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Abstract. In this paper we prove the existence of an optimal control for some nonlinear stochas-
tic control problems where the control set is unbounded, but instead of a classical coercivity hypoth-
esis, weaker assumptions are made. Our model includes singular stochastic optimization control
problems, such as, for instance, the so-called monotone follower problem or the additive control
problem, extensively treated in the literature, mostly in the case of linear systems. We apply a
technique of time transformation which allows us to show that the original problems are equivalent
to some optimal stopping time problems with bounded controls.
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1. Introduction. We prove the existence of optimal controls for minimization
problems in which the state evolves according to an n-dimensional nonlinear stochastic
differential equation of the form

t t t
(1) Ty = §:+/ A(r, z,, vy) dr—|—/ B(r, xp, vy )uy d7‘—|—/ D(r,z,,v.) dB,
t t t

on some filtered probability space (2,G,Q,{G:}), where the functions A, B, D are
deterministic continuous functions, {B;} is a Brownian motion (not necessarily n-
dimensional), 7 is the initial state at time £, and v : [£,7] = V (V C R}, V compact),
w:[t,T] — K (K CR™, K a closed convex cone) are the controls. The expected cost
has the form

(2)
T

T
J(t,Z,u,v) = Eg / (lo(r, 2y, v) + U1 (r, 2y v)|ur|) dr + g / lu.|dr,zr | |,
t t

where [y, l1, and g are given deterministic functions. Precise assumptions will be
specified in section 2. Here we just point out that g = g(k, ) is nondecreasing in k
and that we study the optimization problem under different sets of hypotheses, all of
which have in common that the cost of applying the unbounded control {u;} is always
positive and verifies

p

T
(3) J(t,%,u,v) > cEq / |w| dr
t
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for some p > 1 and ¢ > 0. We refer in general to such hypotheses as “weak coercivity
conditions.”

The main novelties introduced in the paper are (i) the explicit dependence on the
state variable (and on the classical control v) of the dynamics component B and of
the cost 1, and (ii) the wide range of weak coercivity conditions we deal with.

The minimization problem (1)—(2), known as the singular control problem, has
been extensively studied in the literature for the case in which B = B(t) in (1) (see,
for instance, Fleming and Soner [FS] and the many references therein). In such a case
the term “u,dr” appearing in (1) is usually replaced by a term “dU,.,” where {U;} is
a control process with bounded variation, the cost (2) is defined in terms of the total
variation of {U;}, and a notion of generalized (discontinuous) solution to (1) is given
following an approach in measure.

Otherwise, when B = B(t,z,v), a well-posed notion of solution to (1) in corre-
spondence to a bounded variation control process {U;} is much more involved and
requires a completely different approach, which we clarify in the appendix (see Bres-
san and Rampazzo [BR] and Motta and Rampazzo [MoRa] for a discussion on the
case of deterministic problems, and see the references below for an overview). For this
reason, the preferred formulation of the problem in our context is (1)—(2), where the
class of admissible controls {u;} is given by the K-valued, {G,}-predictable control

processes such that j%T |uy| dr < 400, even if there is no hope in general that an op-
timal solution exists within this class of controls (see also Lasry and Lions [LL1] and
Dufour and Miller [DM1]). The approach that we follow, based on the completion of
the graphs of {(¢, us)} through an appropriate time-change, allows us to prove that the
original problem is equivalent to an auxiliary optimal stopping time problem, where
the controls are bounded valued, but where the fixed terminal time T is replaced by a
stopping time chosen by the controller. We then apply the compactification method
used in Haussmann and Lepeltier [HL] to prove the existence of an optimal auxiliary
control. Here equivalence means not only that the infimums of the two costs, for the
original and for the auxiliary controls, are equal but also that the solutions of the
stochastic differential equation associated to the auxiliary problem can be obtained
as limit of solutions to (1). In view of this fact, as we discuss in the appendix (see
also Remark 3.1), using the auxiliary problem one can define a posteriori a general-
ized control and the corresponding generalized solution of the original system (1), thus
proving also the existence of a generalized optimal control for the original problem.

The simultaneous dependence on (x,v) of B and [; for problems of the form (1)
(2) under coercivity assumptions, besides being a challenging aspect of the theory, is
a natural generalization of the dynamics and cost present in several models occurring
in stochastic singular control problems. For instance, Lasry and Lions in the theo-
retical paper [LL1] study a general class of singular stochastic control problems with
dynamics of the same form considered here, that is, with the term B depending on x,
for a scalar control u and a cost of Boltza type. They are motivated by applications
to economics and finance (mainly concerning the formation of volatility in financial
markets), which are developed in a recent series of papers (we refer for a survey to
[LL2]). On the other side, the = dependence of I is considered essential in some
specific economics models in two recent papers by Alvarez [A1], [A2].

The second novelty consists in the wide class of weak coercivity conditions that
we use, some of which seem to be new even for deterministic control problems. The
existence of an optimal control is proved if g(k,z) > ck? with p > 1 and ¢ > 0
or, alternatively, l;(t,z,v) > & > 0 (see conditions (C1) and (C2) in section 3). In
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the framework of singular stochastic control, the first condition has been used, for
example, when p = 1 given by a financial model given by Chiarolla and Haussmann
[CH], and it has been considered in a more general form also in Dufour and Miller
[DM2]. The second condition in the special case I; = I1(t) has been widely assumed
in many models used in singular control problems.

We also allow for the presence of a second compact valued control v and of a
terminal cost g which could not be contemplated in several other papers, as already
observed and explained in [DM2].

Our results can be viewed as extending in various directions the papers Hauss-
mann and Suo [HS] and [DM2] on singular stochastic control, and we refer the reader
to them and to the references therein for an overview on the previous results. In [HS]
the existence of an optimal control is proved for multidimensional dynamics including
the classical control {v;}, assuming B = B(t), A and D bounded, Iy = [;(t) > ¢ >0
vVt € [0,T], and g = 0. In [DM2] the authors consider a stochastic control problem
where B = B(t), [; is of special form, and g verifies limy_, 4 oo infern g(k, ) = +00.
They prove that there is a singular optimal control, but they show that singular op-
timal controls can be approximated by absolutely continuous controls, that is, in our
context, the equivalence of the auxiliary and of the original control problems, only in
case g(k,x) = g1(z) + g2(k) with g1 Lipschitz continuous and bounded.

The method that we follow, called the method of graph completion, has been used
extensively in the literature. It was originally developed in the deterministic context
by Bressan and Rampazzo [BR] in the v-independent case and extended to systems
depending on both u and v in [MoRa] (see also the book of Miller and Rubinovich
[MiRub] and the references therein). It has been recently introduced in the study of
some stochastic control problems by Miller and Runggaldier [MiRu] in 1997 and by
Dorroh, Ferreyra, and Sundar [DFS] in 1999.

Dufour and Miller [DM1] in 2002 proved the existence of optimal auxiliary controls
in the presence of dynamics like (1) but for a so-called finite fuel problem, where the
coercivity conditions are replaced by the (hard) constraint

T
(4) /{ lu,| dr < K Q-a.s.

for some fixed K > 0. In Motta and Sartori [MS1] we pursued a dynamic programming
approach for the same problem, and also slightly improved the existence result of
[DM1]. In the last two papers the classical control {v;} is not considered. We have
to point out that although we use here the same time-transformation used in [DM1]
and [MS1], the weak coercivity assumptions considered here do not imply—differently
from condition (4)—the boundedness of the stopping time of the auxiliary problem,
and this is an essential point which makes the techniques used in [DM1] and [MS1]
inapplicable.

The paper is organized as follows. In section 2 we formulate the problem precisely.
In section 3 we introduce the auxiliary stopping time problem, and in section 4 we show
that it is equivalent to the original problem. In section 5 we prove an approximation
result which is the key point of the proof of the equivalence theorem. Section 6 is
devoted to showing the existence of an optimal control for the auxiliary problem. All
the results of the previous sections are exploited assuming that either the function
B in (1) is bounded or it verifies condition (12) below. In section 7 we treat some
generalizations of the problem where these restrictions on B are dropped. A brief
description of the graph completion approach is sketched in the appendix.
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Notation. Throughout the paper we shall adopt the following notation. The
symbol | - | denotes the norm of vectors and matrices, and (-,-) denotes the scalar
product for vectors. For any positive integer N and any r > 0, By(r) = {v €
RN : |v| < r} and By(r) = {v € RN : |v| < r}, Ry = [0,+00], Ry = [0, +00],
RY = [—00, +00]"N. For arbitrary positive integers N, M, M(N, M) denotes the set
of the N x M real matrices. (T) denotes the transposed operator. CZ(RY) is the set
of the bounded real maps which are continuous on RY with their first and second
partial derivatives. Let (2, F, P) be a probability space. We will use Ep|[-] to denote
the mathematical expectation on it. Given two random variables X, Y, the notation
X=Y,X<Ymeans P(X=Y) =1, P(X <Y) = 1, respectively. 6, denotes the
Dirac measure at a fixed w € K.

2. Statement of the problem. In this section we state precisely the nonlinear
stochastic control problem described in the introduction following the formulation of
[EKNP], [HL].

