arXiv:0806.1925v1 [math.PR] 11 Jun 2008

ON DIVERGENCE FORM SPDES WITH VMO
COEFFICIENTS

N.V. KRYLOV

ABSTRACT. We present several results on solvability in Sobolev spaces
VVP1 of SPDEs in divergence form in the whole space.

1. INTRODUCTION

The theory of (usual) partial differential equations has two rather differ-
ent parts depending on whether the equations are written in divergence or
nondivergence form. Quite often the starting point is the same: equations
with constant coefficients, and then one uses different techniques to treat
different types of equations.

By now one, can say that the L,-theory of evolutional second order SPDEs
is quite well developed. The most advanced results of this theory can be
found in the following papers and references therein: [2] (nondivergence type
equations), [3] and [4] (divergence type equations). The results of the present
paper are close to the corresponding results of [3]. However, unlike [3] we do
not assume that the leading coefficients are continuous in the space variable.
Instead we assume that the leading coefficients of the “deterministic” part
of the equation are in VMO which is a much wider class than C'. Still the
leading coefficients of the “stochastic” part are assumed to be continuous
in x.

The exposition in [3] and [4] is based on the theory of solvability in spaces
H) = (1—A)™/2L, of SPDEs with coefficients independent of 2. Then the
method of “freezing” the coefficients is applied as in the general framework
set out in [7]. This method does not work if the coefficients are only in
VMO and we use a different technique based on recent results from [9] on
deterministic parabolic equations with VMO coefficients. In addition, our
technique allows us to avoid using the WJ'-theory of SPDEs, which is a
starting point in the paper [7] and subsequent articles based on it.

One more difference of our approach from the one in [3] is that we rep-
resent the free term in the deterministic part in the form D;f? + f° with
f7 € L, (see (L)) below) . Of course, this is just a general form of a distribu-
tion from H, 1. However, the spaces H,) are most appropriate for equations
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in nondivergence form. One general inconvenience of these spaces is that
the space or space-time dilations affect the norms in a way which is hard to
control. For divergence form equations with low regularity of coefficients the
most important space is H;. This space coincides with the Sobolev space
VVp1 and the effect of dilations on the norm or on D;f? + f° can be easily
taken into account.

The exposition here is self-contained apart from references to some very
basic results of [7], [9], and [I4] and is much more elementary than in [3],
employing the derivatives instead of the powers of the Laplacian, and yet
gives more information. In particular, the author intends to use Corollary
in order to largely simplify the theory in [3] of divergence form SPDEs in
domains. It turns out that to develop this theory one need not first develop
the theory of SPDEs in domains with coefficient independent of x, which in
itself required quite a bit of work.

The author’s interest in divergence type equations and in simplifying the
theory of them appeared after he realized that the corresponding results
can be applied to filtering theory of partially observable diffusion processes,
given by stochastic It6 equations, and proving that, under Lipschitz and
nondegeneracy conditions only, the filtering density is almost Lipschitz in
x and almost Holder 1/2 in time. This is proved in [I2] on the basis of
Theorems 22l through 2:6lof the present article. The filtering density satisfies
an SPDE usually written in terms of the operators adjoint to operators in
nondivergence form with Lipschitz continuous coefficients. Writing these
adjoint operators in divergence form makes perfect sense and allows us to
obtain the above mentioned results (see [12]).

Our Theorem 2:2is very close to Theorem 2.12 of [3]. Apart from weaker
conditions on the coefficients, another important difference is the presence
of the parameter A in (2.7]). One of differences in the proofs is that we avoid
proving the solvability on small consecutive time intervals and then gluing
together the results.

Let (Q, F, P) be a complete probability space with an increasing filtration
{Fi,t > 0} of complete with respect to (F,P) o-fields F; C F. Denote
by P the predictable o-field in Q x (0,00) associated with {F;}. Let wf,
k=1,2,..., be independent one-dimensional Wiener processes with respect
to {F}.

We fix a stopping time 7 and for ¢ < 7 in the Euclidean d-dimensional
space R? of points z = (x!, ..., 2%) we are considering the following equation

duy; = (Lyuy — Mug + Difi 4+ f0) dt + (AFuy + gF) dw?, (1.1)

where u; = u(x) = up(w, ) is an unknown function,

Lyp(z) = Dj(a) (z) Dip(x) + af (x)¢(x)) + bi(2) Divp() + cp(z)i (),

AfY(x) = 0" () Ditp(x) + vf (2)¢(x),



SPDES WITH VMO COEFFICIENTS 3

the summation convention with respect to 7,5 = 1,...,d and k = 1,2, ... is
enforced and detailed assumptions on the coefficients and the free terms will
be given later.

One can rewrite (I]:[I) in the nondivergence form assuming that the co-
efficients at and a] are differentiable in z and then one could apply the
results from [7]. It turns out that the differentiability of a;’ and a is not
needed for the corresponding counterparts of the results in [7] to be true
and showing this and generalizing the corresponding results of [3] is one of
the main purposes of the present article.

2. MAIN RESULTS

Fix a number
p=2,
and denote L, = L,(R?). We use the same notation L, for vector- and
matrix-valued or else fo-valued functions such as g; = (gF) in (II). For

instance, if u(x) = (u'(z),u?(x),...) is an fy-valued measurable function on
R?, then

2
Il = [ oo = [ (Sl

Introduce
0
D' — 5
b0t
By Du we mean the gradient with respect to z of a function u on R%.
As usual,

W, ={ueLy:Due Ly}, |ulw; = |ulz, +|DulL,.

i=1,...,d, A=D?+..+ D2

Recall that 7 is a stopping time and introduce
LP(T) = Lp(qoa T]],P, Lp)7 W})(T) = LP((I()? T]],P, Wpl)

We also need the space W} (7), which is the space of functions uy = ug(w, )
on {(w,t) : 0 <t < 7,t < oo} with values in the space of generalized
functions on R% and having the following properties:

(i) We have ug € L,(2, Fo, Lp);

(ii) We have u € W;)(T);

(iii) There exist f' € Ly(7), i =0,...,d, and g = (g%, g%, ...) € L,(7) such
that for any ¢ € C§° with probability 1 for all ¢ € [0,00) we have

S t
(winr, ) = (uo, ¢) +Z/O Li<r (g, ) duf
k=1

+ / Lt ((£2,9) — (f2, Digp)) ds. (2.1)
0
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In particular, for any ¢ € C3°, the process (uiar, @) is Fi-adapted and (a.s.)
continuous.

