( 0,11, p)
=0}\Zy={v=0,7} of (24), withi=1 at Sia and with i = 2 at Syy. The sliding
vector field XS is topologically equivalent to the reduced problem 7i(0,9,x1,p) = 0,
#1 = 6;(0,%, 21, p), and p = v;(0,%, 1, p).

(b) The sliding region (SSIUSQS)HSQ is homeomorphic to the slow manifold {a,(O 0,x2,p)
=0}\Z9g={0=0,7} of (2.3), withi=1 at S1a and with i =2 at Ssy. The sliding
vector field XS is topologically equivalent to the reduced problem o;(0,60,z2,p) = 0,
z2 = 53i(0,0,22,p), and p = 0,(0,0,z2,p).

(¢) The singular perturbation (2.5) is the blowing up of the reqularization of the systems
(2.3) fori = 1,2. The slow manifold is given by SM' = {¢(0,0,0,%, p) = 0}. Further-
more, for £ > 3, the slow flow is the limit, for r,u | 0, of the trajectories of another
singular perturbation expressed by

(2.6) 0 =&(r,u,0,0,0), o= 0(r,u,0,,p).
The slow manifold of (2.6) is the set on RY given by
M? = {£(0,0,0,%,p) = 0,((0,0,6,4,p) = 0} C SM".

In section 3 we focus on the concept of regularization discussed above, and we prove
Theorem 2.2. The sets given by «;(0,60,x2,p) = 0, v;(0,¢,z1,p) = 0, and {(0,0,6,1,p) =0
are called slow manifolds, and they will be denoted by SM. We say that a slow manifold is
nontrivial if it is not contained in Z = {0 = 0,7} U{p =0, 7}.

oYy

PX1 (t27p) M,

ex; (t1,p OX

M1 M2

Figure 4. Transient vector fields around 0.

Let X = (X1,X2) € Qy3,(U) be a vector field belonging to the class Qf,(U) of dis-
continuous vector fields satisfying X3 = X7 and Xy = Xs. In section 5 we provide sufficient
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conditions for the local asymptotic stability. Finally, in section 5 we study systems in this class
that present a transient behavior. See section 5 for a precise definition. For an illustration
see Figure 4.

3. Proof of Theorem 2.2. First we introduce some basic definitions. Consider a transition
function ¢.
(a) The @y, -reqularization of X is the one-parameter family given by

(3.1) X2 = (1/2) [(1 + ¢(z1/e)) X1 + (1 — p(x1/¢)) Xo]
for 9 > 0, € > 0, and
(3:2) X = (1/2) [(1 + ¢(x1/e)) Xa + (1 — p(x1/¢)) Xa]

for 9 < 0, € > 0.
(b) The ¢, -regularization of X is the one-parameter family given by

(3.3) Xo' = (1/2) [(1+ p(a2/a)) X1 + (1 — p(x2/a)) X4

for 1 > 0, a > 0, and

(3.4) X2? = (1/2)[(1 + @(x2/a)) X2 + (1 — ¢(z2/a)) X3]
for 1 <0, a > 0.
Denote
¥ + = .
0= =52, 05 ==L Az =gpleot(2)), Sa=—sina,
and
wxo Vg xUpxU. 00
abed — 4 ’

where *,%,0 € {+,—}.

Let ¢ : R — R be a transition function. We remark that the mapping A : [0,7] — R
given by A(€) = p(cotd) for 0 < § < m, A(0) = 1, and A(7m) = —1 is a nonincreasing smooth
function which is strictly decreasing for 7 < 6 < %'

Proof of Theorem 2.2. For simplicity we suppose that ¢ = 3, and we write X; = (f;, gi, hi),
i = 1,...,4. Denote by X!, X? the equations of (3.1) and (3.2), respectively, after the
coordinate change € = rsinf, x1 = rcosf. Let X] and X} be these equations after the time
rescaling t = r7. Let X2, X be the systems given by (3.3) and (3.4) now written in the
coordinates a = wusinty, x2 = ucosy. Represent by X3, X those systems after the time
rescaling t = ur. Thus X[, ¢ = 1,2, are the vector fields corresponding to the differential
systems (2.3), given in Theorem 2.2, on 5/'1\2 and on ‘S/’;;l, respectively. Analogously, X7, i = 3,4,
are the vector fields corresponding to the differential systems (2.4), given in Theorem 2.2, on
51\4 and on 52\3, respectively. See the equations in Table 1 and a diagram with the local vector
fields in the blowing-up locus in Figure 5.
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Table 1
The equations of the reqularizations.