DEFINITION 2.1. Given an initial condition (¢,%) € [0,T[x R™, a control is a
term

Cc = (Q, g7 Qa {gt}v {ut}v {Ut}v {xt})v

where

e (2,G,Q) is a complete probability space, with a right continuous complete
filtration {G:};

o {u:} is a K-valued process (K a closed, convex cone of R™ ), defined on [t, T| X
Q, which is {G;}-predictable;

e {v;} is a V-valued process (V a compact subset of R!), defined on [t,T] x €,
which is {G;}-progressively measurable;

o {x:} is an R™-valued process which is {G:}-progressively measurable, with
continuous paths, such that

t ¢ t
Ty = §:+/ A(r, z,, vy) dr—|—/ B(r, xp, vy )uy d7‘—|—/ D(r,z,,v,) dB,
t t t

for all t € [t,T], where {B:} is a standard h-dimensional {G;}-Brownian
motion.
We call a control ¢ admissible if

T
(5) / lur | dr < +o0.
t

The set of admissible controls will be denoted by C(t, ). For any admissible control ¢
we consider a cost of the form

T T
[ (lo(ry 2pyvr) + 11 (7, Ty 0p)|ur]) dr + g (/ |w| dr, xT>] .
7 7

We say that ¢ € C(t,7) is feasible if J(t,7,c) < +oo, and we write C/(,z) for the
set of feasible controls. The value function is defined for any (t,z) € [0, T[ x R™ by

(6) J(t,z,¢)=Eq

7 t,Z) = inf t,Z,c).
(7) Wtz = _f T30
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In the following assumptions (A0), (A1) we list the structural hypotheses used
throughout the paper.

(A0) The deterministic functions A : Ry X R" xV - R" B: Ry xR" xV —
M(n,m), D : Ry x R® x V — M(n, h) are continuous, and there is some positive
constant Ly such that they verify, for all (¢, x,v), (s,y,v) € [0,T] x R™ x V,

|A(t,z,v) — A(s,y,v)| + | B(t, z,v) — B(s,y,v)]
+|D(t, ,v) — D(s,y,v)| < Li(|t — s[ + [z — yl).

_ Remark 2.1. From the above Lipschitz continuity hypotheses and denoting by
D(t,z,v) = D(t,z,v)D(t,z,v)T, it follows that for all (t,z,v) € [0,T] x R" x V,

. Atz 0)], [B(t,2,v)l, [D(t2,v)| < M1+ fe]),
D(t,,v)| < M2(1 + |af2)

for some positive constant M.

(A1) Let r,q,p > 1. The deterministic functions lp : Ry x R* xV — R, [; :
Ry xR"xV — R, and g : Ry x R" — R are continuous and there are some positive
constants Lo and M such that they verify

0<hi(t,o,v) < M(1+]z|"),
0 S lo(t,ZII,’U) SNM(l + |$|q)’
0< g(k,z) < M(1+ |2[ + k)

for all (¢,k,x,v) € [0,7] x Ry x R® x V, and

|g(k,x) —g(h, y)| < Lg(max{|x|, |y|}q71|x _ y| + max{h, k}p71|h _ k|)7
g(k,x) < g(h,z) ifk<h

for all (k,x), (h,z), (h,y) € Ry x R™. }
Remark 2.2. We assume 0 < lo(t,xz,v) < M(1+ |x|?) and g(k,z) > 0 for the sake
of simplicity, but it is easy to verify that these conditions can be relaxed to

—lo(t) < lo(t,z,v) <lo(t) + Mlzl?,  g(k,x) > -C,

where C' > 0 and Iy, Iy are nonnegative integrable functions on Ry. Moreover, we
could consider a more general term of the form (l; (¢, z,v), u) replacing the component
I1(t,x,v)|u| in the Lagrangian, with {1 : Ry x R™ x V — R™ such that

<ll(ta xz, U)a U> > ll(t,{l),’U)|u|

for all (¢t,k,z,v) € [0,T] x Ry x R™ x V.

Remark 2.3. In the deterministic case the method of graph completion has been
extended to purely nonlinear (in all variables) dynamics and cost behaving as |u|*
and |u|? with a < B, respectively, in Rampazzo and Sartori [RS]. The dynamics and
cost in (1)—(2) are the natural generalization of dynamics and cost considered up to
now in singular control problems, and this is why we choose to study them. It seems
possible to apply the method of graph completion to treat more general dynamics and
cost both in the weak coercive case (a = ) and in the classical coercive case (o < ()
studied in [HL].

Remark 2.4. For any initial condition (¢,Z) € [0, T[xR™ under hypotheses (A0),
(A1) the set of feasible controls is not empty. Indeed, standard calculations yield that
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any control ¢ = (2,G,Q,{G:}, {ud}, {vP}, {2}) defined as in Definition 2.1 and such
that uY = 0 for all ¢ turns out to be feasible. Moreover, in correspondence to such
special controls one has

Eql|f1"] < Ky (|2/% 4+ 2009((T = 87 + (T = )%/2) + 1) eKa (T=0"HT=0"")
and
J(t7,¢") < C(1+a])

for some C' > 0 depending just on ¢, M, M, and T —t. Tt follows that optimal controls
for the minimization problem introduced in Definition 2.1 will certainly belong to the
subset of feasible controls verifying

(9) Tt z,c) <O+ |z|).

Each one of the coercivity conditions that we introduce below yields some kind of
compactness of the set of controls verifying (9). Obviously such a subset plays a key
role in the proof of the existence of optimal controls. As discussed in the introduction,
(C1) and (C2) below include some of the most usual assumptions in singular stochastic
control problems.

(C1) p > 1, and there exists ¢ > 0 such that

(10) g(k,z) > ck? V(k,z) € Ry x R™.
(C2) p=1, and there exists ¢ > 0 such that
(11) Li(t,z,v)>¢  V(t,z,v) €[0,T] x R" x V,

where p is the same as in (Al).

It is immediate to see that when either (C1) or (C2) is assumed any feasible
control verifies (3).

Under conditions (C1) and (C2) we will study the optimization problem in Defi-
nition 2.1 for the term B in the dynamics either bounded or such that

(12) (B(t,z,v)u,z) <0 V(t,z,u,v) € [0,T] x R" x K x V.

These restrictions on B can be dropped if one considers stronger coercivity condi-
tions, involving not only the unbounded control u but also the state variable . Some
generalizations in this direction will be addressed in section 7.

3. The auxiliary control problem. In this section we introduce an auxiliary
optimal stopping time control problem, equivalent to the original one, but with the
key property that all the controls take values in compact sets.

DEFINITION 3.1. For any (¢,Z) € [0,T] x R™ an auxiliary control is a term

B= (0 F, PAFs} {ws} {vsh, {(ts, ks, &)}, 0),

where the following (B1) and (B2) are assumed.
(B1) (Q,F,P) is a complete probability space, with a right continuous complete
filtration {Fs};
{ws} is a B(1) N K-valued control defined on Ry x Q which is {Fs}-
predictable;
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{vs} is a V-valued control defined on Ry x Q which is {Fs}-progressively
measurable;
0 is an {Fs}-stopping time such that 6 < +oo.

(B2) {(ts, ks, &)} is an R*"-valued {Fs}-progressively measurable process with
continuous paths, such that

te =1+ fOS w? do,

ks = [y |we|do,

& =T+ [5(Alte, &y vo)w) + Blto, &, vo)w,y) do
+ J§ D(ts, &, vo)\/ul dB,

for s € [0,0], where {Bs} is a standard h-dimensional {Fs}-Brownian motion
defined on Ry x Q and where we set w?(w) = 1 — |ws(w)| for all (s,w) just
for the sake of notation.
We call an auziliary control 8 as above admissible and denote with T'(t,Z) the set of
such controls. The cost corresponding to an admissible auziliary control B is of the
form

(13)

0
J(E,7,8) = Ep /(zo@g,sg,vg)wg+zl(ta,@-,va>|wg|>da+g<k9,se)+G(t9) ,
0

where G(T') = 0 and G(t) = +oo otherwise. The set
(14) I(tz)={pel(t,z): J(tz,0)<+oo}

denotes the subset of feasible auziliary controls. We define for every (t,z) € [0, T]xR"
the auxiliary value function as
(15) W(t,z) = ﬁEIlrfl(fM)J(t,x,ﬁ).

Remark 3.1. The original problem is embedded in the auxiliary problem, which
allows us to describe and represent the limit of a sequence of feasible control processes,
that is, a so-called generalized control. We postpone to the appendix a discussion on
how, following the graph-completion approach, for every (t,Z) the set of feasible aux-
iliary controls I'/ (£, Z) can be identified with the set of generalized controls associated
to C/(t, ).

In the following lemmas we obtain some estimates on the moments of admissible
auxiliary trajectories under different growth assumptions on the dynamics which will
be useful in what follows.

LEMMA 3.1. Assume (AO) and let B be bounded, i.e.,

(16) M > 0 s.t. |B(t,z,v)| < M V(t,z,v) €0, T] x R" x V.