The reader can find in [7] a discussion of (ii) and (iii), in particular, the
fact that the series in ([2.I]) converges uniformly in probability on every finite
subinterval of [0,7]. On the other hand, it is worth saying that the above
introduced space W} is not quite the same as #}(7) in [7] or in [3]. There
are three differences. One is that there is an additional restriction on ug in
[7] and [3]. But in the main part of the article we are going to work with
W;O(T) which is the subset of W!(7) consisting of functions with ug = 0.
Another issue is that in [7] and [3] we have f' = 0,4 =1,...,d, and

fO e Hy () = Ly((0,7], P, H, ).

Actually, this difference is fictitious because one knows that any f € H, 1
(a) has the form D;f* + f° with f/ € L, and

d
1l < N3 15,

J=0

where N is independent of f, f7, and on the other hand, '
(b) for any f € Hp_1 there exist fJ € L, such that f = D; f' + fY and

d
SN, < NIl
j=0
where N is independent of f.

The third difference is that instead of (i) the condition D?u € H, ' (7) is
required in in [7] and [3]. However, as it follows from Theorem 3.7 of 7] and
the boundedness of the operator D : L, — H L this difference disappears
if 7 is a bounded stopping time.

To summarize, the spaces W;O(T) introduced above coincide with 7-[11,70(7')
from [7] if 7 is bounded and we choose a particular representation of the
deterministic part of the stochastic differential just for convenience. In the
remainder of the article the spaces 7‘[11)70(7') do not appear and none of their
properties is used.

In case that property (iii) holds, we write

duy = (Di fi + ) dt + gF dwk (2.2)

for t < 7 and this explains the sense in which equation (III) is understood.

Of course, we still need to specify appropriate assumptions on the coefficients
and the free terms in (LI)).

Assumption 2.1. (i) The coefficients a?/, ai, b¢, o/, ¢,;, and v} are mea-
surable with respect to P x B(R?), where B(R?) is the Borel o-field on R¢.
(ii) There is a constant K such that for all values of indices and arguments

lai] 4 |6} + |ee| + [v]e, < K, e <O0.
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(iii) There is a constant § > 0 such that for all values of the arguments
and ¢ € R?
ai’ €87 <5l (o) — o )E'ET > dlgP?, (2.3)
where o/ = (1/2)(¢%,07");,. Finally, the constant A > 0.

It is worth emphasizing that we do not require the matrix (a”) to be
symmetric.

Assumption 2] (i) guarantees that equation (L) makes perfect sense if
u € W; (7). By the way, adding the term —Au; with constant A > 0 is one
more technically convenient step. One can always introduce this term, if
originally it is absent, by considering v; := uze™.

For functions h:(x) on [0,00) x R? and balls B in R? introduce

1
hy gy = @/Bht(x) dz,

where |B] is the volume of B. Also let Q denote the set of all cylinders in
[0, 00) x R? of type Q = (s,t) x B, where B is a ball in R? and t — s = p?(Q),
where p(Q) is the radius of B. If Q = (s,t) x B € Q, set

1 t
ocs (h, Q) = E/ (1hr = hymyl) (B dr.
Finally, introduce the integral oscillation of h
ocsch = sup  ocs(h,Q).
QEQ:p(Q)<e
Observe that ocs.u = 0 if uz(z) is independent of z.

Assumption 2.2. For a constant 5 > 0, which will be specified later, there
exists an € > 0 such that

sup |of () — o} (y)]e, + 0csca” < 3
le—y|<e

for all ¢, j,t.

Finally, we describe the space of initial data. Recall that for p > 2
the Slobodetskii space Wp1_2/p = Wpl_2/p(Rd) of functions wug(z) can be
introduced as the space of traces on t = 0 of (deterministic) functions u
such that

u€ Ly(Ry, H)), 0Ou/ot € Ly(Ry, HY),
where Ry = (0,00). For such functions there is a (unique) modification

denoted again u such that u; is a continuous L,-valued function on [0, c0)
so that ug is well defined. Any such u; is called an extension of wuy.

The norm in I/Vp1 “2/P can be defined as the infimum of

lullz, @ mp) + 110w/0H| m, g1
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over all extensions u; of elements ug. It is also well known that an equivalent
norm of ug can be introduced as

[ull L, (0,1, W)
where v = wy is defined as the (unique) solution of the heat equation

Oug(x) /0t = Auy(z) with initial condition wug(z).
For s > 0 we introduce

trsWi = Ly (Q, Fy, Wa—2/P).

The following auxiliary result helps understand the role of tr SW;. We use
spaces W1([S,T)) and W,((S,T)), which are introduced in the same way
as Wy () and W (7) but the functions are only considered on [S,T') and
(S,T), respectively.

Lemma 2.1. Let s > 0 be a fixed number and let us be an Fs-measurable
function with values in the set of distributions over RY.

(i) We have us € tr W) if and only if there exists a v € W) ([s,00))
satisfying the equation

ov/ot =Av—wv, t>s, (2.4)

(which is a particular case of (1)) and is understood in the same sense)
with initial data ug. This v is unique and satisfies

”U”W},((s,oo)) < N”us”trswlln HUSHtrSW; < N”U”W},((s,oo))v (25)

where the constants N are independent of s, us, and v.

(it) We have ug € trsW) if and only if there exists a v € Wy ([s,s + 1))
such that vy = ug.

(iii) If such a v exists and dvy = (D;fl + f0) dt + gF dwF, t > s, then

d

s lleons < N ([[vllws (5,611 + Z 17N, ((s,541)) + N9l ((s,5401)))5 (2:6)
=0

where the constant N is independent of s, us and v.
(iv) If s > 0 and we have a u € Wi(s), then us € tr,WV, and

d

s ez < N ([l sy + S 1) + Mgl )
=0

where N is independent of u, and f7 and g* are taken from (Z2).

We prove this lemma in Section [l

Here are our main results concerning (LI)). The following theorem is
very close to Theorem 2.12 of [3]. Important differences are the presence of
the parameter \ in (2.7)) and weaker assumptions on the coefficients of the
deterministic part of the equation.
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Theorem 2.2. Let A > 0, let f/,g € L,(7), and let ug € trOW;. Also
let B < By, where By = Bo(d,p,d) > 0 is a (small) constant continuously
depending on (p,d) an estimate of which from below can be extracted from
the proof.

(i) Then equation (L) for t < 7 has a unique solution w € W(t) with
initial data ug.

(it) Furthermore, if a v € W}(o0) is defined by equation ([Z4) with initial
condition ug, then the above solution u satisfies

A2 ully, ) + |1 DullL,

d
<SNO My + gl () + 1D, )
i=1
+ NATY2 O, () + N2 |oll, 0, (2.7)
provided that A > \g, where the constants N, \g > 1 depend only on d,p, K, 9,
and €.
(111) Finally, there exists a set Q' C Q of full probability such that uis, gy
is a continuous Fy-adapted Ly-valued functions of t € [0,00).

