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APPROXIMATE NULLSPACE ITERATIONS FOR KKT SYSTEMS∗
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Abstract. We investigate a linear iteration scheme for solving Karush–Kuhn–Tucker systems
arising from optimization problems with linear equality constraints. The iterations are motivated
by the simplicity of the proposed combination of iterations for the forward and adjoint systems that
need to be solved and for which efficient solvers may already be available. Convergence results are
derived, and their practical relevance is investigated by means of a numerical example.
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1. Introduction. We consider the quadratic optimization problem with equality
constraints

(QP)
min
x,p

1
2

(
x�Hx x+ x�Hxp p+ p�Hpx x+ p�Hp p

)
+ f�

x x+ f�
p p

subject to (s.t.) Cx x+ Cp p+ c = 0,

where x ∈ R
nx , p ∈ R

np are the variable vectors of the optimization problem, the
vectors c, fx ∈ R

nx , fp ∈ R
np , and the matrices arising are of consistent dimensions:

Hx ∈ R
nx×nx , Hp ∈ R

np×np , Hxp = H�
px ∈ R

nx×np ,

Cx ∈ R
nx×nx , Cp ∈ R

nx×np .

We assume as an important structural property that Cx is nonsingular and utilize a
nullspace basis Z such that [Cx Cp]Z = 0 :

Z =

[−C−1
x Cp

I

]
.

Considering the Hessian of (QP)

H :=

[
Hx Hxp

Hpx Hp

]
,

we assume that the respective reduced Hessian

(1.1) S = Z�HZ = Hp −HpxC
−1
x Cp − C�

p C−�
x Hxp + C�

p C−�
x HxC

−1
x Cp

is positive definite, which guarantees the unique solvability of (QP). These linear-
quadratic problems typically arise as subproblems within large-scale model-based op-
timization tasks as, e.g., in [HSBG05, HSB08], where the constraint consists of a
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1836 K. ITO, K. KUNISCH, V. SCHULZ, AND I. GHERMAN

discretized partial differential equation (PDE). However, within this paper, we focus
on the linear-quadratic problem itself.

Problem (QP) is known to satisfy a KKT system of the form

(1.2)

⎡
⎣Hx Hxp C�

x

Hpx Hp C�
p

Cx Cp 0

⎤
⎦
⎛
⎝x
p
λ

⎞
⎠ = −

⎛
⎝fx
fp
c

⎞
⎠ ,

and we should note that the reduced Hessian S can be interpreted as the Schur com-
plement of the KKT matrix in (1.2) with respect to the variables (x, λ). The block
structure in the system matrix has motivated research in block-structured precondi-
tioners for Krylov subspace methods. In [BS01] three different preconditioners for
the solution of (QP) with minimal residual method (MINRES) and symmetric LQ
method (SYMMLQ) [PS75] are analyzed and tested. In [BG05], a preconditioner
very similar to our methods below is used and applied to accelerate GMRES [SS86]
iterations for the linear system. In [HA01] again a block-structured preconditioner is
used to accelerate QMR [FN94] for model-based output least-squares problems. The
article [DW06] again studies approximate block factorizations in the context of Krylov
iterations.

However, the application of Krylov-subspace methods might not be practical in
situations where a very high degree of modularity is required. This is particularly
the case when one aims to utilize previously existing iterative solvers for the equality
constraints in (QP). Furthermore, a generalization to nonlinear iterations for related
nonlinear problems is not obvious in a Krylov subspace context. Besides that, the
preconditioners used in the publications mentioned have so far not been analyzed as
iterative solvers. This is an interesting subject in itself and is the purpose of this
paper. The aim is to perform investigations for model-based quadratic programming
similar to those in [BWY90] for variational saddle-point problems like the Stokes
equation. In addition to modularity, large-scale applications may impede the use of
a direct sparse solver. Instead an iterative refinement is used.