rd = So(fih+A0)f) r0 = So(fh+N0O)fis)
XS @2 = gh+ M09, XS @ = gl + A0)ga
s = hi, 4+ AO)h;, g3 = hiz+A0)h
[ wh = Su (o + A@)o) wp = Sy (98 + A(¥)g3s)
X} @ = iAW) fn Xpq @ = fh A fi
Zs = hi,+ AWy T3 = his+ A()hy
0 = So(fis+\0)f) 0 = So(f+X20)f5)
X719 @b = (g +AO)gp) X359 @ = 7r(gis+N0)g)
= (bl +AO)hL) v = 1 (his + A(O)has)
W= Sy (g + AMW)gn) W= Sy (g + AN¥)ga3)
X3¢ 2 = u(fli+A@) ) Xiq @ = u(fhs+AW)fs)
oy = u(hi+AW)hiy) ay = u(his + Mp)hy)
1
X X X
T
0
4
Y x U
\/
T
—

Figure 5. Local vector fields in the blowing-up locus.

Since the proofs of the cases (a) and (b) are similar, we will prove only (b) for zo > 0.
The slow manifold for 6 € (0,) is implicitly determined by the equation f; + A(0)f;5 = 0.
We have that fi, =0 if and only if f1(0,z2,z3) = f2(0, x2,z3).

We denote f(z1,22,23) and f(r,6,z2,23) before and after the blow-up, respectively. If
(0,0, 9, 23) € (S |J S*), then the vector fields point inward or outward. This implies that

f1(0,0, 29, 23). f2(0,60, 22, 23) < 0.

Thus we have that f;,(0,0, 29, 23) # 0 for any 6 € (0,7), (0,22, 23) € (S*' |J S**). Since

+
L2 =1 = f1.fr=0,
f12
we have
1< _f12(0797:1:27:1:3) 1
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for all (0,0, x5, 23) € (S*'(JS*). Moreover, the inverse of the restriction )\|(%7 o) is increasing

n (—1,1), and the equation f;, + A(8)f;; = 0 defines a continuous graphic contained in

{(9 1‘2,1‘3)|ZE26R r3 €ER, 0 € <Z 3;)}

In accordance with the definition of X, we have that X¢ = X, + k(X2 —X) with k& € R such
that Xq(x1, 9, x3) + k(X2 — X1) (21, 2, 23) = (0,y2, y3) for some yo,y3. Thus it is easy to see
that X< is given by X¢ = (0 L 192 L 291 Liho—f th) The reduced problem is then represented

—f2 fi—fa
+
by 9 = gfy + M0)g1y, 43 = th + A(0)hi, under the restriction A() = —%. Then we must
have @y = L92=0201 5. — Jiha—fohi ¢ fi])6ws immediately that the flows of XS and the
fi—f2 fi—fa

reduced problem are equivalent.
To prove case (c) we consider the ¢, -regularization of X{ and X3:

" or 0" = So(fisas" +M0)fraas +p(w2/a)fiozy + @(2/a)A0) fraa3") ,
(35) X, * < @y = v (gl +AO) gk + e(w2/a)glsy + @(e2/a)A(0)g1as )
ay = (s + MO)hiss + e(2/a)hisy + @(x2/a)M0)his ) -

The equations of the equivalent system with a = usin, x9 = ucosy are

0" = Sy (Fihdd + MO ks + AU fihsr + ADAO) fizs3) -
(3.6) wp = Sy (gfg: + AO)g12t5 + MW)gissr + AO)IMO)g1553 )
oy = v (] + MOy + AWz + AW O ) -
By means of the time rescaling 7 = us we get (keeping the notation #',¢’, x4 for simplicity)
0" = uSy (fisd + MO fiziz + M) fibas + ADAO) froms)
(3.7) W= Sy (9 + MOl + AW)glzs + AMVIAO)g1043 )
vy = 1 (hissd + MNOhishs + M)hizg +AD)MO)hisg ) -

Thus we have
E(r,u, 0,9, 3) = So (fiza + MO fiogs + AW) fizss + AAO) fiags) »