Observe that estimate (2.7) shows one of good reasons for writing the free
term in (LI in the form D;f* + 0, because f%, i = 1,...,d, and f° enter
(27 differently.

Remark 2.3. As it follows from the proof of Theorem 221 if p = 2, As-
sumption is not needed and mentioning Fy and £ can be dropped in
the statement. Thus we provide a new way to prove the classical result on
Hilbert space solvability of SPDEs (cf., for instance, [16]).

We prove Theorem in Section [6] after we prepare necessary tools in
Sections BBl In Section [B] we prove uniqueness part of Theorem on the
basis of Itd’s formula from [I4]. Here Assumption [2.2]is not used. In Section
M we treat the case of the heat equation with random right-hand side and
present a simplified version of the corresponding result from [7]. In Section [
we prove an auxiliary existence theorem and derive some a priori estimates.

Here is a result about continuous dependence of solutions on the data.

Theorem 2.4. Assume that for each n = 1,2,... we are given functions
ayy, aly, biy, cug, o UE, 2 gE,, and uno having the same meaning and
satisfying the same assumptions with the same 6, K, K, €, and < [y(d, p, )
as the original ones. Assume that for i,j = 1,...,d and almost all (w,t,x)
(alnjw ain% b:m cnt) — (aija azlta bi, ct)7
o = 01 les + [vnt — viele, = 0,

as n — 0o. Also assume that

d
U= iy + llgn = glli, () + lluno — wollirgwy — 0
=0

J
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as n — oco. Take N > Ao, take the function u from Theorem [2.2 and let
Up, € Wl( ) be the unique solutions of equations (@I fort <7 constructed

from a,ft, aly, O, cne, 0 VR, fﬂlt, and gF, and having initial values uyg.
Then, asn — oo, we have ||un—u||W1(T — 0 and for any finite T € [0, 00)

E sup_lun —wlf], 0. (2.8
t<TAT

Proof. Set v,y = u,: — ug. Then

dvnt = (Lntvnt - /\Unt + D'fzt + fr?t) dt + (Antvnt + gnt) dwt 5

where L,; and A¥, are the operators constructed from an]t, aty, bt,, cp and
ok vk, respectlvely, and
]7, Ji ) 7 )
wt = fue = Ji+ (ahy — af") Dyug + (ag — aj)uy,
70 i
we = Toe — 4 (b — bt)Dz’Ut + (ent — ct)ut,

grlit = gfzt - gf + (o, Zk - Ut )Diut + (Vrlit - Vf)ut-

By Theorem 22 we know that u € W,(7). This along with our assump-
tions and the dominated convergence theorem implies that

d
Z Il ¢y + lgnllL, () — O
—0

as n — oo. After that by applying (1) to v,; we immediately see that
[un — ullwi ) — 0.
Assertion (I?El) is, actually, a simple corollary of the above. Indeed, by
introducing f; and gﬁ in an obvious way, we can write
dvpe = (D fiy + f) dt + g, dwf, (2.9)

and
d A .
S Ny + Ml =0
=1

It is standard (see, for instance, our Theorem 1)) to derive from here the
estimate

IsH

Etguf lune = el < NNl eary + 19nllL, iz + Elluno —uollf,),
T ] 1

where N is independent of n. It is also well known that WI} —2p - L,, that
is
l[uno = wollL, < Nlluno — uoll,, 1-2/p-

By combining all this together we obtain (2.8]) and the theorem is proved.

The following result could be proved on the basis of Theorem 2.4 in the
same way as Corollary 5.11 of [7], where the solutions are approximated by
solutions of equations with smooth coefficients and then a stopping time
techniques was used. We give here a shorter proof based on a different idea.
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Theorem 2.5. Let p1,ps € [2,00), p1 < p2, and let the assumptions of
Theorem [2.2 be satisfied for p = p1 and p = py. Assume that § < Bo(d,p,?)
for any p € [p1,p2]. Then the solutions corresponding to p = p1 and p = po
coincide, that is, there is a unique solution u € W;l (1) HW;Q (1) of equation
(1) with initial data ug.

Proof. Obviously, it suffices to concentrate on bounded 7. As is explained
above in that case we may assume that A is as large as we like. We take it so
large that one could use assertion (ii) of Theorem 22l with any p € [p1, p2].
Finally, we may assume that p; < po.

Denote by u the solution corresponding to p = po and observe that, owing
to uniqueness of solutions in W;l (1), we need only show that u € W;l (7).

Take a ¢ € C§° such that ((0) = 1, set (,(x) = ((z/n), and notice that
u” := u(, satisfies

dupf = (Leuy) = Mift + Difhy + fay) dt + (Afuf + g5y) dwy,
where ' ' B
L= fiG—ual'DyC,, i1,
nt = J'Gn = [i DiCn — (0 Dy + ayu) DjCn — bjun Din,
Int = 9t Cn — 01 ue DG
It follows that for p; < p < py we have

d
[l [l ) < N(Z il @) + lgnlle, () + [w0nlltrowz)- (2.10)
i=0
One knows that with constants IV independent of n
laoGallwgwy < N (lttoGallwgws +uoGallegwa, ) < N (laolhrowny. I llirows. )
Similarly, and by Holder’s inequality
IfallL,r) < N 4 N[[uDGllL, () < N+ [|ully,, () 1DSnllL, ()5

where
_ bp2

p2—p
Similar estimates are available for other terms in the right-hand side of

([210). Since

| DCnllL, (r) = Np~1+p2—p)d/(p2p) _
q T

as n — oo if . 1
- < =, 2.11
p p2 d (2.11)

estimate (ZI0) implies that u € Wj (7).

Thus knowing that u € W, (1) allowed us to conclude that u € Wp(7) as
long as p € [p1,pe] and (2I1]) holds. We can now replace py with a smaller
p and keep going in the same way each time increasing 1/p by the same
amount until p reaches p;. Then we get that u € W;l (7). The theorem is
proved.
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In many situation the following maximum principle is useful.

Theorem 2.6. Under the assumptions of Theorem [Z3 suppose that 5 <
Bo(d,q,8) for q € [2,p]. Also suppose that ug > 0, f@ =0, i = 1,....d,
f°>0, g=0. Then for the solution u almost surely we have u; > 0 for all
finite t < 1.