In particular, we investigate the following linear iteration for solving (QP):

(1.3a) (xk+1, pk+1, λk+1) = (xk, pk, λk) + (Δxk, Δpk, Δλk),

where

(1.3b)

⎡
⎣ 0 0 Aa

0 B C�
p

Af Cp 0

⎤
⎦
⎛
⎝Δxk

Δpk

Δλk

⎞
⎠ = −

⎡
⎣Hx Hxp C�

x

Hpx Hp C�
p

Cx Cp 0

⎤
⎦
⎛
⎝xk

pk

λk

⎞
⎠−

⎛
⎝fx
fp
c

⎞
⎠

involves the approximations

Af ≈ Cx, Aa ≈ C�
x , B ≈ Z�HZ.

The matrices Af , Aa ∈ R
nx×nx are supposed to be square, nonsingular, and cheaply

invertible, and B ∈ R
np×np is symmetric positive definite. We will see below that in

the case Af = Cx, Aa = C�
x , B = S, iteration (1.3) stops after three iterations at the

solution of (QP). This may motivate choosing B ≈ S always. However, it is the main
point of the paper to observe that another choice for B in the case Af �= Cx, Aa �= C�

x

should be preferred.
In fact, in practical examples (see, e.g., [GS05]), the following fact has been

observed that seems surprising at first glance: The method iteration (1.3) works
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APPROXIMATE NULLSPACE ITERATIONS FOR KKT SYSTEMS 1837

better if B is an approximation to the reduced Hessian consistent with the choice of
Af , Aa as approximations to Cx, C

�
x in the form

(1.4) SA = Hp −HpxA
−1
f Cp − C�

p A−1
a Hxp + C�

p A−1
a HxA

−1
f Cp

rather than the exact reduced Hessian S from (1.1). We will give an explanation
for this observation. One should note that this is in line with similar studies for
variational saddle-point problems as in [BWY90]. However, the convergence theory
there cannot be carried over to iteration (1.3).

Since the iteration concept is based on an approximate nullspace representation
(Cx is replaced by Af , and C�

x is replaced by Aa), we call it an approximate nullspace
iterative technique. The iterations considered in this paper are related to the so-called
piggyback iterations in [GF02, Gri06]. This is described in more detail in section 4.
In contrast to [BS01, HA01, BG05, DW06], we do not consider here preconditioners
to be used within some Krylov method but rather focus on complete linear iterations.

The matrix

R :=

⎡
⎣ 0 0 Aa

0 B C�
p

Af Cp 0

⎤
⎦

arising in (1.3) can also be considered as a preconditioner, and related matrices are
used in [BS01, HA01, BG05] as preconditioners within a Krylov iteration setting. In
[BS01], an eigenvalue analysis is performed for the case Af = Cx, Aa = C�

x , B = S,
and approximations are numerically tested within a Krylov framework. In [HA01]
the output-least-squares structure is exploited for the generation of B. In [BG05],
quasi-Newton update techniques based on an outer iteration are recommended for
the generation of B.

In section 2 we give the main theoretical results of this paper and their proofs.
Section 3 is devoted to the application of these results in the context of a generic op-
timal control problem often found in the literature. Section 4 presents an algorithmic
reformulation of the linear iteration as a preparation for nonlinear variants and for
comparison with other similar iterative strategies. Numerical experiments supporting
the theory of section 2 are given in section 5.

2. Convergence results. In this section, we show that iteration (1.3) is con-
vergent under certain circumstances, and we also give criteria for the convergence.
The convergence theory of this section is based on a perturbation analysis. First we
show finite-step convergence for a reduced-type exact solver, where B in R is chosen
as SA.

Lemma 2.1. If Af , Aa and the Schur complement SA are invertible, then iteration
(1.3) with B = SA converges after three steps to the exact solution of the (perturbed)
problem ⎡

⎣Hx Hxp Aa

Hpx Hp C�
p

Af Cp 0

⎤
⎦
⎛
⎝x
p
λ

⎞
⎠+

⎛
⎝fx
fp
c

⎞
⎠ = 0.