() If p > 2, then for all (£,Z) € [0,T] x R™ and all B € T/ (t,7) such that
Eplkj)] < 400 there exists a unique solution of the stochastic differential equation in
(B2), and one has

(17)

Ep [ sup Iéslp] < K, efr((T=02 +(T=D7) {Ia?l” +(T -0+ (T -1 +Ep [kg]}
0<s<6
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or a suitable constant K, independent of the control.
P
(i) If 1 <p <2 and D = DDT grows linearly in x, i.e.,

(18) IM >0 s.t. |D(t,z,0)| < MA+|z])  Y(tz,0) €[0,T] x R" x V,

then for all (t,z) € [0,T) x R™ and all B € T/ (t,Z) such that Ep[k}] < +oc there
exists a unique solution of the stochastic differential equation in (B2), and one has

(19) Ep { sup9|§s|p} <K, eKo(T=1) {1+ |z|P + (T —t)? + Ep [K}]}
0<s<

for a suitable constant K, independent of the control.

LEMMA 3.2. Assume (AO) and let B verify (12). Then for all (t,Z) € [0,T] x R™
and all B € TF (£, Z) there exists a unique solution of the stochastic differential equation
in (B2). Moreover, for any p > 1 one has

(20) B | sup 6] < 00 (ol + Ko(T - )
6

0<s<

for a suitable constant Kj independent of the control.

Before proving the lemmas, we need the following preliminary result.

LEMMA 3.3. For any control = (Q,F, P, {Fs},{ws}, {vs}, {(ts, ks,E&s)},0) €
TF(t,7) let us define

o, = / (1= |w,|)dr
0
for 0 < o < 4o00. Then &9 =T —t. Let us denote by {V,} the right inverse of ®:
U, =inf{c>0: &, > 1}

for0< 7 < ®g =T —t. Then {V,} is a right continuous time-change satisfying the
following properties:

(i) Vg, >0,0<0<6; Py, =7, 0<7< Dy =T —1;

(ii) setting

(21) Fr=Fgy, 0<7<T—1,

then F, is a right continuous complete filtration on the probability space (9, F, P);
(iii) for any nonnegative Borel function f: Ry — R, one has

s {8
/ F(0) (1 — [wa ) Xo<o<s do = / W) Xoer<ri dr.
0 0

Proof. Using [RY, Proposition 1.1, Chapter V], {¥.} is a right continuous time-
change on (Q,F, P,{F;}) and F, is a right continuous complete filtration on the
probability space (Q, F, P). The proof of thesis (iii) follows from [RY, Proposition 4.9,
Chapter 0]. a

Proof of Lemma 3.1. Owing to the boundedness of auxiliary controls, the existence
and the uniqueness of the solution to the stochastic differential equation in (B2) are
well known. Since the stopping time 6§ may be unbounded, however, the estimates
(17), (19) are not standard.
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For any R > 0, any (£,Z) € [0,7] x R", and any feasible control 8 € '/ (£, z) let
us set

(22) Sp=inf{s>0: |&| > R}AO and &R =¢ g,

In order to simplify the notation, in what follows we write fs instead of ff Then for
any p > 1 there exists a constant K; depending just on p, such that

0 P
Ep [sup, 0 [&:17] < K5 af? + By (/ |A<ta,§a,va><1—|wo|>|da>
0

9 ﬁ
+EP </ |B(toa60av0)||wo|d0>
0

B
/ D(tdvédvvd)\/l_|wd|d30
0

7
+ Ep |sup
s>0

Let us assume that p = p. From the boundedness of B it follows that

0 p
Ep </ |B(tméoavo)||wd| dU) ] < MPEP[kg]v
0

where Ep|k)] < 400 by hypothesis. Performing the change of variable of Lemma 3.3
and using the Cauchy—Schwarz inequality, for the first integral on the right-hand side
(r.h.s.) we get

0 R P o . ?
(/ IA(to,fg,vg)(l—lwgl)lda> (/ IA(t+T,€wT,vm)|dT>]
0 0

T—t
< PTIAP(T — #)P + 2P P MP(T — £)P ! / Ep [ sup |&w, |P} dr.
0

0<r'<7

(23)

EP ZEP

Let us first consider case (i). In this case, being p > 2, from the Burkholder-Davis—
Gundy inequality and the Cauchy—Schwarz inequality, for the third integral on the
r.h.s. one has

pl

ya

2

0
(24) < Ep </O ’D(to,ég,vg)(l - |wg|)‘ dcr) < 2P IMP(T —1)%

Ep |sup

s>0

B
/ D(toaéoavo)\/1_|wa|d80'
0

T—t
vt -5 [ e s (6] ar
0

0<r'<7

where the last estimate is obtained using Lemma 3.3. Observe that

(25) Ep| sup [&.[7

0<7<T—%

-
s>0
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so that from (23) and (24) one has

Ep | sup 7E¢TV

0<7<T—% ]

<K, {'fﬂl” + 2P MP((T - 1)% + 4(T — )" + MPEp

(e

T—t
+ 2 NPT - )+ 4T — DY / Ep { sup |é@7/|”} dT}.
0 o<r'<r
Now Gronwall’s lemma applied to the lower semicontinuous function
Ep[supo<r<r—i|€y. [P] and (25) yield

Ep [sup|é§|p] < K FAT= 02T e 1 (7 =) (T =0 + Ep (]}
s>0

Since sup,sq |8 = supges<g |€s| A R, (17) follows from the monotone convergence
theorem. o

In case (ii), instead, 1 < p < 2 and inequality (24) does not hold. Assuming that
D verifies (18), by applying first the Burkholder—Davis—Gundy inequality, observing
that for any random variable y, E,[|y|2] < 14 E,[|y|?], and then applying the Cauchy
Schwarz inequality, using Lemma 3.3 for the third integral on the r.h.s., we obtain

Ep </09 ‘D(taaémva)(l - |w0|)‘ da)

77 X
/ (l—l— sup |&w |p> dr| .
0 0<r'<t

2

From now on (19) can be obtained by arguing as above, simply replacing (24) with
26). a

( )Pmof of Lemma 3.2. For any (¢,z) € [0,7] x R™ and for any feasible control 3 €
I/ (T, ) let us define & = &,pg. Let us take an increasing sequence of C2 functions ¢p :
R4y — Ry such that for all R > 0, ¢’p(2) = 0if z > 2R, ¢%(2) < 0, and pr(z) — z,
¢r(z) = 1,as R — +o0. It is not restrictive to assume p > 4, since for any random
variable y such that E[|y|™] < +oc, one has that E[jy|™ ] < (E[jy|™])™ /™ for any
m’ < m. By applying Itd’s formula to the process ¢z (|&|?), for every s > 0 one has

(26)
<1427 MP(T - 1P 'Ep

—~

or(&|7) = @R(|§:|ﬁ)+/0 Bléo P2 0R(1E617) o, Alto, &, v0) (1 = |wo)) do

")

>

Sl

_2%0/1%(|éo|ﬁ)<ém B(to, ém Vo )W) do

+

ol

+
»
IS
>
™

2

(1o YT [ Dt &) (1~ )] do
€621 7) [ DT (to s v0) VT =T s
D" (ts,65,v0)V/1 = [wolés
P2 1o ) Dita s, 00) /T = ] dBy).

2 2

do

w

NS

n n 2
(6 = 2)I& 1" r(IE ") do

_|_

w

_|_

_|_
c\c\ﬁc\c\
|’Uz

=
O
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Since the second and fourth integrals are nonpositive, performing the time-change of
Lemma 3.3 in the first, third, and fifth integrals we get

(27)
onllP) < nllelf) + 231 [ o PIAI + u, Py
B T—t o R ~ B T—t o . ~
Ve / Cr(EaP)BI(L + |Ew, P) dr + 2572 / 5 — 2 (Eol?) (1 + €, P) dr

/ p|§g|p 2 (|§U|p)<€da o’aéowvo)\/ 1 - |wa|d80>

Moreover, by the assumptions on g it follows that

B |
0

Hence the expectation of the stochastic integral is zero, and taking the expectation
in (27) we get

2 ) . Dlton o) (1= ) | < 4o

Be [or(&)] < or(lal?) + 31 /OT_tEP [lla, 1) (1+ fu, )] ar

where M is a suitable constant. Letting R tend to +o0, it follows from the monotone
convergence theorem and Doob’s inequality that

T—t
Ep {sup|§s|ﬁ} < |§:|ﬁ—|—M/ Ep {<1 + sup |§\p7/|ﬁ):| dr.
s>0 0 o<r'<r

Now observing that Ep[supg<,<q |6s[7] = Ep[sup,sg [&l7] = Eplsupge, < [€p, |7]
and applying Gronwall’s inequality we get (20). d

4. The equivalence result. In Theorem 4.1 we prove that under the structural
hypotheses (A0), (A1) the original control problem can be embedded into the auxiliary
control problem by showing that the set of feasible controls can be identified with a
proper subset of the set of feasible auxiliary controls. Furthermore, in Theorem 4.2
we obtain the main result of this section; that is, we prove that the infimums of the
problems in Definitions 2.1 and 3.1 are the same, assuming (A0), (Al) together with
one of the following sets of hypotheses.

(H1) (C1) holds, g < p, and B verifies (16). Moreover, either p > 2 or 1 < p < 2
and D verifies (18).

(H2) (C2) holds, ¢ = p = 1, B verifies (16), and D verifies (18).

(H3) Either (C1) or (C2) holds and B verifies (12).

THEOREM 4.1. Assume (A0), (Al).