Proof. If p = 2 the result is proved in [I0]. For general p > 2 take the
same function ¢, as in the preceding proof, introduce fi = f™(,, g,’i =0,
and call u™ the solution of (LI]) with so modified free terms and the same
initial data ug. By Theorem 2.5 we have u" € W;(T) NW3 (7). By the above,
u™ > 0 and it only remains to use Theorem 241 The theorem is proved.

3. ITO’S FORMULA AND UNIQUENESS

The following two “standard” results are taken from [14].

Theorem 3.1. Let u € Wi(7), f/ € Ly(1), g = (¢*) € Lp(7) and assume
that 22) holds for t < T in the sense of generalized functions. Then there
is a set Q' C Q of full probability such that

(1) uinrlqy is a continuous Ly-valued Fi-adapted function on [0,00);

(i) for all t € [0,00) and w € Q' Ité’s formula holds:

tAT
/Rd [uinr [P dx = /Rd luo|? dz +p/0 /Rd us|P~2usgk da dw®

tAT
[ Tl 2 g? = o = Dl £ Dy
0 R
+(1/2)p(p — Dlwl""?|ge[7,] dav) dt. (3.1)
Furthermore, for any T € [0,00) and
E sup ulf, < 2Eluolly, + NT? 102

L
{<TAT »(7)

d
FNT DI+l DU ) 62)
where N = N(d,p).

Here is an “energy” identity.

Corollary 3.2. Under the conditions of Theorem [31] assume that T < o0
(a.s.). Then

E / ol? dz + E / ( / [plueP2uef? — p(p — 1) w2 Dy
R4 0 Rd

+(1/2p(p = Dl 2l da) e > Bl [ furlrde. (33)

Furthermore, if T is bounded then there is an equality instead of inequality
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Next result implies, in particular, uniqueness in Theorem

Lemma 3.3. Under Assumption 2] there exist \g > 0 and N depending
only ond,p, K, and § such that for any A > Ao and any solution u € W;’O(T)

of (LI we have

d
AMlullL, ) < NAl/z(Z 1N, ) + N9l i) + NIl - (3.4)
=

Furthermore, if a* = b' = v* = 0, then one can take \g = 0.
Proof. If (B84 is true for 7 AT in place of 7 and any T € (0, 00), then it

is obviously also true as is. Therefore, we may assume that 7 is finite. An
advantage of this assumption is that we can use Corollary Write (33)

with f’t’, fto, and gf in place of f}, f, and gf , respectively, where
ft = a]' Djuy + ajus + ff,

O =0Djus + (et — Nug + 2, 9F = 0¥ Dyuy + vFug + gF.
Then observe that inequalities like (a + b)? < (1 + )a? + (1 + e 1)b? show
that for any € € (0, 1] we have

d
R ;. 2 _
16:17, < (1 +¢)| Zaé Diutuz + 267 vy + gel7,
i=1
< 2(1 + €)ay! (Diur) Dyuy + Ne~*us* + |gel,)-
Owing to (23], for ¢ = £(, K,d) > 0 small enough
= (1/2)[uel?2|gel7, — ue|P~2 fi Dyue + (p — 1)~ [P~ >ugb} Dy

d
< —(8/2)|us|P?| Dug|* + NugP~2(|ug* + |gal7, + [Dug| [ue] + | Duel Y £1])-
i=1
(3.5)
Next we use that for any v > 0

e P Dy = (fug 27272 | Dug] e [P/ < g2 | D[ 4o P
el P2 Dug | [ £7] < AP [ Dug* + 47 P2 £,
and by choosing 7 appropriately find from (3.5 that

d
I < Nlugl? + Nug P> (Y1 fP + |96l7,)- (3.6)
i=1

After that Hoélder’s inequality and (8.3]), where the right-hand side is
nonnegative, immediately lead to

d
(=Dl ) < NI (S I, oy 4l )+ N 117, o
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Furthermore simple inspection of the above argument shows that, if a’ =
b = ¥ =0, then the terms with |u|? and |us| |Du| in @5) and the term
with |u.|P in ([B6]) disappear, so that we can take N; = 0 in this case (recall
that ¢ < 0). Generally, for A > 2N} we have A — N; > (1/2)\ and

UP < NUP2G? + NUP'F,
where
U=MullL,iry, G=N2f e, + gl F=1lr,0
It follows that U < N(G + F'), which is (3.4) and the lemma is proved.

4. CASE OF THE HEAT EQUATION

To move further we need the following analytic fact established in [5] (see
also [8] for a complete proof).

Lemma 4.1. Denote by T} the heat semigroup in R% and let p > 2, —oco <
a<b<oo, g€ Ly((a,b) x RY ly). Then

/d/ /]DTt s9s(x ‘z ds] dtdx<Ndp/ / |gt(x ]bdtdx
R

In this section we deal with the following model equation

Lemma 4.2. Assume that 7 < T, where the constant T € [0,00). Then
for any g = (g%, %, ...) € L,(7) there exists a unique u € W;70(7') satisfying
1) for t < 7. Furthermore, for this solution we have

Bswlull, < N@AT gl ) (1.2)

[1Dullr, ) < N(d, p)llgllL, (r)- (4.3)

A we see that vy

Proof. By replacing the unknown function u; with ve
satisfies
dv; = (Av; — M) dt + e Mgk dw?.

Since 7 is bounded the inclusions u € W;O( T) and vE pr(T) are equivalent
and our assertion about uniqueness follows from Lemma [3.3]

In the proof of existence we borrow part of the proof of Lemma 4.1 of
[7]. As we have pointed out in the Introduction the beginning of the the-
ory of divergence and nondivergence type equations is the same. The only
difference with that proof is that here we take f = 0.

We take an integer m > 1, some bounded stopping times 79 < 7 < ... <
T < T and some (nonrandom) functions ¢g*/ € C§°, 4,5 =1,...,m. Then we
define

gf(a:) = Zgik(x)‘[(nfl,n](t%
i=1
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m t m
u@) =3 [ ket = 3 gt a)why, — vy, ). t20
g=1"0 i k=1
Obviously, for any w, the function v;(z) is continuous and bounded in (¢, x)
along with any derivative in . Furthermore, the function and its derivative
in x are Holder 1/3 continuous in ¢ uniformly with respect to x (for almost
any w). Also v;(x) has compact support in x.

These properties of v(x) imply that for any w there exists a unique clas-
sical solution of the heat equation

0
aﬂt = Aﬂt + A’Ut, t> 0,

with zero initial data. Furthermore,

() = /0 Ty oA () ds. (4.4)

This formula shows, in particular, that @ (z) is Fi-adapted. Adding the fact
that @, is continuous in ¢ proves that u;(x) is predictable. The same holds
for

t
(ﬂtv ¢) = /0 (Tt—sAUsa ¢) ds

with any ¢ € C§°. The following corollary of Minkowski’s inequality

t
uwmgénmw%w (4.5)

shows that u; is L,-valued. Since (i, ¢) is predictable for any ¢ € C§°, ¢
is weakly and hence strongly predictable as an L,-valued process.