Proof. We consider the iteration matrix M and show that it is nilpotent. First
we give the exact inverse in block form:⎡

⎣ 0 0 Aa

0 SA C�
p

Af Cp 0

⎤
⎦−1

=

⎡
⎣A−1

f CpS
−1
A C�

p A−1
a −A−1

f CpS
−1
A A−1

f

−S−1
A C�

p A−1
a S−1

A 0
A−1

a 0 0

⎤
⎦ .
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1838 K. ITO, K. KUNISCH, V. SCHULZ, AND I. GHERMAN

Now we compute explicitly the iteration matrix

M = I −
⎡
⎣ 0 0 Aa

0 SA C�
p

Af Cp 0

⎤
⎦−1 ⎡⎣Hx Hxp Aa

Hpx Hp C�
p

Af Cp 0

⎤
⎦

=

⎡
⎣ M11 M12 0
(S−1

A C�
p A−1

a Hx − S−1
A Hpx) (S−1

A C�
p A−1

a Hxp + S−1
A (SA −Hp)) 0

−A−1
a Hx −A−1

a Hxp 0

⎤
⎦ ,

where

M11 = −A−1
f CpS

−1
A C�

p A−1
a Hx +A−1

f CpS
−1
A Hpx,

M12 = −A−1
f CpS

−1
A C�

p A−1
a Hxp −A−1

f CpS
−1
A (SA −Hp).

We study M2 and keep in mind definition (1.4) for SA. Separately we investigate each
block of the 3 × 3-block matrix M2 that is not obviously zero. In order to simplify
the notation, we define the formal expression

Z := C�
p A−1

a HxA
−1
f Cp −HpxA

−1
f Cp − C�

p A−1
a Hxp − SA +Hp.

Of course, Z = 0, but we have to keep in mind this formal expression in order to be
able to understand the subsequent arguments. We compute the blocks

(M2)(1,1) = A−1
f CpS

−1
A ZS−1

A C�
p A−1

a Hx −A−1
f CpS

−1
A ZS−1

A Hpx = 0,

(M2)(1,2) = A−1
f CpS

−1
A ZS−1

A C�
p A−1

a Hxp +A−1
f CpS

−1
A ZS−1

A (SA −Hp) = 0,

(M2)(2,1) = S−1
A ZS−1

A Hxp − S−1
A ZS−1

A CpA
−1
a Hx = 0,

(M2)(2,2) = −S−1
A ZS−1

A CpA
−1
a Hxp − S−1

A ZS−1
A (SA −Hp) = 0.

Therefore, M2 is of the form

M2 =

⎡
⎣0 0 0
0 0 0
∗ ∗ 0

⎤
⎦ ,

and obviously M3 = MM2 = 0.
Henceforth we use the following abbreviations:

K :=

⎡
⎣Hx Hxp C�

x

Hpx Hp C�
p

Cx Cp 0

⎤
⎦ , K̃ :=

⎡
⎣Hx Hxp Aa

Hpx H̃p C�
p

Af Cp 0

⎤
⎦ , H̃p := Hp − SA +B.

Note that the matrix B is the exact Schur complement for K̃ that arises by eliminating
the first and third variables. Therefore, we can conclude from Lemma 2.1 that

(I −R−1K̃)3 = 0.

The iteration matrix for iteration (1.3) is given by

(2.1) I −R−1K = I −R−1K̃ +R−1(K̃ −K) =: M +N,
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APPROXIMATE NULLSPACE ITERATIONS FOR KKT SYSTEMS 1839

where M is a nilpotent matrix of nilpotency degree 3 and N can be considered as a
perturbation of M . For any matrix norm ‖.‖ subordinate to a vector-space norm, this
yields

‖(M +N)3‖ ≤
[
‖M2 +MN +NM +N2‖+ ‖M2 +NM‖+ ‖M‖2

]
‖N‖.

The following lemma is based on a perturbation argument and estimates the
influence of the perturbation induced by K̃.

Lemma 2.2. Define

θ := ‖M2+MN +NM +N2‖+ ‖M2+NM‖+ ‖M‖2, r := ‖N‖ = ‖R−1(K̃−K)‖.

If θr < 1, then iteration (1.3) converges with the convergence rate bounded above by

κ :=
3
√
θr < 1.