(i) For any initial condition (t,z) € [0, T[XR™ one has

Cl(t,z) = T/ (t 7).
That is, for every control ¢ € C/(t,%) there exists a feasible auxiliary control B €

I/ (t, %) such that J(t,z,8) = J(t,7,c).
(ii) On the contrary, given a feasible auziliary control

B=(F, PAF}, {ws}, {vs}, {(ts, ks, €6)3, ) € T (7, )
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such that {ts} is a strictly increasing process, there exists a control ¢ € C/(t,%) such
that J(t,z,8) = J(t,%,c). In other words,

cltz)y={pel/(ta): |ws| <1l forae s>0}.

Proof. Let ¢ = (,G,Q,{G:}, {us}, {vs}, {z¢}) be a control in Cf(¢,z). We con-
sider the time-change {1} defined by

t
Py it—ﬂ—/ [urar| dT vVt >t
t
and denote by {¢s} the right inverse of {1 }:
(28) ¢s =inf{r >t: ¢ > s}.
Then {¢,} is a continuous time-change such that
Gy, =1 Vi >t g, = s Vs > 0;

and

s :/0 ¥da Vs € [0, ¢r].

1+ [ug,|
At this point, we define
(29) B=(92,G,Q,{G.} {ws}, {ve. }, {(ts, ks, €)1}, ¥or),
where
we = 0 (t, ke 6) = (65, Ky 2, Kti/t |ur| dr.
1+ |ug,| P

Notice that assumption (5) implies that ¢7 is a stopping time verifying 7 < +oo.
From now on we omit the proof that 8 defined as above is a feasible auxiliary con-
trol having the same cost of ¢, since it follows along the same lines as the proof of
Proposition 4.12 in [DM1].

In order to prove statement (ii), given 8 = (Q, F, P, {Fs}, {ws}, {vs}, {(ts, ks, &) }s
0) in T'/ (£, Z), we denote by {¢;} the right inverse of {t}:

Yy =inf{oc >0: t, >t} vt € [t,T].

Since {ts} is a strictly increasing continuous process, the process {1} is a continuous
time-change such that

i, =8 Vs > 0; ty, =t vVt >t

and

|

¢ 1
wt:/idr Vit > 1.
t

1— |wy, |
Therefore, by the same arguments used above, the control

c= (Qv}—a P, {}—wt}ﬂ {ut}v{th}ﬂ {&ﬁt})ﬂ
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where

. Wepy
Up = ——
' 1- |wwt|
belongs to Cf (¢, ) and

J(t,z,c)=J(tz,0).

Let us point out that if the process {B,} is a Brownian motion involved in the defi-
nition of the state {&}, as in Definition 3.1, the process

B Py
B, i/ V1= |ws] dB,
0

turns out to be a standard h-dimensional {F, } Brownian motion and {&,, } satisfies
the following for all ¢ € [¢,T:

t t t
xp =&y, =T —|—/ A(r,xy, vy,) dr —|—/ B(r, xp, vy, )y dr —|—/ D(r,z,,vy,) dB;.
t t t
The process {N, = [; \/1 — [wo|dB,} is indeed an {F}-continuous local martingale
such that
Vs >0, Vi,jeN2, (N'NY, =t,, (N',N),=0 (i#j),

and, according to Theorem 4.13 in [KS], this yields the thesis. O

THEOREM 4.2. Fiz an initial condition (t,z) € [0,T[xR™ and assume (A0),
(A1) together with one of the hypotheses (H1), (H2), (H3). Then for any feasible
aumiliary control B € T/ (t,%) there is a sequence of controls ¢ € CY(t,z) for all j € N
such that

li?rln J(E, z,c")=J(tz,06).
Therefore,
(30) W(t,z) =W(t,T) V(t,z) € [0, T[ x R™

The following approximation result is a key tool for the proof of Theorem 4.2.

THEOREM 4.3. Fix an initial condition (¢,Z) € [0,T] x R™ and assume (A0),
(A1) together with one of the hypotheses (H1), (H2), (H3). Then for any feasible
auziliary control B € T/ (L, ) there exists a sequence of feasible auxiliary controls

ﬁm = (97‘;7 ‘P7 {’FS}7{w;n}7{U3}7{(t/'3’nﬂk;n‘7€;n)}79m)7 m 6 NJ

with the property that for any m € N the stopping time 0™ is bounded above by
(T —t)+m and

hr{zn |J({7jaﬁm) - J({vjaﬁ” =0.

The rather technical proof of Theorem 4.3 is postponed to the next section.
Proof of Theorem 4.2. Given a feasible auxiliary control 8, we consider the se-
quence of feasible auxiliary controls

g = (Q,F, P, {}—8}7 {w;n}a {vs}a {(tgz7k;n7£;n)}79m)’ m €N,
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introduced in Theorem 4.3. Then, for fixed m € N, in correspondence to 5™ we can
construct a sequence of feasible auxiliary controls 3™" € I'f (¢, ) defined by

gt = (@, F, PAF G} AAwd " {vgd HE" B, 600" 0™"), neN,
such that {t7"} is a strictly increasing process,

O < (T —1)+ 6™ and lim |J (¢, z, ™) — J(t,z, 8™)| = 0.

We omit the proof of this result, since, owing to the boundedness of 8™, it can be
obtained arguing similarly to the proofs of Lemma 4.7 and Proposition 4.8 in [DM1].
Now one easily deduces that, using a diagonal procedure, from {8™"},, , one can
extract a subsequence of feasible auxiliary controls denoted by

B = (. F, P AFS {wl} {olH{(t, k2, &)}, 6°), jeN,
such that {tJ} is a strictly increasing process and

limJ(f,z,57) = J(t,2,0).
J

For any j € N denote by {17} the right inverse of {t/}:
Yl =inf{oc>0: t2 >t} Ve[t T]

Since {t} is a strictly increasing continuous process, part (ii) of Theorem 4.1 implies
that by means of the time-change {¢} one can obtain from the control 57 a feasible
control ¢/ such that

Therefore
lim 7 (7, 7,¢) = lim J(7,2, ) = J (7,7, B)
J J

and the proof of Theorem 4.2 in concluded. O

5. Proof of Theorem 4.3. For any (¢,z) € [0, 7] xR", given a feasible auxiliary
control

B=(QF, PAF}, {ws}, {vs}, {(ts, ks, €63, 6) € T (2, 2),

on the probability space (Q, F, P, {Fs}) we define for all m € N the following process:

(31) ™ =60 Am,

(32) wl' = wexpymy(s)  (and w” =1—[wl") Vs >0,
(33) t;”it—l—/oswgmdcr, k;”i/os |lw do Vs >0,
(34) ' =inf{c>0: t" >t} Vtelt,T], 0™ =TF,
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and
(39) e =t [ (Al + B € o)) do
0
+ [ D e oa)/ul dBs.
0
Finally we set
ﬁm = (Q7 f’ P7 {’FS}7 {w"s’n}7 {U3}7 {(t;n7 k:’S’”’ é-;’n)}’ am)'
Clearly, {w™} is a B,,(1) NK-valued, {F}-predictable process, and a unique solution
to (35) exists in view of [P, Theorem 7, Chapter V]. By definition, 0™ is a {Fs}-

stopping time such that ¢, =T . Hence G(tj.) = 0 and under assumption (Al) we
have

em
J(Eajaﬁm) = EP / (ZO(tZTnvé.;anU)wgm + ll(t;nafgnaUU”wZIDda + g(kgl'rn’gg}n)
0

em
< M Ep / (L+ €7 P) do | + M Ep [L+ €517 + (k)7
0

where p = max{r, q}. From the definitions of 6™ and {t™*} it follows that
0" <A 4 (T — 1) < m+ (T — 1),
while the definition of {k7*} implies that
0 < (kgn)? < [m+ (T —1)]".

Therefore from standard results on the moments of the process {7} one deduces
that the cost J(f,z, ™) is finite, that is, the control 3™ belongs to I'f (£, Z) for any
m € N. Furthermore, from the definition of 5™ it follows that 0 < ™ < ™ < 6, the
processes {(ts, ks, &)} and {(t7", k7, &™)} are indistinguishable for s € [0,4™], and

w* =0 for s > ™, so that we have

om
|J(taj7ﬁm)_J(?j7ﬁ)| SEP / lo(tglagglaUa)d(7+9(k$na§g}n)_g(kea@)
vy

m

]
—/ (o(to €y 00 )0 o + 11 (tes €9 v0) 1o ]) do
Yy

m

< MEp

/ (1+1€71) do
Yy

+ Lo Bp [max{|&sh |, 160/} 165 — ol + k5 ki — ol

3

+Ep

m

0
/ (lo(toy &oy Vo )wD do + 11 (Lo, Exy Vo) [Wo ) dCf] ;
;

where the last inequality follows from assumption (A1) taking into account that &}, <
ko by definition. Since tji, =T, t9 =T, 0™ — 4™ =T — tym, and kg — kjjr. =
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0
fvm |ws| ds = ko — kym < kg, we get

T3, 8™) = J(£,7,8)| < MEP[T — tyn] + LaEp [k~ (kg — kyn)]

0
(36) +EP / (lo(taaé-aava)wg d0+l1(taa€aav0)|wo|)d0‘|
»
— Gm
 MEp / €79 do| + LoEp [max{Ign ], 1601} Jeg — &) -
'YWL