One can differentiate ([£4)) with respect to = as many times as one wants
and get similar statements about the derivatives of @;. In particular, (€3]
implies that for any multi-index «

T T
E/ / | DYty |P dadt < TpE/ / | DAy |P dzdt < o0,
0 JRd 0o JRrd

so that u; € W;O(T).
Now, it is easily seen that
up(x) := w(x) + ve(x)

satisfies (@) pointwisely and by the above u; € W) o(T). The (deter-
ministic) Fubini’s theorem also shows that wu; satisfies ([@1]) in the sense of
distributions.

Next, we use the same simple transformation as in the proof of Lemma
4.1 of [7] and conclude that for any ¢ and x almost surely

mo ot
Duy(x) :Z/ T,_sDg" () dw”.
k=170
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Hence by Burkholder-Davis-Gundy inequality
¢
2
BIDw (@)’ < NE[ [ ITi-.Dg. ()t as]"",
0

which along with Lemma [Tl proves ([@3]) for our particular g. Theorem B

shows that ([@2]) follows from (@3] and (@I]).

The rest is trivial since the set of g’s like the one above is dense in L, (7")
by Theorem 3.10 of [7]. The lemma is proved.
Next we introduce the parameter A into (4.1]).

Lemma 4.3. Assume that 7 < T, where the constant T € [0,00). Let A > 0.
Then for any g = (g',¢%,...) € L,(7) there exists a unique u € W;’O(T)
satisfying

duy = (Auy — M) dt + gF dw?. (4.6)

fort < 7. Furthermore, for this solution we have
NP < NPl o, (4.7)
| Dullr, -y < N(d, p)llgllr, ¢-)- (4.8)

Proof. Uniqueness and estimate (£7]) follow from Lemma The exis-
tence immediately follows from Lemma[£2] and the result of transformation
described in the beginning of its proof. To establish (L8] consider the heat
equation

%Ut = A’Ut — )\’LLt. (49)
Since u € L,(7), for almost any w we have u € L,((0,7) x R%) and by by a
classical result (see, for instance, [13]) for almost any w equation (£9) with
zero initial data has a unique solution in the class of functions such that along
with derivatives in = up to the second order they belong to L,((0,7) x R%).

Furthermore,

1D +NDollf

UHL ((0,7)xR4) ((0,7)xR9)

+)‘ HUHL (07- XRd < NH)‘UHP (OT XRd) (410)

The solution v; can be given by an integral formula, which implies that v;
is Fi-adapted. It is also continuous as an Lp-valued process, hence, is a
predictable L,-valued process. Taking expectations of both parts of (I0)
shows that v € W(7).

Now observe that

d(uy — vy) = Auy — vp) dt + gf duy,
which by Lemma implies that
1D =)y < Nl o
Upon combining this with ([£I0) we obtain
1Dullf oy < NI, oy + X2 l] ),
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which along with (A7) yields (£8). The lemma is proved.

5. A PRIORI ESTIMATES IN THE GENERAL CASE

First we deal with the case when o = v = 0.

Lemma 5.1. Suppose that Assumptions [Z1] and [Z22 are satisfied. Also
suppose that o = v* = 0. Let {7 € L,(7) and g € Ly(7). Also let 5 < By,
where the way to estimate the constant Py(d,p,0) > 0 is described in the
proof.

Then there exist constants A\g > 1 and N, depending only on d,p,d, K,
and €, such that for any A\ > \g there exists a unique u € W;O(T) satisfying
([T fort < 7. Furthermore, this solution satisfies the estimate

d
A2 |, () + 1Dl () < N( Z 11, () + 9l () + NAT2FO L, -
=1

(5.1)

Proof. Uniqueness and part of estimate (5.1 follow from Lemma
In the rest of the proof we may assume that 7 is bounded and split our
argument into two parts.

Case ¢g* = 0. First assume that the coefficients and f7 are nonrandom.
We extend the coefficients of L following the example a)’ () = a (z), t > 0,
and extend f/ beyond (0, 7) arbitrary only requiring f7/ € L,(R**1).

Then by Theorem 4.5 and Remark 2.4 of [9] the equation

0

Eut = Lyuy — Mg + D ff + f (5.2)

in R4 has a unique solution with finite norms

ullp, erry and  |[Dulg, gty

provided that A > Ag. By Theorem 4.4 of [9]

d
A2\l asry + DUl asy < NO N, @asry + A2 10N o ary)-
i=1
(5.3)
By Theorem [3.I] the function wu; is a continuous L,-valued function.

The proof of Theorem 4.4 of [9] is achieved on the basis of the a priori
estimate (5.3]) and the method of continuity by considering the family of
equations

0

5 = 0Ly + (1 — 0)A)uy — Mg + D fi + f2, (5.4)

where the parameter 6 changes in [0,1]. We remind briefly the method of
continuity because we want to show that certain properties of equation (5.4])
which we know for 6§ = 0 propagate from 6 = 0 to 6 = 1.



16 N.V. KRYLOV

We fix a 6y € [0,1] and to solve (5.4) for given f’ define a sequence of
u" € Ly(R, Wpl) by solving the equation

8 n n n
o = (GoL 4 (1 — 0) A)u ™ — Aup !

+ Difl + f2+ (0 —00)(Li — A", n>1, u’=0. (5.5)

If we know that equation (54 is uniquely solvable with 6y in place of 6 for
arbitrary f7 € L,(R%1), then the sequence u™ is well defined. Furthermore,
estimate (0.3]) easily shows that for 6 sufficiently close to 6y the L, (R, WI})
norm of u" ! —u" goes to zero geometrically as n — co. In this way passing
to the limit in (5.5]) we obtain the solution of (5.4 for 6 close to 6y. Then
we can repeat the procedure and starting from ¢ = 0 and moving step by
step eventually reach 6 = 1.

For # = 0 we are dealing with solvability of the heat equation which is
proved by giving the solution explicitly by means of the heat semigroup.
This representation formula has two important implications

(i) For any constant 7' € R, changing f{ for ¢t > T does not affect u; for
t<T;

(ii) If f7 are L,(R4™!)-valued functions of a parameter, say w from a
measurable space, say (€2, Fr), then the solution u € L,(R, Wz})’ which now
depends on w is also Fp-measurable.

Property (i) is obtained by inspecting the representation formula. Prop-
erty (ii) is true because the mapping L,(R™!) 3> f7 — u € L,(R, W) is
continuous and hence Borel measurable.