Proof. Since ρ(B) = limn→∞ ‖Bn‖ 1
n for any square matrix B, we obtain

ρ(I −R−1K) = 3
√
ρ((M +N)3) = 3

√
lim
n→∞ ‖(M +N)3n‖1/n

= 3

√
lim
n→∞ ‖(M +N)3n‖1/n

≤ 3
√
θr < 1.

Remark 1. We would like to point out that the problem of perturbation of
the spectrum of a matrix with a single eigenvalue, which is 0 in our case (for the
matrix M), has received a considerable amount of attention in the literature (see,
e.g., [CI97] and the references given there). For our work, we prefer to utilize the
estimate resulting from Lemma 2.2 rather than other perturbation results.

Henceforth we need to specify a norm, which we fix as the �2-norm.
Theorem 2.3. We define the numerical spectral norms

rfA := ‖I −A−1
f Cx‖2, raA := ‖I − A−1

a C�
x ‖2, rS := ‖I −B−1SA‖2.

If

(2.2) max{rfA, raA, rS} < 1/θ̃,

with

θ̃ := θϕ and ϕ :=

∥∥∥∥∥∥
⎡
⎣A−1

f CpB
−1C�

p −A−1
f Cp I

−B−1C�
p I 0

I 0 0

⎤
⎦
∥∥∥∥∥∥
2

,

then iteration (1.3) converges with the convergence rate bounded above by

κ =
3
√
θr < 1.
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1840 K. ITO, K. KUNISCH, V. SCHULZ, AND I. GHERMAN

Proof. We observe that

R−1(K̃ −K)

=

⎡
⎣A−1

f CpB
−1C�

p A−1
a −A−1

f CpB
−1 A−1

f

−B−1C�
p A−1

a B−1 0
A−1

a 0 0

⎤
⎦
⎡
⎣ 0 0 Aa − C�

x

0 B − SA 0
Af − Cx 0 0

⎤
⎦

=

⎡
⎣A−1

f CpB
−1C�

p −A−1
f Cp I

−B−1C�
p I 0

I 0 0

⎤
⎦
⎡
⎢⎣

0 0 I −A−1
a C�

x

0 I −B−1SA 0

I −A−1
f Cx 0 0

⎤
⎥⎦ ,

where ∥∥∥∥∥∥
⎡
⎣ 0 0 I −A−1

a C�
x

0 I −B−1SA 0
I − A−1

f Cx 0 0

⎤
⎦
∥∥∥∥∥∥
2

= max{rfA, raA, rS}.

The application of Lemma 2.2 gives

ρ(I −R−1K) ≤ 3
√
‖(I −R−1K)3‖2 = 3

√
θ‖(R−1(K̃ −K))3‖2︸ ︷︷ ︸

κ

≤ 3

√
θϕmax{rfA, raA, rS} < 1.

Remark 2. Since M and N as defined in (2.1) depend on Af and Aa and therefore

so does θ̃, we need to verify that condition (2.2) can be satisfied for some choice of Af

and Aa. In particular, we observe that θ̃ stays bounded from above when Af → Cx

and Aa → C�
x because then

N → 0,

M → I −
⎡
⎣ 0 0 C�

x

0 S C�
p

Cx Cp 0

⎤
⎦−1 ⎡⎣Hx 0 C�

x

0 Hp C�
p

Cx Cp 0

⎤
⎦ =: Mlim ,

⇒ θ → 2‖M2
lim‖+ ‖Mlim‖2 =: θlim ,

ϕ →
∥∥∥∥∥∥
⎡
⎣C−1

x CpS
−1C�

p −C−1
x Cp I

−S−1C�
p I 0

I 0 0

⎤
⎦
∥∥∥∥∥∥
2

=: ϕlim ,

⇒ θ̃ → θlimϕlim < ∞.

Theorem 2.3 shows that the convergence behavior of the approximate nullspace
iteration is limited both by the approximation quality in the forward and adjoint
systems and by the approximation quality of the consistent Schur complement in a
worst-case fashion. Often, one might choose Aa = A�

f =: A. In this situation, we can

give a refined version of Theorem 2.3, if additionally C�
x = Cx and one chooses the

spectral norm ∥∥∥∥∥∥
⎛
⎝x
p
λ

⎞
⎠
∥∥∥∥∥∥
R

:=

∥∥∥∥∥∥
⎛
⎝A1/2x

B1/2p
A1/2λ

⎞
⎠
∥∥∥∥∥∥
2

.
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Corollary 2.4. Choose Aa = A�
f = A, where A is a symmetric matrix and

‖.‖ := ‖.‖R, and define

ρA := ρ(I −A−1Cx), ρS := ρ(I −B−1SA).