Given lim,, v™ = lim,,, ™ = 0, the processes {ts}, {ks} being continuous and nonde-
creasing, and Ep (k)] being finite owing to the coercivity hypotheses, as one immedi-
ately deduces from (3), the monotone convergence theorem implies that the first two
terms on the r.h.s. of (36) tend to 0 as m tends to infinity. Since the definition of
feasible auxiliary control implies

0
Ep /(lo@g,sg,vg)wgdﬂzl<tg,sg,vg)|wa|)do < +oo,
0

from the monotone convergence theorem we deduce also that

lim Ep

m

0
/ (ZO(taaé-aava)wg d0+l1(taa60av0)|wo’|)d0"| :0
v

It remains to show that the last two integrals in (36) converge to 0 too. To this aim,
we notice that

" =0r Cc{&m =&}, {Y" =0} Cc{0™ =0},

=0} cC {Sup|§39m —&snol = 0} )
s>0

and it is easy to show that for any § > 0 there exists some m > 0 such that P({y™ =
6}) > 1 — 6 for any m > m. Therefore,

P& =6} >1-6, P <{s1>lglfé’kem el = o}) S1-6  Wm>m,

which imply that

P P
37 o — sup|€Xgm — — 0.
( ) & oo &o, 821:0)|§s/\0 fsA9| S

Now taking a subsequence of {3™} if necessary, again denoted by {8™} for sim-
plicity, one can ensure that the limits in (37) hold almost surely. Unfortunately,
due essentially to the unboundedness of 6, the pointwise convergences obtained
from (37) are not uniform in general. In particular, they do not guarantee that
lim,, Ep[|§). — &|] = 0. Moreover, we cannot even invoke the dominated conver-
gence theorem, since under any of the assumptions (H1), (H2), and (H3) we can only
deduce an upper bound on some p-moments of the |} |, which of course does not
imply that all the |£}.| are bounded above by the same integrable function.
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Notice that Lemmas 3.1 and 3.2 imply that there exists some C' > 0 such that

(38) Ep [ sup |fs|ﬁ] <C

0<s<0

for p < p under both assumptions (H1), (H2), and for p > 1 arbitrary if (H3) is in
force, while the Holder inequality yields the estimates

Ep {( sup |§;”|q> (T _tvm):| <297 'Ep {(sup|§m7m|q> (T _tvm)}
0<s<om $>0
+2971Ep [st>118|§;’}\9m — 52”Mm|q} (T —1)

and

Ep [l — &7 < 20! (Ep [sggmm - s:w] T Bp [sggm _ fmm@) .

Taking into account (38) and the dominated convergence theorem, it follows that in
order to conclude the proof it suffices to show that

39 i B [supl€lhon — €51l =0
m s>0

Now by applying the Burkholder—Davis—Gundy inequality we have

o™ q
( / |A<t?,5¢,va>|do) ]
.

gm q/2
+ 27 Ep (/ |D(t™, €™, v, )| do)
vy

—1
Ep |:Sl>1[8|€:}\9m - ;T/L\,leq:| < 24 Ep
s2

m

The Holder inequality yields

o™ q
( / |A<t?,f¢,vg>|da>
,YTn

<2t ppa(T — £yt {Ep (T —tym)] + Ep

Ep <(T-t)7'Ep

m

/ |f?|qda] } .

Now, for ¢ > 2 the same argument can be applied to deduce also that

o
/ |A<t;“,§:,”,vg>|wa]
:

m m

L |f?|qda] } .

For 1 < ¢ < 2, using the additional hypothesis (18), we obtain

om q/2
Ep (/ |D(t?,€?,vg)|do—> < (T - $)92'Ep
N

o™
/ Dty €5, v0) |4/ dU]
v

< QQ/Q—qu(T _ E)Q/Q—l {EP [(T _ t»ym)] + EP

o™ q/2
Ep </ If?(t?,fgﬂvg)lda> < MY?Ep
~

m

q/2
(T — )22 (1 +sup|£;';9m|) ]
s>0

_ 1/2
< 9T M (Bp (T — t0)7])? (Ep [1 ; sup|£;“A9m|QD ,
s>0
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while for 1 < ¢ < 2 but without restrictions on D we can consider

o™ q/2
Br (/ |D(t?,£z?,va>|do> < MEp
~

q/2
(T — tw)m <1 + sgg|§:}\9m |2> 1

o 1/2
<2% MY (Ep (T — tw)‘z])l/2 <Ep [1 + sgg|§:}\9m|2q)}) :

Owing to (38), it is now clear that under any of the hypotheses (H1), (H2), and (H3)
the r.h.s. of the last two expressions converges to 0 by the monotone convergence
theorem. More precisely, under assumptions (H1) and (H2) this is proved above just
in case ¢ = p (but for p < ¢ the proof is in fact an easy consequence).

Hence we have
om
[ teinas).
,Ym

where C; > 0 is independent of m and p,, is a positive sequence tending to 0 as m
tends to infinity. Using standard estimates we get

Ep [Sgglf?kem — Eghym Iq] < pm + CyEp
'S_

B [supleZign = €5,017] < o+ 2071C,
sZ2

gm
/ 1€onom — fgl/\»ym |7 d0‘|
,Ym

+ 2q_1Cqu

m 0<s<o

9’!774
/ |§o’/\vm |q d0"| < p~m + CqEP
ym

9’!774
/ SUp €M g — €M |7 da] ,
Yy

where C'q = 2971C, and p, = pm + C'qu[f,f: |50Mm|qd0]. From the arguments
above, p,, is a positive sequence tending to 0 as m tends to infinity.
Let us now consider the right inverse of the process {t7"}:

U" =inf{c>0: tI'>rT}

for t <7 <t} =T. Since t,m > t, by applying the time-change {¥”"}, which has
the properties stated in Lemma 3.3, and then Gronwall’s lemma, it is easy to see that
one obtains

Ep Sl>113|§;7}\9m - f;nA7m|q < pm eCa(T—1)
s$2

Hence (39) holds true in any case, and this concludes the proof that lim,, J(¢, %, ™) =
J(t,z, ) under any of the assumptions (H1), (H2), and (H3).

Remark 5.1. We point out that, although we borrow the general idea of approx-
imating any feasible auxiliary control with a sequence of feasible auxiliary controls
with bounded stopping times from section 7 of [DM2], the proof of Theorem 4.3 is not
just an analogous adaptation of the proof of Proposition 7.4 in [DM2]. Here, indeed,
we have to take into account the integral cost, where the stochastic interval of inte-
gration may be unbounded, and the growth of the data in the state variable. Instead
in section 7 of [DM2] one considers B = B(t) in the dynamics and the payoff is of
Mayer type with g(k,z) = g1(x) 4+ g2(k) and g1 bounded and Lipschitz. Incidentally,
for a terminal cost g of such a form and the function [y in the Lagrangian bounded,
the last two expectations in (36) reduce to

MEp (T —tym)] + Ep [g1(&5%) — 91(&0)] -
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Therefore in this case in the proof of Theorem 4.3, from (37) one can immediately
conclude that those expectations converge to 0 by the monotone and the dominated
convergence theorem, respectively.

6. Existence of optimal auxiliary controls. We devote the first part of this
section to the definition of relaxed controls which are needed in order to introduce
the concept of control rule and the compactification method, key tools for proving the
existence of optimal controls. We follow here the presentation given by Haussmann
and Lepeltier in [HL], where an earlier work by El Karoui, Nguyen, and Jeanblanc-
Picqué [EKNP] is generalized to the case of unbounded data and controls and no fixed
terminal time.

6.1. Relaxed controls. We start by introducing the equivalent formulation of
the above auxiliary control problem as a martingale problem, where the ambiguous
term represented by the Brownian motion, unknown in advance, is removed (see,
e.g., Ikeda and Watanabe [IW]). To this aim, we introduce for all ¢ € CZ(R*™),
(t,k,z) € R*™ and (w,v) € (B,n(1)NK) x V the operator £ defined by
(40)

Lop(t, k,x,w,v)

1 - 0% dp dp 0
5%:Dij(t,a:,v -(t,k, x) +ZA ta:v)a (t k) + 5o (8K, 2) | w

2,01,
3<p dyp
+Z (t,2,v), a—(tk) o (ks o)lwl,

where w® = 1 — |w|, f?ij are the entries of D = DDT, A; are the components of A,
and B; are the rows of B. Notice that in this formulation the diffusion coefficient D
disappears and is replaced by D, which, differently from D, is something intrinsic to
a process &, defined as in (B2).

The following proposition establishes the correspondence between the martingale
model and the control problem with the Brownian motion.