Obviously, both properties propagate from 6 = 0 to # = 1 by the above
method of continuity. In particular, solutions of (5.2]) on the time interval
(—o0, T| depend only on the values of fj for t € (—oo,T]. It follows that
with the same A\ and N, for any T € R,

N2l (ooryiny) + DU Ly (—oo).1,)
d .
< NO Nl (coomzy) + A2 L, (=00, Ly)- (5.6)
=1

From now on we allow the coefficients and f7 to be random, continue f7
as zero for ¢t < 0 and solve (B.2]) for each w. By (&.6]) with 7" = 0 we have
that u; = 0 for ¢ < 0 and it makes sense considering equation (&.2]) on (0,7)
for each T' € (0, 00) with zero initial condition. In such situation properties
(i) and (ii) still hold.

In particular, if f/ are measurable L,((0,T), L,)-valued functions of a
parameter, say w from a measurable space, say (€2, Fr), then the solution
u € Ly((0,T),W,) is also Fp-measurable. Then from the equation itself it
follows that (ur, ¢) is Fr-measurable for any ¢ € C§°. Since ur takes values
in L,, it is an Ly,-valued Fp-measurable function.
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If f} are predictable L,-valued function, the above conclusions are valid
for any T' € [0, 00). In particular, u; is F;-adapted as an L,-valued function
and since it is continuous, u; is a predictable L,-valued function.

These properties and the fact that (5.6) holds for any 7" € (0,00) and w
prove the lemma in the particular case under consideration.

General case. By Lemma 3] there is a unique solution v € W o(7) of
(#4). Observe that

(Lt — Aoy = Dif + ff,
where ftj are function of class L, (7) defined by
fl=(d? =69\ Djv, + alv,, j=1,..,d,
f = 6iDyvy + vy
By the above there is a unique solution u € W;7O(T) of

0

ot
Obviously, v; + u; is a solution of class W;’O(T) of equation (LI]). By the
particular case

up = Lyuy — Aug + (Ly — A)vg + Diff + f.

d

A2l () + 1 DU,y < N(Z(HfiHL,,(T) + 10, )
=1

+NAT2 (1) + 1L, )
and to obtain (B.J) it only remains to use the estimates of v; provided by
Lemma 43l The lemma is proved.
Now we allow o # 0.

Lemma 5.2. In the assumptions of Lemma [51 drop the condition that
o'* = 0 and instead suppose that aék depends only on w and t. Then the
assertion of Lemma 51 is still true.

Proof. As in the proof of Lemma [5.1] we only need to prove existence
and estimate (B5I). From this lemma we know that there exists a (unique)
solution in W] o(7) of the equation

dv(z) = (Lyv(z) — Mvg + Difi + fO) dt + gF (z — ) dw?,
where the operator L; is constructed from

aij(x - xt) - aijv (CL{, bf‘:7ct)(x - ‘Tt)v

ff(m) = ftl(a; — 1) — aikgf(a; —xy), i1=1,..,d,

)= fo@—w), @) = g (x— ),
and the process z; = (x},...,x}) is defined by

t
i __ ik k
xt—/o oy dwyg.
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By Lemma 4.7 of [7] (Ito6-Wentzell formula) the function ui(z) := vi(x + x4)
satisfies (I.T]). From Lemma [5.I] we also know an estimate of v, which easily
translates into (B.I). The lemma is proved.

Remark 5.3. If under the conditions of Lemma also a;’ depend only on
w and t and @' = b* = ¢ = 0, another way of proving its assertions can
be obtained by following the arguments in Section 4.3 of [7]. Even though
those arguments are much longer, they allow one to prove a very general
result saying roughly speaking that “whatever estimate can be established
for solutions of the heat equation in Banach function spaces with norms,
that are invariant under time dependent shifting the x coordinate, the same
estimate with the same constant also holds for solutions of the parabolic
equation with no lower order terms and with the matrix of the second order
coefficients depending only on ¢ and dominating (in the matrix sense) the
unit matrix” (see [6]).

Next step is to consider equations with lower order terms in front of dw¥
and o also depending on z. The following lemma and its corollary are stated
in a slightly more general form than it is needed in the present article. The
point is that we intend to use them in a subsequent article about equations
in half spaces.

Lemma 5.4. Let G C RY be a domain (perhaps, G = R?).

(i) Suppose that Assumption [21] is satisfied and suppose that there is a
constant ¢ > 0 such that for all r € (0,¢], * € G, y € R?, such that
|z —y| < e, cylinders Q = (s,t) x {z : |z —y| <r} € Q, and all values of
indices we have

oy (#) — o (y)]e, + ocs (a¥, Q) < Bo, (5.7)
where By = Po(d,p,d) € (0,1] is a constant an estimate from below for which
can be obtained from the proof.

(ii) Let f9,g € Ly(T) and let u € W;’O(T) satisfy (LT).

(i1i) Assume that ui(z) =0 if € G.

Then there exist constants N, \g > 0 depending only on d,p, K,J, and ¢,
such that estimate (Bl holds true whenever A > \.

Proof. We need to know how to extend a” beyond G and preserve the
smallness of the integral oscillation. The natural way would be just to
refer to the known result of [I]. However, the situation here is slightly
different because there is no t in [I] and in addition it seems to the author
that the proof in [I] contains an error related to the fact that the integral
oscillations of the product of a C§° function and a function a € VMO cannot
be estimated through the integral oscillations of @ alone. This is seen, for
instance if ¢ = 1. This is why we prefer to use a different way. Without
losing generality we assume that ¢ € (0,1/2).

Take a nonnegative £ € C§° (RY) with support lying in the ball of radius
/2 centered at the origin and such that £(z) = 1 for |z| <e/4and 0 < ¢ < 1.
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Assume that 0 € G and set
af = Eaf +671(1 - €)Y

Take a Q = (s,t) x B € Q with p(Q) < €% (< ¢/2) and let z be the center
of B. Denote by N* various (large) constants depending only on d, p, and §
(for a while they will be independent of p) and observe that |D¢| < N*e~ 1.
It follows easily that if |z| > € then

ocs (4'7,Q) = 6~ 167ocs (£,Q) < N*e 'p(Q) < N*e.

However, if |z| < e, then by assumption (recall that 0 € G) and the estimates

(= o Doy < 1 [ [ ) = ol dindys < 200, = o)

€(y1)al (1) — E(y)ar (y2)] < Ey)lar (y1) — al (y2)| + N*[€(y1) — £(y2)]

we have
ocs (67, Q) < 20cs (a”,Q) + N*e 1p(Q) < 28y + N*e.