Then if max{ρfA, ρS} < 1/θ̄ with

θ̄ := θϕ̄ and ϕ̄ := ρ

⎛
⎝
⎡
⎣A−1/2CpB

−1C�
p A−1/2 −A−1/2CpB

−1/2 I

−B−1/2C�
p A−1/2 I 0

I 0 0

⎤
⎦
⎞
⎠ ,

then iteration (1.3) converges with the convergence rate bounded above by

κ =
3
√
θr < 1.

Proof. We give more refined representations of the factors∥∥∥∥∥∥
⎡
⎣A−1CpB

−1C�
p −A−1Cp I

−B−1C�
p I 0

I 0 0

⎤
⎦
∥∥∥∥∥∥
R

=

∥∥∥∥∥∥
⎡
⎣A−1/2CpB

−1C�
p A−1/2 −A−1/2CpB

−1/2 I

−B−1/2C�
p A−1/2 I 0

I 0 0

⎤
⎦
∥∥∥∥∥∥
2

= ρ

⎛
⎝
⎡
⎣A−1/2CpB

−1C�
p A−1/2 −A−1/2CpB

−1/2 I

−B−1/2C�
p A−1/2 I 0

I 0 0

⎤
⎦
⎞
⎠

and ∥∥∥∥∥∥
⎡
⎣ 0 0 I −A−1C�

x

0 I −B−1SA 0
I −A−1Cx 0 0

⎤
⎦
∥∥∥∥∥∥
R

=

∥∥∥∥∥∥
⎡
⎣ 0 0 I −A−1/2CxA

−1/2

0 I −B−1/2SAB
−1/2 0

I −A−1/2CxA
−1/2 0 0

⎤
⎦
∥∥∥∥∥∥
2

= ρ

⎛
⎝
⎡
⎣ 0 0 I −A−1/2CxA

−1/2

0 I −B−1/2SAB
−1/2 0

I −A−1/2CxA
−1/2 0 0

⎤
⎦
⎞
⎠

= max{ρfA, ρS}.
We conclude analogously to the proof of Theorem 2.3 that

ρ(I −R−1K) ≤ 3
√
‖(I −R−1K)3‖R ≤ 3

√
θ‖(R−1(K̃ −K))3‖R︸ ︷︷ ︸

κ

≤ 3
√
θϕ̄max{ρA, ρS} < 1.

In many cases a good choice for A approximating Cx will be available. However,
the only part of SA that is easily accessible is Hp. Therefore, a natural question arises
about the usefuleness of just using Hp as an approximation to SA. For the analysis
of this effect, one has to take into account more refined problem characteristics. This
is performed in the next section.
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3. Application to optimal control. The iterative methods discussed above
are of particular importance for the solution of optimal control problems. A generic
version of them is the problem

min
x,p

1

2
(x− x̂, x− x̂)2 +

μ

2
(p, p)2

s.t. Lx+Πp = 0 ,

where μ > 0, L : H2(Ω) ∩H1
0 (Ω) → L2(Ω) is a linear mapping for functions defined

on an open region Ω and (·, ·)2 is the scalar product in L2. The operatorΠ is assumed
to be bounded. Discretization, e.g., by finite differences with mesh size h, gives

Hx = hdM1, Hp = hdM1, Cx = Lh = h−2M2, Cp = Πh,

where d is the space dimension of Ω and

‖M1‖ ≤ m1 < ∞, ‖M2‖ ≤ m2 < ∞, ‖Πh‖ ≤ π < ∞.

For iteration purposes, we may assume that the approximation A to Lh is of the form

A = h−2W with
1

w
I ≤ W ≤ wI

for some w ∈ R, w ≥ 0. Then, the “wrong” Schur complement takes the form

SA = μhdM1 +Π�
h h2W−�hdM1h

2W−1Πh

= μhdM1 + hd+4Π�
h W−�M1W

−1Πh.