C(ru, 0,9, x3) = Sy (9151 + MO)giams + ANW)gizs + AML)AO)g1243 ) »

and
o(r,u, 0,9, x3) = hizsy + AO0)hishs + M)z + AMW)AMO)higs -

We define the slow system (u = 0 at (3.6)) and the fast system (divide by r and u = 0 at
(3.7)) at (z1,z2,23) = (0,0, z3), respectively, by

0 = Sy (9123+ + A0) g5 + AW)giosr + AN O) 91245 ) »
(3.8) Xgod 0 = Sp (S + MO fiods +A@W) fihsr + A0 frazs )
zh = 0
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and
(3.9) L= S (el MOl AWl +A@MNO)
39 XOO 9 - 0,

zh = 0.

This finishes the proof. |

Next the results of the theorem are illustrated.

Ezample 1. Consider Xi(z1,x2) = (—1,-1), Xa(z1,22) = (2,—1), X3(z1,22) = (4,5),
and X4(z1,72) = (—2,3). The trajectories of X} are the solutions of the reduced problem
Sp (% — %)\(9)) =0, 9 = —1, where Sy = —sinf. The slow manifold is the curve 6 = 6,
with A(fg) = 1/3, and the slow flow points to region x5 < 0. The fast vector field is (6’,0)
with 6/ < 0 for § > 6y and 6’ > 0 for 6 < 6. The trajectories of Xg are the solutions of the
reduced problem Sy (1 —3\(0)) = 0, 2 = 4 — A(f). The slow manifold is the curve 6 = 6y
with A(6p) = 1/3, and since 4 — A(6) > 0 for 6 € (0, 7), the slow flow points to region zo > 0.
The fast vector field is (6’,0) with 8" < 0 for § > 6y and 6’ > 0 for 6 < y. The trajectories of
X3 are the solutions of the reduced problem Sy (1 —2A(¢)) = 0, 1 = —3 + 1A\(¥). The slow
manifold is the curve ¢ = 1y with A\(¢yg) = 1/2, and since 1 < 0 for ¢ € (0, 7), the slow flow
points to region x1 < 0. The fast vector field is (¢’,0) with ¢’ > 0 for 1) < 1)g and ¢’ < 0 for
¥ > 1hy. The trajectories of X are the solutions of the reduced problem Sy, (2 — 3A(¢))) = 0,
21 = 3 — A(¥). The slow manifold is the curve ¢ = 1)1 with A(¢1) = 2/3, and since 21 > 0 for
¢ € (0,7), the slow flow points to region 1 > 0. The fast vector field is (¢/,0) with ¢/ > 0
for ¢ < 11 and ¢’ < 0 for ¢ > ;. The trajectories of Xy are the solutions of the reduced

mdmmswp—-xm—gmw+-Mw»w»_oof:;p—-mm—ixw+§uwnw»

The slow manifold is the curve 3 — 2X(6) — SA(¥) + $A(¥)A(0) = 0, which connects the points
(0,v) = (0,7p) and (9 zp) = (7T 1/11) with )\( 0) = 1/2 and A(¢1) = 2/3. In fact, if 0 = 0,
then A(f) = 1, and 3 — —)\(0) - )\(1/1) ( )JA(0) = 0 implies A(¢)) = 3, and if 0 = ,

then A0) = —1, and 3 —2A0) — S3AW) + 3A(W)A(6) = 0 implies A(¢) = % Observe that
3 —IXN0) - 2A(w) + %)\(1/1))\(9) = 0 anhes 0 = Mzﬂ(—w)@(@) + 83X(0) — 12). There
eX1sts a unique o = % - %\/6169 € (—1,1) such that —15a2 + 83« — 12 = 0. Furthermore, if
A < o, then —15X% + 83X — 12 < 0, and if A > «, then —15X% + 83\ — 12 > 0. So there exists

a unique 0, € (3, 27) such that A(6.) = o and
0<0<0,=X0)>\0:) =0 >0
and
0>0.=X\0)<\0:) =0 <0.

Moreover, A(6p) = 1/3 and €’ > 0 imply that 6y < 0,. See Figure 6.
Ezample 2. Consider X;(x,y) = (—y,z) and Xa(x,y) = (1,—1). The trajectories of X}
are the solutions of the reduced problem

—y+1 -y—1 L1
5 FAO) 5= =0, §=—5(1-A0).
1-\(0)

The slow manifold is the curve y = y(0) given by y = § SYOR This function is increasing;:

lim y(@) =0, lim y(f) = +oc.
6—>% f— 37

4
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Figure 6. Local vector fields in the blowing-up locus of Example 1.