The latter can be made less than any prescribed constant Bo (d,p,0) >0 on
the account of taking appropriately By(d,p,d) and reducing e.
Next, if |y| < /2, then

(6" (z) — & (y))'n? = &(z)(a" (z) — o (y))n'n?

+(1 = &(2))(67167 — o (y)n'n’,
where, due to the fact that |z| < /2 if £(x) # 0, we have

E(x)(a (z)—a¥ (y))n'p = &(x)(a” (x)—a™ ()1 +€ () (@ (2) —a” (y))n'n’
> &(2)dln|* = £(x)N*Boln|* > (1/2)&(x)dn?
if By(d, d,p) > 0 is sufficiently small. Furthermore, by assumption
o'y’ < a? )y’ = < (671 = 4), Inl*.
It follows that
(1= &(@))(6107 —a (y)n'n’ > (1 = &(x))d|nl?,

(@ (x) — a (y))y'n’ > (1/2)6[n?
if |y| <e/2 and fy is chosen appropriately.
This and Lemma allow us to assert that

d
A2,y + 1DV, (1) < N Z 11, () + lglle, () + NAT2] 0, 0,

i=1
(5.8)
provided that A > Ao, if v € W;O(T) is a solution of equation (L)) in which
V¥ =0, a) are replaced with ay’, and oi* = oi*(y), where y € R? is any

fixed point with |y| < /2. In addition the dependence of A\g and N on the
data is the same as in Lemma [5.1]
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Now take a ¢ € C’SO(Rd) with unit L,-norm and support lying in the ball
of radius /8 centered at the origin. For y € R? introduce

() =Clx—y), ui(z) = Y(@)w(z)
so that, in particular,
(@)l = [ P i (59)
Observe that for each y
du! = (Lo — Ml + D, f7 + f°) dt + (o (y) D + §;¥) dwf,  (5.10)
where we dropped the argument x (and w) and
fty] = _aijutDiCy_‘_Cyftj’ J = 17"'7d7
77 = —ai) (Diu) D;CY — uyal Di¢¥ — ubiDi¢? + 7 — [iDic?,
3" = ¢V (e + gf + (01 — 01 (y)) Diwe) — w0 (y) Dic”.

Next, _ _
1f¥ < NoPlug| + ¢V f7), 5 =1,...d,
d
o .
%) < Np¥(|Dug| + |uel) + NP > | £,
§=0

16/ |e; < N*CYBo| Du| + N lug| + ¢¥|geles
where n = ¢ + |D(|, n¥(z) = n(x — y), and the constants N depend only on
d,p,d, and K.

Obviously, if u¥ # 0, then, owing to the fact that w(x) =0 for z ¢ G, y
lies within the distance < ¢/8 from a point in G. If this point is the origin,
then the support of (¥ is in the ball of radius £/4 centered at the origin in
which € = 1 and consequently in (5.I0]) one can replace a;’ with the above

d? since they coincide on the support of u¥. In that case estimate (5.8]) is

applicable to u¥. Naturally, the same is true for any y such that u¥ % 0
(and certainly for any y such that u¥ = 0 as well) and we conclude that for
each y

A2 |, () + 1DV, ()

d
<SNO I Filly o + 1€l () + NAT2 Y £l )
P

+N*Boln? Dullr,, vy + Nl ullr, (ry) + NAT2 |0 Dullr, -

We raise both parts of this inequality to the pth power and notice that
|CY Duy| < |D(¢Yus)| + n¥|ue|. Then we find that

)\p/2||<yu||£p(ﬂ + ||<yDu||£p(T)

d
<N 2—; " FIIE, oy + ISV GIE, (ry) + NATP2 1" 11y
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TN B Dl o+ NlPull? )+ NAP2 e Dul?

We integrate through thls estlmate and use formulas like (59). Then we
obtain

2
e/ ||UH£I)(T) + ||DUH£I)(T)

d
N(Z FIE, oy + 9T, (ry) + NAP2ILIE

FNTBIDUIL )+ Nllull oy + NeA P [Dul?

where the constant N depends only on d,p, and 0 and the constants N
also depend on K and e. Finally, we first reduce 5y = 5y(d,p,d) and then
increase A\g > 0, if necessary, in such a way that

Ni B Dull? o+ Nullull? )+ NoAP2 [ Dulff

< (U2l ) + (1/2)llallf,

provided that A > Xg. Then we obviously arrive at (5I). The lemma is
proved.

To the best of the author’s knowledge the following multiplicative estimate
is new even in the deterministic case.

Corollary 5.5. Let A = 0. Then under the assumptions of Lemma we
have

d
i 1/2 1/2
1Dully ) < Nl + Mgl + 1N 5 + el e)),

where N depends only on d,p, K,§, and .

Indeed, take a A > 0 and add and subtract the term (Ao + A)uy dt on the
right in (L)), thus introducing A into the equation and modifying f? by
including into it one of (A9 + A\)us. Then after applying (5.1]), we see that

d
[ Dully, ) < N(Z 1, ) + 9l ()

+Xo + X)L, () + o+ N2 Jull, )

Now it only remains to take the inf with respect to A > 0.

Proof of Lemma [2.I] By bearing in mind an obvious shifting of time
we see that in the proof of assertions (i)-(iii) we may assume that s = 0.

(i) First of all observe that uniqueness of solution of ([24)) is well known
even in a much wider class than W;(oo).

Let ug € trOW;, then ug € W=2/? for almost each w and there is a unique
solution of the heat equation

d’Ut = Avt dt
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of class Ly ((0,1),W,) with initial condition ug. Furthermore,
|’U”Lp(((),1),w1 HUOH 1-2/p-

Next take a ¢ € C§°(R) such that {y = 1 and ¢; = 0 for ¢ > 1/2 and define
i(z) = ety (2)¢ for t € [0,1] and as zero if t > 1/2. Notice that (a.s.)

w € LP(RJF? Wp)7
and 5
Ewt = Aty — by + e 'y

Then it is a classical result that there exists a unique ¢ € Lp(R+,WI?)
which solves the equation

dor = (Ady — ¢ + e " Cluy) dt

with zero initial condition. In addition,
1011z, &y w2y < NlICGvel L,y L) < Nllwollyy, 12/,

where the constants N depend only on d and p. Owing to these estimates
and uniqueness, the operators mapping ug into v and ¢ are continuous (and
nonrandom). Since ug is Fp-measurable, the same is true for v, ¢, and

u = 1) — ¢, which is of class L,((0,1), WI}), satisfies (24 and equals ug for
t = 0. Also for each w

lullz,®y wy) < Wl ®e wy) + 19, @y w1y < Nlluolly, 1-2/p

where N depends only on d and p. By raising the extreme terms to the pth
power and taking expectations we get the first inequality in ([Z35]) and also
finish proving the “only if” part of (i).