The Hp part of the Schur complement is easily available. Therefore, we consider the
choice of B = Hp in the Schur complement part of the iterations. The resulting
iteration matrix takes the form

I −B−1SA = I −H−1
p SA = −h4

μ
Π�

h W−�M1W
−1Πh.

Now we can make the following observations in Corollary 3.1.
Corollary 3.1. For discretized optimal control problems with the characteris-

tics described above, the convergence rate ρS for the Schur complement can become
arbitrarily small if B is chosen as B = Hp and μ is large enough or the discretization
h is fine enough.

Proof. For the norm ‖.‖ = (., .)1/2 we see that

ρS = ρ(I −H−1
p SA) ≤

∥∥∥∥h4

μ
Π�

h W−�M1W
−1Πh

∥∥∥∥
≤ h4

μ
π2w2m1.

Therefore, ρS < 1 if μ is large enough or h is small enough.
Now, we can easily achieve ρS < 1. The forward and adjoint system can also

be assumed to be solvable with ρA < 1. If we take a close look at Theorem 2.3 and
Corollary 2.4, we see that these properties for ρS , ρA are not enough to guarantee
overall convergence. At least in Corollary 2.4, we observe that ϕ̄ is close to 1 if h is
small enough or μ is large enough. However, the parameter θ increases noticeably for
decreasing h, as observed in numerical experiments below. Therefore, for small h the
conditions for ρS , ρA become very restrictive in order to be able to apply the conver-
gence Theorems 2.3 and 2.4. But the numerical results below show that convergence
is also achieved in cases where Theorem 2.3 and Corollary 2.4 are not applicable.
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4. Algorithmic reformulation. For comparison with other iterations and for
generalization to nonlinear problems, it is useful to write iteration (1.3) using the
notation (QP). We define the Lagrangian as

L(x, p, λ) :=
1

2
x�Hx x+x�Hxp p+p�Hpx x+p�Hp p+f�

x x+f�
p p+λ� (Cxx+ Cpp+ c) .

Then the necessary optimality conditions are

∇xL(x, p, λ) = Hxx+Hxpp+ C�
x λ+ fx = 0,

∇pL(x, p, λ) = Hpxx+Hpp+ C�
p λ+ fp = 0,

∇λL(x, p, λ) = Cxx+ Cpp+ c = 0.

Iteration (1.3) can now be rewritten in a more compact form as

λk+1 = λk −A−1
a ∇xL(x

k, pk, λk),(4.1)

pk+1 = pk −B−1∇pL(x
k, pk, λk+1),(4.2)

xk+1 = xk −A−1
f ∇λL(x

k, pk+1, λk+1).(4.3)

In this way, the iteration can be directly applied to nonlinear optimization problems
that use a nonlinear iteration for the forward problem, i.e., solve the equality con-
straint in (QP) for x, in this case more appropriately written in the form c(x, p) = 0.
This approach has been applied successfully in [HS04, HSBG05, HSB08] for aerody-
namic shape optimization.

Note in iteration (4.1)–(4.3) the usage of novel information as soon as it is avail-
able. This is the principal difference between iteration (4.1)–(4.3) and the so-called
piggyback iterations as proposed in [GF02, Gri06]. Because piggyback iterations are
derived from automatic differentiation, where functions and derivatives are evaluated
simultaneously, the piggyback iteration for problem (QP) is written in this notation
as

λk+1 = λk −A−1
a ∇xL(x

k, pk, λk),

pk+1 = pk −B−1∇pL(x
k, pk, λk),

xk+1 = xk −A−1
f ∇λL(x

k, pk, λk),

or in matrix notation as

(4.4)

⎡
⎣ 0 0 Aa

0 B 0
Af 0 0

⎤
⎦
⎛
⎝Δxk

Δpk

Δλk

⎞
⎠ = −

⎡
⎣Hx Hxp C�

x

Hpx Hp C�
p

Cx Cp 0

⎤
⎦
⎛
⎝xk

pk

λk

⎞
⎠−

⎛
⎝fx
fp
c

⎞
⎠ ,

where the appropriate definition of the design preconditioner B is discussed in [GF02,
Gri06].