Since 1 — A(#) > 0, we have that § < 0. So the slow flow points to region y < 0. Denote 6(y)
the inverse function of y(#). The fast vector field is (#’,0) with #’ < 0 for 6(y) < 6 < 7w and
0" > 0 for 0 < § < O(y). The trajectories of X2 are the solutions of the reduced problem

—y+1
2

y+1_
=

+A0) 0, §= —%(1“(9)).

The slow manifold is the empty set. In fact, the right-hand side of y = %)(i)l is positive for

0 € (Z,37), and here we have y < 0. The fast vector field is (¢,0) with 6/ < 0 for 0 < 6 < .

The trajectories of X§ are the solutions of the reduced problem

r—1 x—i—l_

— (1= Aw)).

0, &=

N —

The slow manifold is the curve x = z(1) given by x = i;igzg This function is increasing:

lim z(y) =0, lim x(¢) = 4oc.
v—7 p—3F

We have & > 0. So the slow flow points to region x > 0. Denote by ¥ (z) the inverse function
of x(¢)). The fast vector field is (¢',0) with ¢/ < 0 for 0 < ¢ < ¥(z) and ¢’ > 0 for
P(z) < < 7. The trajectories of X are the solutions of the reduced problem

1 -1
$2 AW —E—0, i=

; (1+A®)).

N =

The slow manifold is the empty set. In fact, the right-hand side of x = _1;(5‘/)()@1 is positive,

and here we have x < 0. The fast vector field is (¢',0) with ¢’ < 0 for 0 < ¢ < 7. The
trajectories of Xgo are the solutions of the reduced problem
-1 1 Sy

> + A(¢)A(9)2 =0, ¢ 5

(1= A()A(0)) -
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The slow manifold is given by the equation A(¢))A() = 1, and the slow flow is 8" = 0, which
is highly degenerated. The fast vector field is (¢/',0) with ¢ < 0 for 0 < 1) < 7. Note that
A()A(O) =1 for all (0,4) € ([0,7/4] x [0,7/4]) U ([37/4, 7] x [37/4,7]). See Figure 7.

N Qg
-

e

Figure 7. Local vector fields in the blowing-up locus of Example 2.

4. Intersecting switching surfaces on R3. In this section we consider the case ¢ = 3. We
provide sufficient conditions in order for an equilibrium point of the reduced problem (2.6) to
be a local attractor. See previous results in this direction in [12, 13].

In what follows we use the notation

8(@,111)_ q)aa \Ijab
8(@,1)) N (I)ba \I’bb

Proposition 4.1. Consider U C R3, an open set with 0 € U and X = (X1,...,Xy) €
Qo (U). Denote X; = (fi,gishi), i = 1,...,4. Let (, 1 be the functions which satisfy
¢ = 5pC and & = Syp& with ¢, &, and ¢ given by (2.5). Let D C (0,7) x (0,7) x R be an open
neighborhood of (0o,0,0). Suppose that (0,0, 60,10,0) = £(0,0,60p,0,0) = 0 and that for
(0,,23) € D we have

(¢, €)
0(0,¢)

>0,

Then the slow manifold SMy is a curve parameterized by (0(x3), ¥ (x3),x3). Moreover, if

¢(007¢0)0) = 0) aiwggb(e())w(]vo) < O)

then (0g,0,0) is an attracting singular point of the reduced system (2.6).
Proof. 1t is enough to apply the implicit function theorem. The assertions about the
singular point follow the fact that the reduced problem is 2 = az3 + - - with a < 0. ]
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Ezample. Consider X = (Xq,...,X4) € Qfy3,(U) given by X7 = (—1,—-1,—x3), Xo =
(2,-3,—x3), X3 =(1,2,—x3), and X4 = (—3,1,—x3). System (2.5) takes the form

wy = rSy(— + 1A0) — IAW) + FAW)A0)),
0 = Sp(—1—TA\0)+ % (V) + TAOA)),
zh = —rus.