PROPOSITION 6.1 (see [HL, Proposition 3.1]). Let us assume (A0), (Al). Let us
fix (t,z) € [0,T] x R™. A control 8 = (Q,F, P,{Fs}, {ws},{vs}, {(ts, ks, &s)}, 0) such
that

(B3) (Q,F,P) is a probability space, with a filtration {Fs};
{ws} is a (Bm (1) NK)-valued control, {vs} is a V-valued control, both defined
on Ry x Q and {Fs}-progressively measurable;
0 is an {Fs}-stopping time such that < 400

verifies (B2) if and only if it verifies

(B4) {(ts, ks, &)} is an R2T"-valued, {Fs}-progressively measurable process for s €
R, with continuous paths, such that (ts, ks,&s) = (¢,0,Z) for s = 0;
for any o € CZ(R*™), M:(p,B) is a (P,{Fs}) square integrable martingale
for s € Ry, where M (¢, B) = Mspa(p, B) and

Ms(@aﬂ)i@(tsaksags)_‘/o ﬁ@(taakmgmwmva)da'

Let us now define relaxed controls. In a relaxed control the (B,,(1) N K)-valued
process {w,} and the V-valued process {vs} are replaced by an M;(B,,(1) N K)-
valued process {us} and by an M;(V)-valued process {v,}, respectively, where
M; (B, (1)NK) and M, (V) are the space of probability measures on B,,,(1)NK and on
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V, respectively. We will extend any bounded measurable map 1 : (Bm(1)NK)xV — R
to M1(B,,(1) N K) x M1(V) by setting

B, v) = /, b(w, v)(dw) X v(dv).
(Bum (1)NK)xV

DEFINITION 6.1. Given (t,z) € [0,T] x R™ we say that & is a relaxed control if

d = (Q"F7 P7 {fs}) {,us}v {VS}7 {(t57 k‘S?&S)}? 0)7

where the following (B3)’, (B4)" are assumed:

(B3) (Q,.F,P) is a probability space with a filtration {Fs};
{us} is an My (B, (1) N K)-valued process, {vs} is an My (V)-valued process,
both defined on Ry x Q and {F;}-progressively measurable;
0 is an {Fs}-stopping time such that 6 < +oo.

(B4)’ {(ts, ks, &)} is an R2T"-valued {Fs}-progressively measurable process for s €
R, with continuous paths, such that (ts, ks,&s) = (£,0,Z) for s =0;
for any ¢ € CE(R*T™), M:(p,a) is a (P,{Fs}) square integrable martingale
for s € Ry, where M%(p, &) = Mspo(p, &) and

MS(@v d) = (p(t& ksv gs) - / E(p(tg, k07 607 Mo Vo) do.
0

Such a control & is called admissible, and we write & € T'(t,Z). For any & € T(f, )
we define the cost

0
(41) J(E,:'E70~l) = EP /0 (lo(tmfo,l/a)(l - |MU|)ll(t07507V0)|MU|)

+ do + g(fa,kg) + G(te)‘| .

We use T/ (t,%) to denote the subset of feasible relazed controls, that is,

I(f,7) = {@ eT(,7): J{IEa) < +oo}.

Remark 6.1. Following [HL], the processes that appear in Proposition 6.1 and
in Definition 6.1 are progressively measurable and the probability space is arbitrary.
The processes that appear in the auxiliary controls of Definition 3.1, instead, are
predictable processes and the probability space is complete and right continuous.
Thus, it is not obvious a priori that the control problem in Definition 6.1 is the
relaxed version of our auxiliary control problem. Arguing as in Lemmas A1-A3
of [DM1], however, one can deduce that, given an initial condition (Z,z), for any
control o = (Q, F, P, {Fs}, {ws}, {vs}, {(ts,ks,E5)},0) verifying (B3) and (B2) (or,
equivalently, (B3) and (B4), in view of Proposition 6.1), there exists a new con-
trol & = (O, F, P, {F}, {ws}, {0s}, {(Es, ks, £}, 0), where (Q, F, P) is a suitable
modification of (Q,F, P), § = 0, the process {(fs,ks,&s)} is indistinguishable from
{(ts, ks, &s)}, @& verifies (B1) and (B2), and moreover J(¢,Z, &) = J(t, Z, ). Therefore
if J(t,%,a) < +o0, then & € I'/ (¢, 2).

The set I'/(£,Z) can be naturally embedded in T'/ (£, Z); therefore the inequality

inf JE,z,&) < inf J({,T,«q)
aelf (t,z) a€elf(t,z)
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is trivially verified. In fact, under the following convexity assumption the converse
inequality also holds, as shown in Theorem 6.1 below.

(A2) For any (t,z) € [0,T] x R™ the set
M(t,x) = {(A(t,x,v)wo + B(t, z,v)w, w’D(t, z,v),w°) :
(42)
(W, w,v) ERy x Kx Vi w + |w| < 1}

is convex.

Remark 6.2. In case A, B, and D do not depend on the control v, the set M(t, x)
in (A2) is always convex.

THEOREM 6.1. Assume (A0), (A1), (A2). For any (t,Z) € [0,T] X R™ and any
relazed control & € T/ (£,Z) there exists a control & € TV (¢, %) such that

J(t,z,a) < J(E,T,a).
Then

W(t,z)= inf Jz,0)= inf J(7T,a).
aclf(t,z) aelf(t,z)

We omit the proof of Theorem 6.1 since it is an adaptation of the proof of Theorem
3.3 in [MS1], where, however, the stopping time 6 was uniformly bounded, the classical
control component v was not considered, and all the data were Lipschitz continuous.

6.2. Control rules. We are now going to recall very briefly the definition of
control rules (for a detailed description see [HL]). In order to introduce a canonical
space for the problem, let us define the following spaces:

C* = {f: R, — R*™ £ continuous},
endowed with the topology of uniform convergence on compact intervals;
U={(a,B): Ry — M;(B,,(1)NK) x My(V), «,3 Borel measurable},
endowed with the stable topology;
(43) Z={C:Ry =R, (=xs2a, ARy},

endowed with the topology of weak convergence of the corresponding (point) proba-
bility measures. We denote the map ¢ — A by A(-). Let C, U, Z denote their Borel o-
fields, let C, Uy, Z, denote the o-fields up to time s (e.g., Z, = af{l(s'): 0 < <s}),
and let us introduce the canonical setting

(44) N=C*"xUx Z, F=CxUxZ, Fo=Cs x Uy x Zs.

Notice that §2 is metrizable and separable under the product topology.

DEFINITION 6.2. Fiz (t,z) € [0,T] x R™, and let Q, F, and {Fs} be defined by
(44). We say that R is an admissible control rule and write R € R(t,z) if R is a
probability measure on the canonical space (2, F), such that

a=(QF, R AF: {ust Avs}, {(ts, ks, €5) 1}, 0)

is a relazed control (i.e., & € T'(f, %)), where

(tss ks; §5) (W) = fs, (s, v5) (W) = (a5, 05), - B(w) = A(()

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/09/14 to 147.162.22.206. Redistribution subject to SIAM license or copyright; see http://www .siam.org/journals/ojsa.php

WEAK COERCIVITY IN STOCHASTIC CONTROL: EXISTENCE 3553

for w = (f,(a, 8),¢) € Q. Finally, we define the cost associated to R as J(t,Z, R) =
J(t,z,&), where J(t,%, &) is given in (41). The subset Rf(t, %) of the feasible control
rules can be now defined as follows:

RItz)={ReR(tz): J({ER)<+oo}.

Remark 6.3. For the sake of notation, in what follows a given element w of the
canonical space C2t" x U x Z will be denoted by w = ((t., k., £.), (1., v.),0).

By definition, R(,Z) < I'(£,Z). In fact, the inverse embedding is also valid. In
particular, one has the following.

PROPOSITION 6.2. Fiz (¢t,z) € [0,T] x R™ and assume (A0), (A1), and (A2).
Then

45 W(t,z)= inf J(t,z,a)= inf J(t,7,R).
(45) (t, ) sl s ( ) L ( )

Proof. The first equality in (45) has been obtained in Theorem 6.1, while the
second one follows from Theorem 3.13 in [HL]. 0

6.3. The existence result. As a preliminary to the proof of the existence of an
optimal control rule, we show that our optimization problem can be rewritten in an
equivalent way, suited to the theory developed by Haussmann and Lepeltier in [HL].
The problem introduced in Definition 6.2, indeed, differs from the one considered in
[HL] where the stopping time € is not required to verify § < 400 R-a.s. (feasible
control rules with possibly § = 400 R-a.s. are allowed as well), and moreover the exit
cost (defined of course also in correspondence to § = +00) is a lower semicontinuous
function, constant for § = +oo.

DEFINITION 6.3. For any (t,Z) € [0,T] x R™ we denote by R(t, ) the set of
admissible control rules, such that the associated relaxed control

a= (Qa}—vRa {}'s},{us},{us},{(ts,ks,és)},ﬁ)

verifies all the assumptions in Definition 6.2 except for condition 8 < +o00 R-a.s. We
define the exit cost g(k,x) + G(t) on

Doo = {(t,+00,2) e Ry x Ry X R" : I (tn, kn, xn) — (t, 400, 2),
(tn, kn,xn) S R+ X R+ X Rn},

as follows. We denote again by G(t) the extension of G tot = 400 obtained by setting
G(+00) = +oo. If the coercivity condition (C1) holds, we extend g(k,x) + G(t) to
Do by setting for all (t,k,z) € (Ry x Ry x R")U Dy

5 L oglk,x)+G(t) if k< oo,
hit, b, z) = { +oo if k= +oo,

while in case (C2) is in force, the extended exit cost, denoted again by iL, is given by

h(t, k,x) = g(k,z) + G(t),
where

. L oglk,x) if k< oo,
g(k"’”)_{ 0 if k= +oo.
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In both cases we consider the payoff

(46)

0
j(ﬂja R) = ER / (ZO(toaé-UaUO')(l - |/14<7|) + ll (tUJ€U7UU)|MU|) do + iL(t% k@a&@)
0

and denote by Rf( , ) the set of feasible control rules, i.e., the set of admissible control
rules R such that j(f ,R) < +00. The corresponding value function is given by
(47) W(t,z) = inf J(zR).