5. Numerical experiments. The purpose of this section is to illustrate the
theoretical results from the previous section by application to a common model prob-
lem, which serves as a standard problem in PDE-constrained optimization. We do not
claim that this problem is in any way challenging. The sole purpose of this study is to
highlight certain features of the iterative method discussed above and its theoretical
properties.
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For a given open computational region Ω, we investigate the problem

min
x,p

1

2

∫
Ω

(x(ξ) − x̄(ξ))2dξ +
μ

2

∫
Ω

p(ξ)2dξ

s.t. −�x(ξ) = p(ξ), ∀ξ ∈ Ω,

x(ξ) = 0 ∀ξ ∈ ∂Ω.

The variables x and p are functions defined on the domain Ω, and � denotes the
Laplacian operator. The aim of the problem is to track a given function x̄ with the
solution of a differential equation. Since we aim only to illustrate certain numerical
effects and do not pretend to attack any real-life problem in this paper (this has
been done and will be done again by the authors in different publications), we choose
Ω = [0, 1]. Then this model problem simplifies to

min
x,p

1

2

∫ 1

0

(x(ξ) − x̄(ξ))2dξ +
μ

2

∫ 1

0

p(ξ)2dξ

s.t. − x′′(ξ) = p(ξ), ∀ξ ∈ [0, 1],

x(0) = 0 = x(1).

The function x̄ is chosen as (cf. Figure 5.1 later in this article)

x̄(ξ) =

{
0.8− ξ, 0 ≤ ξ ≤ 0.4,
−2.6 + 2ξ, 0.4 < ξ ≤ 1.

This problem is discretized by finite differences on a regular mesh with mesh size
h = 1/(N − 1), where N = nx :

x� := x(�h), � = 0, . . . , N,

p� := p(�h), � = 0, . . . , N,

−x′′(�h) ≈ 1

h2
(−x�−1 + 2x� − x�+1), � = 1, . . . , N − 1,∫ 1

0

(x(ξ) − x̄(ξ))2dξ ≈ h

N−1∑
�=1

(x� − x̄(�h))2,

∫ 1

0

p(ξ)2dξ ≈ h

N−1∑
�=1

p(ξ)2.

For the sake of simplicity, we omit values at 0 and 1 so that our vectors of unknowns
are

x = (x1, . . . , xN−1)
�, p = (p1, . . . , pN−1)

�.

The discretized problem is now of the form (QP) with

Hx = hI, Hxp = 0 = H�
px, Hp = μhI, Cp = I, fx = −x̄, fp = 0, c = 0,

where I is the identity in R
N−1 and

Cx =
1

h2

⎡
⎢⎢⎢⎢⎢⎣
−2 1
1 −2 1

. . .
. . .

. . .

1 −2 1
1 −2

⎤
⎥⎥⎥⎥⎥⎦ .D
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In order to perform numerical convergence tests with varying approximations A to
Cx, we construct these approximations by Jacobi steps, i.e., for D := diag(Cx) we
define

A−1
0 := D−1,(5.1)

A−1
1 := D−1(I + (I − CxD

−1)),(5.2)

A−1
2 := D−1(I + (I + (I − CxD

−1))(I − CxD
−1)),(5.3)

...
...

and therefore

A−1
i = A−1

0 ((A0 − Cx)A
−1
i−1 + I).

Thus

1 > ρ(I −A−1
1 Cx) > ρ(I −A−1

2 Cx) = ρ(I −A−1
1 Cx)

2 > ρ(I −A−1
3 Cx)

= ρ(I −A−1
1 Cx)

3 > · · · .
In the case of A0, we can give the Schur complement analytically:

(5.4) SA0 = Hp + C�
p A−�

0 HxA
−1
0 Cp =

(
μh+

h5

4

)
I.