The slow manifold SM? is given by —1 + A(0) — TA(¢)) + 3A(@)A(x») = 0. This is a surface
parameterized by (6,1(0),x3) with 8 € [0,7]. Moreover, the curve (0,1(0)) is such that it
connects (6,1) = (0,7/2) to (m,12) with A(¢2) = —1/5. The fast vector field is such that
1) > 0 on the upper side and v’ < 0 otherwise. The slow manifold SM> is represented by

{ 1+ A0) — TAW) + 3AO)A@) = 0,
—1—7A0) + 3A(W) + AMOAW) = 0.

This curve is parameterized by (6o, 1o, x3), 3 € R, with A(¢g) = 11—4217\/ﬁ and \(fp) = S_E/ﬁ.
Since xf = —x3, the slow flow on SM, has an attracting singular point at (6p,0,0). See
Figure 8.

x9 Z2

——— /?/ 1

%N

Figure 8. A sequence of slow manifolds SMs C SM;.

T3
T3

5. Transient vector fields on R2. Now we give special attention to the class of discon-
tinuous vector fields that present a transient behavior around the singularity. The following
study program can be considered. Let F' : U C R%,0 — R, 0 be a generic Morse C*®°-function.
This means that we may take a coordinate system (x1,x2) around (0,0) such that it takes
either the form (a) F(z1,22) = x5 or the form (b) F(x,y) = 22 4+ cy? with ¢ = £1. We denote
by C*(U,R?) the set of all vector fields of class C* defined on U, with x > 1, endowed with
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Figure 9. T-type singular points.

the C"-topology. Consider X1, X5 € C*(U,R?). The idea is to study the following nonsmooth
system in U:

| Xi(q) = (filg),91(q)) if F(q) >0,
51) X(‘”‘{ Xa(q) = (o) g2(0)) i Flg) <0.

The case (a) was treated in [11]. The case (b) can be seen as a particular case of the
system studied above when ¢ = —1. In this case we will denote X = (X3, Xs) € Q4 (U).
The case when € = 1 does not deserve to be analyzed. We choose local coordinates such that
M = F71(0) = {xy = 0}. Thus M; = {x.y > 0} and My = {z.y < 0}. In what follows we
denote by Ox,(p) = {¢x,(t,p), t € R} the orbit of the vector field X*, i = 1,2, through the
point p.

Definition 5.1. We say that X = (X1,X2) € Q5(U), U C R?, is a transient vector field
around 0 if, for all p = (x,y) € M; for some i = 1,2, there exist t1,t2 € R such that Ox,(p)
(i=14fxy >0o0ri=2ifzy <0) cuts 0X \ {0} and 0Y \ {0} transversally for t = t;
and t = to, respectively. Moreover, tity < 0, and for any t between t; and ty we have that
()OXi(t7p) € M;.

Definition 5.2. Let A € M(2) be a 2 x 2 real matriz. We say that (0,0) is a T-type singular
point of A if the Jordan form of A, J(A), is one of the following.

o (focus-type) J(A) = [g _aﬁ], with o - B # 0;

e (improper node—type) J(A) =& L], with o # 0 and with the eigenvector w € M;;

e (saddle- or node-type) J(A) = [)61 )?2], with A\ # A2 € R and with both eigenvectors
in the same M;.

See Figure 9.

Proposition 5.3. Let X = (X1, X3) € Q% (U), U C R?, be a transient vector field. If (0,0)
is a hyperbolic singular point of X;, i = 1,2, then (0,0) is a singular point of the linear vector
field DX;(0,0) of T type.

Proof. We have that (0,0) is a saddle or a node or a focus. The transient behavior
of X; implies that we cannot have orbits on M; U {(0,0)} with a-limit or w-limit equal to
{(0,0)}. Moreover, if (0,0) is a saddle or a node, then the stable and unstable manifolds are
on M; U{(0,0)}. [ |

Now we introduce some notation. Q1 = {(z,y); = > 0, y > 0}.

e We say that X; for i = 1,2 is of Fj; type in a neighborhood of (0,0) if (0,0) is a focus
or an improper node of X;. Moreover, the trajectories are positively oriented if j = 1
and negatively oriented if j = 2.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



522 J. LLIBRE, P. R. DA SILVA, AND M. A. TEIXEIRA

N

7\/7

R11-R21

Figure 10. Transient vector field of (Ri1, R21) type.

e We say that X; for i = 1,2 is of Sj; type in a neighborhood of (0,0) if (0,0) is a
saddle or a node of X; and the trajectories on M; are positively oriented if j = 1 and
negatively oriented if j = 2.

e We say that X is of Ry; type in a neighborhood of (0,
X1 and X;(0,0) € Q2 1if j =1 and X;(0,0) e Q4 if j =

e We say that X is of Ry; type in a neighborhood of (0,0
X, and X5(0,0) € Q1 if j = 1 and X;(0,0) € Q3 if j = 2.

e We say that (X7, X3) is of (A, B) type if X is of A type and X5 is of B type.