To prove the “if” part assume that we have a v € W (c0) satisfying (Z4)
and equal ug at t = 0. Then u; = ve! satisfies Ouy /Ot = Auy and is of class
W2(1). It follows that almost all w we have u € Ly((0,1), W}), ug € VV1 2/p
and

[ollyy1-2r0 < Nlfull 0.0,y < Nz, @, wp)-
By raising all expressions to the power p and taking expectations we arrive
at the second estimate in (2.5)). Assertion (i) is proved.

The “only if” part in (ii) is, actually, proved above. To prove the “if”
part write

dvy = (Di fi 4 f2) dt + gF dwf = (Avy — Moy + Dy fi + f2) dt + gF dw?,

where the constant A > 0 will be chosen later, ft’ = fl — Divy, i = 1,...,d,
2= f2+ Avy, and fI, g € Ly(1). Next, take the function ¢ as above, set
u = v, and observe that

du; = (Aug — \uy + D; ft + ft )dt + gr dw?, (5.11)

where fO = (fO4+0C, fi=(ffi=1,. = ¢g¥ and f/,§ € Ly(o0) and
u € Wp(0).
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By Lemmal[5]] for A fixed and large enough (actually, one can take A = 1,
which is shown by using dilations), equation (G.I1]) with zero initial condition
admits a unique solution 1) € W} (o) and

d
9wy oe) < NO N ooy + 1911, (00))
7=0

d
< NOQ I ey + Mgl ) + ollws )-

j=0
Then the difference ¢ = u—1 satisfies (2.4)), is of class W;(oo), and ¢g = ug.
By assertion (i) we have ug € troWV,, which proves the “if” part in (ii).
Furthermore,

[wollirgws < Nllollwi o) < Nllwllws ooy + N2l o)
d
< Nllolly + Nl ooy < N 1 Iy + gl 1) + Tl )
j=0

This proves assertion (iii).

To prove (iv) observe that obvious dilations of the t axis allow us to
assume that s = 1. Then write ([2.2)) for ¢ € [0, 1] and notice that tu; admits
representation 22) with new f7 and g* having simple relations with u; and
the original f7 and g*. It follows that in the rest of the proof we may assume
that ug = 0.

In that case take a sufficiently large A > 0 and consider the equation

dvy = (Avy — Mg + Difi + f7) dt + g7 dw)
for ¢t > 0 with zero initial condition, where
fi = fiTon () = Daudio (1), i=1,...d,

F2 = (f + M) o1)(t), ar ngf(o,l)(t)~
By uniqueness, vy = wu; for ¢t € [0,1] and by assertion (iii) we have v €
trﬂ/\%. This fact combined with already known estimates of v proves asser-
tion (iv). The lemma is proved.

6. PROOF OF THEOREM

Owing to Lemma 2Tl we may assume that we are given a v as in assertion
(i) of the lemma. By introducing a new unknown function & = u — v we see
that u satisfies (1)) and ug = vy if and only if 79 = 0 and

dit; = (Lyiiy — Mg + D f? + ) dt + (AR, + gF) duf,
where B ' N _
fi=fl—Dju+a’Divy+alv, j=1,...d,
2= 2+ 0D + (¢ — A+ Dy,
gf = gf + akaivt + ufvt.
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By Lemma 21 we have f/,g € L,(7) and the problem of finding solutions
of (II)) with initial data wug is thus reduced to the same problem but with
zero initial data.

Furthermore, if estimate (2.7) holds for solutions with zero initial condi-
tion, then (for A > \g)

A2[ulln, () + 1 Dull, () — A20llL, () — 1DV, )

< M@, + 1Dl o

d
< NO 1My + g, ) + N2, o)
i—1

d
SN My + l9lL, ) + lollwy )
i=1

FNAT2(1 0y ) + Nollwy () + NAYZ 0], 0y,

which yields (27 in full generality.

It follows that while proving (Z7) we may also assume that uy = 0.
Therefore, in the rest of the proof of assertions (i) and (ii) we assume that
ug = 0.

Now we suppose that Assumption is satisfied with 8 < Bo(d,p,9),
where y(d, p, ) is taken from Lemma[5.4l Then we take Ao larger than the
one in Lemma[3.3 and the one in Lemma[5.4]l In that case uniqueness follows
from Lemma In the proof of existence we will rely on the method of
continuity and the a priori estimate (5.1) which is established in Lemma[5.4]
For A > )\ and 0 € [0, 1] we consider the equation

duy = [(0L; + (1 — 0)A)uy — Mg + Difi + ) dt + (A u, + gF) dwk. (6.1)

We call a § € [0,1] “good” if the assertion of the theorem holds for
equation (G.I]). Observe that 0 is a “good” point by Lemma 5.1l Now to
prove the theorem it suffices to show that there exists a v > 0 such that if
6o is a good point then all points of the interval [fy — ~,0p + ] N [0, 1] are
“good”. So fix a “good” 6y and for any v € W})(T) consider the equation

duy = [(BoLs + (1 — 00) A)us — Aug + (0 — 00) (Lt — A)v + Dif{ + f7) dt
+ (BoAFu; + (6 — 6p)AFv; + gF) dwk. (6.2)
Observe that
(L — A)vy = Dj((aij — 5ij)DiUt + agvt) + bf;DZ-vt + cvy
and recall that v € W} (7). It follows by assumption that equation (G.2) has
a unique solution u € W) (1) (C Wy(7)).

In this way, for f/ and ¢ being fixed, we define a mapping v — wu in
the space W},(T). It is important to keep in mind that the image u of
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v € Wi(r) is always in W, (7). Take v/,v" € W)(7) and let ', u” be their
corresponding images. Then u := u' — u” satisfies

dut = [(QoLt + (1 — HO)A)ut — )\ut + (9 — 90)(Lt — A)’Ut) dt

+(BoAfus + (6 — 0) A vy) dwy,
where v = o' — 0", Tt follows by Lemma [5.4] that

lullws iy < N0 — o [v]lwi ()

with a constant N independent of v/, v, 6, and 6. For @ sufficiently close to
Ay, our mapping is a contraction and, since W;)(T) is a Banach space, it has
a fixed point. This fixed point is in W, ;(7) and, obviously, satisfies (6.T)).
This proves assertion (i) of the theorem.

Estimate (27 is proved above in Lemma [5.4] and assertion (iii) follows
from Theorem Bl The theorem is proved.
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