In all other cases, the formulas become more complicated. We treat B analogously: we
choose B0 := Hp and B−1

j as the approximation to S−1
A after j Richardson iterations

with Hp. That means

B0 := Hp = μhI,(5.5)

B−1
j := B−1

0 (I − C�
p A−�

i HxA
−1
i CpB

−1
j−1).(5.6)

Additionally, we investigate the cases B = SA and B = S from (1.1).
The norms to be used later are chosen as∥∥∥∥∥∥

⎛
⎝x
p
λ

⎞
⎠
∥∥∥∥∥∥ :=

(‖x‖2 + ‖p‖2 + ‖λ‖2)1/2 ,

where ‖x‖ := (h
∑N−1

�=1 x2
�)

1/2 with analogous definitions for p and λ. This norm is
the discrete approximation to the continuous L2(Ω)-norm.

We investigate for the setting N = 101 (h = 1
100 ) and μ = 0.001 the convergence

rates of Corollary 2.4. We perform the approximate nullspace iterations until∥∥∥∥∥∥
⎡
⎣Hx Hxp C�

x

Hpx Hp C�
p

Cx Cp 0

⎤
⎦
⎛
⎝xk

pk

λk

⎞
⎠+

⎛
⎝fx
fp
c

⎞
⎠
∥∥∥∥∥∥
/∥∥∥∥∥∥

⎛
⎝fx
fp
c

⎞
⎠
∥∥∥∥∥∥ ≤ 10−3 .

The problem solution is plotted in Figure 5.1.
Table 5.1 summarizes the results. In column i, we denote how many Jacobi

iterations are performed for obtaining A−1
i in (5.1)–(5.3). Column j gives analogous

information for B−1
j . The notation j = SA means that we choose B = SA, and j = S

means that we choose B = S. Furthermore, ρA denotes the spectral radius of the
matrix I−A−1

i Cx. Analogously, ρS denotes the spectral radius of the iteration matrix
of the Schur complement (cf. (5.6)), and ρIt denotes the spectral radius of the overall
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Fig. 5.1. Solution (state, solid line) and function x̄ (dashed line) to be tracked.

Table 5.1

Convergence results for N = 101 and μ = 0.001.

i j ρA ρS ρIt # It.
0 0 0.9995 0.0000 1.0011 —
0 1 0.9995 0.0000 1.0011 —
0 3 0.9995 0.0000 1.0011 —
0 SA 0.9995 0.0000 1.0011 —
0 S 0.9995 0.9113 1.0011 —
3 0 0.9980 0.0000 0.9980 2483
3 1 0.9980 0.0000 0.9980 2483
3 3 0.9980 0.0000 0.9980 2483
3 SA 0.9980 0.0000 0.9980 2483
3 S 0.9980 0.9112 0.9982 3461
5 0 0.9970 0.0001 0.9970 2317
5 1 0.9970 0.0000 0.9970 2317
5 3 0.9970 0.0000 0.9970 2317
5 SA 0.9970 0.0000 0.9970 2317
5 S 0.9970 0.9112 0.9975 2963

iteration matrix (I − R−1K). In the last column “# It.” refers to the number of
iterations (1.3).

We observe that the KKT iteration does not converge for the choice A = D
(i = 0), although the iterations in the components (forward, adjoint, design) are
convergent. This is in line with Theorem 2.3 and Corollary 2.4, which state that each
spectral radius of the components has to be below a certain limit, perhaps significantly
below 1, in order to guarantee convergence of the overall KKT iteration.

Furthermore, we observe the effect of choosing B = S: the convergence deteri-
orates, i.e., the choice B = SA (and B ≈ SA) leads always to better convergence
properties than B ≈ S, resulting also in smaller iteration numbers.

6. Conclusions. The aim of this paper is to investigate defect-correcting iter-
ations of the type (1.3) for the solution of linear-quadratic optimization problems.
Theoretical foundations for iterations, well established in practice, including Jacobi
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and Gauss–Seidel iterations [HA93] in the context of potentially large-scale problems,
are given, and the following facts are established:

• Iteration (1.3) is convergent if (Af , Aa, B) are close enough to (Cx, C
�
x , SA).

• The matrix B, the preconditioner for the Schur complement, should be chosen
close to SA rather than S.
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