ReRS (t,z)

Remark 6.4. The exit cost h is defined so that it is a lower semicontinuous
extension of g(k, z)+G(t) to Duo. In case (C1) is assumed, it is natural to set i = 400
on D, since (C1) implies that hmk_>+oo[g(k, z)+ G(t)] = 400 uniformly for x € R™.
Under condition (C2), instead, the previous extension is not lower semicontinuous in
general (our hypotheses include, for instance, the situation where g = g(z) for all k)
and we have h(t,4+00,2) = 400 for all t # T and h(T,+oo,z) = 0. Notice that h
turns out to be constant on Do, just in case (C1) holds.

LEMMA 6.1. Fiz (¢,Z) € [0,T] x R™. Let us assume (A0), (A1) and one of the
hypotheses (H1), (H2), and (H3). Then the optimization problems of Definitions 6.2
and 6.3 are equivalent, i.e., RI(t,z) = RI(E, %) and J(t,z,R) = J(t,z,R) for any
R e RI(t,z), so that W (t, x) = W(, 5:)

Proof. Since clearly R/ (f,z) ¢ R/ (f,z), it remains to show that for any R €
RS(t,%) one has R € R (£,Z) and Jgt, Z,R) = J(t,%, R). To this aim, we notice that
for any admissible control rule R € R(¢,Z) one has that

9
(48)  F(R,w)= /0 (lo(tor o 00) (1 = lto]) + li(te, &o Vo) io]) do + h(te, ko, o)

is well defined for all w € Q\ N with R{N} = 0 in both cases f(w) < +oo and
0(w) = +0o0. By definition, indeed, there exists N C 2 with R{N} = O such that for

allw € Q\N one has (tg(u) (@), ko) (@) = (E+f3 (1= 1o (@)]) do, [ |0 ()| dor),
so that

0(w) )
(49) (w) = /O (1= |pto (W)] + |1 (W)]) do = tg(u) (W) — T+ Ky (@)

Hence if in particular §(w) = 400, one has either ty()(w) = +00 or kg()(w) = +00.
In both cases F(R,w) = +oo. If (C1) holds, indeed, this fact follows straightforwardly
from the definition of i, while under the coercivity assumption (C2) it is a consequence
of the estimate

0(w)
F(R,w)>c /0 o (W) do + Gty (w)) = ko) (W) + Gtgw)(W)).

Therefore for any feasible control rule R € R/ (£, %) one has that R{ty = T} = 1 and
ko < +00, § < +0o R-a.s., with R{0 = T —t+ kg} = 1. Thus h(te, ke, &) = g(ke, &)
R-as., J(t,7,R) = J(t,Z,R), and R € RS (£, 7). a

LEMMA 6.2. Fiz (¢,Z) € [0,T] x R™. Let us assume (A0), (A1) and one of the
hypotheses (H1), (H2), and (H3). We set

Et,z)={ReR(t,z): J(E =z R)<C}
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for some C > 0 possibly dependent on (t,z). Then

(i) w = F(R,w), where F(R,w) is defined as in (48), is lower semicontinuous
R-a.s. on Q for any R € E(t,%);

(ii) R — J(¢, %, R) is lower semicontinuous over E(t,Z);

(iil) the set E(t,T) is compact.

Proof. As noticed in Remark 6.4, in case (C1) holds the exit cost & is nonnegative,
lower semicontinuous on its domain, and constant on Ds. Therefore, owing to the
equivalence result in Lemma 6.1, statements (i)—(iii) follow from [HL, Remark 4.3,
Lemma 4.4, Propositions 4.5 and 4.6]. If instead (C2) is in force, h is not constant
on Do, but as a consequence of Lemma 6.1 the value assumed by h on Do does
not play a role. In fact for any feasible control rule R it turns out that ky < 400
(and 6 < 400) R-a.s., since RY (f,z) = R/ (f,z). Hence we can apply all the results
stated in [HL] which involve just subsets of control rules that are feasible. This
is true in particular for [HL, Remark 4.3, Lemma 4.4], which yield statements (i)
and (ii). The tightness of E(t,z) follows without changes from Proposition 4.5 in
[HL], since it requires just integration over [0,S] for some deterministic S < +oo.
Owing to Lemma 6.1, in order to prove the closure of E(t,Z) one has to show that
for any sequence of feasible control rules {R"},, C E(t,z) which converges weakly
to some control rule R, it turns out that R € Rf(£,z) and J(f,z, R) < C. From
R™{ty, =T} =1 and R"{0" =T —t, + kj.} = 1 it easily follows that R{ty =
T} =1and R{# = T —t+ ke} = 1, respectively. Moreover from (C2) it follows
that Egn[kj.] < C/c. Hence Eglke] < C/¢, so that kg < +00, § < +00 R-a.s., and
fL(tg, ko, &) = g(kg,&p) R-a.s. Finally, arguing as in Proposition 4.6 in [HL], from the
lower semicontinuity of J(£,Z,-) we obtain that J(£,Z, R) = J(f,z, R) < C, which
yields also that R € E(t,Z). This concludes the proof of (iii). a

THEOREM 6.2. Fiz (t,z) € [0,T] x R™. Let us assume (A0), (Al) and one
of the hypotheses (H1), (H2), and (H3). Then there exists an optimal control rule
R* € R (t, %) that is

(50) Jt,z,R)= min J(,Z,R)= min J({z,a) = W(Ez).
ReRT(t,z) ael'’f (t,z)

If, moreover, the convezity assumption (A2) holds, the infimum is attained also in
I/ (,7); that is, there exists an optimal auziliary control B* € T (t,Z) such that

Wit z)=J(z,0°) =W(, ).

Proof. In view of Lemmas 6.1 and 6.2, we can apply Theorem 4.7 in [HL] to the
optimization problem of Definition 6.3 to deduce that there exists an optimal control
rule R* € Rf (£, z) = RS (£, z) such that W (£, z) = J(t,z, R*) = J(t,z, R*) = W(L, &).

Finally, if assumption (A2) holds, W (£, %) = W(,Z) and the last statement of
the theorem follows from Theorem 6.1. ad

Remark 6.5. In general even if (A2) holds, the original control problem described
in Definition 2.1 does not have an optimal control, while, by Theorem 6.1, the auxiliary
control problem does. Thanks to Theorem 4.2, this implies that for any ({,Z) €
[0, T[ x R™ there exists a sequence of nearly optimal controls ¢ € C/(t,) for the

original problem.

7. Generalizations. In this section we show that the main results of sections 4,
5, and 6 remain true if the restrictions on the function B = B(t, z,v) of (1) assumed
in (H1), (H2), and (H3) are dropped and replaced by suitable coercivity conditions
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stronger than (C1) and (C2). We are led to consider just a Lipschitz continuous,
possibly unbounded term B by some financial models where, for instance, B = z (as
in [LL2, section 4] on the formation of volatility).

More precisely, we consider the following sets of assumptions.

(H1) r>p, ¢< #, and there exists ¢ > 0 such that
(51)  g(k,x) > ckP, Li(t,z,v) > ¢lz|” Y(tk,x,v) €0, T] x Ry x R" xV,

where p, q,r are the same as in (Al). Moreover, either p > 2 or 1 < p < 2 and D
verifies (18). 3
(H2) r = q=p=1, D verifies (18), and there exists ¢ > 0 such that

(52) Li(t,z,v) > &(1+ |x]) V(t,z,v) € [0,T] x R" x V,

where p, ¢, are the same as in (Al).

The next theorem generalizes the results obtained in Theorems 4.2, 4.3, and 6.2
to the case where instead of one of the hypotheses (H1), (H2), and (H3) we assume
either (H1)’ or (H2)'.

THEOREM 7.1. Fiz an initial condition (t,z) € [0,T] x R™, and assume (A0),
(A1), and either (H1)" or (H2)'. Then

(i) for any feasible auziliary control 3 € '/ (t,%) there exists a sequence of feasible
auziliary controls

ﬁm = (Qafv P, {]:S}v {w;n}’ {US}v {(tT’ k;n,fgn)}’ 0m)7 m €N,

with the property that for any m € N the stopping time 0™ is bounded above by
(T —t)+m and

(i) for any feasible auxiliary control B € '/ (t,%) there is a sequence of controls
¢ € C(t,Z) for all j €N such that

lim J (¢, z,c") = J(t,, B);

(iii) there exists an optimal control rule R* € RS (t, ). If, moreover, the convezity
assumption (A2) holds, the infimum is attained also in T/ (t, 7).