Remark. We have 36 possible combinations for X; and X5. However, we can reduce this
number, observing that some cases can be identified by means of a rotation or a change of sign.
For example, roughly speaking, (Fi2, F51) can be identified with —(Fy1, Fa2), and (S11, Fa1)
can be identified with R o(F11,S21). Thus we have the following:

(a) If X1(0,0) € My, X5(0,0) € M, then, by means of a rotation, X = (X, X») is such

that its phase portrait is of (Ry1, Reo1) type. See Figure 10.

(b) If | X1(0,0)[.| X2(0,0)| = 0 and | X1(0,0)[* + | X2(0,0)|* # 0, then X = (X1, X2) is such
that its phase portrait is of (Fi1, Ro1), (F11, Ra2), (S11, Re21), or (S11, Ra2) type. See
Figures 11 and 12.

(c) If | X1(0,0)|% + | X2(0,0)|?> = 0, then X = (X1, X3) is such that its phase portrait is of
(F11, Ioy), (Fin, Fag), (Fin, S21), (F11,522), (S11,S21), or (S11, S22) type. See Figures
13, 14, and 15.

Ezample. Let X = (X1,X3) € QF,(U) be a transient vector field defined on a neigh-
borhood of 0 € U C R?. Suppose that X1(0,0) = (a,b), ab < 0, and X3(0,0) = (c,d),
with ¢d > 0. The slow manifold on the blowing-up locus corresponding to z; > 0, z5 = 0
is Sw(bg—d + bg—d/\(w)) = 0 and on the blowing-up locus corresponding to z1 < 0, xo = 0 is
Sy (24 4+ 22N (1)) = 0. If we consider bd < 0, we have that — 24 € (—1,1), which implies that
there exist 11,92 € (7§, %T”) such that the slow manifolds are ) = 11 and @) = 19, respectively.
Finally, the equation of the slow manifold in the intersection is Sw(# + %/\(H)A(d))) =0.
We have that this manifold connects the points (6,1) = (0,%1) and (6,) = (7, 12).

0) if (0,0) is a regular point of
2.
)

if (0,0) is a regular point of
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Q

F11-R21 F11-R22

Figure 11. Transient vector fields of (Fi1, R21) type and (Fi1, Ra2) type.

W
2

\_/ 7\_/7

S11-R21 S11-R22

Figure 12. Transient vector fields of (S11, R21) type and (S11, R22) type.

Proposition 5.4. Let X = (X1, X2) € Q% (U) be a transient vector field defined on a neigh-
borhood of 0 € U C R2. Denote

a; —bi .
AZ_|:b’L ai:|7 2_1’27

[ sin(A1 + A2)  —2cos Aj cos Ao ]
B)\ = ’

2s8in Ay sin Ay —sin(A\; + A2)

and
—2sin \p sin Ay sin(A1 + A2) ]

Cr= [ sin(A1 + A2)  —2cos A\j cos Ay

(a) If X4 (0,0) = XQ(0,0) = (0, 0), DXl(O, 0) = Al, and DXQ(O, 0) = AQ, then for by > 0,
by > 0 the slow manifold is nontrivial and the reduced flow of system (2.5) is singular;
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7\_/7

F11-F21 F11-F22

Figure 13. Transient vector fields of (Fi1, F21) type and (Fi1, Fa2) type.

7\_/7

F11-S21 F11-S22

Figure 14. Transient vector fields of (F1i1,S21) type and (Fi1,S22) type.

and for by > 0, by < 0, and a1 # as the slow manifold is nontrivial and the slow flow
has a singular point.