Proof. The proof of (iii) is the same as that of Theorem 6.2, since to adapt the
results of [HL] to our context we use just one of the coercivity conditions (C1), (C2),
and (H1)’, (H2)" imply (C1) or (C2), respectively. For (ii), the proof of Theorem 4.2
remains the same, too, once the approximation result (i) of Theorem 4.3 is shown
to hold. Finally the proof of Theorem 4.3 does not change except that we have to
provide, once (H1)', (H2) replace (H1), (H2), or (H3), an estimate like (38). Thus we
have to show that, assuming either (H1)" or (H2)’ for any feasible control 3, one has

(53) Ep [ sup |§S|q} <C
0<s<0

for some C' > 0. Let us point out that such an estimate gives the maximal growth
exponent ¢, in the x variable, of the costs Iy and g which is allowed in the estimates
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thereafter. Let & = éf be defined as in (22) of Lemma 3.1. For any ¢ > 1 one has

0 q
<A |A(tdaéo'7v(7)(1 - |wo|)| dO’) ‘|

Ep [sup |és|q} <K, {|x|q + Ep
s>0

0 q
+EP </ |B(t0'7£0'7’uo')||wo'|d0'> ‘|
0
sNO . q
+ Ep Sup/ D(tovfoavo)\/mdlgg }
>0 |Jo

The first and third integrals on the r.h.s. get treated as in Lemma 3.1, while for the

second integral we have now that
0 q
(/ (1 + ol o da> ]
0

0 q
</(; |B(tdvéoavo)||wo|d0'> ] SMqEP
0 ) q
(/ |§U||wo—|d0> ‘|}
0

Case 1. Suppose that either (H1)" with » > p = ¢ = 1 or (H2)' holds. Hence
from either (51) or (52), respectively, it follows that for any feasible auxiliary control

B €' (t,z) one has
0 ~
[ s da] <
0

where J = J(t,Z, 8) < +oo. Therefore we can obtain an estimate analogous to (19)
in Lemma 3.1 with Ep(k}) replaced by Z.
Case 2. Assume that (H1)" with » > p > 1 is in force. Then (51) implies that

]
/ Ifal’”lwoldal <
0

Ep

(54)
< Ma29~1 {Ep [kg] + Ep

Ep ko] + Ep

ol w

Ep kgl + Ep

ﬁ\_| <

Using the Holder inequality we get

0 q 0 q
( / |sg||wg|da> ( / (Il fwo | /) g D7 do) ]
0 0

0 q/r
S EP (/ |€A<7|T|wo'| d(f) kg(r_l)/r )
0

and since in this case r/q > 1, we can apply the Holder inequality again to obtain

0 q
(/ |5a||wg|da>]
0
0 q/r
. T\ (T
<<EP / |§o|r|wa|d0"|> (EP [kg( 1)/( Q)}) .
0

Ep = Ep

Ep
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Since now ¢ < p and g(r — 1)/(r — ¢) < p (being g < rp/(r + p — 1) by hypothesis),
by the previous estimate it follows that

0 q
</ |B(taaéaava)||wo|d0'> ‘| Sé M
0

Therefore from the proof of Lemma 3.1 one deduces in the cases 1 < p < 2 and p > 2
an estimate analogous to (19) or (17), respectively, with C replacing M?Ep k). 0

Remark 7.1. From the proof of Theorem 7.1 one sees that the key point of the
approximation result of Theorem 4.3, yielding the equivalence between the original
and the auxiliary control problems, is the estimate (53). Therefore all the results
of this paper could be proved also if the coercivity conditions here introduced are
replaced with any hypothesis that together with (A0), (Al) implies (53) for some
choice of ¢ > 1. For instance, for g regular enough we could treat a coercivity
assumption like

Q\|K4\

1 - 52
lo(t,x,v)+ll(t,x,v)|u|+§%:Dij(t,a:,v) I (k,x)

O0x;0x;

+Z i(t,x,v) <Bi(t,x,v),w>)%(k x) + ZZ(k x)|u| > ek, z)|u| —

2

where C' is a positive constant and c(k,z) = &(1 + |x|* + kb) with ¢ > 0 and suitable
a,b>0.

We point out though that a necessary condition throughout most of the paper (in
particular for the existence result) is (3), i.e., that the cost of applying the unbounded
control u is strictly positive. Therefore the case of the so-called cheap control problem
is excluded.

8. Appendix. This appendix is devoted to briefly sketching the graph-
completion technique and the associated notion of generalized control and generalized
solution for system (1), following the approach developed in [BR] for deterministic
control systems. For the sake of simplicity, in what follows we get rid of the bounded
control process {v;}.

Given a control ¢ = (2,G,Q,{G:}, {us}, {z:}) € C/(t,z) let {U;} denote the
absolutely continuous process defined by U; = f; up dr, and let Var,(U) = ftf [ur| dr
denote its total variation, finite on [¢, 7] by hypothesis. Throughout this section we
consider the problem in Definition 2.1 reformulated in terms of {U,} instead of {u;},
and, with a small abuse of notation, we write

c=(Q,G,Q,{G:}, {Ut}, {m}).

Similarly, for any 8 = (Q F,PAF}, {ws}, {(ts, ks, &)}, 0) € T/ (E,7), we set L, =
fo we do (and Vars(L fo |w|g do = ks) and consider as an auxiliary control

B=(Q,F,PA{Fs},{Ls}, {(ts, ks, &)}, 0).

Consider now a feasible control ¢ containing the control process {U;}, define

t
wtit—f+/ [urar|dr V> ¢,
t
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and denote by {¢,} the right inverse of {y:} as in (28). The reparametrization
(¢s,Us,) of the graph of {U;} turns out to be a {G4, }-predictable process with Lip-
schitz continuous paths and, owing to part (i) of Theorem 4.1, from ¢ one obtains
the feasible auxiliary control 8 given in (29), where in particular (ts, L) = (¢s, Us,)
and & = x4,. Moreover, x; = £, yields the solution to (1) contained in ¢. Part (ii)
of Theorem 4.1 implies that from any auxiliary control 8 where the process {ts} is
strictly increasing, one can derive a control

(655) e¢=(Q,F, P{Fy,},{Ly,},{s,}), where {4,} is the right inverse of {¢,}.
In this case, where the process {9} is a continuous time-change, setting
(56) Ut = Lwt, Ty = fwt Vit € [E, T]

from any 8 with {t,} strictly increasing, we obtain a control ¢ where the control process
{U.} is absolutely continuous and with finite variation, and the state process {z;} is
a solution to (1) in the usual sense. In other words, for any control ¢ where {U}
is an absolutely continuous process, one can equivalently define the corresponding
trajectory of (1) as x; = &y,, i.e., in terms of an auxiliary control 8 (where (¢, Ls) =
(64, Us)).

Taking into account the equivalence Theorem 4.2, which states that for any fea-
sible auxiliary control 3 € I'/ (£, ) one can construct a sequence of feasible controls
c" € C/(t,7) converging to 3 (in the sense explained in the proof of the theorem), the
following definition of generalized control is now very natural.

DEFINITION 8.1. For any 8 € TF(£,Z) (with {t;} not necessarily strictly increas-
ing), the term c defined formally as in (55) is called the generalized control relative to
B. In this sense we can identify T'Y (t, ) with the set of generalized controls associated
to C/(t, 7).

Remark 8.1. Notice that since {¢;} is just a right continuous time-change, the
process {U;} in (56) is a corlol, with finite total variation, and {x:} in (56) is a corlol
too (see also the notion of generalized control introduced in Definition 3.1 of [DM1]).

The key point of the graph-completion approach is that, in the case where {U;}
is not absolutely continuous, one may still construct a reparametrization (¢s, Uy, ) of
the graph of {U;} with Lipschitz continuous paths, find the corresponding auxiliary
control 8 defined as above, and use 8 to recover a generalized control. To implement
this program, one should introduce the notion of graph completion of {U;} on a prob-
ability space (2,3, @, {G:}). Here we just notice that a graph completion of {U;} is
obtained by prescribing how to connect the left limit to the right limit at each discon-
tinuity of {U;} (see Example 8.1 below) and by choosing then a suitable time-change
¢s of such a connected graph. For instance, a natural graph completion is obtained by
“bridging” the discontinuities by straight segments and using the time-change {¢s}
defined as the right inverse of the process t — t + Var;(U) (see section 2 of [BR]).

It is worth emphasizing, however, that given a process {U;} with finite total
variation on [¢,T], the relative generalized controls are in general not unique, since
they depend on the choice of a particular graph completion of {U;}, as shown by the
simple example below. For this reason one usually prefers to state the optimization
problem just in terms of absolutely continuous control processes and then embed the
original problem in the auxiliary problem. This is the approach that we followed.
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Ezxample 8.1. For simplicity, let us consider a deterministic control system of the
form

(57) &= Alx)+ ) Bi(@)Ui(t) V¥elo,T[, x(0)=z.

i=1
Let U(t) € R™ with m > 1 and assume [B;, Bj|(z) # 0 for some 7,j and for all
x € R™ ([,+] denotes the Lie bracket). Consider a control U which is continuously

differentiable on [0, T]\{7} and has a unique discontinuity point 7, where it jumps from
some value U~ to UT with U;” # U;" and U;” # UF. Tt is not difficult to construct
different sequences {U}'}, {U3} of Lipschitz continuous controls approximating U
bridging U~ to U™* along different paths, such that the corresponding sequences of
solutions to (57) converge to discontinuous functions z1, xo with z1(77) # x2(71) and
|1 (77) — 2o(77)| ~ |[B;, Bj]|. It is indeed sufficient to choose {U{'}, {U3'} following
near 7 the i, jth coordinate axes taken in different order.

As a consequence, there is no way to give a good definition of solution to (57) in
correspondence to a vector-valued control U with bounded variation without giving
a priori some extra information prescribing, loosely speaking, how to complete the
graph of U at its discontinuity points.
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