Ile(O, 0) = XQ(0,0) = (0, 0), DXl(O, 0) = Al, and by > 0,0 < A < Ay < 7'('/2, then
for DX5(0,0) = By the slow manifold is nontrivial and the reduced flow of system (2.5)
is singular; and for DX2(0,0) = — By the slow manifold is nontrivial and the slow flow
has not only singular points. Moreover, if 2aqsin(\y)sin(Ag) > by sin(A; + A\o), then
the slow flow has a singular point.

Ile(0,0) = XQ(0,0) = (0,0), DX1(0,0) =Cy, 0 < A1 < A2 < 7T/2, and 0 < 1 <
p2 < /2, then for DX5(0,0) = B,, the slow manifold is nontrivial and the reduced flow
of system (2.5) is singular; and for DX5(0,0) = —B,, the slow manifold is nontrivial
and the slow flow has a part composed only of singular points and another part where
there exists a singular point.

We remark that A; is the matrix of a linear vector field which has a singular point of
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S11-S21 S11-S22

Figure 15. Transient vector fields of (Si1,S21) type and (S1i1,S22) type.

focus type at (0,0), and B) and C), are the matrices of linear vector fields which have singular
points of saddle type at (0,0) with eigenvectors (cos Aj,sin A;) and (cos Az, sin A2) in the first
and second quadrants, respectively.

Proof of Proposition 5.4. Suppose that X; and Xo satisfy the hypothesis of (a). The
equation of the slow manifold is 371& cos(0)((b1 + ba) + (b1 — ba)A(O)A(¢)) = 0. If by > 0 and
by > 0, then |%| > 1. This implies that the nontrivial part of the slow manifold is given
by 6 = m/2. Moreover, the slow flow is determined by ', which is zero for § = 7/2. If b > 0
and by < 0, then |%| < 1, and thus (b1 + b2) + (b1 — b2)A(0)A(¢0) = 0 defines two smooth
curves. The slow flow has a singular point because 8 = Sy cos(6)(az — a1) has a sign change
at 0 = 3. So (a) is proved.

Suppose now that both X; and X, satisfy the hypothesis of (b). The equation of the
slow manifold is S—;COS(Q)[(bl + 285),5),) + (b1 — 255, 5,)ANO)A(Y)] = 0. If by > 0 and
0 < A1 < A2 < 7/2, then Sy,S), > 0. This implies that the nontrivial part of the slow
manifold is given by 6 = 7/2. Moreover, the slow flow is determined by 6’, which is zero

for 8 = 7/2. If DX5(0,0) = —B,, then the slow manifold is %"cos(@)[(bl — 25),5),) +

. b1—2S5y, S .
(b1 + 255, S, )A(O)A(¥)] = 0. Since W € (—1,1), the equation defines at least two

2alsA15A2+blsA1+A2) has a

curves. The slow flow has a singular point because 6 = Sy cos(d) ( T TIO
1 2

sign change at § = 7. So (b) is proved.

Suppose now that X; and Xs satisfy the hypothesis of (c). The equation of the slow
manifold is 2 cos(0)[(— S, +as + 25 Syin) + (=1 120 — 29 S )JAOIAW)] = 0. TF0 < Ay <
Ao < m/2and 0 < py < pg < m/2, then —Sy, 4, > 0 and S, S, > 0. This implies that
the nontrivial part of the slow manifold is given by 6 = w/2. Moreover, the slow flow is
determined by ¢’, which is zero for § = /2. If DX5(0,0) = —B,,, then the slow manifold is

%% c08(0) (=122 = 25 Spa) + (= Sx1+33 + 250 Sua ) NOAW)] = 0. Simce —Pridegugn ¢
(—1,1), the equation defines at least two curves. The slow flow has a singular point because

—8S\, Sa, Sy Spo—28 S
I A1 P AP PR A1 f+AgPp1tHo
9" = Spcos(d) ( — S, 179725, Sy

) has a sign change at § = 7. In fact, observe
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that if

_ _8S>\1S>\QSM1SM2 - 25}\14—)\25#14-#2

)
_S)\1+)\2 + 25#15M2

= sgn(9) = —1,

then (c) is proved. [ ]

6. Conclusions. In this paper we propose a method of studying the dynamics around the
intersection of codimension one discontinuity submanifolds. Using a regularization process
proceeded by a blow-up, we get a singular perturbation problem. We also consider questions
like transient behavior and asymptotic stability.

Acknowledgment. The authors express their gratitude to the referees for their helpful
comments.
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